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Abstract

The goal of the present paper is to establish a framework which allows to rigorously
determine the large-scale Gaussian fluctuations for a class of singular SPDEs at
and above criticality, and therefore beyond the range of applicability of pathwise
techniques, such as the theory of Regularity Structures. To this purpose, we
focus on a d-dimensional generalization of the Stochastic Burgers equation (SBE)
introduced in [H. van Beijeren, R. Kutner and H. Spohn, Excess noise for driven
diffusive systems, PRL, 1985]. In both the critical d = 2 and super-critical
d > 3 cases, we show that the scaling limit of (the regularised) SBE is given by
a stochastic heat equation with non-trivially renormalised coefficient, introducing
a set of tools that we expect to be applicable more widely. For d > 3 the scaling
adopted is the classical diffusive one, while in d = 2 it is the so-called weak
coupling scaling which corresponds to tuning down the strength of the interaction
in a scale-dependent way.
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1 Introduction

The study of (singular) Stochastic Partial Differential Equations (SPDEs) has known
tremendous advances in recent years. Thanks to the groundbreaking theory of
regularity structures [Hai14]|, paracontrolled calculus [GIP15]] or renormalization
group techniques [Kupi4l], a local solution theory can be shown to hold for a
large family of SPDEs in the so-called sub-critical dimensions (see [Hai14] for the
notion of sub-criticality in this context). In contrast, SPDEs in the critical and super-
critical dimensions are, from a mathematical viewpoint, still largely unexplored and
poorly understood. The aim of the present paper is to establish a framework which
allows to rigorously determine the large-scale (Gaussian) fluctuations for a class of
SPDE:s at and above criticality under (suitable) diffusive scaling.

To present the ideas and the techniques in our analysis, we will focus on a
specific example, the Stochastic Burgers Equation (SBE), which, in any dimension,
can (formally) be written as

o = %An+m-V772+div£ (1.1)

where the scalar field 7 = 7(z, t) depends ont > O and x € R? withd > 1,10 € R?
is a fixed vector and £ = (£1,...,&y) is a d-dimensional space-time white noise
on R, x R% i.e. acentred d-dimensional Gaussian process whose covariance is
formally given by E[&;(t, x)&;(s,y)] = d(t — s)d(x — y)1i—;.

The above equation was introduced by van Beijeren, Kutner and Spohn in
[VBKS&4]| as an approximation of the fluctuations of general driven diffusion sys-
tems with one conserved quantity, e.g. the Asymmetric Simple Exclusion Process
(ASEP) on Z?. The nonlinear term in (1) expresses the fact that the velocity at
which the fluctuation density travels depends on its magnitude. In the context of
ASEP, comes from the gradient of the current and is due to its asymmetry, so that in
particular the vector tv models how the ASEP under consideration is asymmetric in
the different spatial directions. In the sub-critical dimension d = 1, (1) reduces
to the (derivative of the) celebrated Kardar—Parisi—Zhang (KPZ) equation [KPZ86]]
whose local solution theory is by now well-understood [Hai13},/GP17,/GJ14,/GP18]]
and whose large-scale statistics have been recently determined [[QS23} [Vir2ol]. In
higher dimensions the only available results are in the discrete setting. For d > 3,
corresponding to the super-critical case, ASEP has been shown to be diffusive at
large scales [EMY o4l [LY97a] — its fluctuations are Gaussian and given by the solu-
tion of a Stochastic Heat equation (SHE) with additive noise, see [CLOo01,|/LOY o4]]
and [KLO12]] for a review. The critical dimension d = 2 is more subtle. Only
qualitative information is available and no scaling limit has been obtained thus far.
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The most important result is that of [Yauo4]], which states that two-dimensional
ASEP is logarithmically superdiffusive, meaning that the diffusivity D(?) satisfies
D(t) ~ (log t)2/3 for t large!l

As mentioned above, our focus is on the critical and super-critical dimensions,
i.e. we will be studying (1) (in the continuum) in d > 2. In both cases, we will
prove that the large-scale behaviour is Gaussian and that the fluctuations evolve as
a SHE with renormalized coefficients (see Theorem [T3), but while for d > 3 the
scaling adopted is the classical diffusive scaling, for d = 2 we will consider the
so-called weak coupling scaling. This corresponds to tuning down the strength of
the nonlinearity (morally, the “norm” of the vector tv) at a suitable rate together
with the scale parameter, see (1.6). The tuning is chosen so that we can “tame” the
growth caused by the non-linear term without destroying its large-scale effects (see
e.g. [CD20, ICSZ20, |Gu20, ICES21}, ICETarb] for a similar choice of scaling in the
critical dimension for different equations).

Let us mention that the study of large-scale Gaussian fluctuations of space-time
random fields with local non-linear random dynamics is not restricted the context
of SPDEs but is a classical topic in probability theory and mathematical physics.
From the more general point of view of theoretical physics, large-scale Gaussian
fluctuations are expected for equilibrium diffusive systems above their critical di-
mension and this belief is informally explained via (non-rigorous) Renormalization
Group (RG) arguments and effective dynamical field theories.

A variety of tools have been used to mathematically justify these heuristics in
the static setting, i.e. for the equilibrium measure of local non-linear systems. RG
methods have been applied to derive the scaling limit of unbounded spin systems
(and other statistical mechanical models) at and above their critical dimension
d > 4 in [BBS15, BBS14] BBSIQE. The related problem of triviality of <I>§
theories for d > 4 was treated in [[Aiz82) [Fr682] [FFS92]] using apriori bounds on
correlation functions, an approach which ultimately lead to a proof in the more
challenging critical dimension d = 4, see [AD21]]. Another class of equilibrium
models for which scaling limits have been successfully determined are equilibrium
interface models, so called Vi models in all dimensions [BYqo| [NSg7, [FSg7.
GOSo1l], for which the Helffer-Sjostrand representation of correlations together
with homogeneization arguments was exploited. Analogous results have been
proven, with very different methods, for discrete V¢ models in dimension d = 2
(in particular dimer models, both integrable ones [Keno1l] and their non-integrable
perturbations [GMT20l)).

On the other hand, establishing large-scale Gaussian fluctuations for dynamical
problems has proven to be challenging and we are not aware of general results in
this direction. The major issue seems to stem from the fact that there is currently no

1The diffusivity measures how the correlations of a process grow in space as a function of time
so that, denoting by ¢(¢) the correlation length, it formally satisfies £(t) ~ +/tD(t).

2the authors further claim that “Our emphasis here is on the critical dimension d = 4, which is
more difficult than dimensions d > 4."
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framework which allows to naturally identify the law of the limit process. A lot of
attention has been recently devoted to the above mentioned KPZ equation in high
dimension, whose expression in its most general form is as (1) but with nonlinear-
ity given by (Vn, QVn), for Q a d x d deterministic symmetric matrix, and a real
valued space-time white noise in place of div €. Most of the works focus on the
case in which @) is given by the identity matrix and the specific form of the resulting
equation plays a crucial role. Indeed, one can use the Cole—Hopf transformation to
linearise the SPDE and turn it into a linear multiplicative stochastic heat equation
or the associated directed-polymer models. These latter models possess an “ex-
plicit" representation (via, e.g., Feynman-Kac formula) and one can then leverage
Malliavin calculus tools to derive the scaling limit (see [DGRZ21l, IGRZ18b]| for
the multiplicative stochastic heat equation and [GRZ18al [(CCM20, [LZ22] [CNN20]]
for KPZ). In this context, let us mention the recent striking results on the fluctu-
ations of KPZ at the critical dimension d = 2 in the weak coupling scaling (or
the intermediate disorder regime) starting with [CD20, (CSZ20, |Gu20] (for KPZ)
and culminating with the characterisation of the stochastic heat flow [CSZ23)]. An
alternative approach is that used in [MU18]], which is based on re-expressing the
SPDE as a functional integral via the Martin—Siggia—Rose formalism (essentially a
Girsanov transformation, which again is only possible in view of the specific form of
the equation) and then leveraging constructive quantum field theory techniques and
RG ideas to control the large scale fluctuations in the regime of small non-linearity.

In the critical dimension d = 2, for ) diagonal and with diagonal entries 1 and
—1 (so-called Anisotropic KPZ or AKPZ), progress has been made in [CETaral,
where it is shown that the equation is logarithmically superdiffusive, and in [CETarbl,
where the large-scale behaviour in the weak coupling scaling is determined. In both
articles, the tools adopted are closer to those in the present paper and we will com-
ment more on them below.

Let us also mention recent work in extending the homogeneization meth-
ods (originated in the work of Naddaf and Spencer [NSg7|]) to dynamical prob-
lems [AD22, (CDS22].

One of the main advantages of the approach taken in the present paper is that
it moves away from the usual technique of Cole-Hopf transformation, which is not
applicable, towards a set of tools which on the one hand makes a link with inter-
acting particle systems, i.e. via the martingale problem and the associated infinite-
dimensional generator, and on the other has better chances to apply more generally.
A crucial tool for us is the fact that we have control over the invariant measure
for (1), which significantly simplifies the already involved analysis of the genera-
tor. While this is another non-generic situation, there is a wide class of examples in
which a similar control is available and to which our tools potentially directly apply,
e.g. (super-)critical Stochastic Navier—Stokes [[G 120} (CK23,[HZZ23)|, diffusions in
divergence-free random vector fields [CHST22], lattice gas models [LRYo05] and
many others.

Our results open the way to gradually attack more challenging models and we
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discuss some open problems below in Section
Before turning to the core of the proof, in the next section we will precisely
state our main result and outline the ideas behind our arguments.

1.1 The equation and main result

As written (I-1) is meaningless as the noise is too irregular for the non-linearity
to be well-defined. Nonetheless, as we are interested in the large-scale behaviour,
we regularise it, so to have a well-defined field at the microscopic level, and our
goal then becomes to control its fluctuations while zooming out at the correct scale.
We choose the regularisation in such a way to retain a fundamental property of the
solution, namely its (formal) invariant measure. This amounts to smoothening the
quadratic term via a Fourier cut-off as follows

1 1
Om = 5An+w - VI + (=A)2¢, (12)
where for a > 0, 11, acts in Fourier space as
Han(k) = ﬁ(k)l\mga . (13)

Without loss of generality, we also replaced div & in (@) with (—A)%g for £ a
space-time white noise (see for the definition of the fractional Laplacian),
since the two can be easily seen to have the same law.

Remark 1.1 In principle, the results below can be shown to hold using the same
techniques of the present paper, even if instead of the Fourier cut-off we used a
more general mollifier. That said, to simplify some (minor but annoying) technical
points, we will stick to II; and further assume that

e ford > 3,1/e € N+ 1/2 and that the norm in (T-3) is the sup-norm | - |,
e for d = 2, the norm in (T3) is the Euclidean norm | - | (no further assumption
on ¢ is made).

We refer the reader to Remark 277]for some additional (technical) advantages of our
choice.

In order to avoid technicalities related to infinite volume issues, we restrict (I2)
to the d-dimensional torus ’]I'g of side-length 27t /¢. Here, ¢ is the “scale” parameter
which will later be sent to 0. Note that via the diffusive rescaling

) E e i (/e t/e?) (1.4)

equation (2] becomes

1
O = 50 + Acwo - T V(I o) + (~A)3¢ (1.5)
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where now the spatial variable takes values in the d-dimensional torus T% = T of
side-length 27, and ¢ is a space-time white noise on RT x T¢. The coefficient .
depends on the dimension and is defined as

1 .
ifd=2
Ae & Vg™ (1.6)
g3 1 if d > 3.

While in the super-critical case d > 3, A. is directly determined by (1-4), for
d = 2, @@ is formally scale invariant under the diffusive scaling (another reason
why such dimension is critical) so that one would have A, = 1. The choice made
in (1.6 corresponds to the so-called weak coupling scaling alluded to earlier and
we will comment more on it after we state the main result. Before doing so, let us
give the notion of solution for (T-5) we will be working with.

Definition 1.2 We say that 7)° is a stationary solution to (T-3) with coupling constant
Ae if ° solves (T3) and its initial condition is (0, -) = u, for p a spatial white
noise on T<, i.e. a mean zero Gaussian distribution on T% such that

Elu(@)u()] = (o, ) p2ray,  forall o, ¢ € L§(T%) (1.7)

where (-, ) 12(a) is the usual scalar product in L?(T%) and L%(']I‘d) is the space of
zero-average square integrable functions on T¢. We will denote by P the law of x
and by E the corresponding expectation.

The reason why the solution 7° of (T:3) started from a spatial white noise is
called stationary is that P is its invariant measure and, as we will prove in Lemma
11 below, this holds irrespective of the choice of tv,e. Instead, the law P (with
corresponding expectation E) of a stationary solution to (T-3) clearly depends on
t, €.

For T' > 0, let us denote by C([0,T17, S’ (T9)) the space of continuous functions
with values in the space of tempered distributions 8’(T%) and by F the Fourier
transform on 8'(T%) (see (T13) for a definition). We are now ready to state the
main result of the paper.

Theorem 1.3 Letto € R4\ {0} and T > 0. Fore > 0, let \. be defined according
to (L) and n° be the stationary solution of (T:3)) started from a spatial white noise
w. Then, there exists a constant Dsyg > 0, depending only on the dimension d and
the norm |w| of w, such that, as € — 0, n° converges in law in C([0,T], S'(T%) to
the unique stationary solution 7 of

O = LA+ Dspp(v-V))n+(—A—Dspp(o-V)HV2¢, 0(0,) = u, (1.8)

def

where (10-V)? is the linear operator defined as F((10-V)? )(k) £ —(10-k)>F(p)(k),
for ¢ € 8'"(T% and k € 7.2
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In the case d = 2, Dsyg is explicit and given by the formula

2

1 3|ro|? 3
Dspg = —— 1) —1 .
SHE ‘m’2[< 5 T > ] (1.9)

|| being the Euclidean norm of 1.

Before proceeding to the proof of the above theorem, let us make a few comments
on its statement and on the choice of \. in (1.6). Notice that in any dimension d > 2,
the constant Dsyg appearing in the limiting equation is strictly positive. Hence,
despite the presence of the vanishing factor A, in front of the nonlinearity, not
only the quadratic term does not go to 0 but actually produces a new “Laplacian”
and a new noise. Further, this new Laplacian (and noise), in a sense, “feels” the
small-scale behaviour of the field 7 in (2)) as it depends on the vector tv, which in
turn describes its microscopic dynamics. A similar phenomenon has already been
observed for other critical and super critical SPDEs, even though we are not aware
of examples in which a Laplacian of the form above was derived.

We have already pointed out that in d = 2 (1) is formally scale invariant. That
said, the above mentioned result in [[Yauo4|] for ASEP suggests that also (I2) is
logarithmically superdiffusive and the additional diffusivity can only come from
the non-linear term. What the previous theorem shows is that the choice in (1L.6))
guarantees that the nonlinearity ultimately gives a non-vanishing order 1 contribu-
tion. What might appear puzzling is that, by translating the result of Yau to (T3),
the diffusivity D?(t) of the scaled process grows as |log<|?/3 so that one might
be led to think that A, should be chosen accordingly. While this is not the case,
the expression in (T-g) formally implies the result of Yau, as can be seen by taking
o = 1o, such that |ro.| = A\-1.

Furthermore, a similar scaling has been considered in the critical dimension
d = 2 in the context of the KPZ equation [[CD2ol [CSZ20| [Gu20l [CSZ23], of the
Anisotropic KPZ equation [CES21l (CETarb|] and of the stochastic Navier—Stokes
equation [CK23]. What is interesting is that, even though these latter examples in
principle have different large scale diffusivity, i.e., D(t) ~ t® forsome § > 0 [FTqo]
for KPZ, D(t) ~ \/logt for AKPZ and Navier—Stokes [CETara,[WAG71], they all
display non-trivial (in that the non-linearity nontrivially contributes to the limit)
Gaussian fluctuations under the same weak coupling scaling A, = |log ¢|~/2, thus
suggesting some sort of universality for it. This is to be compared with the one-
dimensional case, in which, setting A, o /€, one recovers the so-called weakly
asymmetric scaling under which convergence of ASEP to the one-dimensional KPZ
equation was first shown in [BGg7]] and since then for a wide variety of models.

1.2 Open problems
Our results raise several interesting questions, as

e obtain Gaussian fluctuations for (_1)) in the case of more general non-linearity,
ie. 1o - Vn? replaced by tv - VF(), for instance for polynomial F'. The
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main difficulty is to obtain operator estimates similar to those of Lemma 24}
which though seem highly non-trivial.

e Prove the analog of Theorem [13] (for d = 2) for ASEP on Z? in the same
limit of weak asymmetry.

e Indimension d = 2, define 7j°(x, t) = e~ 'n(x /e, t/(e27(¢))) (to be compared
with (T-4))) and find the right correction 7(¢) to the diffusive scaling so that a
non-trivial scaling limit as € — 0 exists. This corresponds to a strong cou-
pling regime. On the basis of [Yauo4]), the natural guess is 7(¢) = |log ¢[*/*
but the identification of the limit is hard as the regularising properties of the
Laplacian vanish.

More challenging will be to move towards models for which the invariant
measure is non-Gaussian or non-explicit. One guiding heuristic could be that the
limiting Gaussian fluctuations and associated Gaussian stationary distribution could
still provide a good setting for the analysis.

1.3 Idea of the proof

The idea of the proof finds its roots in the approach detailed in [KLO12] in the
context of interacting particle systems. To summarise it and see how it translates
to the present context, let us consider the weak formulation of (T-3) started from a
spatial white noise p, which, for a given test function ¢, reads

t t
HE() — () — 1 /0 PE(Ap)ds — /0 NEGE)ds = Mi) (1.10)

where N stands for the nonlinearity tested against ¢ and M is the martingale
associated to the space-time white noise £. Now, upon assuming the sequence
{n°}< to be tight in the space C([0, T]S’ (T%)), we see that all the terms in the above
expression converge (at least along subsequences) but we have no information
concerning the nonlinearity. For Theorem[T:3]to be true, we need this latter term to
produce both a dissipation term of the form of DsypZ’n, where L “lw V)
and a fluctuation part which should encode the additional noise in (1.8)). In other
words, the problem is to identify a fluctuation-dissipation relation [LYg7a], i.e. to
determine Dsyg > 0 and /¢ such that

No(°) = =LEWE(°) + Dsu<y 1" () (1.11)

where &£° is the generator of °. Indeed, since by Dynkin’s formula, there exists a
martingale J(* (W ¢) such that

t
W)~ WG — [ W = i),
0
given (1), we could rewrite the nonlinear term in ({I"1Q) as

t t
/ J\f;(ni)ds = / Dsup2yns()ds — M5 (W) + o(1), (1.12)
0 0
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where o(1) is a vanishing summand which contains the boundary terms. The
advantage of the above is that we have expressed the nonlinearity in terms of a
drift which captures the additional diffusivity and a martingale part which instead
econdes the extra noise. At this point, tightness would ensure convergence of the
former and we would be left to prove that the sequence J(°(W ¢) converges to a
martingale with the correct quadratic variation.

The (hardest) problem is clearly the derivation of the fluctuation-dissipation
relation and this is the point from which our analysis departs from that in [KLO12].
Even though, as we will see, it is enough to determine (T11) approximately (i.e.
that the difference of left and right hand side is small in a suitable sense), in the
equation there are two unknowns, Dsgp< which is not apriori given to us, and 7/ ©
which, even if we were given the previous, is the solution of an infinite dimensional
equation. To separate the two issues, we introduce a suitable truncation which
removes the second summand from the right hand side of ([T11), so that we can
first solve for 7/° and then project back and determine DsygZ}’. This is done in
d > 3 and d = 2 in very different ways. In the former case, we will control W *®
similarly to [LY9g7al, as we can show it satisfies a graded sector condition in the
spirit of [KLO12, Section 2.7.4]. Nonetheless, their functional analytic approach
does not apply in our setting and in particular, for the identification of Dgyg and
596", we devise a new method which is detailed in Section For d = 2 instead,
we introduce a novel ansatz which is based on the idea that at large scales the
generator of 7° should approximate a modulated version of the generator of (L.8).
This ansatz simplifies dramatically the (iterative) analysis performed in [CETarb]
and is heavily based on the Replacement Lemma in Section 2121

Organisation of the article

The rest of this work is organised as follows. Below we introduce notations,
conventions, function spaces and elements of Wiener space analysis which will be
used throughout. Section 2lis the bulk of the paper. In Section 211 after recalling
basic properties of (T-3) and its generator, we discuss the two main technical tools
- integrability estimates for d > 3 and the Replacement Lemma for d = 2. In
Section[ZZ]we determine apriori estimates on the solution to the generator equation
and in the next two we identify Dsyg and £, so to obtain the fluctuation-dissipation
relation (T11). Section[3]is devoted to the proof of Theorem [13] which, given the
analysis in Section 2}, essentially reduces to the control of the martingales (¢ (W)
in (12) which is carried out in Section [3-3] At last, Appendix [Al contains some
technical steps necessary in the proof of the Replacement Lemma.

Notations, function spaces and Wiener space analysis

We let T¢ be the d-dimensional torus of side length 2. We denote by {e;} kezd

(QW;/Q e'* which, for all 1, k€ 7%, satisfies

the Fourier basis defined via e (x) e

(er, 67j>L2(1rd) = 1j=;.
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The Fourier transform of a function ¢ € L2(T¢) will be denoted by F(¢) or ¢
and, for k € Z% is given by the formula

def

F()R) = p(k) /T p@re @), (1.13)

so that in particular

p(x) = Z p(k)eg(x), for all z € T%. (1.14)
kezd

Let S(T) be the space of smooth functions on T and §'(T%) the space of real-
valued distributions given by the dual of S(T%). For any n € 8'(T%) and k € Z¢,
we will denote its Fourier transform by

(k) = nie—). (1.15)

Note that (k) = 7)(—k). Since the zero mode 7(0) of the solution is automatically
zero, we will only care about 7j(k) for k € Z& = 79\ {0}. Moreover, we
recall that the Laplacian A on T¢ has eigenfunctions {ej} rezda With eigenvalues
{—|k|? : k € Z%}, so that the operator (—A) in (T2) is defined by its action on
the basis elements .

(=A)zey, = |kle, kezd. (1.16)

In particular, (—A)% is an invertible linear bijection on distributions with null O-th
Fourier mode. We denote by H'(T) the space of mean-zero functions ¢ such that

the norm
def

1 def ~
||§0||§{1(']1‘d) = ||(_A)2¢||%2(Td) = § |k|2|80(k5)|2
kezd

is finite.

Let (2, F, P) be a complete probability space and 7 be a mean-zero spatial white
noise on the d-dimensional torus T¢, i.e. 7 is a Gaussian field with covariance

E[n(en)] = (@, ) 12(ra) (1.17)

def

where ¢, € H = L%(’]I‘d), the space of square-integrable functions with O total
mass, and (-, -) ;2(ga) is the usual scalar product in L%(T%). Forn € N, let ./, be the
n-th homogeneous Wiener chaos, i.e. the closed linear subspace of L2(£2) generated
by the random variables H,,(n(h)), where H,, is the n-th Hermite polynomial, and
h € H has norm 1. By [Nuao6, Theorem 1.1.1], %, and /7, are orthogonal
whenever m # n and L?(Q) = P,, #%,. Moreover, there exists a canonical
contraction I : @,,-q L*(T?") — L*(), which restricts to an isomorphism I :
I'L? — L) on the Fock space I'L? := D..~o I'L2, where T'L? denotes the
space Lfym(’]l‘d”) of functions in L2(T9") which are symmetric with respect to
permutation of variables. The restriction I, of I to I'L2, is itself an isomorphism
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from I'L2 to 7%, and, by [Nuao6| Theorem 1.1.2], for every F' € L?(Q2) there exists
a family of kernels (f),)nen € I'L? such that F = ano I,(f,) and

ELFP1E | FI1P = nlll full 2 (1.18)

n>0

and we take the right hand side as the definition of the scalar product on I'L?, i.e.

Fr9) =3 fangn) £ 0l fns gn) p2egan)- (1.19)

n>0 n>0

Remark 1.4 Inview of the isometry between I' L% and L?((2), throughout the paper,
we will abuse notation and denote with the same symbol operators acting on I"L?
and their composition with the isometry I, which is an operator acting on L(2).

For F'(n) = f(n(p1),...,n(pn)), f: R® — R smooth and growing at most
polynomially at infinity and 1, ..., p, € L%(Td), we define the Malliavin deriva-
tive DF" according to

def

DFEm() =Y 0if (1), -, nen)ei() (1.20)
=1

and, for k € Z&, denote its Fourier transform by

def

DyF(v) = F(DF(v))k) = (DF,e_g) . (1.21)
Notice that, for p € Z, the action of D, on f € L2 is

F(Dyp f)krn-1) = nfnlkin—1,p), (1.22)

so that in particular D), f € L2 . Atlast, we also recall the following integration
by parts formula on Wiener space, i.e.

E[GDyF] = E[G(DF,e_i)] = E[-FDyG + FGi(k)] . (1.23)

Throughout the paper, we will write a < b if there exists a constant C' > 0 such
that a < C'b. We will adopt the previous notations only in case in which the hidden
constants do not depend on any quantity which is relevant for the result. When we
write <p for some quantity 7', it means that the constant C' implicit in the bound
depends on T'.

2 The equation and its generator

In this section, we first collect a number of preliminary properties of the solution 7°
to the regularised Burgers equation (T-3) and its generator (Section ). Then, we
carry out a detailed analysis of the generator equation (a.k.a. resolvent equation)
and obtain the main estimates we will need in order to determine the large—scale
behaviour of 7°.
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2.1 Multidimensional Burgers generator

As in Section 173} let us first write (T3) in its weak formulation. For ¢ € S(T9)
and t > 0, it reads

t t t
1 (@) — 15(p) = / ns(Ap)ds + / N5 (nF)ds + / £(ds, (—0)"%p)  (2.1)
0 0 0
where 75 is the initial condition, £ is a space-time white noise so that

E(dt, (—=0)'2p) = > [k|@(k)dBy(k)

kezd

for B(k)’s complex valued Brownian motions satisfying B(k) = B(—k) and
d(B(k), B(0))t = L{p4e—0ydt, and NS(n) is the nonlinearity tested against ¢,
ie.

NE@) Z Acvo - T1, V(AT o) ()

T L)g AT (M~ — myi0iem)
m)2

with ¢ = /—1 and

Jim =10 < ell|oo 1,0 < g|mloe <1,0 < el +mlo < 1}, (2.3)

lm

In accordance with Remark 11 for d = 2 the sup-norm | - | in (233) is replaced
by the Euclidean norm | - | instead.

From (1) follows that the Fourier modes 7¢(k), |k| > e~ evolve like indepen-
dent (and e-independent) Ornstein-Uhlenbeck processes.

Lemma 2.1 For every deterministic initial condition 1, the solution t — n; of
&) exists globally in time and is a strong Markov process. The generator £° of n°
can be written as £° = £y + A° and the action of Ly and A° on smooth cylinder
functions F' is given by

de 1 ~
(LoF)m) = 5 > [k (=i(—k)Di + D_x D) F (1) (2.4)
kezd
R = e D0 T+ mimiOD o F). (25)
m,0eZd

Moreover, £y is symmetric with respect to P while ¢ is skew-symmetric. Finally,
the law P of the average-zero space white noise is stationary.

Proof. Very similar arguments were provided in a number of references for equa-
tions which share features similar to those of (1), e.g. [CES21}|GJ13]] and, more
comprehensively, [|[Gub1g], so we will limit ourselves to sketch some of the proofs.
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For the global in time existence of (1) for fixed €, we refer the reader to
[CES21, Prop. 3.4] or [GJ13, Section 3], while the expressions and (Z33)
can be easily derived by Itd’s formula and the definition of Malliavin derivative
in (T20).

To see that IP is stationary, we start by noting that stationarity for the linear
equation with w = 0 is well-known (and easy to check), see e.g. [Gub1g, Section
2.3], where it is further shown that &y is symmetric with respect to . Hence,
by [Ech82], it suffices to check that E[sd°F'] = 0 for every cylinder function F'.
In fact, this follows immediately if we prove that ¢ is skew-symmetric, since, if
so, E[d°F] = —E[F«°1] = 0 as the Malliavin derivative of the constant random
variable F' = 1 is 0. Now, to prove skew-symmetry for o°, we apply Gaussian
integration by parts (T:23) and get

E[GA*F] = — E[FA°G]
Le

Gz 2 imto (€4 B[~ — myiemiOF G|

m,LeZE
— — EFSI°G + E| (N0, 1) 2oy PG )

so that, since

Ae
5 (- YV en?, 1) =0
(2.6)

the proof is completed. O

(No (D), m) p2ray = A (10 - VI en)?, (I jen) =

Next, we want to determine the action of %, and 4 on the Fock space I'L2. To
lighten notations, for a set of integers I, we will denote by k; the vector (k;);c; and

B> =) kP and ki S ki (2.7)
i€l

def

where {1 :n} = {1,...,n}.

Lemma 2.2 Let ¢ > 0, £y and A° be the operators defined according to
and ([Z3) respectively. Then, A° can be written as

A =S +d°, with dAe = —(d)". (2.8)
Moreover, for any n € N, the action of the operators £y, ,d% on f € L2 is
given by
F(Lof)k1n) = = 3lkial*fkrn)

2t A
Gj(dif)(kln—f—l) == - W’I’L——;l X

X Z [m'(ki+k3j)]Jii7kjf(k3i"’kjak{l:n—f—l}\{i,j})
1<i<j<n+1

(2.9)
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n—1
2 .
F (A f)(k1p-1) :ng S k) > T flm k)
j=1 +m=k;

and, if n = 1, then A° f is identically 0.

Proof. The proof is identical to that of [CES21l, Lemma 3.5], to which we refer the
interested reader. O

In order to state the following lemma, we introduce the so-called number oper-
ator.

Definition 2.3 We define the number operator N : TL? — T'L? to be the linear
diagonal operator acting on v = (1,,),, € T'L? as (N 1)), o nWy,.

Our analysis will need some preliminary estimates on the asymmetric part of
the generator, which corresponds to proving the so-called graded sector condition
in [KLO12, Section 2.7.4].

Lemma 2.4 For d > 2 here exist a constant C = C(d) > 0 such that for every
1y € T'L? the following estimate holds

|0~ 2s150 < CIVF (L) (2.10)
for o € {4+, —}. Inparticular, for o € {+,—}, it implies
|(~20) "2 el (~£0) 2] < CIVFY . (2.11)

Proof. Clearly, once we establish (z10), &11) follows immediately by choosing
1) therein to be (—%y)~/2p for p € T'L2.

For (Z10), we claim that we only need to prove that for any ¢» € I'L2 and
0 €TL2, |, wehave

1
(o, 15)| < \/ﬁ(V\I(—Sﬁo)l/%\l2 - ;II(—30)1/29\|2> . (212)

We will show ([Z12) at the end. Assuming it holds, we first derive (Z10) for o5 .
The variational characterisation of the (—20)_1/ ’I'L?-norm gives

I=2oy st )2 = sup (2Ao,t50) — |~ ol?)

e€lLy
1
< s (2Cova(rI-Z 0P + - ) -l
eel'Ly 4 v

Sl (L) Y|P = VN (=) 2y

where in the first step we used (Z12) (and Cj is the universal constant implicit in
that inequality) while in the last we chose “ 20y N
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For ¢i¢ instead, we use that, by @.8), 1° = —(s45)*. Invoking again the
variational formula above, we deduce

I 212 )2 = sup (20, ) — (~L0) ol

o€l'L?

n—1

= s (~2t0.) ~ |-ZLo)tel?)
o€l'L?

n—1

< sup <200\/ﬁ<7||(—55’0)1/29\|2+ H(—%W%HQ)—||<—S£o>%e||2)

1
0€l’'L2 Y

S nll(=20) 20| = VN (=% 2|2

where this time we chose 7 & 1 /(2Cy+/n).

It remains to prove (Z12). By definition of 95 , we have

o, st59) | =nl——Ae| S o(—kins1)
2m)? k141
XS T G R g U+ R R )|
1<i<j<n+1
n+1n . R
Z%Ae 3" okt - (ky + k)T, 0k + K, k&nﬂ)( ,
)2

ki1:nt1
Let us look at the sum over k1, ks. This equals

| > oo - O+ kVIE, gy 0 + bz, )|
k1.2

=300 @ Fsni) Y Ty o)
q

k1+ka=q

S (qu(m - 0)*|da, ks:nH)IQ)W(Zq:( > Jihm@(—khwﬂ(g)l/g

ki1+ko=q
=:Ax(0) (2.13)

We leave A as it stands and focus on (I). Note that this can be bounded by

0=(Z| ¥ Hmohan])"

q k;1+k;2:q
5 I 1/2
< <Z > kalPlot-Eins )P D> ’kkhk‘é)
q ki+kao=q Ky +ka—q 1:9
1 - L2 »
S AL (Z Z |k1:2]*|0(Kk1:n41)| ) =\ B (2.14)

q ki+ko=q
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where we used that for d = 2, A2 = (loge=2)"! and

)\2 Z "Hihlﬁ < 82 Z 1 < 1 / dx < 1
€ 2 — -2 2~ -2 2~
bty |F12l? T loge c<lom<t lek1|? ™ loge™2 Jizicie ) |7

(2.15)
while for d > 3, \2 = ¢7~2 and

Jg 1 dx
d—2 K1,k d
) < < — <1.
€ Z o2 = € Z ke |2 N/ ~ (2.16)
|€k1|§1

2
k1+ka=q J#[<1 |x|

As a consequence, for any v > 0, we have

(o, d50)| S+ Din Y ABg(n+1)!n<% 3 Az+x/75 3 BQ>

k31n+1 k31n+1 k3:n+1
1 1 nl/2
<(n+ 1)!71(5@”(—590)1/21#”2 + D TH(—QO)UZQHZ)
n
< Vo) 2l + L2 () 2P (217)

~
where we used that, by the definition of A and B in (2.13) and respectively,
we have

-1
A n
> ALY Pkl < = ll-%0) 2yl
k31n+1 kl:n ’

and similarly for B. Then, (z12) follows. O

For d = 2 and d > 3, we need some further but distinct estimates, which we
separately give in the two sections below.

2.1.1 Integrability estimates: d > 3

In the supercritical regime d > 3, in order to identify the limit process we will
resort to use a sort of uniform integrability condition. This is better expressed in
terms of modified ¢S and 4 operators, which we now introduce. For § > 0, let

5211’5, be the operators whose action on f € T'L? is given by

2e~1 1+6
2m)4/2(n + 1))
X Z v - (k; + kj)|1+6uﬂzi,kjf(ki + kj, k{rniip (i)
1<i<j<ni1
ngil 1+46 (2'18)
(277)01/2)

F@AL fhnsr) =

FA2 k1) = =/2(

n—1
X kTN T8 f U m ko gy -
j:1 Z-l—m:kj
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In the next lemma, we establish suitable bounds on the previous operators, which
are similar in flavour to those obtained in Lemma [z-7] for o°.

Lemma 2.5 Let d > 3. Then, there exists a C = C(d) > 0 such that for any
function ¢ € TL? and § < (d — 2)/2, the following estimate holds

1(=L0)™ 5 sA2%p|| < CIN (=) 2" ], (2.19)

where o € {4+, —} and N is the number operator given in Definition In
particular, for o € {+, —}, the previous implies

[(—=%Lo)™ 2 A= (—Lo) ™ 5" | < O Ny (2.20)

With respect to Lemma here we do not aim at the best possible estimate in
terms of growth with respect to N, and the exponent 1 + § is certainly not optimal.
In fact, for the purposes of Section (which is where the Lemma is used), the
precise N -dependence is irrelevant.

Proof As in the proof of Lemma 277} it suffices to show (Z19). We begin with
91 . We first apply Cauchy-Schwarz to the sums in ¢, j and relabel the variables
SO that for ¢» € T L2, we obtain

R E e
=o)L (2.21)
£
< nin3 11220 |d(Key. ) |2 gd—2(1+0) £m
S Y [P ) (02 + [P + [kam| DI
ki:n {+m=k
€
12,2 241467 2 _d—2(1+6) £m
kl:n £+m:k1

On the other hand, arguing as in (2.10),

J5 dx
d—2(1+6) Z ¢m £ Z /
6  EEEEE——— —_—
. (’5\2 \m’2)1+‘5 ’ 5\2“6 |z|<1 WH%

4m=k leg|<1
(2.22)
with the right hand side independent of ki, so that (2-1q) follows provided that
d<(d—2)/2.
Next, we turn to sﬂi"s. From its expression in (2.18]), we have for ¢) € I‘L%

146
||<—520>—%sz«i’5w||2

£d-2(149) D)lpd+28 |kp|20F0 e g o p 2
(’I’L )’I’L Z w< Z Jﬁ,m¢( y T, 2:n71)>
k1:n— l+m=Fk,
2(14-9)
— d=2048) () _ 1)1 A+20 Ry
¢ (n —Dln Z K1 205D X
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146 ~
(02 + Im|*) 2 P, m, kap—1)\2
X( Z Tom 2 2152 )
l+m=kq (|£| + |m| ) 2
< a2 3 (U + ) 0P (Y
k1:n k1+ko=

0 148
Sa 20N " (kn ) )P = 0T [(—2Lo) 2 ||
kl:n

d—2(1+0) e
€ "]]Z,m

R P

where again we used (Z22). The proof of (Z-1g) is complete. O

2.1.2 The replacement lemma: d = 2

The reason why the estimates of Lemma 23] were possible is that, when suitably
scaled, the inverse Laplacian in dimension d > 3 is integrable close to the origin,
which in our context means that the estimate (ZZ22) holds for ¢ sufficiently small
but positive. In d = 2, this is not the case. To overcome the lack of integrability,
we devise an alternative route, which (morally) approximates the inverse of the
generator with a linear and diagonal (both in Fourier and in the chaos) operator,
given by a non-trivial order 1 perturbation of &.

To be more precise, we need to introduce some notation. For £ > 0, let L® be
the function defined on [1/2, 00) as

ef 1
Le(z) & )\g log <1 + T) . (2.23)
e%x

Further, let G be the function

2
o 1 3|ro|? 3
Gx) £ o [( |27r| z+ 1> - 1] , (2.24)
and €° be the operator on I'L? given by
€ & GLA(—%)) (2.25)

which means that for 1) € I'L2, n € N, the action of €€ on 1 is

def

FE ) (k1) E GLEG [kn|D0k10),  Kin € Z3".

We are now ready to state the main result of this section, namely, the replacement
lemma. Recall the definition of the scalar product (-, -) on I'L? given in (T19).

Lemma 2.6 (Replacement Lemma) There exists a constant C' > 0 such that for
every 1,y € I'L? we have

([ — A% (Lo — LFG) sl + LEC 1, o) (2.26)
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< CA2||\ WV (=) Y201 |||V (—Z0) 24|

where 6° is the operator defined according to (Z23) and and, for n € N,
£ is the operator acting on ) € L2 as

FLF V) k1) = =30 - k), (k) forall by € 28" (2.27)
and (w0 - k)2, LS (0 - k)2
Remark 2.7 As it appears from the proof of Proposition [A.1]in the appendix, the
form of the function G in (2-23) is dictated by the following fixed point equation

G(x) = (2.28)

1 / £ dy

mJo /1+[wPG(y)
Now, if we had chosen a different regularisation for the nonlinearity, e.g. the | - |-
distance in (Z3) instead of the Euclidean one or a smooth regularisation instead
of the Fourier cut-off in ZZ), then we would have not obtained an explicit G but
statement above would have remained true.

Apart from working with an explicit function, the advantage of our choice lies in
the fact that it allows us to make an explicit connection with the work of Yau [[Yauo4]]
on the two-dimensional ASEP. Indeed, the exponent 2/3 in precisely reflects
that obtained therein and strongly suggests that, if A\ were taken to be a constant
independent of ¢, then the diffusivity would diverge as (log t)*/ for t — oo.

Proof. Notice first that, for any n € N, the operator 9% (—%y — LP €)' dl5 maps
I'L? into itself, so that, to establish (2.26), it suffices to consider 11,19 € T'L2.
Moreover, we can write

([— o5 (=L — LPE") A b1, o) = (—Lo — LEG) sl 1, A o).

(2.29)
Recalling the form of 99 in (Z), we see that the scalar product at the right hand
side can be split into a diagonal part, corresponding to making the same choice
for the indices 4, j in the two occurrences of 9%, an off-diagonal part of type 1,
corresponding to choosing 7,5 and ¢/, with one element in common, and off-
diagonal part of type 2, corresponding to all remaining choices. (See for instance
[CETara, Lemma 3.6], where a similar distinction was made.)

To write this in formulas, let 8¢ £ (—Zy — Sfé"cﬁg)_l and denote with o€ =
(07,)n>1 its Fourier multiplier, i.e. for ¢ € LL2 F(S¥) (k1) = afb(klzn)i/;(klzn)
where

2

. 2.30
[l 1 (0 - R, G (L 2) (230
Then, the scalar product in (2720) satisfies

UZ(k:l:n) =

2

(SEA Ay, AT pa) = (STAT Y1, AT V) diag + Z(Se&ﬂi%, A% Pa)ofr;
i—1



THE EQUATION AND ITS GENERATOR 20

where diagonal part, given by the first summand, is defined as

def 4)\2
(SEA 1,95 V2)diag = NN (2752 X (2.31)
x Y 30 k) 0 (R o(kin) Y 0ha(Cm, kan)Tg .,
ki:n l+m=k1

while off-diagonal parts of type 1 and 2 are respectively given by

(S=l 1, AL o)ty = i oty (1) Y 051 (ki DI5y Thy g X (2:32)

kl:n+1

X (10 - (k1 4 ko))(10 - (k1 + k)i (k1 + ko, ks, kaomy 1)Ua(k1 + ks, ko, kamy1) ,

and

(STAL 1, AT a)ofr, = I oty () > 01 (Rt DTG, gy T5s ks X (2.33)

kl:n+1

X (10 - (k1 + ko))(10 - (ks + k)1 (k1 + ko, k3.a, kson s 1)02(ks + ka, k12, Ksong1)

where, for ¢ = 1, 2, cofr,(n) is an explicit positive constant only depending on n
and such that cof,(n) = O(ni*h).

We are ready to control the left hand side of (2.26). At first, we split all the
diagonal parts from the off-diagonal
[([— A5 (=Lo — LECT) oS + LEEC 1, 1) (2.34)

< ‘<Seﬂi¢1,9ﬁ¢2>diag + (2 1/117¢2>‘ + Z (8= 1, AT Pa) o, | -
i—1,2

Let us begin by estimating the first summand. By (223), (2-27) and ([Z-3T)), we see
that

(=5 — 67 by, 15 g + (TG, )|

= nln| D7 0 - kD201 (e (P Oiin) = GG kal) )|

kl:n

where P°¢ is defined as

A2 0
PE ]C " def _ _ ,m _ 2.
(h1in) = = Z+mzklr+rw D) (2.35)

and, to shorten the notations, we wrote

D= L1002+ mP + k2n),  TYE L0+ (0 -m)? + (- k)3,).
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By Proposition [A.1] we can upper bound the above by

nln Y 20 - k)| (ern)| [t (k1) | P (krn) — GLE (5| kn| )

k1:n
SAZnn > [k Pyl [hoCkrn)] = X200~ [kl ¢ Byl 2 (k1n)]
kl:n kl:n
< X202 [[[(=0)! *n (2.36)

so that this term satisfies ([2.26]).

We are now left to estimate the off diagonal terms. This is done by following
mutatis mutandis the same steps as in the proof of [CETarb, Lemma 3.4], so we
will only point out the necessary changes. For the off-diagonal terms of type 1, we
need to control

(ST 41, 5 oty | S Mlcor, MAZ Y |1 + ol i1 + Js
j1:37k3:n (237)
X P1(j1 + o, J3» kan)ha(j1 + J3s Jo, k3.n)oy 1 1(j1:3, k3:n)

where o7, , |, given in (230, is the Fourier multiplier of $€ in FL% 41 and, as usual,
we have bounded | - k| < |k|. As in [CETarb, Eq. (3.21)], an application of
Cauchy-Schwarz shows that (2-37) is upper bounded by

NI

2
A?coffl(n)H(nlzwi(mm)r?\klmkzr > iazﬂcjm,kgm)) :

i=1 k1:n Jit+j2=k1 ‘]2‘
(2.38)
This is the same expression as in [CETarb, Eq. (3.21)], with o7, , | replacing J N
there. Since o7, , ; satisfies

1
UE (j1:27 k2: ) S T o . 11 99
i " l71:2]% + |k2mn|?

which is the same estimate that J” satisfies, one can argue as in [CETarb] and

deduce
1 1

< —. (2.39)
ron] = Thal 39

1 .
> Tr oGz, k) S
J1+je=k1 J2
Now, since coft, (n) < 12, is upper bounded by a constant times A2 || v/ (—%o) 3 ||
1
VN (=Z0)2 2]

As for the off-diagonal terms of type 2, we proceed similarly, recalling that,
this time, cofr,(n) < n3. Namely, applying Cauchy-Schwarz and exploiting once
more (239), we bound them as

(ST 1, AT 2)offs |

2 . ' )
) Jn (J:ak:n) 2
< Neo [T (00 S Wit Pl P[] 3 Tty

=1 k1:n J1+je=k1 ’]1”]2’
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2
7 k1|lka| k3] \1/2
< Anteon, (0 [T (32 Wt 2L D)

=1 kim K|
2.3 2 2 21 12\ /2 2 = 1/2
S X T (Y Witkea) Plka[2) 5 22 [T I (=020
i=1 kl:n =1
as desired. O

2.2 A priori estimates on the truncated generator equation

The goal of this section is to derive a priori estimates on suitable elements of the
n-th inhomogeneous Fock space, which will be crucial in characterising the limit
€ — 0 of the solution to ({T:3). The specific functions we need will depend on
the dimension, as for d = 2 we want to take full advantage of the Replacement
Lemmal2.6l Let us begin with some definitions.

Let n € N and P be the projection onto n-th inhomogeneous Fock space with
the first chaos removed, i.e. onto @’7 FL2 The truncated generator &3 ,,, and

the corresponding truncated operators 93 ,,, 521 and 5212 are respectively defined
as

and_ef$0+‘Qq2n7 6 d_efPQnQQEP2 and ‘Qqaadefpggqep27 (2‘40)

foro € {+,—}.

Lety € @;“:2 I’L?, 2 <m < n. Ford > 2, let u®" be the unique solution of
the truncated generator equation which is defined as

=5 u"" =1 (2.41)
In the specific case of d = 2, we further consider 4 which satisfies
0 = (~Ly — FXE) AL + (—Ly — LFEE) (2.42)

where £ and 6° are defined according to (2:27) and (Z-23) respectively. Note that,
even if in there is no truncation in the chaos, the equation admits a unique
solution. Indeed, it is a triangular equation which can be explicitly solved starting
from @ = 0, and then inductively setting

W E(~Ly — LYE) AT+ (Lo —LFE) Ny, j>2.

That said, we will be concerned with the projection of %° onto @?ZQFL% that we
denote by 4" and can be easily seen to solve

gen Py — Sf €)™ I‘quPQn—las,n + (=% — S&‘)Ufge)*lw . (2.43)
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Since the difficult term in (T:3) is the quadratic one, we need to find a way to
replace it with objects we are able to control. To do so, we will choose the input
function ¢ at the right hand side of and (243) to be the (kernel in I'L? of
the) nonlinearity of (T:3).

For a smooth function ¢ € S(T%), recall that, as in (Z2), N (n) is the nonlin-
earity tested against (. Now, notice that this equals

W) =" LG AT 0 - (€ 4+ m)G(—L —m) = GHOAm) == Lr(nS) (2.44)

o n)?

where : 77(£)n(m) & n(0)n(m) — E[1(£)n(m)] denotes the Wick’s product and we
could replace the usual product with it since for £ = —m the summand vanishes.
In the above, we defined n‘; to be the kernel of J\fg (n) in FL%.

From now on, we consider a given test function ¢ € S(T%) and we will study
v®™ (that we distinguish from «*™ as the input function is fixed), which is the
solution to the equation

—L5 V07" =g, (2.45)

and for d = 2, we consider also v*"" which solves
T = (Lo — LPEC) APy + (Lo — LFE) 'nS. (2.46)
We are ready to state the main result of this section.

Theorem 2.8 Let ¢ € S(TY) and ng, be defined according to (244). Forn € N,
let w=™ be the solution of the truncated generator equation v=" in (Z43) if d > 3
or be v°™ given by if d = 2. Then, for any k € N, there exists a constant
C > 0, depending only on k, m and the dimension d, and €4(n) > 0 such that for
any € < g4(n) the following estimate holds

1 n n C _1
I(=%0)™2 (=27 w™" —n, + sl wy™)|| < —{[(=Fo) 20, (2.47)

and the latter norm at the right hand side satisfies

1
[(=2L0) 205 || < ol ey (2.48)
uniformly over e. If d > 3, €4(n) can be taken to be 1.

As afirst step in the proof of the previous theorem, we derive weighted estimates
on the solution to (2:45) which hold in any dimension d > 2. The argument we
exploit follows closely that of [LYg7b, Lemma 2.5] and since the proof works
for any choice of 1, we formulate and prove the result in the more general case

of (1.



THE EQUATION AND ITS GENERATOR 24

Proposition 2.9 Let m € N and ¢ € @;n:z FL?. Forn € N, n > m, let u>™ be
the solution of the truncated generator equation in in any dimension d > 2.
Then, there exists a positive constant C = C(m, k) independent of n, € and 1, such
that . .

[N F(—=ZL0)2us"|| < C|I(-Lo) 20|, (2.49)

where N is the number operator in Definition 23

Proof. As n and ¢ are fixed throughout the proof, we will write u and u;, j =

2,...,n in place of u*™ and uj’", respectively. Also, by convention, we let

Up41 = 0 = u;. To denote constants which do not depend on €, n or ¢ we will use
C, and such C might change from line to line.

Let us test the j-th component, j > 2, with £°u, which, since by Lemma =2
(A5)* = —d=, gives

(uj, L2u) = (uz, Lous) + (uz, A5 uj—1) + (uj, A= ;1)
= (u, Louy) — [(Uﬁl,ﬂiw = {uj, A uj-1)].

Via a summation by parts, for any a > 0, we have

Z(a + 57w, (—Lo)us) = Z(a + 52wy, (=L %))

Jj=2 Jj=2

+ Z(]'Qk — (G — D) (uj, A u;1).
=2

Next, note that —£°u = 1) — 5 u, — A us so that, by orthogonality of Fock
spaces with different indices,

1
(uj, (=Lo)u;) + 5(%‘, (—=%0) 1)),

DO | —

[(ug, (=ZL)u)| = [(ug,95)] <

As a consequence, there exists some finite strictly positive constant C' = C(a, m, k),
which might change from line to line, such that

> (@ + 57wy, (—~ZLoyuy)

j=2

< C(H(—seor%W +) G = G = D) uy, sﬂiuj_ﬁ) (2.50)

j=2

< O (I=2oy 76 + 3 7y, t501))

Jj=2
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where C' = C(k) is a constant chosen in such a way that (2* — (j — 1)%%)\/7 <
Cj 2k=3 . To handle the last sum, we bound

1 1
[(uj, AS uj_1)| < [(=Lo)2u;||||(=Lo) 2 A uj_1 |
< C/GlI(=ZLo)2u; || (~FLo)2 uj—|| (2.51)
/1 1 1 1
< OV (5120 b0 + 110y b w1 1)

where in the second bound we used (Z10) in Lemmaz4] We now plug the result
into (2:30) and rearrange the terms, so that we conclude

n . a o B
;ij (1 + ka o W><uj’(_g0)uj> < C(l + H(_go) 211[)H2) (2.52)

Choosing a sufficiently large, in such a way that (1 4 J%k — %) > 1/2 for every
J = 2, (2.49) follows. O

In the next two lemmas, we consider the specific case of d = 2. In the first one,
we show that, for any ¢, u*" defined according to (2:43) can be estimated in terms

of 1.

Lemma 2.10 Ford =2 let € @)L, I’L?, n € N and u*™ be given by ([Z43).
Then, there exists a constant C' > 0 independent of n,e and eo(n) > 0 such that
for every € < g2(n)

I(=£0) a2 < Cll(~o) ™20 (2:53)
Proof. At first, we study how the generator £° acts on ¢>". We have

LT =(—Ly — LFEHT" — sﬂijf’" —dAfat" + LYEE "
=) — o (Lo — L5E°) P — A" + LPECU" (2.54)
+ [ = (Lo — LFES) AL+ LPCT | Py s
where in the last step we used (Z43). Now, sﬂiﬂ%n e I‘L?L 11, so that, since

u=>" e EB?:QPL% the two are orthogonal. Therefore, by testing both sides by u*",
we obtain

”(_30)1/2115,11”2
= (G°", ) — d° (—Lo — LFE) ) + (5", LYCTT")
(T [ = A (—SLy — LYECT) AT + LYE ) Py )
< HI=L)V2a ™ + (L) P — AT (=S — ZFE) |2
— =26 2| 4+ OZn?|[(~2o) e
<O (=ZLo) 2|2+ B+ CnPAD||(=Zo) a2 (2.55)
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where in the last step we neglected the negative term at the right hand side, we
used (Z11) together with the positivity of —£F6* and the fact that the operators
Zo, 2§ and €° commute to control the second term containing 1/, and the Replace-
ment Lemma to bound the third summand. Now, we choose £2(n) in such a
way that Cn?X2, < 1/2. Therefore, (z:53) follows upon rearranging the terms

ea(n

in (Z33)- O

In the next lemma, we turn our attention to v=™ given in and prove
that it satisfies the same weighted estimates as those in (2-49). To do so, in view
of Proposition and the previous Lemma, it suffices to control the difference
between v and the solution of the truncated generator equation v=:".

Lemma 2.11 Let d = 2. For n € N, let 5" be given by (2.46). Then, for
any k € N there exists a constant C' > 0 and e9(n, k) > 0 such that for every
€ < ea(n, k)

IV (=) ?55"|| < C|[(=£0) ™05 || (2.56)

Proof. Let v=" be the solution of (2:45) in d = 2. Notice that, trivially,
[N E(—Lo) 20| < P [(—Lo) 2@ — 05| + [N E (L) 20| (2.57)

Now, in view of Proposition the second summand is bounded by (a constant
times) ||(—%o)~"/ Qupr, so we only need to control the first. To do so, we claim
that for any j there exists C' > 0 such that for £ small enough, we have

I(=%0)! /2@ = v™™)|* < Cn~7 +n?A2)||(=Lo)™/*n |1 (2.58)

Assuming the claim, the proof is concluded as it suffices to choose in (2.58) j = &
and e5(n, k) > 0 such that nk”)\@(mm < 1, to ensure that also the first summand
in (2737) is bounded.

5 . def —
We now prove (2.58). To shorten the notation, set ¢/f & (=% — LEE°) g,
We begin by evaluating —Z¢ on v=™ — v=". To do so, we exploit (Z:54) and the
fact that, as noted in the proof of Proposition since v solves (2.45)), we have

—L55" — g + ATy = —dS "
This means that

—LEE = v ) = = oS (W — 0" — AT — 0 + LG

2.
R R S et

Now, since 1f € I'L2, g (1)f — vy") € TL? and o5 (vy," — 7") € TL2 |, which
implies that they are orthogonal to both v°" and v=" as these belong to EB?ZQFL%
Hence, by testing both sides of (239) by " — v=", we obtain

H(_go)l/Q({}e,n _ ve,n)HQ — <2~}5,n _ ve,n’ 360@5@;’"> (2.60)
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+ (05" — 0™ [ — A (—Ly — L)AL + LYET Py )

Let us analyse the two terms at the right hand side separately. For the first, note
that the operator £’ €° is negative, so that
(557 — 0" EPGTT") = (o, FFETTT) — (0", (~HF )
< (=" (L5 6T

S~ 2o |[(=2Lo) 255

and in the last bound we used that —2£€° < —%; and that £y, £ and €°
commute. Now, the a priori estimates in Proposition and LemmaZz10 allow to
upper bound the previous by

n R WE (=) 20| (= Lo) g || S nTRI (= L) 20l |12

For the second term in (2.60), we apply the Replacement Lemma [2.6] first and the
same a priori estimates as above, thus getting
(05" — ™" [ (=L — L5G) AL + LPGI Py ")
< ONZR®||(=20)' 2@ — o™ (=) /55" |
< 20N (I~ 20) 2@ = o712 + (=L /257" |2

< %C)\gn2<H(—S£0)1/2(175’" _ vs,n)H2 i “(_30)1/211;“2) 7

where the constant C' changed in the last two lines. Now, by using that for
e < ea(n, k), Cn? 2 < 1, collecting the previous bounds and rearranging the

terms, follows. O

We are now ready for the proof of Theorem which is an easy consequence
of Lemma and, for d > 3, Proposition while, for d = 2 Lemmas
and 1T

Proof of Theorem2.8l Let us first treat the case of d > 3. As noted in the proof of
Proposition since v=" solves (2:43), we have

£,,E,M 5 €, 5n __ £ &N
- —ng,—i—gLvQ = —div". (2.61)

By (10), for any £ > 1, we have
_1 1 1 1
[(=Z0) 20" || S Voll(=Zo)2vy" | < JHJV'C“(—SL’())?UE’”II- (2.62)

Hence, (2.47) follows directly by (2:49).

We now turn to d = 2, in which case 9" satisfies (2.46). Notice that, by the

recursive definition of v5", f)'f’" = 0 and therefore

~En wepey—1..¢e
" = (B — TG e
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Hence, upon replacing ) with ng, in (2:54), we see that

—LE" — 0 + A7y = — LI — G+ A (L — L6
_ Sﬁg 66,11 + g(‘)’ﬂ(ge,{}e,n
- +%n n

+ [ — A (%0 — LEC) A + L5767 Py

Now, for the first two terms we use Lemma 24 and —£§6€° < —Z, so that we
can bound them by

[(=ZLo) 2 [—sd5 5™ + ZFC 55| S vVl (L) 05"
S F|(—Zo) 20|

where the last step follows by Lemma z111 For the third term, we note that the
I'L2-norm satisfies a variational formulation, i.e.

[(—%Lo) /2 — o= (Lo — LFET) T + LGPy |
= sup (¢, (=L0)V2[— oS (=L — LFC) AT + LG Py )

llll=1
= sup (=%0) 20, [ — o= (=20 — LPG) ol + LGPy 07T
Y||=1
< OX sup [NV 2(=L0) 2557 || = CAZ| N2 (=) 255"
=1
< ONZR?(|(—£o) /%0 | (2.63)

where in the third step we used the Replacement Lemma and in the last,
Lemmaz1al By choosing e5(n, k) > 0 such that Aém k)n2+k < 1, (z47) follows
at once.

It remains to argue (2.48). For this, notice that for any ¢, and (Z-g) imply
that the following equality holds

A p =ng,. (2.64)
Hence, by Lemma[z-g] we have

1= ™*05 || = [=20) sl S (=200l = llell 1 (e
so that the proof is concluded. O

2.3 The diffusivity

The main advantage of Theorem is that it allows to replace the nonlinearity
with the sum of two terms: one involves the generator of our process, and therefore
encodes its fluctuations, while the other consists of 94 applied to an element in the
Fock space of degree 2, so that overall it is of degree 1. This suggests that this latter
term should give us the additional diffusivity appearing in the limit (1.8]). The goal
of this section is to analyse this object and determine its behaviour.

We begin our analysis with a lemma that provides a representation for o1 w5,
which will help us identify its limit.
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Lemma 2.12 Let ng, be defined according to 2:44). For n € N, let v=" be the
solution of the truncated generator equation in (Z43) and, for d = 2, 75" be given
by if d = 2. Then, for d > 3, we have

203" = = G)|[(—L0)PoT k]| e (2.65)
k

where, for k € Z4, v="[k] is the solution to (Z43) with ¢ = e_y.
For d = 2 instead, we have

A 5" = A (Lo — LYET) Tl . (2.66)

Proof. Recall (2.64). Then, in d = 2, by the recursive definition of 75", we have
that 05" = (—%o — £6°) ™ 'ng, which immediately gives (2.66).
We now show (2.65). It is convenient to observe that ng, can be written as

nS =Y @lkm, (2.67)
k

where, to shorten the notation, we set n° o ngk. By linearity of 5528,11 and

uniqueness for (2743), we have v*" = > i P(k)v="[—Ek], where, as in the statement,
v="[k] is the solution of the truncated generator equation whose input is ny. Hence,
applying ¢ to v5" we obtain

AZ05" = Gyl vy [k,
k

so that the proof is concluded once we verify that
A% 05" k] = —|[(=Lo) 2= K] | P kezd. (2.68)

Since A& vg’"[k:] € FL%, we can expand it in the Fourier basis, i.e.

A v5 k] = ) (A3 k] e j)e; = — > (3" (k] dSe_j)e;
JELG JEZY (2.69)
= — (3" [k], A ex)e—p = —(vy " [K],nZ ey,

where the third equality is a consequence of the translation invariance of the equation
(which can be easily seen to hold by verifying that, for any ¢ = 1,...,d, the
momentum operator M; defined as F(M; f)(k1.n,) = (Zj k;)f(kzl:n), ferL?,
commutes with £y, 91 and s1° ), while the last, of (2.64)). Therefore, we can now
exploit orthogonality of Fock spaces with different indices and the antisymmetry
of ¢, to see that

(05" [K], 1 e) = (v [k], 0% 1) = (v7"[K], 0% ) = (v="[K], —L50"" [—k])
= (V" [k), =Lov™"[k]) = || (=)' /2o K%,

from which, by (2:69), (2.68) and therefore the statement, follow at once. O
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From the previous statement and the Replacement Lemma [2.6] we can easily
obtain the ¢ — 0 (and n — o00) limit of 9% v3" for d = 2. This is summarised in
the following theorem, which also shows that the I' L2-norm of v goes to 0.

Theorem 2.13 Letd = 2. Form e Nyn > 2, ¢ > 0and ¢ € S(T?), let 75" be

given by (2.46)). Then
lim [|s4° 35" — D] =0, (2.70)
E—

where D is the operator introduced in Theorem [1.3} given by & “ Dsue<y for
< defined according to (ZZ7) and Dsyg = G(1), G being the function given
in @24). Further, we have
lim |[o%"] = 0. (2.71)
e—0

Proof. We begin by showing (Z70). By in Lemma 12, we have
54295 = Depl| <|[AZ(—Lo — L5767 AL — LG ol + [[[LFE° — Dol

For the first term at the right hand side, we use the same variational principle as

in so that
I[ = A (—Lo—LFEC) 'S + L€ o

= sup ([ — A°(~Ly — LFE7) 1+ LPE )
[lb]|=1

<A Sup I lII=Zo)ell = Allellprzcr2)
Pl=1

where in the last step we used the Replacement Lemma but in which we
distributed the —%; in differently (note that, as ¢ € I'L? there are no off-
diagonal terms). For the second, we use the explicit expression of &, €% and 9,
which give

2
i = Dl = § 3w - |GG R — Dsue| 160
k

Since ¢ is smooth we can take the limit in ¢ inside the sum and, provided we take
Dsye = G(1), we conclude that the right hand side goes to 0. Hence, the proof

of ([2770) is completed.
Concerning (2-7T), we note that for any j € Nand ¢ € T'L?,

[(—ZLo—L56") 5 y|?

€ X 21,7 B 2
< 222 Z : kl,kg(“; (k11 + kQ))2 (k1 + /<7127 /<73.]+1)2! :
[ [31k1j411% + 30 - B)T ;1 GLEGG ki [2)]

)

R J
<A k22 Y ot

2 232
k1.5 l+m=k (|€| + |m| )
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Now, the inner sum is clearly finite, and therefore we deduce
(=0 — LG~ stS ]| < AZ|N (—F0) 20517 (2:72)

We apply the previous estimate to the definition of %" together with (2.64)), so that
we obtain

155" 17 < (=0 — L5610 + l||* S AN (~L0)' 207" + o
(2.73)
where in the first step, we replaced the truncated operator sﬂg’Jr with . By

N
the weighted a priori estimate on " in Lemma [Z11] and the bound on
|(=<0)~/ Qupr, we see that the norm at the right hand side of (Z73) is bounded

uniformly in €. Now, since A, goes to 0 as € — 0, (Z77) follows. 0

We now turn to the case d > 3, whose analysis is more delicate. Our goal is to
prove the following theorem.

Theorem 2.14 Letd > 3. Forn e Nyn>2,e>0and p € S(Td), let v&°" be the
solution to [243)). Then, there exists a unique constant Dsyg > 0 independent of
 such that

JimTim [|(~0)" 205" = (. (D)) (2.74)
where D is the operator introduced in Theorem [1.3} given by & “ Dsue<y for
< defined according to (Z27). As a consequence,

lim lim |[4° 05" — Dyl = 0. 2.
Jim lim |51 v, ¢l (275)
The proof of (2-74) requires to be able to pass to the limit for ||(—%o)!/2v=" |,
first in € and then in n. Since the first limit is the most delicate, we single it out in
the statement below, which further provides essential information concerning the
convergence of v*" to 0 in I'L?, and postpone its proof to the next subsection.

Proposition 2.15 In the setting of Theorem let n be fixed. Then, there exists
a unique constant D™ > ( such that

lim [|(=Lo)" 205" |2 = (o, (=D™)p) (2.76)
e—0

where D™ is the operator given by D™ “ D%y for £§ defined according to [Z27).
Further, as ¢ — 0, v®™ converges to 0 in L2

We now turn to the proof of (2.774) and consequently of Theorem for
which, thanks to Proposition [Z-15) we only need to ensure that the limit in n of the
constants D" is unique and strictly positive.
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Proof of Theorem Notice that, once (2774) is established, by LemmazI121and
smoothness of ¢, (Z775) immediately follows.

For (2774)), thanks to Proposition it remains to argue uniqueness and that
Dgyg is strictly positive. We start with uniqueness.

Let v>™ and v=™*! be the solutions to the truncated generator equation (Z.43)
with n = m and n = m + 1 respectively, and consider the difference v=™*1 — ¢,
Notice that

1 1 ;m+1 ym+1
—LEI =0t = = L v = AT — el
+ Sff,mvs’m + v + Sﬂiv;’m

_ €, &m+1 £,m e, em+1 e,m
== AUy o) — (v —vy ).

e,m+1

We now test both sides by v v®™ and, using the antisymmetry of /¢, obtain

1
I(=0)" 2@t — 0= ™)||2 = (o= — = el (o = ™)

— <U€’m+1 _ M gE

=™ AT V™) (2.77)

where the terms containing #1° (vy™"" — v5™) € TL? and o5 057" € TL2,

dropped out because of orthogonality of Fock spaces with different indices (recall

that oS = " = 0 = v;’:ﬁgl = v;""). Now, the right hand side can be

bounded above by

<va,m+1_ e,m €

e,m
V5™ AL U™

< 5L 2@ — 0T 4 2= %) 2L 0P
We can go back to (2777) and get

I(=2£0) 2@ — 0= ™)2 < (=o)L 0g M S IV (=) 2o
(2.78)
where the last step follows by Lemma To control the last term, we apply
Proposition 279}, which, for any j > 1, gives
¥ (=) 2052 < 2N (=) 2o S m | (— o) g1

Since [|(—%o)~Y an0||2 is bounded uniformly in € by (2:48)), by applying the trian-
gular inequality at the left hand side of we get

2 .
(=) 2071 | — (=) 20" S m

which, multiplying both sides by (||(—%)"/?v=™ || + |[(=%Lo)*/?v=™))? and
invoking (2:49) once more, implies

2
‘”(_go)l/2vs,m+lu2 _ H(_Sgo)lﬁve,m)‘P‘

< m (=20 2| L) 2o ) S m
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By Proposition for any n, the limit as ¢ — 0 of [|[(—%y)"/2v°™||? exists, is
unique and given by (p, (—=D"™)p) = %D" > (o k)?|¢(k)|%, hence we can take
the e-limit in the above inequality and obtain

D™ — D™ (w0 k) @R)|)? Sm
k

which holds for any ¢ (in particular for at least one which is not concentrated on
k’s orthogonal to w). Therefore, the sequence { D"}, is Cauchy, thus it converges
to a unique limit.

We now show that Dgyg is strictly positive. To do so, we consider once more
the solution v=" of (243). Notice that thanks to the antisymmetry of {5 ,, in

(=) 20" ||? = (v=", (=L5, )v=") = (05, (=L5,,)""nS) .

Thanks to [KLO12, Theorem 4.1], the term at the right hand side can be written as

(nG,(=£5,) " 'n5,) (2.79)
= sup {2(,n3) — (b, (—Lo)) — (¥, (—sl5,) (—Lo) " (=l )) }
el L2
> sup {2 T,Z), <p <¢a(_30)¢> - <&1iw’(_g0)ilgﬁiw>}’
pel'L2

where in the last step we restricted the supremum to I'LZ, thus making it smaller,
and exploited LemmaZZ and the truncation P3' in the definition of &5 ,, in
to simplify the last term. According to Lemma 210} for 1) € I'L2, there exists a
constant C' > 0 such that

(150, (=20~ sl39) = |(=Lo) ™AL 9| < Oll(=2L0)' 2y
which implies a further lower bound of the form

(n5, (25,07 'nG) > sup {204, n3) — (4, (L)) — Clo, (L)) }

wel“L2

1+CH( F0)” VP |7

We are left with estimating || (—%0) ~'/?nS | from below. Thanks to and (Z9),
we have an explicit expression for the latter, which reads

J4
Zﬂzm%; :‘m,? [P +m)>  (2.80)

J€
2 2 lm
= Gn )d Z(m k)% (k)| <>\ > W)

l+m=k

I(=) ™/ *ng ||* =

(2m )d &
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We can now take the limit for e — 0. Since ¢ is smooth, by dominated convergence,
we can pass the limit in ¢ inside the sum in &k and observe that the quantity in
parenthesis converges to a strictly positive constant C' & f\:v\oo <, dz/2z[?).

By the first part of the statement, we know that the limit as € — 0 first and
n — oo after of |[(—%£y)Y/%v5™|| exists, is unique and given by (¢, —D¢). In
conclusion, we have shown that

DSHEZ(\‘O k) |30(k:)|2 <S0, E’ZQD> —hmhmH( g0)1/2 en||2

> li ) 1/2 € 2 -k L 2
> im0 P 2 HCZ( Pl
Since the previous holds for any ¢, Dsyg is strictly positive. O

2.4 Proof of Proposition

The proof of Proposition is the most delicate of the present paper. Since in
d > 3 we have no replacement lemma (and we do not even expect it to hold), we need
to resort to a different strategy. Our proof is centred around a suitable expansion
of the norms of v=" (see e.g. below) which involves several subsequent
applications of the operators g5, d¢ interposed by inverses of —%y. In order
to see why such an expansion is meaningful, it is convenient to write it terms of
operators which are skew-Hermitian and bounded in I'L? (uniformly in €), and this
is the first thing we will do.

Letn € N, n > 2, be fixed throughout the section. Let € > 0 and sﬂin be
given as in (2:40). We introduce the operators 75 ,, and for o € {+, -}, 7=, T, ",
according to

5 0 & (~Lo) V2(st5 ) (~ %) V2,
TE,U def (—30)71/2@&5)(—3 )*1/2 (2.81)
T3 & (=) V(AT (~SL0) /2.

Note that, by Lemma 24] and in particular (Z11), each of the operators above is
uniformly bounded in PL2 in € (the bound depends on n, but this is irrelevant as n
is fixed) and, by Lemma[z2} it is easy to see that T3 , is skew-Hermitian.

To have a notation for multiple applications of the operators 77, o € {+, —},
we set, for m > 1 and a > 0, H(anzn to be the set of simple random walk paths
p = (po, - - -, Pa) consisting of a steps, starting at height 1, i.e. pyp = 1, ending at
height m, i.e. p, = m, that do not reach height n 4 1 and that can have height 1
only at the endpoints. Given p € I1{"), we let 7¢ be defined according to

%g d:ef TE€%aECa-1  TE01 (2.82)

where 0; = +, if p; — p;_1 = 1, and 6; = —, if p; — p;_1 = —1. In other words,
there is a factor 7> (resp. T ) whenever the path takes a step up (resp. downﬁ

3For instance, for a = 4 the path p = (1,2,3,2,3) € Hﬁﬁl’,n > 4 corresponds to I, =
TSt e e tTe+
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We enclose the most technical aspect of the proof of Proposition [Z13]in Propo-
sition[2.16]below. Before giving the proof of the latter, we will show how it implies
the former.

Proposition 2.16 In the notations introduced above, for every a > 0,m > 1 and
p € O™ the limit

a,m’
. (0 - k)2
€.\

;E}%(efka % e) = C@)W (2.83)
exists, with c(p) depending only on the path p. Moreover, c(p) = 0 unless a €
2N, m = 1. Furthermore, for every a > 0,m > 2, q1,...,qm € Z% m' > 1 and

(n)
pE Hmm/, one has
gii%@,ql ® Qe g, T, er) =0, (2.84)

Proof of Proposition given Proposition We start with (2.76). Let v*"
be the solution of (Z435). As shown in the proof of Lemma we have that
o™ =3 p(k)v*"[—k], where, for j € 74, v=™[4] solves the truncated generator
equation (2-43) with ¢ = e_;. Hence, recalling and (2.67), the object whose
limit we want to determine equals

<,U€,n, (_QO)UE,W/> — (,Us,n, (_gg’n)v67n> — </U€,'I’L, u€<p>

= eR)G(—H W " k], nS)
k;hj

=Y R (v =KL ng) = D @) [[(—=ZL0) P k|
k k

where, as in (2.69)), we used translation invariance to remove summands in which
j # —k. Each of the squared norms at the right hand side are uniformly (in ¢)
bounded by a quantity that grows at most quadratically in k. In fact, by Proposition
each squared norm is bounded by a constant times ||(—%)~"/?ng ||2. In turn,
by we have

JE
(=) V205 || = 210 - k)? <>\g Z &)

2 2
ot T+ I

and the sum is uniformly bounded by a constant independent of € and k. Since ¢ is
smooth, to prove it is enough (by dominated convergence) to show that there
exists a unique D" such that for all &

lim [|(—%o)"/ 20" [—k]||* = lim (nf, v™"[—k]) = LD™(w0 - k)?. (2.85)
e—0 e—0

Recall the definition of the operators T, and 77, o € {+, —} in (2.81)). Note
that, thanks to and (2-43),

_ I

VI —k] = (=5 ) df e

(=) VAT —T5,) T e, (2.86)



THE EQUATION AND ITS GENERATOR 36

where in the last equality we further used (2g). Therefore,

k2
(0 0[] Ll

(T ey, (I = T5,) ' T Tey) . (2.87)
Note that 775 , is skew-Hermitian and, by Lemma[z:4] and in particular (ZI1), it is
bounded uniformly in € (for n fixed). Then, we write the inverse operator above as

2 oo .
’kP(nk’ VK] = (T5T ey, </ e_seSTanS) T5%e)
% ‘ (2.88)
= / 678<T€’+€,k7 eST§7"T€7+€k>dS

0

where in the second step we applied Fubini, which is allowed as the operator e’Tzn
has norm at most 1, since the spectrum of 7%, is purely imaginary. For the same
reason, once we take the e-limit at both sides we can apply dominated convergence
and pass the limit inside the integral in s, i.e.

e—0

o
hrrg) ‘k’2<ni,v5’"[—k]> :/ e~ ° lim (T5’+e,k,eST5’nT5’+ek>ds (2.89)
0

o) b
_ —s e,+ brpe,+
_/ shi%(T e k,b§>0 i —(T5 )T ey)ds

/ e’y — 11m <T8 te_p, (T5 )T ey )ds
6 )

where in the last step we could exchange the limit with both the summation over
b and the scalar product because, for fixed n, s, the norm of s7; is uniformly
bounded (recall that after the first, in the subsequent steps s can be treated as fixed).
Therefore, we are left to determine, for every b > 0, the limit of

(T ek, (T5,)' T er) = —(e—y, T (T5,)" T ey) .

Let us begin with a few remarks. First of all, since 77, is skew-Hermitian, the
scalar product is zero unless b is even, hence we set a € N to be such that b = 2a.
Next, we expand

- 2 — g, — €,4\2 ,
(e, TO7(T5,)* TV ep) = (e_p, T= " (Tg), + T3, )T ey) (2.90)
= Y e, TR T TR T ey
p€ﬁ2a+2,1

where ﬁ2a+2,1 is the set of all walks p which start at time 1 from 1, i.e. pg = 1,
ends at time 2a + 2 at 1, i.e. p2g+2 = 1, have increments of size 1 and are such that
P1 — Ppo = 1 = pagy1 — paato. If either of the previous conditions were violated
we would be taking the scalar product of quantities in Fock spaces with different
indices, which would be 0. In the above, for p € ﬁ2a+2,1 andi =1,...,2a + 2,
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o; =+ ifp;—p;_1 = land 0; = — if p; — p;_1 = —1. Note that the last condition
on the p’s ensures that 0; = 1 = —09,42 (so that the 7%~ and 77 in the line
above are present).

Because of the projector P;' entering the definition of T;’g, if a path p reaches
height n + 1 or height 1 (except at the endpoints), then the corresponding scalar
product is annihilated. Hence, we can replace the index set of the sum at the right
hand side of (z:go) to H(QZ)JFZP and get

(e T (T5, )T e) = Y (e, To0 01 T30 T 7 T ey
pEIlyy 5,

= Z (e,k, TE:92a+17T€,02a  TE,02€,01 ek>
pEH(QZ)+2,1

= Z (e—k> ‘Z;aek‘> )

(n)
peH2a+2,1

where in the second step replaced all instances of 75’0 with 77, since for p €

sn
H(22)+2 1 the projection P acts as the identity operator.

At last, getting back to (2.89) and applying (2.83)) in Proposition we obtain

‘/{:’2 [ee] 82a

: e L EN_ _ —s . €

Jlim (e, o7 1=KD) = 5 /0 c Z>O(2a)!35% D (emk Tpex)ds
az

(n)
Pl 04

_ |]€|2 [e%e) . 52(1 i (76 d
2 ), € Z@a)l > lim{e—x, 7 ex)ds
a>0
= peE

H(n)

2a+42,1
- (mkz)2 /oo s 52(1
- 9 0 € Z(Qa)! Z c(p)ds
a>0
1
—: ZD"(tv - k)2
2 (v - k)

(n)
p€H27¢11+2,1

where the last constant D" is uniquely defined by the expression before, so that
follows.

We are left to show that v*" converges to zero in I'L?. Let us begin by writing
n
I 2 — ) 2
o2 = 30 3 i G P,
m=2k1i.m

with vy, the component of v=™ in the m*” Wiener chaos. Let N > 0. We split the
norm as

2= 3 3 st P+ Y Y e )

m=2 |k1.;m|>N m=2 |k1.m|<N
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2 ¢ ’klsz 2 & 2
SWZ Z T‘Ufﬁn(klzm)’ +Z Z [op " (K1:m)|
M=2 |k1m|>N Mm=2 |k1.m|<N
2 n
< HlEL) PPy > e )

m=2 ‘klmISN

By the just proved (2.76), if we first take the limit ¢ — 0 and then N — oo, we
deduce that the convergence of v*" to zero in I"L? follows provided that

lim |05 (k1.)|? = lim (e, @ -~ @ ep,,, v=™)|* =0 (2.91)
e—0 e—0

for every fixed 2 < m < n and any given ky.,. Since v°" = )", G(k)v="[—K]
and ¢ is smooth, it is enough to show that

lim(eg, ® -+ ® ey, ,v""[—k]) =0

e—0
for every fixed k. To this purpose, by and, following steps similar to those
after (2.87), we come to

lim (e, ® -+ ® ey, , v [—k])
e—0

- ‘k’ h e’ S—b lim <e R---Re (TEHF 4 T€,*)bT5,+e >
’klzm’ 0 bl e—0 k1 Emy{+L2n 2,n k

R U N
_|k1:m| 0 c ZE Z €%<6k1®"'®ekm, pek>-

=07 per,

Finally, implies that the right-hand side of the previous expression is zero,
thereby proving (Z:9T). O

We now turn to the proof of Proposition for which we will need a prelim-
inary lemma. Given p € Hgf}n, 7, e, belongs to the m'" Fock space and we write

the Fourier transform of its kernel in the form
Fo K1, k) = 207D FE (eky s k), (2.92)

. . . . d(m— . .

in which we singled out the scaling factor £2™~1. We derive an expression for F;
in terms of polynomials, whose form and main properties are summarised in the
following lemma.

Lemma 2.17 Given p € 1I{"), and a > 1, let M = (1 + a — m)/2 (> 0) be the
number of T~ in the product J;. The function Fj(x1.m;2) in [Z92) can be
written as

(to-z) °
F€ . =1 —_ e ——
p@mi ®) = Loyt pm=s |z| |21
P( H ;x : ) *
o Z LdM Z M[g(yLM;m'l;m),(z 93)

9€%Ipl Y1 €EZAM Qg(yl:M§ T1:m)

[Yiloo <1,i<M
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where

(i) €[pl is a finite set whose cardinality depends only on the path p,
(ii)) I, is a product of indicator functions, each imposing that certain linear
combinations of its arguments have | - |, norm in (0, 1],

(iii) Py (resp. Qp) is a homogenous real-valued polynomial of degree a — 1 (resp.
2(a — 1)) in y1.M, T1.m. Further, Q4 > 0 and it does not vanish on the
support of 1,

(iv) if m =1, then Qq4(y1.n1;0) > 0 for almost every y1. .

In particular, if m = 1 then there exists a polynomial ﬁg of degree a — 2 such that

(o - k)2
k|

Py(y1.ar; k) (2.00)
X Z €dM Z %Ig(yLM;ﬁkﬁ), ¢}
gES€Ip] Y101 E(EZHM: g\Y1:M;

[Yiloo<1,i<M

(e—ky Ty er) = "Ny, —

We emphasise that the functions P, Qg4, I, and ﬁg are c-independent. The only
e-dependence in F}; comes from the fact that the Riemann sums runs over eZ3.

Proof. The statement is proven via induction on a. In order to verify condition (iv),
we will simultaneously show that the @),’s further satisfy

(313") Q¢(y1:11; T1.m) is the product of homogeneous quadratic polynomials g,
1 <r < a—1, each being the sum of squared norms of linear combinations
of its arguments, and, forevery 1 <r < a — 1, g, # |21 + - + o>

From now on, since we are in dimension d > 3, we will not write \. but its
value £%/2-1 5o that the scaling exponents become more transparent.
We begin our induction with @ = 1. In this case, if p € Hff,)n, then necessarily

m=2,M =0and J; = T=". Then, from (2.81) and (zg) with n = 1 (see also
below), one sees that

(ho-xz) ¢ -4
2| |z1a| 2m)d/27 T

F;(xl:Q; ) =1y 1ao=a (295)
because the kernel of e;, equals 1._;. This expression is of the correct form (Z:g3),
with §[p] = 0, P, = —4/2m)¥?,Q, = 1,1, = I ,,. so that (i) — (iéi) and (ii7')
are clearly satisfied.

As for the induction step, we assume the validity of the statement for a given
a > 2 and take p € H(Jil,m' Write ;7 = T=°F; for some p’ € H(a?nfoa_l'
Consider first the case o = +, so that 0,_1 = 1. Recalling the definition of 75

and (Z:92), we have

1 4gd/2-1+4d/2m-2)

S m ]

(T F2) Rroms ) =



THE EQUATION AND ITS GENERATOR 40

w - (k; + kj)Jii,kj

S . . Loyt
g 1<i<j<m \/|k@- + k2 + |l€1:m\{z‘,j}|2Fl”'(gl€Z 2Ry R 1.9y EP)
= sdﬂ(m*DFg(ekl:m; ek), (2.96)
with
Femin) =——— 3 —— (2.97)
|21 | < TTem m(2m)d/2
w - (z; + x5)

Ji«i,ij;/(ﬂfi + zj, L1m\{i,5} x).

X
\/|CCZ + 25 4+ [T i3 2

By induction, F}, has the form in (Z793), and therefore so does Fj, once we set
Glpl = {(', G, 7)), 9 € €lp'],1 <i<j<m}and, for g = (¢, (i, j)) € Elpl.

Py(y1:m3T1:m) = (W - (i + 7)) Py (Y105 Ti + Tjy T1am\ (5,51

m(2m)d/2
QoWi:n; T1m) = (i + 5% + |1 (1.1 )Ry Wr:ds Ti + Tj Tram 3,51
Ig(y1:M§ Tlm) = Jii,xjjg’(y1:M§ z; + T, xl:m\{i,j}) . (298)

Similarly, if o = — (so that 0,1 = —1), by (Z-g) one has

. e , e271 du(m + 1) &
(T= b ) = s = jZm - kj)

LY e ES ey, ez, ekprmy 535 €R)
Y,z 2 2 2
peetigraty /W12 + ]

=P ES (ekyim; k),

where in this case

dim+1) 1
QM2 |21

F(21.m; 1) = DGR ) R (2.99)
j=1

Fo, 5 = Y, T{1mp\ (5} )

d
X Z € ]lo<|y_$j|oo§1 \/

yeeTElyloo<l Y12 + |2y — y? + [z gmp 2

Again, as sz’ is of the form (27g3) by the induction hypothesis, the same holds for
F;, where this time we need to set €[p] = {(¢',),¢' € €[p'],1 < j < m} and,

for g = (¢, j) € €lpl,

4(m +1)
(27T)d/2

QoWrars T1:m) = (ym® + 25 — yar|* + 21 (31 Qyr

Pg(yl:M; xl:m) = (m : xj)Pg/’
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Ig(y1:M§ T1m) = ]10<\xj|oo§1,0<\yM—$j|§1Ig/ ’ (2.100)

where the omitted variables of the functions Py, Q, and I are y1.p7—1; yYnm, Tj —
YM> Lrm)\ {5} -

Now, for both 0 = +, —, and ([100) clearly ensure that if G[p'], Py,
Qg and Iy satisfy conditions (7) — (i49) and (ii7’) so do 6[pl, P;, Q4 and I,.
As for property (iv), note that by (i), @, can be written as the product of
quadratic polynomials ¢,, 1 < r < a — 1, and if ¢, depends on at least one
of the y;, i < M, then necessarily ¢,(y1.p7;0) # 0 for almost all y1.p7. The only
potentially problematic case arises when one of the ¢, is such that g, (y1.a7; ) = |:r3|2
but this is ruled out by (iii") for m = 1.

At last, to verify (2:94), we note that (Z:92) and ([293) give

(to-k) 1
B A TR 2.101
(e Ty en) =t Ny, = e ( :
Py(y1.05 k)
- Z " Z hlg(yle;ek).
g€%ipl i eEzHM: I Y1:M;
lys|<1,i<M

But, since m = 1, the left-most operator in the product J7 is 7, so that
I e = T’f»—?;“p%ek and S/“pa,ek € I'L3. Then, from ZI00) we see that

4
FPy(yr:ar;€k) = W(m < (€k) Py (Y1:m-15Yn, €k — Yar)

which, once plugged into (2101, reduces to (2:94), upon defining

~ def 8
Py(yi:0m5€k) = WPQ/(yLMA; ym, ek —yn) .

O

Proof of Proposition We start with the proof of (2.83). If a is odd or m > 1,
I, ex, belongs to a homogeneous Wiener chaos of index different from 1 and the
scalar product is identically zero. Therefore, we assume that p € H(Qz)l, a >0, so
that M = a. In this case, we want to show that the sum in (2:94) h7as a limit as

€ — 0 and that the limit depends only on p (in particular, not on k). Formally, the
€ — 0 limit of (2:94) is

(v - k)% 4 / Py(y1:0;0)
gy =g 29 [ p(dyr:q) 1 (Y1:0; 0)
! |k|2 ge%[:p] Qg(yl:a;o) g

wherd4 L is the uniform probability measure on [—1, 1]1%¢ and the integrand is well-
defined and finite (except possibly on a zero-measure set) thanks to the properties

“note that we added the volume factor 2°¢ to pass from the Lebesgue measure to the uniform one.
The scope of this change of measure will soon become apparent.
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of @ stated in Lemma 217} It remains to prove that the sum indeed converges to
the integral, and that the integral is finite.

At first, we want to write the Riemann-sum in (2:94)) as an integral with respect
to the uniform probability measure on [—1, 1]1%¢. This is quite standard as it suffices
to take a piece-wise constant extension of the polynomials P, and @4, but since the
quotient displays singularities, we provide the details below.

Recall that we assume 1/ € N + 1/2. Then, the box [—1, 1] contains exactly
(2/¢)* points of £Z? and it can be written as the union of cubes C(y*) of side &,
centered at each of the points y* € ¢Z? N [—1,1]%. Given y € [—1,1]%, we let
y*(y) denote the (unique, up to Lebesgue-measure zero sets) y* such thaty € C'(y™).
Note that we can rewrite the sum in (2:94) as

.a; €k
2ad/,u(dyl a) Z (yl k) (5)(y .as €K), (2.102)

ooai @ @(yl i k)

where 1 is the uniform probability measure on [—1,1]*¢, P{*) is given by

POWr.aiek) = Pyy* 1), - " W)Ly, e /ocpopti<a s

and similarly Q'), I'9), and the indicator function has been added because in (Z:94)
the sums are restricted to y; # 0. Note that, by construction, the integrand is
piecewise constant.

At this point, existence, finiteness of the ¢ — 0 limit of (Z102) and its inde-
pendence w.r.t. k follow if we can prove uniform integrability of the integrand.
For this, we will introduce operators US* analogous to the 7% but with {59
in replacing 9%, and their composition U, which is going to give us the same
expression as in (Z102) but in which the integrand is raised to the power 1 + ¢ for
0 small but positive. Upon proving that the latter is bounded, the claimed uniform
integrability will follow. Let us now provide the details.

Let 6 € (0,(d — 2)/2) be independent of £ and define the operators U &%+ in
Fock space as US+ £ (=)~ 1+9/2 Qﬂié(—io)*(”‘s)/? More explicitly, U+
actson f € I’L?L, n > 2, as

1+6
U f (kg 1) = e9/2 1 ! (2.103)
' @Cm)4/2(n + 1) lekini]

v - (ki + k)" 0I5
X Fiky

(1+6)/2 f(kl + k]? kl:n+1\{i,j})
1iSgznst (eths + KD + ebrmin i 2)

while U% ™ as

in 146
Us= f(k 1) = d/2< >
flkin—1) =€ R —
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146 FCm, ki)
x Z [ro - (ek;)] Z Tem (146)/2
eimty ([l + |l + ek ) )
Also, define the product of US* operators U, corresponding to the path p, in
analogy with J7, just with 7" * replaced by U* A . Then, the same argument as in
Lemma@together with the derivation of (Z102), shows that

da ’m . k‘2(1+5)
<€,k, C?,L;ek> =2 “{‘2(71"'6) (2.104)
P (y1.q, ek
/M(dyl a) Z (8)(y1 ) (8)(y1:aa €k) .
g€%€[p] (yl ay € k)

Note that, as anticipated, the integral at the right hand side of is the same
as that in ([ZI02), but in which the modulus of the integrand is raised to the
power 1 + §. Now, for any § € (0,(d — 2)/2), the quantity at the left hand side
is bounded uniformly in e (but the bound might depend on m and a, which is
though irrelevant as they are fixed) since %; is just a composition of U eE —
(—Ly)~1+9/2 sﬂi&(—Sfo)_(H‘s)/ 2. In turn, these operators are uniformly bounded
on ' L2 by (zz0), which means that so is the integral at the right hand side of (Z.T07).
Hence, the uniform integrability of the integrand in (ZI02) is proven and
follows at once.

Next, we move to the proof of (2.84). First of all, the scalar product is zero
unless q; + - - - + ¢y, = k (by translation invariance) and p € H(angn/ withm’ =m
(by orthogonality of Wiener chaoses). We assume therefore that these conditions
are satisfied. If p € H(anzn, the kernel of J 7 ey, is of the form (2:92), with F; as in

Lemma[z:17} The scalar product in is then

(e—qy ® @ e_q,, Tey) = XM D FE(eqym; ek).

with ¢ +- - -+ ¢, = k. By Lemma[z:17]and arguing as in the derivation of (Z-102),
we get

_ (0 F)

<e*q1 ®”'®6*(Im,gp€6k> |k‘|

,Uf(dyl:M)W;(yle, 6(]1:1%) 5 (2~105)

where

a

(€)
W5 (b1:01,€q1:m) 2 gd/2m=D Z @ Ly W, i) (6)(y1 ‘M
7 m )

Eq1:m)-
e |g1:m| Q; (Y1015 €q1:m)

Let us stress that the main difference w.r.t. (@I102) is the presence of the factor
gd/2m=1) which tends to zero as € — 0, because m > 2, and this is the fact we
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want to leverage. For this, we will consider once again the operators U+ and their
composition UE. Let § € (0, (d — 2)/2). Proceeding as in (2:104), we see that

<e—q1 Qe @ gy Gu;ek> =

X /M(dyle) [ed/Q(m_l) Z

g€%Ipl

(2.100)
146

1 P(E)(y1:M7€q1: )
v 190 eqim) |-

|C_71:m| Qge)(y1:M7 €Q1:m,)

Now, notice that, Jensen’s inequality (which holds as y is a probability measure)
applied at the right hand side of (ZT03) gives

|{e—gy ® - ® gy, %gekHHé

’m ) k‘1+5 € 146
§W 1 dy1:a) | Wy (Y1::5 €G1:m) |
< gd/2m=1)5 o - k| F0
~ [T+
146
_ 1 P(a)(ylea €q1: )
X /u(dyle) [Ed/Q(m Doy 5 - I (10, €q1:m)

S e_ @ @ ey, Uger) S £V

where we used (2.100) and, in the last step, that, since by Lemma[z.4} the operators
U=+ are uniformly bounded (in ¢) in T'L?, so is the scalar product (e_4 @ -+ ®
€—gm» Uper). Hence, follows at once and the proof of Proposition is
completed. O

3 Convergence of Burgers to renormalised SHE

Thanks to the results in the previous section, we have all the ingredients we need
in order to prove Theorem [T-3} To do so, we will first show that the sequence n°
is tight and then verify that every limit point solves the stationary stochastic heat
equation (SHE)

A = LA+ Dsgp(0- V) n+(—=A— Dspp(o-V)HY26 . 9(0,) = p (3.1)

where 1 is a zero-average space white noise and Dsyg > 0 is the constant identified
in Theorem 213 for d = 2 and Theorem z-14] for d > 3.

3.1 Tightness

The proof of tightness follows a by now standard route (see e.g. [GJ13,/GT20,[CK23,
CES21]]) which exploits Mitoma’s criterion [Mit83]], Kolmogorov’s continuity the-
orem and, more importantly, the so-called It6 trick, introduced in [[GJ13]] and since
then exploited in a variety of contexts, see [|[Gub1g] for a pedagogical introduction.
For the reader’s convenience, we recall below the statement of the latter and refer
the reader to [[CES21, Lemma 4.1] for a proof.
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Lemma 3.1 (Itd trick) Let d > 2, n° be the stationary solution to (T:5) with \.
given as in (LO). Foranyp > 2, T > 0and F € L*(Q) with finite chaos expansion,
Le. '€ ®_%; for some n € N, there exists a constant C = C(p,n) > 0 such

that
t
/ Fag)ds
0

We now move to the proof of tightness.

p 1/p
E[ sup ] < CTl/QH(—iPO)fl/QFH ) (3.2)
t€[0,T]

Proposition 3.2 The sequence {n°}. is tight in C([0, T, S'(T%)).

Proof. By Mitoma’s criterion [Mit83], the sequence {1° }. is tightin C'([0, T'], 8'(T%))
if and only if {n°(p)}. is tight in C([0, T'], R) for all ¢ € S(T?). Therefore, we fix
peds (T%) and consider the process {17 () }refo,77- In view of &7, it suffices to
show that each of the terms at the right hand side is tight. This is clear for the last,
as it is independent of e, while for the first and second, Lemma[3-Tjimplies that, for
every 0 <t < T and p > 2, we have

B =

t P
E[( /0 ni(Aso)ds>] <)=L APl = el (3.3)

and

3=

t p
E[(/ ”5075)“3)] SE2NL) G| S Pl rny B4

where in the last step we used (2.48). Since the process {75 () }te(0,77 is Markov, (33)
and (3-4) together with Kolmogorov’s criterion ensure that the sequence {n°(¢)}.
is tight in C'([0, 1], R), so that the proof of the statement is concluded. O

3.2 Convergence

In order to identify the limit equation, we will prove that any limit point satisfies
the martingale problem associated to (3-1) which we now recall.

Definition 3.3 Let 7 > 0, Q = C([0,T],S'(T%) and & the canonical Borel o-
algebra on C'([0,71,S’ (T%)). Let 1 be a zero-average space white noise on T,
We say that a probability measure P on (€2, 6) solves the martingale problem for
P L L)+ D = LA + Dsugvo - V)?) with initial distribution yu, if for all
¢ € 8(T%), the canonical process 7 under P is such that

t
M, () Z ni(p) — () — /0 PMns(p)ds

def

Fi(p) =

(3.5)
(M;($))* = t[[(=A = Dsp(w - V)*)?¢[|72p2,

are local martingales.
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In the next theorem, we state well-posedness for the previous martingale prob-
lem. The proof is classical (see for example [MW 17, Theorem D.1]) therefore we
omit it.

Theorem 3.4 The martingale problem for £ with initial distribution i in Defi-
nition 3.3 has a unique solution and uniquely characterises the law of the solution

to (3-1) on C([0,T1, 8'(T%)).

We are now ready to prove Theorem [T-3}

Proof of Theorem T3} By Proposition [3:2, we know that the sequence {7°}. is
tight in C([0,T1], S’ (T%)), hence it converges along subsequences. If we prove that
any limit point is a solution of the martingale problem in Definition [3-3] then the
statement follows by Theorem [3-4}

Let n € C([0,T1],8'(T%) be a limit point. To verify that 7 satisfies the
martingale problem, we need to show that for every given ¢ € S(T%) the processes
M(p) and I'(p), defined according to (3-3), are local martingales. Notice that, by
definition of quadratic variation, I'(¢) is a local martingale if and only if M(y)
has quadratic variation given by t — t||(—A — Dsygg(to - V)Q)l/ngH%Q(TQ), and we
will prove this latter statement. Before delving into the details, we proceed as in
Section [T3] and write the equation for 1° in such a way that we can identify the
elements which are relevant to the limit.

Let us fix a smooth test function ¢ € § (T%). Recall the weak formulation

of (T3) given in 1), i.e.

t t
N (p) — plep) — 5 / ns(Ap)ds — / No(m3)ds = Mi(p) (3.6)
0 0

where M; () is the martingale

t t
M) = [ sk = S kIE0BD = [ S KD B )
k k
(3.7)
and in the last step, we used the notion of Malliavin derivative in (TZ1).

In order to describe the term containing the nonlinearity, we consider the random
variable We" € L2(P), for n € N, which has kernel w®™ given by the solution
v="™ of the truncated generator equation (243) if d > 3 and by =" as in if
d = 2. By It6’s formula applied to W =", we have

t
W) WG — [ WG = W Y
0
where JL° (W ™) is the martingale given by

t
AEWE = |37 D 0B ). (9
0 %
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We now go back to (3.6). In view of Theorem we rewrite it as
t
1) =)~ 3 [ 1 (A% Do) ds + R0 = M) + MEAE) (10
0

where R&™(t) £ (1) + (II) + (I11) and

def

(D =W="(n;) — W=" ()

def

t
a = — /0 <Fj€°ﬂ/€’" + N — QﬂiW;’") (n5)ds

def

t
) £ — / <Qﬂi Wy " (n5) — ni@s@)) ds.
0

Notice that
E[(1°] < E[W="()*] + E[W"(11)*] = 2E[W>"()*] = 2[|w™"[*3.11)
2 2 1 ! € E,My € £ 2
E[(II1)?] < ¢ E[z / (gﬁfﬂfg’ (ns)—ns(%¢)> dS]
0
= 12|t W™ — D)2 (3.12)

where the second follows by Jensen’s inequality, and, by the Itd trick, Lemma [371}
we have

E[(ID?] S t][(—L0) "2 (L5w™" + S, — o= wi™)||?. (3.13)

The right hand sides of (3-11)), (3-12) and (3:13) all converge to 0 in the double
limit as € — O first and n — oo then, (3:13) in view of Theorem while (3-171)
and (3-12) by Proposition and (773) in Theorem for d > 3, and by
Theorem for d = 2. Hence, R®" converges to 0 in L?(£2) and consequently,
almost surely (at least along subsequences).

It follows that the left hand side of (3-10) converges to

t
n(e) = () — § /0 ns (A + Dye(ro - ¥)2)p ) ds

which by definition, equals M;(y). Hence, we can determine a common subse-
quence such that the convergence holds for any ¢ in a countable dense set of [0, T'].
Since tightness holds in C'([0, 7], R), M(y) is the almost sure pointwise (in time)
limit of the sequence of martingales { M;(¢) + L (W="™)}.. Hence, it suffices to
show that the sequence {M;(p) + M5 (W="): t € [0,T]}. converges to a martin-
gale whose quadratic variation is ¢ — ¢||(—=A — Dgyg(to - V)2)1/2¢||%2(T2). This
in turn is the content of Theorem in the next section, hence the proof of Theo-
rem [T.3]is concluded. O
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3.3 The Martingales

In this section, we want to prove that for any ¢ € S(T%), the martingale part at
the right hand side of (3-10) converges to a Brownian motion with a deterministic
quadratic variation which can be suitably expressed in terms of the operators &
and 9. To do so, recall first that by the definition of M;(y) and L (W*=") in (3-7)
and (3-9) respectively, we have

t
WngmeMmﬁwaéZNM&@@#WW@N&W,
k

(3.14)
where We" € L?(P) is the random variable whose kernel w®" € T'L? is either

v=", the solution of the truncated generator equation in (2:43), for d > 3 or v5"
given by if d = 2. The quadratic variation of M!"“(ip) is

t
M) = [ Fe s, (315)
0
for F*"™(n) the random variable defined as
Frm) = > |k Dpn(e) + W) . (3.16)
k

Our goal is to prove the following theorem.

Theorem 3.5 For ¢ € S(T%), e > 0 and n € N, let W™ be the random variable
whose kernel w®™ € T'L? is either v®", the solution of the truncated generator
equation in ([243)), for d > 3, or 9™ given by if d = 2. Then, in the limit
as € — first and n — oo dfter, the sequence of martingales {M™°()}y, . defined
in (3-14)) converges in law to a Brownian motion whose quadratic variation is given
by

t = 2t(p,(=%Ly — D)) = t||(=A — Dspg(to - V)2 2¢||? (3.17)

where the operator @ was defined in Theorem for d > 3 and in Theorem 213
ifd=2.

The proof of the previous statement is a direct consequence of the following
propositions. In the first, we show that the expectation of (3-135) converges to (3-17).

Proposition 3.6 In the same setting as in Theorem let M?’e(go) be the martin-
gale in (3:14). Then, for any t > 0

lim lim E(M™()); = 2t(p, (=Lo — D)g) . (3.18)

n—o00 e—0

Proof. By (3:13) and stationarity, we have

t
Emwmn:/Mﬁwmw:ﬁwmwy
0
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so that we only need to focus on the latter expectation. To compute it, we notice
first that for any random variable G' € L2(P), Gaussian integration by parts (T=z3)
gives

E[G()D_xDyG(n)] = E[G()i(—k)DG()] — E[| DiG(n)|?]
so that, by (27), we get

1
E[GO)(=£0)Gm)] = 5 > [KPEIGm) (05 DxG1) — Dy DG))
k

1
=5 D IKPE[IDkGm?] .
k

As a consequence, we see that
1 1 1
SELFS )] = [[(=Z0)2 (p+w™™)| = [[(=Z0)2 ¢l + (=2 Z ™" |?, (3.19)
where the last step holds as w™" € ®}_,'L?, while ¢ € T'Lj, so that in partic-

ular the two are orthogonal. For d > 3, the result then follows immediately by

Theorem 2-14}
For d = 2 (recall that w®" = =™ in ([2:46)), by (254), we can write
||(_££0)%5E’n”2 :<2~}5,n’ (_35)55,n>
onG) £ (0" 26T
+ (077, [ — A (=% — LYEC) T + L56T| Py )

=", n

where we removed —d° (—%Ly — L €° )_1ufp and sﬁif}i" as they are orthogonal to
05", Now, the second term at the right hand side only involves the n-th coordinate of
0% so that it goes to 0 as n — oo by the weighted a priori estimates in Lemmaz11l
The last term can be bounded via the replacement Lemmal[2.6] and after controlling
|(=<0)'/25%™|| with Lemma 10 first and then, we can conclude that, for
any n fixed, it converges to 0 as ¢ — 0. Hence, it remains to consider the first term

for which, by (2.64)), we have

(077, nG) = (0", i) = (~dZ5;", ),

and the right hand side converges to (¢, (—2)y) by (Z-70) in Theorem 0

It remains to show that the quadratic variation of M'"“(¢) concentrates around
its mean. Since we always take the limit in € before that in n, from now on we will
fix n and prove that, as € — 0, the variance of (M!"“()) converges to 0. To do so,
we will actually prove a stronger statement, namely that the sequence of random
variables F*=" in is asymptotically deterministic.

Proposition 3.7 Let n € N be fixed and for € > 0, let F*™(n) be the random
variable defined according to (3.16). Then,

lim Var(F*"(n)) = 0. (3.20)
e—0
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Proof. Notice that, by Poincaré inequality for i.i.d. Gaussian measures, we have

Var(F="(m) < E[| DFS )| 2pa)] = E | > IDFo ()
ezd

= > ID,F"?,

d
pEZO

where the last step follows by monotone convergence theorem. Therefore, if we
were able to show that the expectation of the norm of the Malliavin derivative of
F*™(n) vanished, we would be done. In what follows, we will indeed prove that,
for any p € Zg fixed, || D, F="|| goes to 0, but exchanging the limit in € and the sum
inp € Zg would require a much stronger control. To bypass the issue, we introduce
a martingale approximation {M;"}, of F=", and to prove (3-20), we show that for
{ fixedand e — 0, M f m converges to a constant, and that the limit in L2 of the
difference between M ; ™ and F*" vanishes in the double limit, first in ¢ and then
in { — oco. We will now detail the idea presented above.

For ¢ € N, denote by &, the o-algebra generated by {7(k): |k| < ¢} and define

M;™ = E[FS"|F].
Clearly, {M,"}; is a martingale in ¢ and for all ¢

E[M,; "] = E[F*"]. (3.21)
We now bound the variance of F**" by
Var(F=") = E[(F*" —E[F="])’] < E[(F=" — M;")*]+ E[(M; " — E[M;"])?]

where we used (321). Notice that upon proving

lim limsup E[(F*" — MZE’")Q] =0 (3.22)
f=00 0

lim E[(M;" — E[M;"])’] = 0 (3.23)
e—0

the conclusion follows, and this is what we will show next.

Proof of (3722) At first we want to ensure that, as e — 0, atleast along subsequences,
F&™ and M, ; ™ converge to square integrable random variables.

Now, F="™ lives in the n-th inhomogeneous chaos, i.e. in @;<,¢;, hence
Gaussian hypercontractivity [Jang7, Theorem 5.10] implies that, for any p > 1
there exists a constant C' = C'(n, p) > 0 such that

E[(F5™P]r < CE[F*"].

By (3-19) and Proposition Z:g|for d > 3 and Lemma10lfor d = 2, the expectation
is bounded by

1 1
E[F&n] — 2”(_30)2(90 + we,n)HZ — 2”@”%{1(11‘(1) + 2||(_g0)2w67n||2
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_1
S ||§0||§{1(11'd) + [[(=Z0) ano”Z S ||§0||§{1(11'd)

where in the last step we used (2.48).

Hence, uniformly in €, F**'™ has bounded moments of all orders, which ensures
that the sequence {F*"}. is tight. As a consequence, along subsequences (that,
abusing the notation, will still be denoted by {F="}.) {F="}. can be embedded
in a common probability space and there exists F™ such that { "}, converges
almost surely and in L?(P) to F™", so that in particular

lim E[(F" — F™)?] = 0. (3.24)
e—0

Taking the same subsequence (in ¢) for M, ; ™, by Jensen, we immediately have that
M f ™ has uniformly bounded moments in £ and ¢, and that, along this subsequence,

lim E[(M,;" — M;")*] =0
e—0

where M is given by M* = E[F"|%,]. Notice that, by definition { M}, is again a
square-integrable martingale. Hence, by Martingale convergence theorem, we con-
clude that, as £ — oo M;' converges in L*(P) to E[F "Fs] = F™. Summarising,
we showed that

lim limsup E[(F*" — M;")*] < Jim B[(F" — MMH?1=0
—00

f=00 0

along the above-mentioned subsequence in e. However, we also get (3-22)) along any
sequence {ex} converging to zero, simply because (by exactly the same argument
as above) for any such sequence one can extract a subsequence for which the
convergence holds.

Proof of (3:23) Poincaré’s inequality implies

E[(M;" — BIM; "] < B[ DM, " ||720pa)] = > DM,
Ip|<e

where the last equality follows by the fact that M, ; "™ is a random variable that only
depends on {7(k): |k| < ¢} and therefore, for |p| > ¢, D,M,;™ = 0. Since ¢ is
fixed, in order to prove that the right hand side above converges to 0, it suffices to
show that, for every p fixed, lim._,q || D, M,"|| vanishes. Note that

1Dy M " | = El| DELE="|F]*1'/?
= EL[ELD, F="|F "'/ < EI| D, F="*]'/? = || D, F="|

so that we can focus on the latter. By (3.16)), the p-th Fourier mode of the Malliavin
derivative of F'*" is given by

DpF="™(n) = _ |k|*Dy| Di(n(y) + W"(m))|”
k
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=" k[ Drn) + W @)Dy D_x(1() + W)
k

+ Dy D) + WE" @)D (n(p) + W= ()

so that applying Cauchy-Schwarz in both [E and the sum in k, we have

IDpF="1* < E[Z B[ D) + W) | E > |k|2|DkDp°W€v"(n)|2]
k k

_ 4“(_30)1/2(@ + we,n)H2H(_ggo)lﬂDpws,nHQ ’

where we used the fact that D, Dyn(yp) = 0 for any p, k € Zg. Now, the first factor
at the right hand side is uniformly bounded in € (see the first part of the proof
of (3:22)). For the second, we need some more refined estimates, which will be
given in the next subsection. More specifically, in Proposition [3-10, we will show
that

lim [|(~%£0)"/2 Dyw™" > = 0

e—0

and therefore the proof of (3:23) is complete. O
Thanks to the previous propositions, the proof of Theorem[33]is straightforward.

Proof of Theorem 335} {M:"*(¢)}. is a sequence of continuous martingales which
has uniformly bounded (in €) moments of all orders. Indeed, by Burkholder-Davis
Gundy inequality, we have

Elsup M2 “(0)"] 5, EM™(p)? <, BI|[Fo"(p|P/?]
s<t

where we used the definition of the quadratic variation of M™"“(¢) in (3-13) and
Jensen’s inequality. Now, in the proof of Proposition 377, we showed that the right
hand side is uniformly bounded in &, from which the claim follows. According
to [EK86, Theorem 7.1.4], to complete the proof it suffices to show that, for

any ¢ > 0 the sequence of quadratic variations {(M!"*(¢));}-,, converges to the
def

deterministic linear function of ¢ given by (3:17). Let us abbreviate Q(¢) =
(¢, (=9 — D)). Since

2
E [(<M.”v€<so)>t - 20Q(p)) ]
2
< Var(M(9)0) + (ELM ()] - 2tQ())
¢ 2 2
- E{( | @ - Eprmonas) } + (BM=(0)): - 2Q(0))
0

2
St Var(F= () + (EMMP<(0)): — 26Q(9))

by taking the limit in ¢ first, Proposition [377]implies that the first summand goes
to 0, and taking the one in n after also the second summand vanishes, this time by
Proposition [3.6] O
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3.3.1  Bounds on the Malliavin derivative

The aim of this section is to show that, for any given p, H(—Sﬁo)%Dpw8 || converges
toOase — 0, wherew®™ € I'L? is either the solution v*" of the truncated generator
equation in (243) for d > 3 or o™ given by for d = 2. The proof boils
down to obtain a priori estimates on the Malliavin derivative of w*" for which we
need suitable bounds on the commutators between £y, L6, A% and 4°, and

D,,, where we recall that, for two operators A, B the commutator between A and
def

B is defined as [A4, B] = AB — BA. In the next lemma, we identify an explicit
expression for the action of the commutators above on functions in the Fock space.

Lemma 3.8 Let f € L2 and A, d° be the operators defined in (Z9) and S an
operator which, for every n, maps T'L? to itself and whose action on ¢ € T'L? is
given in terms of the symmetric Fourier multiplier o, : Zg" — Roas

GJ(S(P)(kln) = O'n(klzn)@(klzn) .

Foranyp € 78, the commutators [S, Dpl, [45, Dyl [42., Dyl act on f as
F([S, Dp]f)(klznfl) = (op-1(k1:p—1) — O-n(klznflap))g;(Dpf)(klznfl) (325)

F (AL, Dpl Hk1:n) = =20A > [0 - (ks + PTG, , f ki + P, k1 gip) (3:26)
=1

F(A°, Dplf)(krin—2) = —n(n — DA (0 -p) Y I7,, f(l,m, krp o).
l+m=p
(3-27)

Proof. Recall how the Malliavin derivative D), acts on I'L? in (@z2). Then,
F([S, Dp]f)(klzn—l) = n(op-1(k1:n—1) — Un(klzn—17p))f(k1:n—1ap)
= (on-1(k1:n—1) — on(k1:n—1,P)Dp f (k1:n—1) -

We now turn to the commutator of 45 and D). We have

F(Dpds [ kirn, p) =20 Y [0 Ghs + kW5, g, f i + kg knpgi.gy D)

1<i<j<n

+ 2L\ Z [ - (ki + P)1T5, , f (ki + P, Ky (1))
=1

= F (A5 Dpf)krin) + 2Ae Y [10 - (ki + PTG, pf Bi + D, krinp (i)
i=1

from which follows. At last, for the commutator of s and D,, note that

n—2
F(Dps® f)(krin—2) =tn(n — DA Y (0 - k) > I5 0 fm, kmap gy p)
j:1 Z-l—m:kj
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+mn — DA -p) > T7,,flm, krp o)
l+m=p

= F(A= Dy f)k1n—2) + tn(n — DA (w - p) Y T5,, (0, m, krin—2)
l+m=p

which proves (3:27). O

We now determine bounds on the commutators in the previous lemma.

Lemma 3.9 Letn > 1, f € I’L% andp € Zg. Then, there exists a constant C > (0
independent of n, e and p for which following estimates hold

[N, Dyl f|| < CAN32(=Lo) 2 1], (3.28)
|V sZ, Dyl f|| < Clvo - pl|W32(=<L) 2 f]], (3.29)
and
[(=ZLo) 2 [~Lo—2L 6", Dyl f |

(3.30)
< C|p|4(\|./\ff\|2 + A;*HJV(_%)l/szQ) - (30

Proof. We begin with (3.28)). By (3.20), we have

n . 2
V15, DL 2 = 40232 S| 37 [0 ks + 91T i + by g )|

ki.n =1
<4n®A2Y 0N i - (ki + p) P fKi + D, kg )
kl:n =1
1
SIS Sk L G = NN 2= 0) 2 £
kl:n

For (329) instead, we have

2

NI, Dyl f|* = ' — 1200 - p)® >~ A Y T5,flm, ko)

ki:n—2 {+m=p

J5._
< n'(n - 1’(w - p)? <A§ > |0]2 f‘f) g_g|2‘> X
; p

< S (ki + Ip — kNG, p — ka1, k1))

k1n—1

where we simply applied Cauchy-Schwarz. Now, the second sum at the right hand
side is bounded uniformly in p and €, hence the previous is bounded above by

ntn— 1’ - p)* Y k1P| f ) * S (00 - p)? [ W2(—L0) 2 17
k1:n
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At last, we consider (330). By (323), we have

= Sffo) VA — Dyl f|?
1
=y T P\f(m L) pl” + (0 G G lkrn1]” + 5[pI™)
kln Lin—1

2
0 B (GG b + 3 — GG (k1)
<n® > [ fkrn—1,p)? x

kl:nfl
2
< [l + Va2 (GO Glin-12 + 31012 = GLEG(kin-12) ]
where we used that G in is locally bounded and L in (Z723) is bounded
uniformly in ¢ for z > 1/2. Now, to control the last term, we use that the function

x — G(L%(x)) has first derivative uniformly bounded by a constant times )\g SO
that (3730) follows at once. O

The following is the main result of this section, which completes the proof of
Proposition [37]

Proposition 3.10 Forn € Nand ¢ > 0, let w®" € T'L? be either the solution v¥"™
of the truncated generator equation in [Z43) if d > 3 or U°™ given by if
d = 2. Then, for any p € Zg, there exists a constant C' = C(p) > 0 such that

) 1
lim [[(—<Zp)?2 pw57"||2 =0. (3.31)
e—0

Proof. Let us separately consider the cases d = 2 and d > 3, starting with the
former.
For d = 2, note that by we have

(—%o — LG )D,T™" = [—Lo — 5533@5 Dylo™" + Dp(—%o — L35G )0™"
= [~%o — L§G°, Dp1o™" + Dpst, Py~ 105" + Dpn,
— ﬂ& Pn lD ~E,M + ,l/}ti (332)

where 1% is given by
'l/)ti def [ go _ ggjcga p]~6 ,n + [ﬂ&‘ , p]~6 ,n + Dp’ljg ,n + Dpnfo ) (333)

Equation (3:32) implies that D, 0" solves in which 1 is replaced by 1"
Hence, by Lemma 10l it satisfies the bound

(=) 2Dpo™"|| < I(=Z0) /20"
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This means that (3-31) follows if we prove that the (—%o) /2T L?-norm of each of
the summands in (3-33)) vanishes. For last three terms we upperbound (—Sfo)_l/ 2
by 1. Then, for the fourth we use that by (z2) and (Z-24), we have

[DpnS > < AZD " J5 (0 - (L + ) [el + PP S Nleline - (3:39)
V4

For the third, we proceed as

1Dp05" | S I(=%0 — £5°6) ™ 0 || = [[(—=%0 — £5°6°) " st o]l < Acllelinm

(3-35)
where we used and (Z772). For the second term, we exploit (3.28)), which
gives

108, Dplo=" | S AcllW/2(=L0)! 205" | S Acll(~0) ™/ 205 |

where in the last step we used (2.56). Hence, invoking also (2.48), the last three
terms in ([3-33) converge to 0, since so does A.. For the first, by (3:30), we have

[(—0) ™2~ %0—£3S", Dylo™"||?
SR [ [ U e R
Now, the I'L?-norm of 9" converges to 0 as € — 0 by Theorem 13} while as

argued above, ||V (—%)"/20°™|| is uniformly bounded in both 7 and ¢, so that the
presence of the A; at the second summand ensures it converges to 0 as well.

We now turn to the case d > 3. Since v*=" solves (2:43)), it satisfies

LD = [-ZF, DpJv™" — DL ¢
— [—%, Do + Dy, — Dy o™ — Dyst ™ 33
We test both sides by D,v*", so that, using the antisymmetry of &°, we get
|(~0)? D™
= ([=2%, Dplv™" + Dpns,, Dpv™") — (DpsdS ™ + Dpsd® vy™, Dpo™™)
= ([-2°, DpJv>" + Dpn‘;, D,v=™)
< ([—d5, Dplv™™ + [=dZ, Dplv™" + Dpng,, Dpv™™) (3-37)

where, in the second step, we used the orthogonality of Fock spaces with different
indices, while in the last that, by (3:23), we have

1
<[_g0,Dp]/U€7n,Dp/U€7n> = —§|p|2HDp”U€’n||2 S 0.
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At this point we apply Cauchy-Schwarz to the right hand side of (3:37), so that
1
I(=%0)2 Do |?
< (IWI=ot5, Dylo™" || + I [=%, Dplo™" || + [|¥ Dy )| 4 = Dpo="]|
< (x JV3/2 _p 1/2, en
S (el sty e (339)
+Im-pmﬂﬁﬁt—ﬂbf”vaﬂk+HWI%RQDHﬂ”JI%v&ﬂI
S (=005 | + 1Dy | ) o™

where in the second step we applied Lemma[3:g} while in the last the a priori estimate
in Proposition and the fact that by (Tz2), we have [N ~1D,v5"|| < [lv=7].
Now, since the term containing the norm of ng, is bounded uniformly in € and, by
Proposition v&™ converges to 0 in I'L?, ([@3371) follows. O

Appendix A Some technical results
In this appendix, we show the technical part of the Replacement Lemma[2.6]

Proposition A.1 Fore > 0,n € Nand k1., € Z(Q)", define P* as in (Z33), i.e.

22 7
ﬁknw I — A1
f =55 2 FrEGm) a0

for
D2 2002 + [m? + [ken)®, T Z L0 0%+ (w-m)? + (w - k)3,,)

and G is as in [Z24)). Then, there exists a constant C' > 0 independent of €, n such
that
sup Pe(k1n) — G(LE G k1 D) < ON2. (A.2)
nEN,kl:nEZ%"

Proof. Note first of all that we can assume that |k;| < 1/(2¢). Indeed, in the
complementary case both P*(k1.,) and G(L# (3 |k1.,|?)) would be 0(\2) (uniformly
inn and k;.,,). For G(L¢ (% |k1.n|%)), this easily follows from the definition of G and
L. As for P%(ky.p,), if |k1]| > 1/(2¢), then either |¢| or |m| are larger than 1/(4e).
Assume, for instance, that the former is the case. Then,

1
2 2
Pkin) SA2 ) T S (A3)

1 1
2= <II<Z

For | k1| < 1/(2¢), we rewrite (A1) as

def >\ 1
Pe(ky.,) & 2 N ; A.
() m Z+§k1 I'+ GLaI) -

€], Im|<e~!
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Note that, when ¢ + m = k1,
y . 1
D=T-/¢ Fk, F“:f|£|2+§|k1;n|2,
N . 1
[0 =T" — (0 kw6, TV w0+ (w0 k),

For future reference, we point out that I and I are comparable in that, by the
triangular inequality, we have 3
r<rsr (A.5)

uniformly in ¢, m = k; — £ and k1., € Z%".

The proof of Proposition[A.1lfollows from a sequence of technical steps in which

the summand in the definition of P¢ is progressively simplified and the Riemann

sum is replaced by an integral. More precisely, we will first replace Iy “ P with

Py and then P; with Pz'€+1’ t=1,...,4,in such a way that forall? =0, ...,5,

sup | Bf(kin) — Py (k)| S A2 (A.6)
neNyklznGZgn

At last, we will compute P§ and show that it equals G(L?).

Step 1 First of all, we define Pf(k1.,,) as P°(k1.y,) in (A.4), except that [ and T'% are
replaced by I" and I'", respectively. The absolute value of the difference is upper
bounded by a constant times

A+ B
2
X L AP

l+m=k
[e],lm|<1/e

where in the denominator we used I' AT > |¢|? + |k;|> and T A T™ > 0, while
in the numerator A and B are defined as

AZ |- ky + (10 - Ot - k)GLED)),
def ~ 1
B |GAAD) — G| (|62 + 5 krnl?)

Now, A < |€||k1| so that

A
)\2 < 2
PO ER PR S

l+m=k1
[e],lm|<1/e

as can be immediately seen by splitting the sum according to whether |¢| < |k;|
or the converse. The term containing B is dealt with similarly. Indeed, since
|IT' — T'| < |¢||ky], one has

1 G| Wik
[loge| yley + D |~ €12 + S|k1.n|?

|G — G| S [e|kr| sup.
y€e[l,T]
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where we further used that the derivative of G is bounded and (A.s) holds. Hence,
B < |£]|k1| and one concludes as above. Inequality (A.6) for i = 0 is then proven.

Step 2 Secondly, we define Ps5(k1.,) as Ps(k1.,), except that I'” is replaced by
(v - £)2, that is,

def A? 1

Ps(kin) = =5 '
5 (k1:m) T ZJFmZ:k I+ (w - £)2GLE(D))
|€],lm|<e=?

The difference between Py and Ps is bounded by a constant times

(m . k)% 2 ‘klznP 2
)\2 .~ Zin KL )\ o reeent < )\ ,
) 2 P TR 7 H%;kl (02 + [k 22 ~ 78

], |m|<e™! |€],lm|<e™!
where we used that G(L*(I")) < 1.
Step 3 As a third step, we replace Ps(k1.,) with
22 1
P (k) = 22 :
3(k1n) = 7 Z L + (v - 0)2G(LE(D))

[ <e—t

With respect to P;, we have only removed the indicator function of |m| = |k; —¢| <
e~ 1. Hence, the difference between P§ and P5 only involves the sum over those
values of ¢ such that |k — ¢| > 1/e while |¢| < 1/e. But, since k1| < 1/(2¢),
this corresponds to 1/(2¢) < |¢| < 1/¢ and the resulting sum can be bounded as in

(A3).

Step 4 Next, we turn the sum into an integral. Setting o, =l %lsklm 2 we define
Py as
Pihn & / dr (A7)
1: - 5 . .
BT a2 zj<1 712+ ae + (@ - w)2GLA(E2(|z]? + o))

To obtain (A.6) for i = 3, we argue as in [CETara, Lemma C.7]. Denoting by I
the integrand in (A7) and by Q5 the square of side-length  centred at ¢ € Z, the
difference between P35 and Py is bounded above by

A2 Z /Qs [I(c0) — I(z)|dz < A2e Z /Q sup |VI(y)|dz

1> 1>
1<]l|<e~t 1<|e|<e—1 7 @t YEQ]

<A D" sup VI
1<|f|<e—1 V&R

Now, a simple computation yields

1
sup |VI D —
yerz ’ (y)’ ~ ‘e (’56‘2 + 065)3/2
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so that (A.6) follows at once.

Before moving to the next step, note that, by passing to polar coordinates, i.e.
setting x = rvyg for vg = (cos 6, sin §), we have

Pi(k )—A—g/%cw/1 o
ihn) =25 | 0 T2+ e + r2(1 - ve)2GLE(E2(r2 + o))

B )\g /27Td9/1 d?”
2w 0 T4 e+ 710 ve)2GLE(E2(r + ar)))

- )\g /27‘(’ d@ /1 dr
g2 0 o T+ ae+ 7|2 cos?(0 — 0,)GLE(e2(r + ar)))

22 /1 q /7r do
= — r
2 Jo o T+ a.+r|?cos?2(0)GLE(e2(r + ar)))
where we set w = |w|vg,, and used periodicity of the integrand in 6.

Step 5 In this step, we insert two elements at the denominator of the integrand of
P;, that will allow us to make a simple change of variables. More precisely, we
replace P with P, the latter being defined as

ey & )\_g /w /1 dodr
ST R fo Jo (o ad)( + ae + DI ]2 cos2(O)GLEE20 + a))]

Now, (A.6)) for i = 4 can be easily seen to hold by arguing as in the proof of [CETarb),
Eq. (A.9)].

At this point, it remains to analyse the last integral. With the change of variables

y =L 2(r + o)) = A2 log (1 "

dr
= -\ %dy,
o+ a0 +r+aw) e Y

7“—{—045)’

one finds

1 T LE(%‘klznP) dy
5 (ki) = —5 /0 /LE(E_QJFHIZ"'Q) 1+ |2 cos2(0)G(y)

It is then immediate to verify that, again at the price of an error of order A2, we can
replace the lower integration index by 0, and obtain

1 LE(%IklanQ) ™ d@
= d
w2/0 y/o 1+ ]2 cos2(0)G(y)

1 LE(%|k1:n|2) d 1
=—/ = GG k1)
7™ Jo V1t |w[PGy) 2

where the last step is a consequence of our choice of GG (actually, we have chosen

G in such a way that it holds). Hence, (A.2) follows at once and the proof of the
proposition is concluded. O

(A.8)
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