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1 Introduction

Take ε >0 and M ∈ℕ, 𝕋ε ,M
d := (ε(ℤ/Mℤ))d and define a probability measure νε ,M on Ωε ,N := {φ:

𝕋ε ,M
d →ℝ} by

νε ,M(dφ) :=
exp(−Sε ,M(φ))

Zε ,M
∏
x ∈𝕋ε ,M

d

dφ(x) (1)

Sε ,M(φ) := εd ∑
x ∈𝕋ε ,M

d
[[[[[[[12φ(x) (−Δε)sφ(x) +

m2

2 φ(x)2+ λ
4 φ(x)

4− rε
2 φ(x)2]]]]]]] (2)

with Zε ,M :=∫Ωε ,M
e−Sε ,M(φ)∏x ∈𝕋ε ,M

d dφ(x) and where m >0,λ>0, rε are constant respectively called
mass, coupling constant and mass renormalisation and (−Δε)s is the discrete fractional Laplacian
of order s ∈(0, 1] defined via functional calculus as the s-th power of the discrete Laplacian Δε.

For the sake of clarity we will restrict our considerations to d =3, in which case s=1 corres-
ponds to the usual Φ34 measure and we will work within the full range of fractional exponents
s for which the model is subcritical, i.e. when the non-linear part can be considered as a per-
turbation of the Gaussian measure in the small scale regime. This corresponds to s > sc := 3/4.
Moreover reflection positivity holds for s� 1, so we will restrict to values of s ∈ (sc, 1], for more
details see the discussion of the measure (1) in [GH19]. We will discuss in detail the case s∈(3/4,
1) but the same proof strategy works with some semplifications for the case s=1 corresponding
to the classical Laplacian. The main result of this paper is a proof of the following:

Theorem 1. Let d =3 and fix s∈(3/4,1], m>0, λ>0. The family (νε ,M)ε ,M defines a tight family of
probability measure on 𝒮 ʹ(ℝ3) as M→∞ and then ε→0 and the sequence of mass renormalisations
(rε)ε>0 is chosen suitably with rε =rε(λ)→+∞ as ε→0. Any accumulation point ν is non-Gaussian,
invariant under translation, reflection positive and satisfies

∫eθ ‖(1+|x |)−b (1+(−Δ)1/2)−aϕ‖L24 ν(dϕ)<∞, (3)

for sufficiently large a,b>0 and small θ >0.

Our proof strategy introduces a novel combination of renormalisation group ideas and PDE
techniques which we believe can be useful more widely in the context of the theory of subcrit-
ical singular SPDEs. We show that the proof also applies to the vector version of the model
where the field takes values in ℝn for n >1 and the functional Sε ,M(φ) depends on φ in an O(n)
symmetric way.

2 SECTION 1



Theorem 1 gives a construction of a model of Euclidean quantum field theory (EQFT) which
is referred in the literature as the fractional Φ34model, in reference to the form of the exponential
weight (2) and the dimension of the space ℝ3. In the case s=1 this is the well known Φ34 model
which is considered a crucial test in constructive quantum field theory since the original results
of Glimm and Jaffe [GJ73], Feldman and Osterwalder [Fel74, FO76] and others EQFT construct-
ivists whose goal were to prove the existence of models satisfying the Wightman axioms for
local relativistic QFT using probabilistic tools via the concept of Euclidean QFTs [GJ87].

In recent years there has been a renewed interest in EQFTs due to the development of an
alternative approach to the proof of theorems like Theorem 1. This new approach is grounded
in the basic ideas of stochastic calculus and it is usually called stochastic quantisation. This term
was introduced by Parisi and Wu [PW81] to describe the quantisation of gauge theories via the
construction of a stochastic process evolving in fictious time and whose stationary distribution
is the target Euclidean QFT. This stochastic evolution is a non-linear stochastic partial differen-
tial equation of a singular kind, for which a particular process of renormalisation is needed to
give it a precise meaning. The analysis of such equations require a mix of probabilistic and ana-
lytic arguments which escape the usual approach of Ito integration and Ito stochastic differential
equations. For this reason it took some time before the SPDE community learned how to handle
such singular equation and discovered theories like regularity structures [Hai14] and paracon-
trolled calculus [GIP15, CC18] or renormalisation group [Kup16] which finally allowed to tackle
the problem of the stochastic quantisation of the Φ34 model. Gubinelli and Hofmanová [GH19]
obtained the equivalent of Theorem 1 with s =1 and a small range of values below that using
a mix of paracontrolled calculus for the small scale singularities of the equation and coercive
estimates to tame the large scale fluctuations. We refer the reader to the introduction to [GH19]
for a deeper review of the literature and the history of constructive QFT and also to contex-
tualise the meaning and consequences of Theorem 1. To out knowledge the construction of
the fractional Φ34 model, in the full range of subcritical values of s, is novel.

The probability measure νε ,M in (1) is the equilibrium distribution for the Langevin dynamics
given by the stationary solutions to the finite system of SDEs

ℒεϕ (ε ,M )+λ (ϕ (ε ,M ))3− rεϕ (ε ,M )=21/2 ξ (ε ,M ), (4)

on Λε ,M with Λε ,M :=ℝ×𝕋ε ,M
d , whereℒε :=∂t+m2+(−Δε)s and where ξ (ε ,M ) is a (space-time) white

noise such that

𝔼[ξ (ε ,M )(t ,x)ξ (ε ,M )(s,y)]=δ (t − s)1x=y , (t ,x), (s,y)∈Λε ,M ,

and λ>0 and rε are constants. By standard stochastic analysis arguments, there exists a unique
solution of this equation such that Law(ϕ (ε ,M )(t))=νε ,M for all t ∈ℝ.

The stochastic representation (4) is already quite useful at this point since by PDE estimates
in weighted Sobolev spaces and the positivity of the fractional Laplacian one can prove tight-
ness of the family (ϕ (ε ,M ))M and therefore the existence of sub-sequential limits as M→∞. This
can be done with the arguments in Gubinelli–Hofmanová [GH21]. Any accumulation point ϕ (ε)

will be a solution in Λε :=ℝ×(εℤ)d of the infinite system of SDEs

ℒεϕ (ε)+λ (ϕ (ε))3− rεϕ (ε)=ξ (ε), (5)

on Λε and where ξ (ε) is a (space-time) white noise on Λε such that

𝔼[ξ (ε)(t ,x)ξ (ε)(s,y)] =δ (t − s)1x=y , (t ,x), (s,y)∈Λε. (6)
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The non-trivial step is now to control the solutions to this equation uniformly as ε→0. It is
expected that in small scales the non-linear term in the dynamics can be considered perturba-
tion of the linear part of the equation with the white-noise source, and therefore also that in the
small scale limit, the solutions ϕ (ε) converge locally to distributions in negative Besov spaces of
regularity slightly worser than s−d /2, which is the kind of regularity allowed by the Gaussian
free field. This negative regularity causes problems to control the non-linear term.

Inspired by the work of Wilson and Polchinski [Pol84] on the continuous renormalisation
group and by the more recent approach of Duch [Duc21, Duc22], we use a flow equation to
effectively describe the solution ϕ (ε) of the SPDE at some spatial scale much larger than ε (see
Kupiainen [Kup16] for a discrete counterpart). Let ϕσ

(ε) denote a description of the solution at
a scale of order ⟦σ⟧ := (1 −σ)≫ ε >0 for some σ ∈ (0, 1), the flow equation approach consists in
deriving for ϕσ

(ε) a parabolic equation of the form

ℒεϕσ
(ε)=Fσ

(ε)(ϕσ(ε)), (7)

where ψ ↦ Fσ
(ε)(ψ ) is an analytic functional of ξ (ε), the effective force, such that for σ = 1 one

recovers the equation (5) with ϕ1
(ε)=ϕ (ε) and

F1
(ε)(ψ )=−λψ 3+ rεψ + ξ (ε), (8)

The functional Fσ
(ε) can be obtained by solving a flow equation

∂σFσ
(ε)=𝔹σ(Fσ(ε),Fσ(ε)), (9)

backwards for σ ∈ (μ, 1] with the final condition (8) and where 𝔹σ is an appropriate bilinear
operator depending on the specific way the scale-by-scale decomposition (ϕσ(ε))σ∈[0,1] has been
introduced. The parameter σ ∈ [0, 1] does not have any specific physical meaning and that
the spatial scale of the decomposition is fixed conventionally to be of order ⟦σ⟧, that is ϕσ

(ε)

is expected to fluctuate at spatial scales of order ⟦σ⟧ or larger, and in particular to be a loc-
ally bounded function on Λ0 :=ℝ×ℝd when extended in some reasonable way from the lattice
Λε to the continuum. A crucial ingredient is the control of the stochastic process (Fσ(ε))σ given
by solutions of the flow equation (9). Following a simple observation of Duch [Duc21, Duc22],
this control can be obtained by studying the time evolutions of the cumulants (ℱσ

(ε))σ of the
random functionals (Fσ(ε))σ which themselves satisfy a kind of higher-order flow equation

∂σℱσ
(ε)=𝒜σ(ℱσ

(ε))+ℬσ(ℱσ
(ε),ℱσ

(ε)),

with prescribed initial condition ℱ1
(ε). Upon choosing appropriately this initial condition by

tuning the parameter rε in (8) one can prove uniform in ε estimates for the cumulants (ℱσ
(ε))σ

and therefore, by a Kolmogorov-type argument, suitable bounds on the effective force (Fσ(ε))σ
uniform ε→0, and with some more work even convergence in law as ε→0.

Duch's flow equation (9) is bilinear and therefore solvable in general only in a perturb-
ative regime, e.g. in a small interval I =[σ̄ , 1] near 1 or for small data or small time. Moreover
the size of this perturbative region depends crucially on the size of the noise ξ (ε) and while
this dependence can be made uniform in ε there could be large fluctuations in the noise which
make the region arbitrarily small and reduce the available proof of existence of solutions to
local results. A similar difficulty is present in the work of Kupiainen [Kup16] who, instead,
uses a discrete renormalisation group (RG) iteration, and in general in all the other approaches
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which use an expansion of solutions in order to resolve the singular terms and control the
limit as ε→0, e.g. in regularity structures and also in paracontrolled calculus. This difficulty
is the signal of the “large field problem”, well known in constructive EQFT. From the point of
view of the stochastic quantisation equation, this problem can be solved using the coercivity
of the nonlinear term whose sign tends to produce large forces which bring down the solution
from infinity. While this observation is standard in PDE theory, it still requires some nontrivial
adaptation to be effective for singular SPDEs. The first to solve the problem have been Mourrat
andWeber [MW17] in their proof of global existence for the Φ24 dynamics on the full space with
the usual Laplacian diffusion term and subsequently Gubinelli and Hofmanová in the context of
paracontrolled analysis of Φ4 models [GH19, GH21] including the parabolic three dimensional
setting. Subsequently Chandra, Moinat and Weber [CMW19] provided coercive estimates (the,
so called, “coming down from infinity” property) in the full subcritical regime in the framework
of regularity structures. In this last paper, the authors consider an SPDE where they modify
the covariance of the noise instead of the diffusion term in order to be able to explore the range
of regularity arbitrarily near the critical case. The problem with this approach is that the cor-
responding SPDE in not known to have a reflection positive invariant measure and therefore
it cannot be used in the context of stochastic quantisation of Euclidean QFTs, moreover their
approach depends heavily on the local nature of the classical Laplacian and therefore seems
difficult to adapt to the fractional case or even to the lattice setting.

The main contribution of our work is the individuation of a framework where the flow
equation method is coupled to PDE estimates for the dynamics. This combination results in a
powerful variation of the RG approach where we are not anymore bound to solve exactly the RG
flow equation eq. (9) but we can settle for a suitable approximate solution for which the quantity

Hσ :=∂σFσ
(ε)−𝔹σ(Fσ(ε),Fσ(ε)), (10)

is small enough in an appropriate sense. The price to pay for this approximation is a remainder
term Rσ

(ε) in the SPDE which now reads as a system of two equations for the pair of scale-
dependent functions (ϕσ(ε),Rσ(ε))σ

{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{
ℒεϕσ

(ε)=Jσ[Fσ(ε)(ϕσ(ε))+Rσ(ε)]
∂σRσ

(ε)=Hσ
(ε)(ϕσ(ε))+DFσ(ε)(ϕσ(ε))(∂σGσ)Rσ

(ε), R1
(ε)=0.

(11)

where (Jσ)σ is a family of smoothing operators which realises the scale decomposition, Gσ =
Jσℒε

−1 is the localised propagator of the dynamic Gaussian free field (GFF) and DFσ
(ε)(ψ )ψ̃ denotes

the functional derivative of Fσ
(ε) at ψ and in the direction of ψ̃ (see below for precise defin-

itions of these objects). Moreover one can prove that the term Fσ
(ε)(ϕσ(ε)) retains the coercive

structure of its initial condition, that is,

Fσ
(ε)(ϕσ(ε))=−λ(ϕσ(ε))3+Qσ

(ε)(ϕσ(ε)),

where Qσ
(ε)(ϕσ(ε)) is smaller than the cubic contribution provided ⟦σ⟧≪ 1. This together with

the linearity in R (ε) of the second equation of (11) make this system amenable to standard PDE
techniques: by choosing ⟦σ⟧≪1 one can control the non-coercive part Qσ

(ε)(ϕσ(ε)) of the effective
force with the coercive part −λ(ϕσ(ε))3 solving the large field problem. At the same time, since
⟦σ⟧ > 0, we have good estimates for Qσ

(ε), DFσ
(ε),Hσ

(ε) which are uniform in ε→0 provided the
renormalisation constant rε is appropriately chosen. This allows the full control of eq. (5) and
the proof of tightness of the laws of the processes (ϕ (ε))ε and therefore of the family (νε)ε.
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Comparison with other approaches. The possibility of working with an approximate flow
equation makes it easier to compare the RG approach advocated in this paper with regu-
larity structures and paracontrolled distributions. There is a clear parallel among the various
approaches: the flow equation constructs a random object Fσ

(ε), the scale-dependent effective force,
which encodes the effect of the noise and which is a finite polynomial constructed out of the
noise term and of the linear part of the equation. It corresponds to the, so-called model in the
theory of regularity structures or to the enhanced noise used in paracontrolled calculus, or even
to the rough path in rough path analysis. If, on the one hand, F (ε) is constructed probabilist-
ically, on the other hand, the remainder term Rε is constructed analytically out of the effective
force F (ε). This deterministic construction clearly corresponds to the analytic machinery in reg-
ularity structures and to the paracontrolled operators in the associated calculus, or again to
the sewing lemma in controlled rough path theory. When the parameter s is near its critical
value of sc =3/4 the number of terms which have to be accounted for in the approximation F (ε)

of the solution of the flow equation grows in an unbounded manner. An advantage of the flow
equation approach, over other methods, is that the analysis is quite insensitive to this growth
in complexity of the associated probabilistic object. Indeed the analysis of the flow equation
is quite compact and does not really depend strongly on the distance to the critical values of the
parameters in play. This “efficiency” of the flow equation to analyse the behaviour of non-linear
propagation of randomness was discovered by Polchinski [Pol84] in its proof of perturbative
renormalisability of the Euclidean ϕ44 QFT. For a modern account of this approach to perturba-
tion theory of QFTs the reader can consult the book of Salmhofer [Sal07] or Kopper [Kop07]. As
we already noted, the application of RG ideas to SPDEs is made very efficient by the observation
of Duch [Duc21, Duc22] that the flow equations can be also used to estimate the cumulants and
avoid explicit and painful inductive arguments on trees, very much like Polchinski's approach
avoids the inductive arguments of BPHZ renormalisation. There is some similarities with recent
ideas of Otto, Weber and collaborators of using PDE arguments to obtain systematically the
probabilistic estimates for the modes in the theory of regularity structures [OSSW21, LOTT21].
The flow equation approach has however the added advantage that the renormalisation con-
ditions can be analysed in terms of setting the right boundary conditions when solving the
flow equation. Recently, the combination of the flow equation approach with stochastic quant-
isation in the context of the construction of EQFT has been exploited in the Grassmann setting
in [DFG22] where the authors developed a new approach to Euclidean Fermionic theories using
a forward-backwards stochastic differential equation together with the approximate analysis
of the Fermionic analog of Polchinski's flow equation.

Plan of the paper. In Section 2 we introduce the main objects of our analysis: the scale decom-
position, the space-time weighted norms which will be used to control the large fields and all
the intermediate results which are needed in the proof of Theorem 1. The coercive estimates
will be proven in Section 3 while the approximate flow equation for the effective force will be
analysed in Section 4 via the flow equation for the cumulants. Finally in Section 5 we explain
the modification needed in the proofs to adapt them to the case of the O(n) symmetric vector
model. Appendix A contains some technical lemmas while Appendix B contains details on the
detailed definition of the various contributions to the flow equations for the cumulants and their
analytic estimations.

Acknowledgments. Wewould like to thank F. de Vecchi and L. Fresta for discussion pertaining
the analysis of flow equations. This work has been partially funded by the German Research
Foundation (DFG) under Germany's Excellence Strategy - GZ 2047/1, project-id 390685813. This
paper has been written with GNU TEXMACS (www.texmacs.org).
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1.1 Notations, phase-space decomposition and weights
In this section we shall introduce the main notations we are going to use throughout the paper.

We let ℝε = εℤ for ε >0 and ℝ0=ℝ. On Λε :=ℝ×ℝε
d we consider the fractional parabolic dis-

tance |z|s := |t |1/(2s)+ |x | where z =(t ,x)∈Λε and we denote ⟨z⟩ := (1+ |z|s2)1/2 the so called Japanese
bracket.

Denoting with 𝒮(Λε) the space of rapidly decreasing functions over Λε, the Fourier trans-
form is defined, for f ∈𝒮(Λε) as

f̂ (ω,k) :=∫Λε
e−i(ωt+k⋅x ) f (t ,x) dt dx , (ω,k) ∈Λε

∗ :=ℝ× (−π /ε ,π /ε)d ,

and extended by duality to 𝒮 ʹ(Λε) as usual. The inverse Fourier transform is then given by

f (t ,x)=∫Λε
∗
f̂ (ω,k)e i(ωt+k⋅x ) dω dk

(2π)d+1
, (t ,x)∈Λε.

For ε �0, the (discrete, when ε >0) Laplacian Δε has symbol given by ξ↦−qε(ξ )2 where

qε(k) :=[[[[[[[[[[[[[[[[∑i=1
d

(1ε sin(εki))
2

]]]]]]]]]]]]]]]]
1/2

, (12)

is the Fourier multiplier corresponding to the operator (−Δε)1/2. When ε =0 we have q0(k)= |k|.

The fractional Laplacian

For s ∈ (0, 1) the (negative) fractional Laplacian (−Δε)s is defined as the Fourier multiplier with
symbol ξ ∈(ℝε

d)∗↦qε2s(ξ ) (cfr. Eq. (12)). In particular it is self-adjoint and positive in L2(ℝε
d) and

for s ∈(0, 1] it has the (discrete, when ε >0) heat–kernel representation [Kwa17]

(−Δε)sf =Cs∫ℝ+(f − eθΔεf )θ −1−sdθ ,

with the constant Cs= |Γ(−s)|−1. In the continuum, the fractional Laplacian has, for s ∈ (0, 1), the
integral representation [Kwa17]:

(−Δ0)sf (x)=Cd ,sP .V .∫ℝd

f (x) − f (y)
|x −y|d+2s

dy, x ∈ℝd , (13)

where Cd ,s is an universal constant. In the discrete setting a similar formula holds [CRS+15]:

(−Δε)sf (x) = εd ∑
y∈ℝε

d :y≠x

K(x −y) (f (x) − f (y)), x ∈ℝε
d , (14)

where the kernel K : ℝε
d→ℝ is positive and such that

|K(x)|�Cd ,sʹ |x |−d−2s, x ∈ℝε
d ,

uniformly in ε for some constant Cd ,sʹ > 0.

We can encode the integral representation, Eq (13) or Eq. (14), of the fractional Laplacian, via
a positive measure νs on Λ×Λ (depending on ε and symmetric for the exchange z↔z ʹ) for which

⟨f , (−Δ)sg⟩=∫νs(dz dz ʹ) f (z) (g(z) −g(z ʹ)).
We also define the kernel νs(z, dz ʹ) arising from the disintegration of νs as

νs(z, dz ʹ)dz =νs(dz dz ʹ). (15)
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Note that it is a symmetric kernel, i.e. νs(z, dz ʹ)dz = νs(z ʹ, dz)dz ʹ. With these notations we have
also the following Leibnitz rule with a remainder

Is(f ,g) := (−Δ)s(fg) − f (−Δ)sg −g (−Δ)sf =∫ℝd
(f (z)− f (z ʹ)) (g(z) −g(z ʹ))νs(z, dz ʹ). (16)

Remark 2. A basic observation is that the fractional Laplacian (whether in the continuum or
on the lattice) satisfies an inequality w.r.t. application of convex functions. Let Φ:ℝ→ℝ be a
convex C1 function and Φʹ one of its sub-differentials, then, for any ε �0 and u∈C2(Λε) we have

(−Δε)sΦ(u)�Φʹ(u) (−Δε)su.

Indeed, note that eθΔε has a positive definite kernel. Let Φ:ℝ→ℝ be a convex function, then

Φ(a)−Φ(b)�Φʹ(a) (a−b), a,b∈ℝ,

so if u: Λ→ℝ is a continuous function we have

Φ(u)− eθΔεΦ(u)�Φʹ(u) (u− eθΔεu),

and therefore the claimed inequality. It is clear that the same proof works for ε = 0. We will
incorporate this idea in the proof of the key Lemma 16, below.

The operator G ε =ℒε
−1 is defined as

(ℒε
−1f )(t) :=∫−∞

t
e−(m

2+(−Δε )s)(t−u) f (u)du, t ∈ℝ,

and will be applied to continuous function of time with at most a limited polynomial growth
in space-time. On account of Lemma 5.4 of [Gri03] together with the argument of Section 1
of [GT01], the kernel G ε(t ,x) of G ε satisfies

G ε(t ,x) <∼e−m
2tmin {{{{{{{{{{{{{{t−

d
2s , t
|x |d+2s}}}}}}}}}}}}}}<∼ t e−cm

2t

(|x | + |t |1/2s)d+2s
(17)

uniformly in ε �0.

Scale decomposition
Let us introduce now a scale decomposition of space–time functions parametrized by σ ∈ [0,
1] and where we let ⟦σ⟧ := (1 − σ) for convenience. The value σ = 1 corresponds to allowing
fluctuations at all scales while σ <1 only at spatial scales >∼⟦σ⟧ or equivalently at Fourier scales
<∼⟦σ⟧−1.

Definition 3. Consider a smooth and compactly supported function j:ℝ→ℝ+ such that

j(η)= {{{{{{{{{{{{{{ 1 if η�1,
0 if η�2,

and which is chosen in a Gevrey class G r for r >1, see [GMR21, MW17] for details. For ℓ =0,1, 2, . . .
denote

jσ ,ℓ (η) := j(2−ℓσ −1⟦σ⟧η), η∈ℝ,

and let jσ := jσ, 0. Note that jσ ,ℓ (η)jσ ,ℓ ʹ(η)= jσ ,ℓ (η) for 0� ℓ < ℓ ʹ.

Definition 4. We introduce a family (Jσ(ε))σ∈(0,1) of Fourier multipliers acting on distributions f ∈
𝒮 ʹ(Λε) as

Jσf (t ,x)= Jσ
(ε)f (t ,x) :=∫Λε

∗
jσ((|ω|1/2s+qε(k))) f̂ (ω,k)e i(ωt+k⋅x )

dωdk
(2π)d+1

, (t ,x) ∈Λε. (18)

In addition, for ℓ ∈ℕ, we introduce a family of smoothing operator, J̃σ ,ℓ
(ε) for σ ∈(0,1) and ℓ =1,2, . . .

which is as above but constructed out of the function jσ ,ℓ. Moreover we let J̃σ
(ε) := J̃σ ,1

(ε) .
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In order to lighten the notation, in the following we shall leave understood the dependence
on ε of Jσ

(ε) by using Jσ.
Note that Jσ

(ε)f → f as σ↗1 and that Jσ
(ε)f →0 as σ↘0 in 𝒮 ʹ(Λε). We let q0(k) := |k| so that

qε(k)→q0(k) point-wise for k ∈ℝd . We observe that, on account of the above definitions, for any
ℓ ∈ℕand σ ∈(0, 1), it holds that

J̃σ ,ℓJσ = Jσ, J̃σ ,ℓ+1J̃σ ,ℓ = J̃σ ,ℓ . (19)

Remark 5. We observe that the operators J̃σ ,ℓ and Jσ are contractions in the class of Lp spaces
thanks to the Young convolution inequality. This property holds true also in the setting of
weighted Lp spaces, see [MW17, GH19] for further details. In particular this is true for polyno-
mial weights as well as for the stretched exponential weights which we will soon introduce.

Remark 6. We shall use the fact that if σ <μi, where μi is as in Definition 8 below, then JσJμi+1=
Jσ. This is a consequence of the very definition of Jσ, μi and of the fact that, as σ <μi,

2σ ⟦σ⟧−1�2μi ⟦μi⟧−1≈2 (2i−1)=2i+1−2<2i+1−1≈μi+1⟦μi+1⟧−1,

yielding jσ(η) jμi+1(η) = jσ(η) for any η∈ℝ.

In the tightness argument we will also need a Littlewood–Paley decomposition which acts
only on the space variables:

Definition 7. (Spatial LP blocks) Let (Δ̂i: ℝ→ℝ+)i�−1 be a dyadic partition of unity for ℝ, where
Δ̂−1 is supported in a ball centred in 0 of radius

1
2 , Δ̂0 is supported in an annulus and Δ̂i(⋅) :=Δ̂0(2−i⋅)

such that if |i − j | >1, supp(Δ̂i)∩ supp(Δ̂j)=∅. In addition we also require the functions Δ̂−1 and Δ̂0
to be in a Gevrey class G r for r >1. Out of this partition of unity we define Littlewood-Paley (Δi

x )i�−1
blocks for ℝε

d as the Fourier multipliers associated with Δ̂i(qε(k)).

Space-time weights

To analyse the global in space behaviour of the solutions to the SQ equation we shall use several
classes of space-time localisation.

Definition 8. (Weights)

a) Fix ν >0 and let
ρ(z) := ⟨z⟩−ν,

be a polynomial weight where z =(t ,x)∈Λ.
b) Let (χi: Λ→ℝ+)i∈ℤ+ a dyadic partition of unity for Λ with χi supported on an annulus of

radius ∼2ai for i �0, a>0 and ∑iχi=1.
c) Let (χ̃i: Λ→ℝ+)i∈ℤ+ be a family of smooth and compactly supported functions such that

for any i ∈ℤ+, χ̃i|supp(χi)=1, where supp(χi) denotes the support of the function χi introduced
above.

d) Fix increasing numbers {μi}i�0⊂−(0, 1) such that μi↗1 and ⟦μi⟧≈2−i, i ∈ℤ+.

e) For i ∈ℕ, let ζi:Λ→ℝ radial cutoff functions of the form

ζi(z) := e−c (|z|s−2
ai)+ω, z ∈Λ,

with ω=1/r <1 where r >1 is the parameter of the Gevrey class of the cutoff function j in
eq. ( 18) and where the constant c >0 will be chosen to be small enough. We observe that
ζi(z) is identically equal to one for |z|s � ⟦μi⟧−a while it vanishes (stretched-)exponentially
fast for larger |z|s.
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f ) For j ∈ℕ, let
ρj(z) := (22aj+(|z|s2−22aj)+)−ν /2.

This is a polynomial weight which is 2− jγ up to scale |z|s ≈ 2aj while it decays as 2−kγ for
|z|s≈2ak with k > j.

Remark 9. These weights satisfy the following properties.
a) For any i ∈ℤ+ it holds that χin<∼ζi for any n�1.
b) For any z,z1∈Λ,

ρ(z)ρ−1(z1) <∼ρ−1(z −z1). (20)

Moreover analogous property is also satisfied by the weights ζi and ρi uniformly in i.
Indeed, since ω<1, we have, for any i,

ζi(z) ζi−1(z1) � exp{c [(|z1−z|s+ |z|s−2ai)+ω−(|z|s−2ai)+ω]}
� exp{c |z −z1|sω} :=ζ −1(z −z1).

(21)

and similarly

ρj(z)ρj−1(z1) <∼ (((((((((2
2aj+(|z|s2−22aj)++ |z1−z|s2

22aj+(|z|s2−22aj)+ )))))))))
ν /2
<∼(((((((((1+ |z1−z|s2

22aj+(|z|s2−22aj)+)))))))))
ν /2

<∼ (1+ |z1−z|s2)ν /2=ρ−1(z −z1).
(22)

c) The parameter γ >0 shall be fixed in Section 4. Concerning the parameters ν and a intro-
duced in Definition 8, we shall require that aν = γ . For future convenience we observe
that this implies that for any n ∈ℝ,

‖ζiρ−n‖L∞+ ‖χiρ−n‖L∞<∼⟦μi⟧
−nγ .

As a consequence, since the only fixed parameter will be γ , this grants some freedom
in the choice of ν. In particular, as we shall discuss in some technical lemmas in the
following, e.g., Lemma 16, Lemma 35 and 41, we fix ν such that ν ∈(0, s/3).

2 Stochastic quantisation
In this section we lay out the main steps in the proof of Theorem 1, starting from the effective
equation at (fractional, parabolic) space–time scale ⟦σ⟧ := (1 −σ), σ ∈ (0, 1) obtained via a scale
decomposition and the introduction of the notion of approximate effective force.

2.1 Scale decomposition
Let ϕ (ε) be a stationary solution to the infinite system of SDEs (5) and define the scale-dependent
field ϕσε :=Jσϕ (ε) localised at (fractional, parabolic) space-time scales >∼⟦σ⟧. It is a solution to

ℒεϕσε =Jσ(F ε(ϕ (ε))),
where

F ε(ψ ) :=−λ (ψ )3− rεψ + ξ (ε).

Let ℰ0 :=C (Λε) the space of continuous functions on Λε with at most polynomial growth at
infinity wrt. the space-time fractional norm. Consider a family (Fσε:ℰ0→𝒮 ʹ(Λε))σ∈[0,1] of func-
tionals, differentiable in σ ∈(0, 1) and such that F1ε =F ε. Using that ϕ (ε)=ϕ1ε we have

F ε(ϕ ε) =F1ε(ϕ1ε) =Fμε(ϕμε)+Rμ
ε ,
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for all μ ∈[0, 1], where

Rμ
ε :=∫

μ

1
[∂σFσε(ϕσε)+DFσε(ϕσε)(∂σϕσε)]dσ ,

and where DFσ(ψ )ψ ʹ denotes the Fréchet derivative of Fσ in the direction of ψ ʹ ∈ℰ0 at the point
ψ ∈ℰ0. Since we also have

∂σϕσε = Ġσ(F ε(ϕ (ε))) = Ġσ(Fσε(ϕσε) +Rσε ),

with Ġσ :=ℒε
−1J̇σ and J̇σ := ∂σJσ, we deduce that the pair (ϕμε, Rμ

ε)μ∈(0,1) satisfies the system of
equations

{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{
{{{{ℒεϕμε = Jμ(Fμε(ϕμε) +Rμ

ε)

Rμ
ε =∫μ

1Hσ
ε(ϕσε)dσ +∫μ

1[DFσε(ϕσε) ĠσRσε]dσ ,
(23)

where
Hσ

ε(ψ ) :=∂σFσε(ψ ) +DFσε(ψ ) ĠσFσε(ψ ),

for any choice of (Fσε)σ∈[0,1]. Our main goal will be that of showing that this system allows for
good a-priori estimates for a well chosen trajectory (Fσε)σ∈[0,1].

Remark 10. Apart from Section 2.3, in the rest of the paper we keep ε >0 fixed. The analysis
which follows is, however, quite insensitive to the fact that the spatial domain is discrete or
continuous. The main differences lie in the explicit form of the Fourier multiplier operators
(Jσ)σ and (Ġσ)σ together with the different action of the discrete fractional Laplacian (−Δε)s with
respect to its continuous counterpart (−Δ0)s. The qualitative behaviour of these objects will be
the same and all the estimates we obtain will involve constants which are uniform in the lattice
spacing ε unless stated otherwise. In order to lighten the exposition wewill suppress the explicit
dependence of the domain Λε on the lattice spacing ε and writing Λ for either Λ0 :=ℝd+1 or Λε
with ε >0. Similarly we write (−Δ)s for either the discrete or the continuous fractional Laplacian.

2.2 A-priori estimates in weighted spaces
We introduce weighted norms for the function ψ ∈𝒮 ʹ(Λ) as

⫴ψ⫴=⫴ψ⫴μ̄ := inf sup
σ∈[μ̄ ,1)

{‖ρψσ<‖L∞+⟦σ⟧γ ‖ψσ�‖L∞}, (24)

where the infimum is taken over all decompositions ψσ<+ψσ�= Jσψ , σ ∈ (0, 1). Here μ̄ ∈ (0, 1) is a
(possibly random) parameter which will be tuned later on depending on the size of the noise.

We denote by 𝒳 ⊂−𝒮 ʹ(Λ) the space of distributions ψ for which the norm ⫴ψ⫴ is finite for
some μ̄. The norm (24) is inspired by a similar decomposition in [GH19]: the fields are decom-
posed in a part ϕσ< which is regular but which grows in space and in a part ϕσ�which is irregular
(i.e. blows up in L∞ as σ↗1) but stays bounded at large distances. In Section 3 we will prove the
following coercive estimates for fractional parabolic equation with cubic non-linearity which
allows us to control the large values of the fields.

Theorem 11. (Coercive estimate) Assume ϕ ∈𝒳 and let

fσ :=∂tϕσ +(−Δ)sϕσ +λϕσ3,

then, if μ̄ is large enough (depending only on λ), we have

⫴ϕ⫴μ̄ <∼λ−1/2 ⟦μ̄⟧
γ /2+λ−1/3⫴f ⫴#,μ̄1/3+λ−1/3 ⟦μ̄⟧γ /3⫴ℒϕ⫴#,μ̄1/3,
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with an universal constant, where the norm on the r.h.s. is defined as (cf. Definition 8)

⫴f ⫴#=⫴f ⫴#,μ̄ := sup
i�0

sup
σ�μi∨μ̄

⟦σ⟧3γ ‖χi3 fσ‖L∞. (25)

Proof. For μ̄ larger than some deterministic constant, using successively Lemma 37, Theorem 15,
Lemma 39 and Lemma 41 we have

⫴ϕ⫴μ̄ <∼ sup
i�0

[1σ�μi ⟦σ⟧γ ‖χiϕσ‖L∞].
<∼ sup

i�0
{1σ�μi ⟦σ⟧γ [λ−1/2+λ−1/3 (‖χi3 fσ‖ +2γi ‖ρiϕσ‖+23γi ‖D(ρiϕσ)‖)1/3]}

<∼ λ−1/2 ⟦μ̄⟧γ +λ−1/3⫴f ⫴#1/3+λ−1/3 ⟦μ̄⟧γ /3⫴ϕ⫴1/3+λ−1/3 ⟦μ̄⟧γ /3⫴ℒϕ⫴#1/3

Then, by Young's inequality

⫴ϕ⫴<∼λ−1/2 ⟦μ̄⟧γ /2+λ−1/3⫴f ⫴#
1/3+ 13 ⫴ϕ⫴+λ

−1/3⟦μ̄⟧γ /3⫴ℒϕ⫴#1/3

and taking the term 1
3 ⫴ϕ⫴ on the l.h.s. we conclude. □

The two norms ⫴ϕ⫴,⫴f ⫴# in Theorem 11 fix the analytical setting for the global analysis of
the SPDE (23).

Theorem 12. Let (ϕ,R) be a solution of the equation

{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{
{{{{ℒϕμ =Jμ(Fμ(ϕμ) +Rμ)

Rμ =∫μ
1Hσ(ϕσ)dσ +∫μ

1[DFσ(ϕσ) ĠσRσ]dσ ,
(26)

where

Hσ(ψ ) :=∂σFσ(ψ )+DFσ(ψ ) ĠσFσ(ψ ).

Assume that (Fσ)σ satisfies the estimates, for σ �ν �μi∨ μ̄,

‖χi3 [JσFσ(ψσ) − (−λψσ3)]‖L∞ � ⟦σ⟧−3γ +ζ [CF (1+⫴ψ⫴)M +(1+⫴ψ⫴)2⫴ℒψ⫴#],
‖ζi J̃νHσ(ψσ)‖L∞ � CF ⟦σ⟧ζ−1 (1+⫴ψ⫴)M ,

‖ζi J̃νDFσ(ψσ) ĠσRσ‖L∞ � CF ⟦σ⟧ζ−1 (1+⫴ψ⫴)M ‖ζi J̃σRσ‖L∞,

(27)

for some finite M , ζ ,CF > 0. Then there exists universal constants Ĉ ,C#, Φ > 0 such that, for all μ̄
satisfying

⟦μ̄⟧ζ � ĈCF
−1, ⟦μ̄⟧ζ �C#,

we have

⫴ϕ⫴μ̄ <∼1, ⫴ℒϕ⫴#<∼1, sup
i

sup
μ�μi∨μ̄

‖ζi J̃μRμ‖L∞<∼1.

Proof. Consider R first. From the Equation (26) and exploiting Remark 5, we obtain

‖ζi JμRμ‖L∞� ‖ζi J̃μRμ‖L∞�∫
μ

1
‖ζi J̃μHσ(ϕσ)‖L∞dσ +∫

μ

1
‖ζi J̃μDFσ(ϕσ) ĠσRσ‖L∞dσ ,

then using Equation (27) we get

‖ζi J̃μRμ‖L∞�CF ⟦μ⟧ζ (1+⫴ϕ⫴)M +CF (1+⫴ϕ⫴)M∫
μ

1
⟦σ⟧ζ−1 ‖ζi J̃σRσ‖L∞dσ ,
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and by Gronwall inequality we get, for μ �μi∨ μ̄,

‖ζi J̃μRμ‖L∞�CF ⟦μ̄⟧ζ (1+⫴ϕ⫴)M exp(CCF ⟦μ̄⟧ζ (1+⫴ϕ⫴)M),

and therefore, by Remark 9 (a),

⫴σ↦ JσRσ⫴#<∼CF ⟦μ̄⟧ζ+3γ (1+⫴ϕ⫴)M exp(CCF ⟦μ̄⟧ζ (1+⫴ϕ⫴)M). (28)

Let's bound now ⫴ℒϕ⫴#. By triangular inequality, it holds that

⫴ℒϕ⫴#<∼⫴σ↦(JσFσ(ϕσ) +λϕσ3)⫴#+⫴σ↦λϕσ3⫴#+⫴σ↦ JσRσ⫴#.

The last term has been just estimated, for the other two we have

⫴σ↦λϕσ3⫴#=λ sup
i

sup
σ�μi∨μ̄

⟦σ⟧3γ ‖χi3ϕσ3‖<∼λsup
i
⫴ϕ⫴μi∨μ̄

3 <∼λ⫴ϕ⫴μ̄3,

and, on account of the first bound in Equation (27),

⫴σ↦(JσFσ(ϕσ)+λϕσ3)⫴#<∼⟦μ̄⟧ζCF (1+⫴ϕ⫴)M +⟦μ̄⟧ζ (1+⫴ϕ⫴)2⫴ℒϕ⫴#.

Overall we have

⫴ℒϕ⫴#<∼λ⫴ϕ⫴3+⟦μ̄⟧ζCF (1+⫴ϕ⫴)M +⟦μ̄⟧ζ (1+⫴ϕ⫴)2⫴ℒϕ⫴#+⫴σ↦ JσRσ⫴#. (29)

Finally let us put all together using Theorem 11 to get

⫴ϕ⫴3 <∼ λ−3/2⟦μ̄⟧3γ /2+λ−1 sup
i

sup
σ�μi∨μ̄

⟦σ⟧3γ ‖χi3(Jσ(Fσ(ϕσ))+λϕσ3)‖

+λ−1 sup
i

sup
σ�μi∨μ̄

⟦σ⟧3γ ‖ζiJσRσ‖ +λ−1 ⟦μ̄⟧γ ⫴ℒϕ⫴#

<∼ λ−3/2⟦μ̄⟧3γ /2+λ−1CF ⟦μ̄⟧ζ [(1+⫴ϕ⫴)M +(1+⫴ϕ⫴)2⫴ℒϕ⫴#]+λ−1⫴σ↦ JσRσ⫴#,

(30)

where in the second inequality we exploited Equation (27) and ⟦μ̄⟧�1. And therefore, by Equa-
tions (29) and (30),

⫴ϕ⫴3/Φ3+c λ−1⫴ℒϕ⫴#/Φℒ

� λ−3/2⟦μ̄⟧3γ /2+λ−1 ⟦μ̄⟧ζ [CF (1+⫴ϕ⫴)M +(1+⫴ϕ⫴)2⫴ℒϕ⫴#]+λ−1⫴σ↦ JσRσ⫴#

+cλ−1{λ⫴ϕ⫴3+⟦μ̄⟧ζ [CF (1+⫴ϕ⫴)M +(1+⫴ϕ⫴)2⫴ℒϕ⫴#]+⫴σ↦ JσRσ⫴#}
� λ−3/2⟦μ̄⟧3γ /2+c ⫴ϕ⫴3+(1+c)λ−1⟦μ̄⟧ζ [CF (1+⫴ϕ⫴)M +(1+⫴ϕ⫴)2⫴ℒϕ⫴#]
+(1+ c)λ−1CF ⟦μ̄⟧ζ+3γ (1+⫴ϕ⫴)M exp(CCF ⟦μ̄⟧ζ (1+⫴ϕ⫴)M),

with, possibly large constants Φ,Φℒ �1 and with c chosen small so that c �Φ−3/2 and c � 1 to
obtain

⫴ϕ⫴3/2Φ3+ cλ−1⫴ℒϕ⫴#/Φℒ � λ−3/2 ⟦μ̄⟧3γ /2+2λ−1 ⟦μ̄⟧ζ [CF (1+⫴ϕ⫴)M +(1+⫴ϕ⫴)2⫴ℒϕ⫴#]
+2λ−1CF ⟦μ̄⟧ζ +3γ (1+⫴ϕ⫴)M exp(CCF ⟦μ̄⟧ζ (1+⫴ϕ⫴)M). (31)

We observe that the constant M appearing in Equation (31) is not the same of Equation (30),
nonetheless, as the precise value of M is not important, we shall keep this notation. Let μ̄∗∈(0,1)
be such that

λ−3/2 ⟦μ̄⟧3γ /2�1, CF ⟦μ̄∗⟧ζ (3Φ)M �δ , ⟦μ̄∗⟧ζ (3Φ)2� c /4Φℒ ,

where δ =δ (λ,Φ) is a small constant such that

2λ1/2δ +2λ1/2δ exp(Cδ )�2−4.
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With this choice we have also

1+2λ−1CF ⟦μ̄∗⟧ζ (3Φ)M +2λ−1CF ⟦μ̄∗⟧3γ +ζ (3Φ)M exp(CCF ⟦μ̄∗⟧ζ (3Φ)M)�1+2−4. (32)

Define now A := {μ ∈[μ̄∗, 1):⫴ϕ⫴μ �2Φ}. Then A ≠∅ since for μ→1 we have ⫴ϕ⫴μ→0. We want
to prove that A is both open and closed. Observe that it is open since if μ ∈A then ⫴ϕ⫴μ � 2Φ
and using Equation (31), Equation (32) and μ > μ̄∗ we have

⫴ϕ⫴μ3 /2Φ3+c λ−1⫴ℒϕ⫴#/2Φℒ � 1+λ−1⟦μ̄∗⟧ζ (3Φ)M +λ−1CF ⟦μ̄∗⟧3γ +ζ (3Φ)M exp(CF ⟦μ̄∗⟧ζ (3Φ)M)
� 1+2−4,

so ⫴ϕ⫴μ� (2+2−3)1/3Φ<2Φ and therefore for δ >0 small enough ⫴ϕ⫴ν �Φ for ν ∈(μ−δ ,μ+δ ) since
ν↦⫴ϕ⫴ν is continuous. Let us prove that A is also closed. Take μn→ μ such that μn∈A for all
n�1. Then by continuity ⫴ϕ⫴μn �2Φ⇒⫴ϕ⫴μ �2Φ, so μ ∈A. As a consequence A =[μ̄∗, 1) and in
particular μ̄∗∈A, that is ⫴ϕ⫴μ̄∗�2Φ and therefore also

⫴ℒϕ⫴#� (2+2−3)λΦℒ /c <∼1,
and

sup
i

sup
μ�μi∨μ̄∗

‖ζi J̃μRμ
ε‖L∞�CF ⟦μ̄∗⟧ζ (3Φ)M exp(CF ⟦μ̄∗⟧ζ (3Φ)M)<∼1.

□

In order to apply the previous theorem to the analysis of Equation (23) we need suitable
approximate solutions of the flow equation for the effective force (Fσε)σ

∂σFσε +DFσε ĠσFσε =0,
for σ ∈(0, 1] with final condition

F1ε(ψ )=−λ (ψ )3− rεψ + ξ (ε). (33)

Section-4 will be devoted to prove the following result.

Theorem 13. There exists a choice of (rε)ε for which the random scale-dependent functional
(Fμε)μ∈(0,1) with boundary condition ( 33) satisfies the estimates ( 27) where CF = ‖F ε ,𝔄‖ is a finite
random constant such that

sup
ε>0

𝔼[‖F ε ,𝔄‖p]<∞,
for any p (not uniformly).

2.3 Tightness
In order to pass to the limit as ε→0 we want to embed all the random fields φ (ε) in the same
space by extending them from Λε to Λ0. In order to do so we let

ϕ [ε](t ,x) :=θ (εD)φ (ε)(t ,x) =∫Λε
∗
θ (ε |k|) φ̂ (ε)(ω,k) e i(ωt+k⋅x ) dωdk

(2π)d+1
, (t ,x) ∈Λ0, (34)

where θ : ℝ+→ℝ+ is a smooth bump function such that θ (0) = 1 and θ (η) = 0 for |η| > 1. The
random fields ϕ [ε] all live now in the continuum domain Λ0 for any ε >0. For convenience we
have dealt so far with space-time distributional norms. However in order to obtain informations
about the EQFT we need to evaluate the marginal at a fixed time of the solution of the SPDE.
The necessary regularity is obtained observing that we have the following Schauder estimate
tailored to our norms (cfr. Lemma 36 in Appendix A). For any small κ >0,

sup
i
2−i(3γ −2s+κ ) ‖ρΔi

xϕ (ε)‖ <∼⟦μ̄⟧
−γ ⫴ϕ ε⫴+⫴ℒϕ ε⫴#.
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Now, we fix μ̄∈(0,1) such that ⟦μ̄⟧−ζ =1+ Ĉ−1 ‖F ε ,𝔄‖. By Theorem 12 we have that ⫴ϕ ε⫴≈⫴ℒϕ ε⫴≈
1 so by Lemma 36 we obtain that ϕ ε can be controlled in a space of continuous functions of time
with values in a weighted spatial Besov space of (negative) regularity −3γ +2s−κ, namely

sup
i
(2−(3γ −2s+κ )i ‖ρΔi

xϕ (ε)‖)<∼⟦μ̄⟧−γ <∼(1+‖F ε ,𝔄‖)γ /ζ . (35)

Together with Theorem 13 this allows us to estimate

sup
ε>0

𝔼[[[[[[[[[(((((supi 2−(3γ −2s+κ )i ‖ρΔi
xϕ (ε)‖)))))n]]]]]]]]]<∼supε>0

𝔼[(1+ ‖F ε ,𝔄‖)γn/ζ]<+∞, (36)

for any n large enough. The Besov norms behave well through the embedding ϕ (ε)→ ϕ [ε],
indeed

‖ρΔi
xϕ [ε]‖L∞(Λ0)=‖ρθ (εD)Δi

xϕ (ε)‖L∞(Λ0)<∼‖ρ Δi
xϕ (ε)‖L∞(Λε )

and therefore the bound (36) translates into the tightness of the family (ϕ [ε](t))ε>0 in 𝒮 ʹ(Λ0) for
any fixed t ∈ℝ. We have then proved the first part of Theorem 1.

2.4 Integrability
In order to complete the proof of Theorem 1 we need to establish the integrability of the meas-
ures ν ε uniformly in ε and obtain the bound (3) for any limit points. The main tool for this task
is the Hairer–Steele argument [HS22] which gives optimal estimates (as far as growth of the
function is concerned). We look to estimate quantities of the form

Zε ,θ :=∫eθ‖hQεϕ‖L2
4
νε(dϕ),

whereQε :=(1+(−Δε)1/2)−a is a regularising kernel and h(x)=(1+|x |)−b is a polynomially decaying
weight in the space variable alone. The specific value of a and b will be suitable chosen below,
respectively in Equations (40) and (39): in particular we shall require them to be large enough.
We define a new tilted probability measure

ν ε ,θ(dϕ) := eθ‖hQεϕ‖L2
4
ν ε(dϕ)

Zε ,θ
,

and observe that, by Jensen's inequality,

1=∫νε(dϕ) =Zε ,θ∫e−θ‖hQεϕ‖L2
4
νε ,θ(dϕ)�Zε ,θexp[−θ∫‖hQεϕ‖L24 ν ε ,θ(dϕ)]

so we conclude that

logZε ,θ �θ∫‖hQεϕ‖L24 νε ,θ(dϕ). (37)

The task of controlling the size of Zε ,θ is reduced via (37) to that of estimating some polynomial
moments of ϕ under the new tilted measure ν ε ,θ. By stochastic quantisation this tilted measure
can be identified with the marginal of a stationary solution to the SPDE

[∂t +m2+(−Δε)s]ϕ (ε)+λ(ϕ (ε))3− rεϕ (ε)=O(ϕ (ε)) +ξ (ε), (38)

where the additional perturbation O(ϕ) is given by

O(ϕ) =−θ δ
δϕ ‖hQεϕ‖L24 =−2θ ‖hQεϕ‖L2

2 (Qεh2Qεϕ).
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Estimates for this new equation uniform in ε >0 come from the flow equation argument that we
developed so far. In particular, repeating the arguments at the beginning of this section, we can
write

ℒεϕσ
(ε)=Jσ(F (ϕ (ε)) +O(ϕ (ε)))

and by including the contributions of O in R (ε) we have the new system

ℒεϕσ
(ε)= Jσ(Fσ(ϕσ(ε))+Rσ(ε),O)

Rμ
(ε),O =∫

μ

1
(∂σFσ(ε)(ϕσ(ε))+DFσ(ε)(ϕσ(ε)) ĠσFσ

(ε)(ϕσ(ε)))dσ +∫
μ

1
DFσ

(ε)(ϕσ(ε)) ĠσRσ
(ε),Odσ +O(ϕ (ε)).

In estimating this equation we have to consider ‖ζjJσRσ
(ε),O‖, and therefore we need a bound for

the space-time norm ‖ζjJσO(ϕ (ε))‖ of source term:

‖ζjJσO(ϕ (ε))‖<∼2 |θ | ‖t→ ζj(t , ⋅)‖hQεϕ(t , ⋅)‖Lx2 (ℝd)
2 (JσQεh2Qεϕ(t , ⋅))‖

=2 |θ | ‖t→ ζj(t , ⋅)ρ−1(t , ⋅)‖hρ−1(t , ⋅)ρ(t , ⋅)Qεϕ(t , ⋅)‖Lx2 (ℝd)
2 (ρJσQεh2Qεϕ)(t , ⋅)‖

<∼2 |θ | ‖t→ ζj(t , ⋅)ρ−1(t , ⋅)‖hρ−1(t , ⋅)‖Lx2 (ℝε
d)

2 ‖ ‖ρQεϕ‖2 ‖ρJσQεh2Qεϕ‖

Now if we assume that h ∈L2(ℝε
d) is decaying fast enough at infinity so that ‖h ρ(0, ⋅)‖Lx2 (ℝε

d)
2 <∼1,

we have, exploiting ρ−1(t ,x)<∼ρ−1(t , 0)ρ−1(0,x), which is a consequence of the property ρ−1(z1)<∼
ρ−1(z −z1)ρ−1(z1) of the weight ρ,

‖hρ−1(t , ⋅)‖Lx2 (ℝd)
2 <∼ρ(t , 0)−2‖hρ(0, ⋅)‖Lx2 (ℝε

d)
2 <∼ρ(t , 0)−2, (39)

so, recalling that ρ(t , 0)−2�ρ(t ,x)−2 for any x ∈Λ as well as the localising properties of ζj as per
Remark 9,

‖t→ ζj(t , ⋅)ρ−1(t , ⋅)ρ(t , 0)−2‖� ‖ζjρ−3‖<∼23γj,

and since both ρ,h are nice weights we have

‖ρJσQεh2Qεϕ‖<∼‖ρQεh2Qεϕ‖ <∼‖ρQεϕ‖<∼∑
i
2−ia‖Δi

xρϕ‖.

Therefore
‖ζjJσO(ϕ (ε))‖<∼2 |θ | 23γj (((((((((∑i 2−ia ‖ρΔi

xϕ‖)))))))))
3
.

By the support properties of the functions χj, Remark 9 as well as the Schauder estimate (98),

‖ρΔi
xϕ‖ <∼ sup

j ‖‖‖‖‖‖‖‖‖‖∑e=−1
1

χj+e3 ρΔi
xϕ‖‖‖‖‖‖‖‖‖‖<∼supj 2−γj ‖χj3Δi

xϕ‖

<∼ sup
j
2−γj [1i<∼ j ⟦μj ∨ μ̄⟧

−γ ⫴ϕ ε⫴+2i(3γ −2s+κ )⫴ℒϕ ε⫴#]

<∼ ⟦μ̄⟧−γ ⫴ϕ ε⫴+2i(3γ −2s+κ )⫴ℒϕ ε⫴#,
and thus

∑
i
2−ia ‖ρΔi

xϕ‖ <∼ ∑
i
2−ia [⟦μ̄⟧−γ ⫴ϕ ε⫴+2i(3γ −2s+κ )⫴ℒϕ ε⫴#]

<∼ ⟦μ̄⟧−γ ⫴ϕ ε⫴+⫴ℒϕ ε⫴#,
(40)

where we used that for a large enough, 3γ −2s+κ −a<0. Summing up we have

‖ζjJσO(ϕ (ε))‖<∼2 |θ | 23γj [⟦μ̄⟧−3γ ⫴ϕ ε⫴3+⫴ℒϕ ε⫴#3] (41)
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and now from the Grownall lemma applied to R we get, for σ �μj ∨ μ̄,

‖ζjJσRσ
(ε),O‖ <∼ [‖F ε ,𝔄‖⟦μ̄⟧ζ (1+⫴ϕ⫴)M + |θ | 23γj ⟦μ̄⟧−3γ ⫴ϕ⫴3+ |θ | 23γj ⫴ℒϕ ε⫴#3]×

×exp(C ‖F ε ,𝔄‖ ⟦μ̄⟧ζ (1+⫴ϕ⫴)M)

and therefore, since ⟦μj ∨ μ̄⟧3γ⟦μj⟧−3γ <∼1,

sup
j

sup
σ�μj∨μ̄

⟦σ⟧3γ ‖ζjJσRσ
(ε),O‖ <∼ [‖F ε ,𝔄‖⟦μ̄⟧3γ +ζ (1+⫴ϕ⫴)M + |θ |⫴ϕ⫴3+ |θ |⫴ℒϕ ε⫴#3]×

×exp(C ‖F ε ,𝔄‖ ⟦μ̄⟧ζ (1+⫴ϕ⫴)M).

By repeating the same continuity argument following (31) we deduce that, provided μ̄ is
chosen such that

‖F ε ,𝔄‖ ⟦μ̄⟧ζ (3Φ)M �δ ,

for some constant Φ and with a small δ =δ (λ,Φ,θ ) satisfying

2λ−1δ +2 {λ−1δ + |θ |Φ3+ |θ |Φℒ
3 }exp(Cδ )�2−4,

we can conclude that ⫴ϕ⫴�2Φ and ⫴ℒϕ ε⫴#�Φℒ . Such a δ exists provided |θ |>0 is small enough.
Taking μ̄ such that ‖F ε ,𝔄‖ ⟦μ̄⟧ζ (3Φ)M =δ we have

‖hQεϕ (ε)(t)‖L2<∼⟦μ̄⟧
−γ <∼‖F ε ,𝔄‖γ /ζ ,

for any fixed t ∈ℝ (with constants depending on t). As a consequence of Theorem 13 we have
also

sup
ε>0

𝔼[‖hQεϕ (ε)(t)‖L2(Λε )
n ]<∼sup

ε>0
𝔼[‖F ε ,𝔄‖γn/ζ]<∞,

for any large n and fixed t ∈ℝ. From this we derive easily that any accumulation point ν of the
sequence ν ε satisfies Eq. (3) provided θ >0 is small enough. This proves both the exponential
integrability required for the Osterwalder–Schrader reconstruction theorem and also proves
that the measure is non-Gaussian, since Gaussians measure cannot integrate functions growing
so fast, completing the proof of Theorem 1.

Remark 14. The choice of the norm to verify the exponential integrability is quite arbitrary.
Since we need to determine an SPDE for it we want a differentiable norm. In general we could
replace the L2 norm by any L2n norm, as long as n is finite and similarly use different space
weight h and smoothing operator Qε, as long as they remain compatible with our Schauder
estimates.

3 A-priori estimates

This section is devoted to prove weighted bounds for classical solutions to a fractional parabolic
equation with a cubic coercive term. To our knowledge this result is new, even if given the proof
follows closely the proof in the case of the Laplacian, see e.g. [GH19].

Theorem 15. Let u be a classical solution of the fractional parabolic equation

∂tu+(−Δ)su+λu3= f , (42)
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where λ>0. Then it holds that, for any i,

‖χiu‖ <∼λ−1/2+λ−1/3[‖χi
3f ‖ +2γi ‖ρiu‖ +2γi ‖D(ρi3u)‖]1/3 (43)

where, recalling the kernel νs(z, dz ʹ) defined in Eq. ( 15) we let

D(f )(z) :=[∫[f (z ʹ) − f (z)]2νs(z, dz ʹ)]1/2.

Proof. We can assume that ‖χi3f ‖+ ‖ρiu‖+ ‖D(ρi3u)‖<∞, otherwise there is nothing to prove. Let
v :=χiu, Φ(ξ ) =ΦL(ξ ) := (ξ −L)+ and Φʹ(ξ ) =ΦĹ(ξ ) :=1ξ�L so that Φ(a) −Φ(b)�Φʹ(a)(a−b). Consider
Equation (42) and test it against ΦL(v)ΦĹ(v)χi3 to get

⟨ΦL(v)ΦĹ(v),χi3f ⟩= ⟨ΦL(v)ΦĹ(v),χi3∂tu+χi3(−Δ)su+λv 3⟩.

By Lemma 16 below we have

⟨ΦL(v)ΦĹ(v),χi3(−Δ)su⟩>∼−∫ΦL(v)2−[2γi‖ρiu‖+2γi‖D(ρi3u)‖]∫ΦL(v).

For the time derivative we observe that

⟨ΦL(v)ΦĹ(v),χi3∂tu⟩=⟨ΦL(v)ΦĹ(v),χi2∂tv −χi(∂tχi)v⟩.

Then, leaving implicit the space variable, by the convexity of Φ2 we have

∫Λχi2(t)ΦL(v(t))ΦĹ(v(t))∂tv(t)dtdx = lim
h↘0∫Λχi2(t)ΦL(v(t))ΦĹ(v(t))

[v(t) −v(t −h)]
h dtdx

� lim
h↘0 ∫Λχi2(t)[ΦL

2(v(t))−ΦL
2(v(t −h))]

h dtdx

= lim
h↘0 ∫Λχi

2(t)−χi2(t +h)
h ΦL

2(v(t))dtdx

= −2∫Λχi(∂tχi)ΦL
2(v)

� −2 ‖∂tχi‖∫ΛΦL
2(v),

(44)

therefore the lower bound

⟨Φ(v)Φʹ(v),χi3∂tu⟩�−2 ‖∂tχi‖∫ΛΦL
2(v) − ‖v‖ ‖∂tχi‖∫ΛΦL(v) >∼−∫ΛΦL

2(v) −2γi‖ρiu‖∫ΛΦL(v),

holds. Now we have

⟨ΦLΦĹ(v),λv 3⟩ = λ ⟨(v −L)+, ((v −L)+L)v2⟩�λ ⟨(v −L)+2,v 2⟩+λL ⟨(v −L)+,v2⟩
� λL2∫ΛΦL

2(v) +λL3∫ΛΦL(v).

but then, also

⟨ΦLΦĹ(v),λv 3⟩ = ⟨ΦL(v)ΦĹ(v),χi3f ⟩− ⟨ΦL(v)ΦĹ(v),χi3(∂tu+(−Δ)su)⟩
� ‖χi3f ‖∫ΛΦL(v)+∫ΛΦL(v)2+[2γi ‖ρiu‖ +2γi ‖D(ρi3u)‖]∫ΛΦL(v).

Together these two inequalities imply that

[λL2−C]∫ΛΦL
2(v)+ [λL3−‖χi3f ‖ −C 2γi ‖ρiu‖ −C 2γi ‖D(ρi3u)‖]∫ΛΦL(v)�0,
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for some C >0. Taking

L>L∗=max(λ−1/2C ,λ−1/3[‖χi3f ‖+C 2γi ‖ρiu‖+C 2γi ‖D(ρi3u)‖]1/3),
we deduce that

∫ΛΦL(v)=∫ΛΦL
2(v) =0,

which in turn implies that ν �L a.e. on Λ and by a similar computation for ν =−χiu we obtain
that |ν|�L a.e. on Λ. We conclude that

‖ν‖� inf
L>L∗

L=L∗<∼λ−1/2+λ−1/3[‖χi3f ‖+2γi ‖ρiu‖+2γi ‖D(ρi3u)‖]1/3

as claimed. □

The proof is completed by the following lemma.

Lemma 16. With the notation of Theorem 15, we have

⟨ΦL(v)ΦĹ(v),χi3 (−Δ)su⟩>∼−∫ΦL(v)2−[2γi ‖ρiu‖ +23γi ‖D(ρi3u)‖]∫ΦL(v)ΦĹ(v).

Proof. We can write,

A := ⟨ΦL(v)ΦĹ(v),χi3 (−Δ)su⟩=∫νs(dz dz ʹ)ΦL(v(z))ΦĹ(v(z))χi3(z) (u(z)−u(z ʹ))

=∫νs(dzdz ʹ)ΦL(v(z))ΦĹ(v(z))χi2(z) (v(z)−v(z ʹ))+∫νs(dzdz ʹ)ΦL(v(z))ΦĹ(v(z))χi2(z)(χi(z ʹ)−χi(z))u(z ʹ),

and using convexity of ΦL, namely that ΦĹ(a)(a−b)�ΦL(a) −ΦL(b), and its positivity, we have

A � ∫νs(dz dz ʹ)ΦL(v(z))χi2(z) (ΦL(v(z)) −ΦL(v(z ʹ)))

+∫νs(dz dz ʹ)ΦL(v(z))Φʹ(v(z))χi2(z) (χi(z ʹ) −χi(z))u(z ʹ)

= ∫νs(dz dz ʹ)ΦL(v(z))χi(z)χi(z ʹ) (ΦL(v(z))−ΦL(v(z ʹ))) [ :=(𝕀)]

+∫νs(dz dz ʹ)ΦL(v(z))ΦĹ(v(z))χi2(z) (χi(z ʹ)−χi(z))u(z ʹ) [ :=(𝕀𝕀)]

+∫νs(dz dz ʹ)ΦL(v(z))χi(z) [χi(z)−χi(z ʹ)] (ΦL(v(z))−ΦL(v(z ʹ))) [ :=(𝕀𝕀𝕀)]

Symmetrising the integral (𝕀) w.r.t. the exchange z↔ z ʹ we have

(𝕀)= 12∫νs(dz dz ʹ)χi(z)χi(z ʹ) [ΦL(v(z)) −ΦL(v(z ʹ))]2>0

while, again via algebraic manipulations

(𝕀𝕀) = ∫νs(dz dz ʹ)ΦL(v(z))ΦĹ(v(z))χi2(z) (χi(z ʹ)−χi(z))ρi−3(z ʹ) (ρi3u)(z ʹ)

= ∫νs(dz dz ʹ)ΦL(v(z))ΦĹ(v(z))χi2(z) (χi(z ʹ)−χi(z)) (ρi−3(z ʹ)−ρi−3(z)) (ρi3u)(z ʹ)

+∫νs(dz dz ʹ)ΦL(v(z))ΦĹ(v(z))χi2(z) (χi(z ʹ)−χi(z))ρi−3(z) (ρi3u)(z ʹ)

= ∫νs(dz dz ʹ)ΦL(v(z))ΦĹ(v(z))χi2(z)u(z) (χi(z ʹ) −χi(z)) [ :=(𝕀𝕀1)]

+∫νs(dz dz ʹ)ΦL(v(z))ΦĹ(v(z))χi2(z) (χi(z ʹ)−χi(z)) (ρi−3(z ʹ)−ρi−3(z)) (ρi3u)(z ʹ) [ :=(𝕀𝕀2)]

+∫νs(dz dz ʹ)ΦL(v(z))ΦĹ(v(z))χi2(z)ρi−3(z) (χi(z ʹ)−χi(z)) [(ρi3u)(z ʹ) − (ρi3u)(z)] [=(𝕀𝕀3)]
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For (𝕀𝕀1) we have

(𝕀𝕀1) = ∫dzΦL(v(z))ΦĹ(v(z))χi2(z)u(z)∫(χi(z ʹ)−χi(z))νs(z, dz ʹ)
>∼ −‖χi2u‖∫dzΦL(v(z))ΦĹ(v(z))

>∼ −2γi ‖ρiu‖∫dzΦL(v(z))ΦĹ(v(z)),

where we used that
sup
i,z
|∫(χi(z ʹ) −χi(z))νs(z, dz ʹ)|=sup

i
‖(−Δ)sχi‖<∼1.

Next, using the definition of ρi and the inequality (22) for the nice weight ρi, we have

(𝕀𝕀2) � −‖ρi3u‖∫dzΦL(v(z))ΦĹ(v(z))χi2(z)∫|χi(z ʹ) −χi(z)| |ρi−3(z ʹ) −ρi−3(z)|νs(z, dz ʹ)
>∼ −‖ρi3u‖∫dzΦL(v(z))ΦĹ(v(z))χi2(z)ρi−3(z)

>∼ −23γi ‖ρi3u‖∫dzΦL(v(z))ΦĹ(v(z)),

where in the next to the last bound we used the fact that

|ρi−3(z ʹ)−ρi−3(z)| <∼ρi−3(z) |ρ−3(z −z ʹ)−1|<∼ρi−3(z) (|z −z ʹ|1|z−zʹ|�1+1|z−zʹ|>1ρ−3(z −z ʹ)),

which implies that, provided 3ν <2s,

sup
i
∫|χi(z ʹ)−χi(z)| |ρi−3(z ʹ)−ρi−3(z)|νs(z, dz ʹ)<∼ρi−3(z).

Next, using Cauchy–Schwarz inequality, and the bounds ‖χi2ρi−3‖ <∼23γi and

sup
i,z
∫(χi(z ʹ) −χi(z))2νs(z, dz ʹ) <∼1,

we have
(𝕀𝕀3) � −23γi∫dzΦL(v(z))ΦĹ(v(z))[∫[(ρi3u)(z ʹ) − (ρi3u)(z)]2νs(z, dz ʹ)]1/2

>∼ −23γi ‖D(ρi3u)‖∫dzΦL(v(z))ΦĹ(v(z)).

Finally we have, for α >0 which will be fixed in a moment,

(𝕀𝕀𝕀)�− 1
2α∫νs(dz dz ʹ)ΦL(v(z))2 [χi(z ʹ)−χi(z)]2−

α
2∫νs(dz dz ʹ)χi(z)2 [ΦL(v(z))−ΦL(v(z ʹ))]2

�− 1
2α∫νs(dz dz ʹ)ΦL(v(z))2 [χi(z ʹ)−χi(z)]2+

−α2∫νs(dz dz ʹ)χi(z)χi(z ʹ) [ΦL(v(z))−ΦL(v(z ʹ))]2+

−α2∫νs(dz dz ʹ)χi(z) [χi(z) −χi(z ʹ)] [ΦL(v(z))−ΦL(v(z ʹ))]2

�− 1
2α∫νs(dz dz ʹ)ΦL(v(z))2 [χi(z ʹ) −χi(z)]2−

α
2∫νs(dz dz ʹ)χi(z)χi(z ʹ) [ΦL(v(z))−ΦL(v(z ʹ))]2+

−α4∫νs(dz dz ʹ)[χi(z)−χi(z ʹ)]2[ΦL(v(z))−ΦL(v(z ʹ))]2

�− 1
2α∫νs(dz dz ʹ)ΦL(v(z))2 [χi(z ʹ) −χi(z)]2−

α
2∫νs(dz dz ʹ)χi(z)χi(z ʹ) [ΦL(v(z))−ΦL(v(z ʹ))]2+

−α2∫νs(dz dz ʹ)[χi(z) −χi(z ʹ)]2ΦL(v(z))2

>∼−[ 12α + α
2 ]∫ΦL(v(z))2dz −

α
2∫νs(dz dz ʹ)χi(z)χi(z ʹ) [ΦL(v(z))−ΦL(v(z ʹ))]2
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Summing up, for a constant C >0,

A� (𝕀)+ (𝕀𝕀1)+ (𝕀𝕀2)+ (𝕀𝕀3)+ (𝕀𝕀𝕀)�
1
2∫νs(dz dz ʹ)χi(z)χi(z ʹ) [ΦL(v(z)) −ΦL(v(z ʹ))]2+

−C[2γi ‖ρiu‖ +23γi ‖D(ρi3u)‖]∫ΦL(v(z))ΦĹ(v(z))dz +

−C[ 12α + α
2]∫ΦL(v(z))2dz −C

α
2∫νs(dz dz ʹ)χi(z)χi(z ʹ) [ΦL(v(z)) −ΦL(v(z ʹ))]2

�[12 −C α
2 ]∫νs(dz dz ʹ)χi(z)χi(z ʹ) [ΦL(v(z)) −ΦL(v(z ʹ))]2+

−C[ 12α + α
2 ]∫ΦL(v(z))2dz −C [2γi ‖ρiu‖ +23γi ‖D(ρi3u)‖]∫ΦL(v(z))ΦĹ(v(z))dz,

so for α small enough such that the first term is positive and can be ignored in the lower bound,
we have established that

⟨ΦL(v)ΦĹ(v),χi3 (−Δ)su⟩�−C[ 12α + α
2 ]∫ΦL(v)2−C [2γi ‖ρiu‖+23γi ‖D(ρi3u)‖]∫ΦL(v)ΦĹ(v),

as claimed. □

4 Analysis of the flow equation

In this section we prove Theorem 13 stating the existence of an approximate solution to the flow
equation with nice bounds. These bounds are possible only because we can “tune” the initial
condition of the flow equation by adding an appropriate ε-dependent renormalisation term to its
initial condition. Conceptually we are dealing with a random bilinear equation whose solution
is analysed by deriving a corresponding evolution equation for its cumulants. The equation for
the cumulants has a similar structure and propagate similar bounds backwards from the final
condition at σ =1 apart from a low dimensional (so called, relevant) subspace for which we need
to propagate the bounds forward from small to large σ . This procedure entails the “tuning” of an
appropriate initial condition to lie on a particular trajectory which has good bounds. In order for
this tuning to be as simple as possible one need to modify the flow equation in order to reduce
the relevant subspace to one dimension. Once the bounds for the cumulants are established, a
Kolmogorov-type argument allows to deduce also path-wise bounds on the effective force. The
section ends with a technical “post-processing” to extract the coercive term crucial for the global
a-priori estimates.

4.1 The random flow equation
We need to set up the appropriate spaces to consider such an equation. We discuss the case
ε > 0, the continuum case ε = 0 (which however is not used directly in the proof of the main
result) being easier and requiring only minimum changes. Let ℰ0 :=C (Λ) and ℰ :=C∞(Λ) with
polynomial growth at infinity and let 𝒥ℰ the vector bundle of jets over ℰ , i.e. the (infinite)
collection of all the partial derivatives (∂Aψ )A of ψ ∈ℰ where A is a multi-index A = (A1⋅ ⋅ ⋅An)
with ∂A=∂A1⋅⋅⋅∂An andwhereAi={0,1±,...,d±} with ∂0=∂t and ∂k± the discrete forward/backward
derivative in direction k =1, . . . ,d, defined as ∂k±ψ (z) := ε−1(ψ (z ± ek) −ψ (z)). Let [A]= |A1| + ⋅ ⋅ ⋅ +
|An| and |0| = 2s, |1| = 1 denoting the (formal, fractional) parabolic homogeneity of the partial
derivatives ∂α. We denote any Ψ∈𝒥ℰ with Ψ=(ΨA)A.
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Any function ψ ∈ℰ can be listed to Ψ=𝒥ψ ∈ Jℰ by letting (𝒥ψ )A=∂Aψ , and any functional
F on ℰ can be represented by a functional 𝒥F on 𝒥ℰ such that F (ψ )=𝒥F (𝒥ψ ). This represent-
ation is not unique and we will exploit this freedom to our advantage below. Note that by the
chain rule

DF (ψ ) ⋅h=D𝒥F (Jψ ) ⋅𝒥h, h ∈ℰ .

To study approximate solutions (Fσ)σ∈[0,1] of the flow equation

∂σFσ +DFσ ⋅ ĠσFσ =0, F1=F .

we will list this equation to (Fσ:𝒥ℰ→𝒮 ʹ)σ∈[0,1] by the identification above. We then have for
Fσ ∈C1(𝒥ℰ ,𝒮 ʹ) the listed equation

∂σFσ +DFσ ⋅𝒥 (ĠσFσ) =0, F1=F , (45)

where by abuse of language we let F ∈C1(𝒥ℰ ,𝒮 ʹ) be a particular representative of our force.
This equation can be approximatively solved in the space 𝒫 (𝒥ℰ) of finite polynomials on the
jets 𝒥ℰ with values in 𝒮 ʹ, this is an algebra with a grading induced by the degree of monomials,
let𝒫k(𝒥ℰ) the component of grade k. For F ∈𝒫 (Jℰ) we denote by F (k)∈𝒫k(𝒥ℰ) the component
of degree k and by abuse of language also the associated distributional kernel, so that

F (k)(Ψ)(z)=∫Λk
F (k)(z;z1, . . . ,zk)Ψ(z1)⋅ ⋅ ⋅Ψ(zk)dz1⋅ ⋅ ⋅dzk,

for z ∈Λ where F (k)(z;z1, . . . ,zk) is a suitable linear map which contracts the various components
of Ψ(zi), since the various components scale differently we will use the notation

F (k)(Ψ)(z) = ∑
A1, . . . ,Ak

∫Λk
F ⟨A1, . . . ,Ak⟩(z; z1, . . . ,zk)ΨA1(z1)⋅ ⋅ ⋅ΨAk(zk)dz1⋅ ⋅ ⋅dzk, (46)

to denote the various components of the kernels.

We only care about approximate solution of (45), thus we introduce a formal parameter ℏ
and look for solutions ( Fℏ σ)σ∈[0,1],

Fℏ σ =∑
ℓ�0

Fσ
[ℓ ]ℏℓ ,

in the space𝒫 (𝒥ℰ)⟦ℏ⟧ of formal power series in ℏwith coefficients in𝒫 (Jℰ) of the perturbative
flow equation

∂σ Fℏ σ +ℏD Fℏ σ ⋅𝒥 (Ġσ Fℏ σ) =0, Fℏ 1=Fℏ0. (47)

This setup has the advantage that now the equation has a unique global solution which can be
determined by induction on the degree ℏ. An approximate solution to (45) is then obtained by
fixing an integer ℓ̄ �0 and letting

Fσ :=∑
ℓ=0

ℓ̄

Fσ
[ℓ ].

The precise value for ℓ̄ will be discussed in Lemma 31. We observe that, thanks to (47), this
truncation implies the existence of a maximal polynomial order k̄ = k̄(ℓ̄ ) in the fields for the
kernels.

Let us now introduce a condensed notation to manipulate these kernels. Let

𝔄 := {(ℓ ,A1, . . . ,Ak): 0� ℓ � ℓ̄ , 0�k � k̄}. (48)
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For 𝔞∈𝔄 with 𝔞=(ℓ ,A1, . . . ,Ak) we let k(𝔞) :=k , ℓ (𝔞) := ℓ , |A(𝔞)| := |A1| + ⋅ ⋅ ⋅ + |Ak|,

F 𝔞 :=F [ℓ ],⟨A1, . . . ,Ak⟩, and [𝔞] :=−α +δℓ (𝔞)+βk(𝔞)+ |A(𝔞)|, (49)

for suitable positive parameters α , δ and β whose value we shall discuss in the following, in
particular in Section 4.2 and 4.7. For the kernel F 𝔞 we define a (scale dependent) norm ‖F 𝔞‖μ ,σ by

‖F 𝔞‖μ ,σ := sup
ν |μ�ν�σ

‖w (J̃ν𝔞F 𝔞) e Tν̄(𝔞)‖, (50)

where
‖F 𝔞‖ :=sup

z∈Λ
∫Λk

|F [ℓ ],⟨A1, . . . ,Ak⟩(z; z1, . . . ,zk)|dz1⋅ ⋅ ⋅dzk,
and where

a) w is a polynomial space-time weight of the form w(z)=⟨z⟩−κw for z ∈Λ and κw>0 a small
number to be fixed later in Section 4.7.

b) ν ∈(0, 1)1+k(𝔞) is understood to be a multi-index, namely ν =(ν0,ν1 . . . ,νk(𝔞)),

ν̄ :=min {ν0,ν1 . . . ,νk(𝔞)},

and where μ �ν �σ means that for any i ∈(0, . . . ,k(𝔞)), μ �ν i�σ , and with

J̃ν𝔞 :=⊗
i=0

k(𝔞)
J̃νi,ℓ (𝔞),

c) Tν̄(𝔞) is a tree weight Tν̄(𝔞)(z,z1, . . . ,zk(𝔞)) that depends on the variables (z,z1, . . . ,zk(𝔞)) of
the kernel F 𝔞 and defined by

Tν̄(𝔞) :=2−ℓ (𝔞)τν̄(1+k(𝔞)), (51)

with τν̄(1+k(𝔞)) a tree weight defined as

τμ(1+k(𝔞))(z) :=C (⟦μ⟧−1St(z))ω,

where z = {zi}i=0k with zi∈Λ for any i ∈ {0, 1, . . . ,k(𝔞)}, μ ∈ (0, 1) is a scale parameter, C is a
constant to be fixed below in Remark 17, ω=1/r <1 (where r >1 is the parameter of the
Gevrey class characterising the cutoff function j in Equation (18)) and where St(z) stands
for the Steiner diameter [GMR21] of the set z, namely the length of the shortest tree
connecting all these points, measured with respect to the fractional space-time distance
|(t ,x)|s := |x | + |t |1/2s.

We conclude by introducing a norm for the family F𝔄 := (Fσ𝔞)𝔞∈𝔄,σ∈(0,1) as

‖F𝔄‖ := sup
𝔞∈𝔄 [[[[[[[ supσ�μ�0

⟦σ⟧−[𝔞] ‖Fσ𝔞‖μ ,σ]]]]]]]∨ [[[[[[[[[ supσ�μ�0
⟦σ⟧3γ −ζ ‖Fσ

[0],(0)‖μ ,σ]]]]]]]]] (52)

where γ , ζ are fixed positive constants to be determined later on.

Remark 17. Thanks to the Gevrey condition required on j in Definition 3, there exist constants
C1,C2>0, uniformwith respect to σ and ε , depending on the cut-off function j , such that, for any
z ∈Λ and any multi-index A =(A0, . . . ,Ad), cf. Lemma 34,

|∂AĠμ(z)|�C1 (ε⟦μ⟧−1∨1)−d ⟦μ⟧−d−1−|A| e−C2(⟦μ⟧
−1|z|s)ω. (53)

For future convenience, we choose the constant C in the definition of the weight function τμ(z) :=
C (⟦μ⟧−1St(z))ω to be C < C2

2 . This implies, for any ν �μ,

‖∂AĠμ e2τν(2)‖ℒ (L∞,L∞)� ‖∂AĠμe2τμ(2)‖ℒ (L∞,L∞)<∼(ε⟦μ⟧−1∨1)−d⟦μ⟧2s−1−|A|.
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In addition, by Equation (53) together with the above condition on the constant C of the tree
weight,

‖∂AĠμe 2τμ(2)‖ℒ (L1,L∞)<∼(ε⟦μ⟧−1∨1)−d⟦μ⟧−d−1−|A|.

Remark 18. We are now in position to fix the constant c > 0 in the cutoff functions ζi(x) :=
e−c(|x |−2

i)+ω and ζ (x) := e−c|x |ωwe introduced in Definition 8. This constant c > 0 is chosen small
enough so that, given two points x and y it holds that

‖e−2−ℓ̄τ0(2) ζ −1(x −y)‖L∞<∞,

where τ0(2) is understood to depend on the variables x and y. Namely we are requiring the
divergent behaviour at infinity of ζ −1 to be weaker than the vanishing behaviour of the associ-
ated tree weight.

In order to prove probabilistic bounds for Lpmoments of the norm ‖F𝔄‖ we first prove bounds
for the cumulants of the family (F 𝔞)𝔞, i.e. for the family of deterministic kernels (ℱ a)a for

a ∈A := {(𝔞1, . . . ,𝔞n):𝔞k ∈𝔄,n�2N + ℓ̄ −L(a),L(a)� ℓ̄ },

defined by

ℱ a :=κn(F 𝔞1, ⋅ ⋅ ⋅,F 𝔞n),

where N , ℓ̄ are fixed number, which will be chosen later on, see Equation (83) in Section 4.7 and
Lemma 31 respectively, and where we introduce also the notations n(a) :=n, L(a) := ℓ (𝔞1) + ⋅ ⋅ ⋅ +
ℓ (𝔞n), K(a) :=k(𝔞1) + ⋅ ⋅ ⋅ +k(𝔞n), |A(a)| := |A(𝔞1)| + ⋅ ⋅ ⋅ + |A(𝔞n)|. We define the global homogeneity
of these kernels as

[a] :=−ρ +n(a)(θ +α) +[𝔞1]+ ⋅ ⋅ ⋅ + [𝔞n], (54)

for suitable parameters ρ and θ whose value we shall discuss in the following, see Section 4.2.
In particular, note that we have

[a]=−ρ +θn(a)+δL(a) +βK(a)+ |A(a)|.

The (finite) space of cumulants is endowed with the norm ‖ℱ a‖ obtained by taking L1 norms
of all the input variables and L1 norms of all the n(a) − 1 output variables apart from the first
one which is taken in the L∞ norm. We observe that this is a generalisation of the norm we
considered for the kernels. On top of this basic norm we define the family of scale dependent
weighted norms

‖ℱ a‖μ ,σ := sup
ν |μ�ν�σ

‖(J̃νaℱ a) e Tν̄(a)‖, (55)

where

J̃νa :=⊗
i=1

n(a)
J̃νi
𝔞i.

With this notation, νi is a (1+k(𝔞i))-multi-index and thus ν here is a family of n(a) multi-index,
and where also here ν̄ is the smallest scale involved and

Tν̄(a)=∑
i=1

n(a)

Tν̄(𝔞i) +2−(ℓ̄ +1)τν̄(n(a)), (56)

where τν̄(n(a)) is defined as in the above case, with the only difference that in this case the
Steiner diameter involves the output variables of the cumulant.
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In Section 4.7 we will go from estimates on the norm ‖ℱ A‖ for the familyℱ A :=(ℱσ
a)a∈A,σ∈(0,1)

defined as
‖ℱ A‖ := sup

a∈A [[[[[[[ supσ�μ�0
⟦σ⟧−[a] ‖ℱσ

a‖μ ,σ]]]]]]]
1/n(a)

. (57)

to those on ‖F𝔄‖ via a Kolmogorov-type argument. Following Duch [Duc21, Duc22], we intro-
duce a flow equations for cumulants to control the norm ‖ℱ A‖.

Lemma 19. The cumulants satisfy Duch's flow equation:

∂σℱσ
a=∑

b
𝒜b

a(Ġσ,ℱσ
b) +∑

b ,c
ℬb ,c

a (Ġσ,ℱσ
b,ℱσ

c), (58)

where the linear operators 𝒜b
a and ℬb ,c

a are non-zero when

𝒜b
a ≠0⇔{{{{{{{{{{{{{{ n(a)=n(b)−1, L(a)=L(b)+1,K(a) =K(b) −1,[a]=[b]−θ +δ −β , (59)

ℬb ,c
a ≠0⇔ {{{{{{{{{{{{{{ n(a)=n(b)+n(c)−1, L(a) =L(b) +L(c) +1,K(a) =K(b) +K(c) −1,[a]= [b]+ [c]+ρ −θ +δ −β . (60)

Moreover, they have bounds

⟦σ⟧−[a] ‖𝒜b
a(Ġσ,ℱσ

b)‖μ ,σ <∼⟦σ⟧−[b]−1 (ε⟦σ⟧−1∨1)−d ‖ℱσ
b‖μ ,σ.

and
⟦σ⟧−[a] ‖ℬb ,c

a (Ġσ,ℱσ
b,ℱσ

c)‖μ ,σ <∼⟦σ⟧−[b]−[c]−1 (ε⟦σ⟧−1∨1)−d ‖ℱσ
b‖μ ,σ ‖ℱσ

c‖μ ,σ,

provided the compatibility conditions

θ +β −δ −d =0, −ρ +θ +β −δ +2s=0, (61)
hold.

Proof. The derivation of the flow equation is a direct consequence of the definition of cumu-
lants, see [Duc21, Duc22]. The detailed form of the operators is not very important in the
following discussion and is explicitated in Appendix B where the claims of the Lemma are also
proven (see Lemma 44 and Lemma 45). □

This general structure of the flow equation (58) allows us to propagate estimates for the
kernels of the form

sup
σ�μ

⟦σ⟧−[a] ‖ℱσ
a‖μ ,σ <∞.

However, depending on the sign of [a], we shall handle differently the cumulants: in particular,
for [a]>0, the flow equation can be solved backward starting from the final condition at σ =1.
We shall refer to cumulants ℱσ

a with [a] > 0 as irrelevant cumulants. On the other hand, this
approach does not work for cumulants for which [a]<0 as in this case the flow equation cannot
be integrated close to σ =1. As we shall see in Section 4.4, we will solve the flow equation for
this class of cumulants, called relevant cumulants, by integrating it forward. Finally, we shall say
that a cumulant ℱσ

a is marginal if [a]=0.

Remark 20. Before going on with the analysis of the flow equations for cumulants, some com-
ments about symmetries are in order. First of all we observe that the SPDE we are considering,
namely the Φd

4 model, is invariant under the transformation Ψ↦−Ψ and ξ↦−ξ which also
preserves the law of the noise ξ . At the level of cumulants, this entails that if

n(a) +K(a) ∈2ℕ+1,
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then ℱ1
a =0. This feature is preserved by the flow equation for cumulants, Equations (58), due

to the conditions of Equations (59) and (60). Indeed if we consider a cumulant such that n(a) +
K(a) ∈2ℕ+1, then also on the right hand side of the flow equation there are only terms satis-
fying the same property: we see from Equation (59) that the only non-vanishing terms 𝒜b

a(Ġσ,
ℱσ

b) satisfy
n(b) +K(b) =n(a) +K(a) +2∈2ℕ+1.

Similarly, for the terms ℬb ,c
a (Ġσ,ℱσ

b,ℱσ
c) the only non-vanishing contributions satisfy

n(b) +K(b) +n(c) +K(c) =n(a) +K(a) +2∈2ℕ+1,

due to Equation (60). As a consequence, we conclude that if n(a)+K(a)∈2ℕ+1, thenℱμ
a=0 for

any μ ∈[0, 1]. A further symmetry is represented by spatial reflection, i.e., the transformation

Ψ(t ,x)↦Ψ(t , −x), ξ (t ,x)↦ ξ (t , −x),

which preserves the law of ξ too. Using an argument as the one above, we conclude that for any
a, ℱμ

a is symmetric with respect to such transformation.

4.2 Bounds on parameters
We shall now bound the parameters ρ,θ ,β ,δ and s introduced before. To start, we need to take
into account the compatibility conditions as per Equation (61). Another constraint comes from
the scaling of the initial condition (ℱ1

a)a. Due to the Gaussian nature of the noise, it has nonzero
contributions only for n(a) ∈ {1, 2} and L(a) = 0. When n(a) = 2 only the two point function of
the noise contributes so we must have k(a) = 0, |A(a)| =0, in which case, at the level of integral
kernel,

ℱ1
a(t ,x; t ʹ,x ʹ)=κ(F [0],(0)(t ,x),F [0],(0)(t ʹ,x ʹ))=𝔼[ξ (ε)(t ,x) ξ (ε)(t ʹ,x ʹ)] =δ (t − t ʹ)1x =x ʹ,

from Equation (6). So
‖ℱ1

a‖μ ,σ = sup
ν |μ�ν0,ν1�σ

‖ ǰν0 ∗ ǰν1e
Tmin{ν0,ν1}(2)‖≈1,

uniformly in ε , μ, σ > 0. As a consequence we have to require it to be a marginal cumulant,
namely

[a]=−ρ +2θ �0, (62)

Moreover note that for n(a) = 1 we have contributions a with k(a) = 1, 3 and when k(a) = 3,
ℱ1

a=κ(F [0],(3)), with, at the level of its integral kernel

(J̃νℱ1
a)(z; z1,z2,z3)=−λ∫dz ʹ ǰν0(z −z ʹ)∏

i=1

3

ǰνi(z ʹ −zi),

and thus ‖ℱ1
a‖μ ,σ =λ, uniformly in ε ,μ,σ >0, which requires

[a]=−ρ +θ +3β =0. (63)

Now, from Equation (63) and Equation (61), we have that

β = s− δ
2, ρ =d +2s, θ =d +2s−3β . (64)

These equations are compatible with Eq. (62) provided

δ �
4s−d
3 :=δ∗, (65)
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which plays the role of an upper bound on the value of δ >0. An additional bound on δ will come
from the regularity of the white noise, see (86) below and will imply that the inequality in (65)
must be strict. We further observe that Equation (63) entails

θ =ρ −3β =3β −3[δ∗−δ].

In the following we will fix δ as large as possible, namely such that δ∗− δ >0 is as small as we
like.

4.3 Classification of cumulants

Given these bounds on the parameters, we can investigate the class of cumulants being relevant
or marginal that is when it holds [a]� 0. Observing that −ρ +2θ =d −4s +3δ =0, the condition
[a]�0 can be written as

[a]=θ (n(a) −2)+βK(a)+δL(a) =β (3n(a)−6+K(a))+δL(a) −3[δ∗−δ]n(a)�0.

We see that, provided δ∗−δ is chosen sufficiently small we have

a) if n(a) >2, there are no relevant/marginal cumulants;

b) if n(a)=2, the only relevant/marginal cumulant is the one with L(a)=K(a)=0, that is the
two point function of the noise: ℱ a=κ2(Fσ[0](0),Fσ[0](0)).

c) if n(a) =1, the only relevant/marginal cumulants are (at most) those with K(a)�3.

Summarising, the only relevant/marginal cumulants are

κ2(Fσ[0](0),Fσ[0](0)), κ1(Fσ[ℓ ](k)), k =0, 1, 2, 3.

We can further restrict the set of cumulants to be further analyzed. Indeed, the flow equation
for the cumulants with L(a) = 0 is trivial and there is no evolution, so they coincide with their
initial values. This applies to κ2(Fσ[0](0), Fσ[0](0)) and κ1(Fσ[0](3)). Moreover κ1(Fσ[ℓ ](3)) for ℓ � 1 is
irrelevant. As for the others, by Remark 20, we know that the cumulants κ1(Fσ[ℓ ](0)) and κ1(Fσ[ℓ ](2))
are vanishing due to symmetry arguments. Thus the only remaining cumulant that we have to
consider more in detail is κ1(Fσ[ℓ ](1)) for ℓ �1. This will be the topic of the next section.

4.4 Localisation

The handling of the relevant cumulants (κ1(Fσ[ℓ ](1)))ℓ �1, for which the flow equation cannot
propagate information backwards along the flow, relies on exploiting the ambiguity in the list
of the flow equation to the jet space. Note first that our model does not show derivative fields
in the flow equation, so the kernels Fσ

[ℓ ]⟨A1, . . . ,Ak⟩ have components only for A1 = ⋅ ⋅ ⋅ =Ak = 0,
i.e. in the fields space. We have

Fσ
[ℓ ](1)(𝒥ψ )(z) =∫ΛFσ[ℓ ]⟨0⟩(z;z1)ψ (z1)dz1,

and we can rewrite this by performing a Taylor expansion of the field ψ around ψ (z). At first
order this reads

ψ (z1) = ψ (z)+∑
i
∫0
1
∂iψ (z +ρz1−z(t))[dρz1−z(t)]i,
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where i ∈ {0, 1 ±, 2 ±, . . . , d ± } with ∂0 the time derivative and ∂k±ψ (z ʹ) := ±ε−1[ψ (z ± ek) −ψ (z)]
denote resp. the discrete forward (k + ) and backward (k − ) derivatives in the k-th spatial dir-
ection, for any h ∈Λ the function ρh: [0, 1]→Λ is a bounded variation path such that ρh(0) = 0
and ρh(1) = h and the notation [dρz1−z(t)]k± := ±(dρz1−z

k (t))± denotes resp. the positive or neg-
ative component of the measure dρz1−z

k (t) multiplied with the corresponding sign, while we let
[dρz1−z(t)]0 :=dρz1−z

0 (t). Expanding once more we have

ψ (z1) = ψ (z) +∑
i≠0

∂iψ (z)[z1−z]i+∫0
1
∂0ψ (z +ρz1−z(t))dρz1−z

0 (t)

+∑
i≠0, j
∫0
1∫0

t
∂i∂jψ (z +ρz1−z(u))[dρz1−z(u)] j[dρz1−z(t)]i.

Note that the path ρh is piecewise constant in space so that the signed measure dρhi is well
defined and given by a sum of delta functions times increments. We choose it so that its total
mass is bounded by |h| and ∫0

1dρh(t)=h and such that ρz1−z
0 (u) = (z1−z)0u. As a consequence

Fσ
[ℓ ](1)(𝒥ψ )(z) = ψ (z)∫Λdz1Fσ[ℓ ]⟨0⟩(z,z1)+∑i≠0 1i≠0∫Λdz1[z1−z]iFσ[ℓ ]⟨0⟩(z,z1) ∂iψ (z)+

+∫Λdz1∫0
1
dρz1−z

0 (t)Fσ
[ℓ ]⟨0⟩(z,z1)∂0ψ (z +ρz1−z(t))+

+∑
i≠0, j

1i≠0∫Λdz1∫0
1
[dρz1−z(t)]i∫0

t
[dρz1−z(u)] jFσ

[ℓ ]⟨0⟩(z,z1)∂i∂jψ (z +ρz1−z(u)),

Now observe that ∂k−ψ (z) −∂k+ψ (z) = ε(∂k+∂k−ψ )(z) so,

∑
i≠0
∫Λdz1[z1−z]iFσ[ℓ ]⟨0⟩(z,z1) ∂iψ (z)=∑k [[[[[[[∫Λ(z1−z)+k Fσ[ℓ ]⟨0⟩(z,z1)dz1∂k+ψ (z) +

−∫Λ(z1−z)−kdz1Fσ[ℓ ]⟨0⟩(z,z1) ∂k−ψ (z)]]]]]]]
=∑

k

∂+kψ (z)+∂k−ψ (z)
2 ∫Λ(z1−z)kdz1Fσ[ℓ ]⟨0⟩(z,z1)−∑k ε(∂k+∂k−ψ )(z)∫(z1−z)kFσ[ℓ ]⟨0⟩(z,z1)dz1.

So when computed on jets of smooth functions 𝒥ψ we can express them as a localised term and
a remainder. In particular we define two operations L and R so that

(L Fℏ σ)(Ψ)(z) := ∑
𝔟:k(𝔟)=1

Ψ∅(z)ℏℓ (𝔟)∫Λ(J̃σ ,ℓ (𝔟)⊗2 Fσ
[ℓ (𝔟)]⟨0⟩)(z;z1)dz1

+ ∑
𝔟:k(𝔟)=1

∑
j∈{1, . . . ,d }

Ψ(j±)(z)ℏℓ (𝔟)∫Λ (z1−z)
j

2 (J̃σ ,ℓ (𝔟)⊗2 Fσ
[ℓ (𝔟)]⟨0⟩)(z; z1)dz1

+ ∑
𝔟:k(𝔟)≠1

ℏℓ (𝔟)Fσ𝔟(Ψ),

(R Fℏ σ)(Ψ)(z) := ∑
𝔟:k(𝔟)=1

ℏℓ (𝔟)[∫Λdz1∫0
1
dρz1−z

0 (t) (J̃σ ,ℓ (𝔟)⊗2 Fσ
[ℓ (𝔟)]⟨0⟩)(z,z1)Ψ(0)(z +ρz1−z(t)) +

− ∑
j∈{1, . . . ,d }

ε (Ψ(j+ j−)(z) +Ψ(j− j+)(z))∫Λ (z1−z)
j

2 (J̃σ ,ℓ (𝔟)⊗2 Fσ
[ℓ (𝔟)]⟨0⟩)(z; z1)dz1

+ ∑
A=(i, j),i≠0

∫Λdz1∫0
1
[dρz1−z(t)]i∫0

t
[dρz1−z(u)] j (J̃σ ,ℓ (𝔟)⊗2 Fσ

[ℓ (𝔟)]⟨0⟩)(z; z1)ΨA(z +ρz1−z(u))]]]]]]]]]]]]]],

(66)

and which satisfy
J̃σ Fℏ σ(𝒥J̃σψ )= J̃σL Fℏ σ(𝒥J̃σψ ) + J̃σR Fℏ σ(𝒥J̃σψ ).
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Remark 21. We observe that in Equation (66) we inserted the smoothing operator J̃σ ,ℓ⊗2 acting
on the variables z,z1∈Λ. This is legitimate since we shall only be interested in controlling the
kernels with respect to the family of seminorms we introduced in Equation (50) and we stress
that the difference Fσ

[ℓ ]⟨0⟩− J̃σ ,ℓ⊗2Fσ
[ℓ ]⟨0⟩ is vanishing w.r.t. this family of seminorms.

We can then modify the perturbative flow equation (47) to read

∂σ Fℏ σ +ℏ(L +R)[D Fℏ σ ⋅𝒥 (Ġσ Fℏ σ)]=0, Fℏ 1=Fℏ0, (67)

since its flow projects down to the previous flow on smooth sections. Note that the R operation
increases the total number of derivatives of the fields of two, but no other operation introduces
new derivatives. Moreover the initial condition does not contain derivatives of fields, so we can
deduce that at any perturbative order only finitely many terms have derivatives of order at most
two and that no higher order derivatives are created by solving the flow equations.

The localisation is reflected easily on the flow equation for the cumulants, producing a struc-
turally similar equation

∂σℱσ
a=∑

b
𝒜̃b

a(Ġσ,ℱσ
b) +∑

b ,c
ℬ̃b ,c

a (Ġσ,ℱσ
b,ℱσ

c), (68)

with modified operators 𝒜̃ , ℬ̃ whose specific form is discussed in Appendix B.2. The most
important feature of these operators is that they satisfy the same estimates of the operators 𝒜
and ℬ we discussed before. In particular we have the following lemma (see Appendix B.2 for
the proof, in particular Lemma 47 and Lemma 48).

Lemma 22. Under the compatibility conditions ( 61), it holds that, for σ �μ,

⟦σ⟧−[a] ‖𝒜̃b
a(Ġσ,ℱσ

b)‖μ ,σ <∼⟦σ⟧−[b]−1 ‖ℱσ
b‖μ ,σ,

⟦σ⟧−[a] ‖ℬ̃b ,c
a (Ġσ,ℱσ

b,ℱσ
c)‖μ ,σ <∼⟦σ⟧−[b]−[c]−1 ‖ℱσ

b‖μ ,σ ‖ℱσ
c‖μ ,σ.

Remark 23. With reference to Section 4.3, we saw that the family of relevant cumulants con-
sists of those ℱ a with n(a) = 1 and K(a) = 1. On account of the above argument, we have that
they are of the form ℱσ

a =κ1(Fσ[ℓ ]⟨A(a)⟩). More into the detail, we observe that the only relevant
cumulant is ℱσ

a=κ1(Fσ
[ℓ ]⟨0⟩) as the other ones are either irrelevant or vanishing. Indeed,

• if A(a) identifies a first order derivative with respect to time, then |A(a)| = 2s and thus,
on account of Equation (61),

[a]=−ρ +θ +β +δL(a) +2s=δℓ ,

which is positive for L(a)>0, while we observe that for L(a)=0 this cumulant is marginal
and since κ1(F1[0]⟨A(a)⟩)=0 and ∂σκ1(Fσ[0]⟨A(a)⟩)=0, we have κ1(Fσ[0]⟨A(a)⟩)=0 for any σ ;

• if A(a) identifies a second order derivative with respect to space, then |A(a)|=2 and thus

[a]=−ρ +θ +β +δL(a)+2>0,

for any L(a)�0 and thus this cumulant is irrelevant;

• if A(a) identifies a first order derivative with respect to space, then κ1(Fσ[L(a)]⟨A(a)⟩) is
vanishing since the cumulants are symmetric under spatial reflections as per Remark 20
and the coefficient of the monomial Ψ(k±) in Eq. (66) vanishes;

• if A(a) identifies higher order derivatives with respect to space and/or time, then a for-
tiori, the associated cumulant is irrelevant.
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As a consequence, the only relevant cumulants are ℱσ
a = κ1(Fσ[L(a)]⟨0⟩) for L(a) ∈ (0, 2β /δ]. We

further observe that these cumulants are local by construction and the stationarity in law of the
cumulants implies that there exist constants (rσℓ )ℓ�0 such that

κ1(Fσ
[ℓ ]⟨0⟩(z,z1)) =𝔼(Fσ

[ℓ ]⟨0⟩(z,z1)) = rσℓ δ (z −z1). (69)

4.5 Inductive procedure
The aim of this section is to prove that we can solve the flow equation for cumulants, Equa-
tion (68), through an induction procedure over the order ℓ . This is due to the fact that, by
Lemma 19, it is a triangular system with respect to the parameter L(a).

Lemma 24. For any r̄ ∈ℝ there exists (non-unique) constants (r1ℓ ,ε)ℓ=1, . . . ,ℓ̄ such that the solution of
the approximate flow equation with initial condition

F1(Ψ)=λ(Ψ0)3+ rεΨ0+ ξ (ε)

where rε := r̄ +∑ℓ�1
ℓ̄ r1

ℓ ,ε, satisfies

‖ℱ A‖ =sup
a∈A [[[[[[[[[supσ�μ

⟦σ⟧−[a] ‖ℱσ
a‖μ ,σ]]]]]]]]]

1/n(a)
<∞.

Proof. We split the initial condition on the levels ℓ as follows

F1
[0](Ψ)=λ(Ψ0)3+ r̄ Ψ0+ξ (ε), F1

[ℓ ](Ψ)= r1ℓ ,εΨ0, ℓ =1, . . . , ℓ̄ ,

with (r1ℓ ,ε)ℓ=1, . . . ,ℓ̄ quantities to be determined later. For a fixed ℓ let Nℓ :=2N + ℓ̄ − ℓ and

Mℓ := sup
a:L(a)�ℓ ,
n(a)�Nℓ

[[[[[[[supσ�μ
⟦σ⟧−[a] ‖ℱσ

a‖μ ,σ]]]]]]]
1/n(a)

.

We will prove by induction thatMℓ <∞ for all ℓ =0,..., ℓ̄ . First of all we discuss the case ℓ =L(a)=0,
for which we have ∂σℱσ

a = 0 by definition and thus ℱσ
a =ℱ1

a for all σ ∈ [0, 1]. For irrelevant
cumulants it holds that ℱ1

a =0, yielding ℱσ
a =0. Considering instead the relevant cases, as we

discussed in Section 4.2, the norms ⟦σ⟧−[a] ‖ℱ1
a‖μ ,σ are uniformly bounded in μ and σ . The only

relevant case we have not discussed in Section 4.2 is the case of ℱ1
a with n(a) = 1, L(a) = 0 and

K(a) = 1: we observe that in this case ℱ1
a = r̄ ∈ℝ and thus, being [a] <0, ⟦σ⟧−[a] ‖ℱ1

a‖μ ,σ is uni-
formly bounded in μ and σ . As a consequence, it holds that M0<∞.

Let us now consider the induction step. Assume thatMℓ <∞, for a fixed ℓ and we shall prove
that also Mℓ+1 is finite. From Lemma 22, we have that

‖𝒜̃b
a(Ġσ,ℱσ

b)‖μ ,σ <∼ ⟦σ⟧[a]−1Mℓ
n(a)+1,

‖ℬ̃b ,c
a (Ġσ,ℱσ

b,ℱσ
c)‖μ ,σ <∼ ⟦σ⟧[a]−1Mℓ

n(b)Mℓ
n(c )<∼⟦σ⟧[a]−1Mℓ

n(a)+1.
(70)

where recall that n(b) =n(a) + 1 in the first line and n(b) +n(c) =n(a) + 1 in the second, so this
inequalities hold for any a with L(a) = ℓ +1 and n(a)�Nℓ −1=Nℓ+1.

We shall distinguish between two cases, whether ℱσ
a is irrelevant, i.e. [a] >0, or relevant,

i.e., [a]<0. For what concerns marginal cumulants, namely [a]=0, we observe that on account
of the discussion of Section 4.3 this is the case of κ1(Fσ[0](3)) which is accounted for by M0 above
and thus it does not enter into play for L(a) = ℓ +1>0.

If we assume that ℱ a is irrelevant, i.e. [a]>0, then we can solve the flow equation induct-
ively backward from the final condition at σ =1. First of all we observe that for [a]>0, it holds
that ℱ1

a=0 and thus, from Equation (68),

ℱη
a=∫

η

1

[[[[[[[[[∑b 𝒜̃b
a(Ġσ,ℱσ

b) +∑
b ,c

ℬ̃b ,c
a (Ġσ,ℱσ

b,ℱσ
c)]]]]]]]]]dσ .
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As a consequence, by triangular inequality and Equation (70), there exists a constant C >0 such
that

‖ℱη
a‖μ ,η�CMℓ

n(a)+1∫
η

1
⟦σ⟧[a]−1dσ <∼C ⟦η⟧[a]Mℓ

n(a)+1.

On the other hand, if we assume ℱ a to be relevant, i.e. [a] < 0, then we can solve the flow
equation forward starting from an arbitrary intermediate condition at an arbitrary but fixed
scale μ0∈ (0,1).

In particular, recalling Equation (69), we can then fix rμ0
ℓ+1 to be some arbitrary value 𝔠ℓ+1∈ℝ

at some reference scale μ0<1 and then using the flow equations forward to determine it for all
the higher scales μ ∈(μ0, 1) with the equation

rμ
ℓ+1,ε := 𝔠ℓ+1+∫

μ0

μ
∂σκ1(Fσ[ℓ+1],(1))dσ . (71)

As a consequence, denoting the relevant cumulant κ1(Fσ[ℓ+1],(1)) at hand by ℱσ
a with N (a) = 1,

L(a) = ℓ +1,K(𝔞1)=1, |A(𝔞1)| =0 and observing that, on account of Equation (69), |rσℓ+1,ε| <∼‖ℱσ
a‖μ ,σ,

by the estimates above, we have, using

0>[a]=−ρ +θ +δ (ℓ +1)+β =−2s+δ (ℓ +2),

and Equations (70) but taking into account the more refined ε-dependent estimate for Ġ in
Lemma 34,

‖ℱσ
a‖μ ,σ � |𝔠ℓ +1| +∫

μ0

σ
‖∂σ ʹℱσ ʹ

a‖μ ,σ ʹdσ ʹ

<∼ |𝔠ℓ +1| +[[[[[∫μ0
σ
‖𝒜̃b

a(Ġσ ʹ,ℱσ ʹ
b)‖μ ,σ ʹdσ ʹ +∫

μ0

σ
‖ℬ̃b ,c

a (Ġσ ʹ,ℱσ ʹ
b,ℱσ ʹ

c )‖μ ,σ ʹdσ ʹ]]]]]
<∼ |𝔠ℓ +1| +CMℓ

n(a)+1∫
μ0

σ
⟦σ ʹ⟧[a]−1(ε⟦σ ʹ⟧−1∨1)−ddσ ʹ

<∼ |𝔠ℓ +1| +CMℓ
n(a)+1 [∫⟦σ⟧∨ε

⟦μ0⟧
μ[a]−1(ε−dμd ∧1)dμ +∫⟦σ⟧

⟦σ⟧∨ε
μ[a]−1(ε−dμd ∧1)dμ]

<∼ |𝔠ℓ +1| +CMℓ
n(a)+1 [∫⟦σ⟧∨ε

⟦μ0⟧
μ[a]−1dμ+ ε−d∫⟦σ⟧

⟦σ⟧∨ε
μ[a]−1+ddμ]

<∼ |𝔠ℓ +1| +CMℓ
n(a)+1 (⟦σ⟧∨ ε)[a][1+ ε−d(⟦σ⟧∨ ε)d1⟦σ⟧>ε]

<∼ |𝔠ℓ +1| +CMℓ
n(a)+1 (⟦σ⟧∨ ε)[a].

(72)

As a first consequence, we see that for any cumulantℱμ
a with L(a)=ℓ +1 and n(a)�Nℓ +1, it holds

that, for a suitable constant C >0,

M̃ℓ+1 := sup
a:L(a)=ℓ+1,
n(a)�Nℓ+1

[[[[[[[supσ�μ
⟦σ⟧−[a] ‖ℱσ

a‖μ ,σ]]]]]]]
1/n(a)

�C sup
1�n�N

Mℓ
1+1/n(a)

�C (1+Mℓ )2<∞,

yielding Mℓ+1� sup {Mℓ ,M̃ℓ+1}�C (1+Mℓ )2<∞, which closes the induction step and we conclude
that

‖ℱ A‖= sup
a:L(a)�ℓ̄ ,

n(a)+L(a)�2N +ℓ̄
[[[[[[[supσ�μ

⟦σ⟧−[a] ‖ℱσ
a‖μ ,σ]]]]]]]

1/n(a)
=Mℓ̄ <∼(1+M0)2

ℓ̄ <∞.

The main consequence of this procedure to fix a suitable solution of the perturbative flow equa-
tion is that now we have modified its boundary value at σ =1. Indeed Eq. (71) implies that at
level ℓ +1 the initial condition of the flow equation reads F1

[ℓ+1](Ψ)=r1ℓ+1,εΨ0 and Eq. (72) implies
that r1ℓ+1,ε is indeed finite and diverges in ε as

|r1ℓ+1,ε| <∼(⟦1⟧∨ ε)[a]<∼ε−2s+δ(ℓ+2).
□
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Remark 25. Using more precisely the induction procedure we have actually the more general
estimate

sup
a:L(a)�ℓ̄ ,

n(a)�2N +ℓ̄ −L(a)
[[[[[[[[[[[supσ�μ

⟦σ⟧−[a] ‖ℱσ
a‖μ ,σ]]]]]]]]]]]

1/n(a)
�C (1+M0)2

ℓ̄.

4.6 Control of derivatives
In the forthcoming analysis, in particular in the Kolmogorov-type argument of Section 4.7, we
shall also be interested in cumulants of kernels derived with respect to the parameter σ , namely
cumulants of the form κn(a)(∂σ

p1Fσ
𝔞1, . . . , ∂σ

pn(a)Fσ
𝔞n(a)) where pi ∈ {0, 1} for any i ∈ {1, . . . ,n(a)}, as we

shall only be interested in up to first order derivatives.
To this end we shall slightly modify the index encoding the information about cumulants.

We let Nℓ ,p :=N +(ℓ̄ − ℓ ) + (N −p) and introduce extended cumulants (ℱ ã)ã∈Ã with

ã ∈ Ã := {(𝔞1,p1, . . . ,𝔞n,pn):𝔞k ∈𝔄,pk∈ {0,1},n�NL(a),|p(a)|, |p(ã)|�N ,L(ã)� ℓ̄ },

defined by
ℱσ

ã :=κn(ã)(∂σ
p1Fσ

𝔞1, . . . , ∂σ
pn(a)Fσ

𝔞n(a)), [ã] :=[a]− |p(a)|,

where a=(𝔞1, . . . ,𝔞n)∈A, p(a)= (p1, . . . ,pn(a)) is a multi-index with pi∈{0, 1} for any i ∈ {1, . . . ,n(a)}
and where |p(a)| :=∑i=1

n(a) pi. We observe that |p(a)| � n(a) ∧N and that for |p(a)| = 0, we have
ℱσ

ã=ℱσ
a and [ã]=[a]. We recall that N is a fixed number which will be chosen later on.

Lemma 26. Under the conditions of Lemma 24 we have

‖ℱ A‖� ‖ℱ Ã‖ := sup
ã∈Ã [[[[[[[ supσ�μ

⟦σ⟧−[ã] ‖ℱσ
ã‖μ ,σ]]]]]]]

1/n(ã)<∼(1+‖ℱ A‖)N <∞. (73)

Proof. We shall proceed as in Section 4.5 by an induction that now will be over L(a) + |p(a)| ∈
{0, . . . , ℓ̄ +N } . For ℓ =0, . . . , ℓ̄ and p =0, . . . ,N let

Mℓ ,p := sup
ã∈Ãℓ ,p

[[[[[[[supσ�μ
⟦σ⟧−[ã] ‖ℱσ

ã‖μ ,σ]]]]]]]
1/n(ã)

, Mk := sup
ℓ ,p:ℓ+p�k
p�N ,ℓ�ℓ̄

Mℓ ,p,

where Ãℓ ,p := {ã ∈ Ã : L(ã) = ℓ , |p(ã)| = p, n(ã) �Nℓ ,p}. As before we have M0=M0,0 <∞. For the
induction step assume that Mk is finite and let us prove that Mk+1 is also finite, that is we need
to bound both M�ℓ+1,�p and M�ℓ ,�p+1 for ℓ +p =k.

Assume that ℱσ
ã is a cumulant with |p(ã)| = p +1 and L(ã)� ℓ . Using the (differential) flow

equation for one of the kernels ∂σ
piFσ

𝔞i with pi=1 for some i ∈{1, . . . ,n(ã)} we have

ℱσ
ã=∑

b̃

𝒜̃b
a,(i)(Ġσ,ℱσ

b̃)+∑
b̃ ,c̃

ℬ̃b ,c
a,(i)(Ġσ,ℱσ

b̃,ℱσ
c̃), (74)

where on the r.h.s. the indexes a,b,c without tildas are obtained from ã, b̃, c̃ ignoring the addi-
tional information on the derivatives. As a consequence, the contributions on the r.h.s. of (74)
come only form cumulants ℱ d̃ with one derivative less, with cumulant order increased by one
and with perturbative order decreased by one, i.e. we have |p(d̃)| = p, L(d̃) � ℓ − 1 and n(d̃) �
n(ã)+1=Nℓ ,p+1+1=Nℓ ,p�Nℓ−1,p. By Lemma 47 and Lemma 48 these contributions are estimated
by

sup
σ�μ

⟦σ⟧−[ã] ‖𝒜̃b
a,(i)(Ġσ,ℱσ

b̃)‖μ ,σ �K sup
σ�μ

⟦σ⟧−[b̃] ‖ℱσ
b̃‖μ ,σ �KM

�ℓ−1,�p
n(ã) ,
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and

sup
σ�μ

⟦σ⟧−[ã] ‖ℬ̃b ,c
a,(i)(Ġσ,ℱσ

b̃,ℱσ
c̃)‖μ ,σ �K sup

σ�μ
⟦σ⟧−[b̃] ‖ℱσ

b̃‖μ ,σ⟦σ⟧−[c̃] ‖ℱσ
c̃‖μ ,σ �KM

�ℓ−1,�p
n(b̃) M

�ℓ−1,�p
n(c̃ ) .

If ℱσ
ã is a cumulant with |p(ã)| = p and L(ã) � ℓ + 1, instead, we look for i ∈ {1, . . . , n(ã)} such

that pi = 1. If there is at least one derivative we proceed as before to bring down by one the
value of L(ã) and of |p(ã)| and in this case on the r.h.s. we have only cumulants ℱ d̃ such that
n(d̃)�n(ã) + 1 =Nℓ+1,p +1=Nℓ ,p. If there are no derivatives of kernels, then we can argue as in
the previous section via the integrated flow equation involving also cumulants ℱ d̃ such that
n(d̃)�n(ã) +1=Nℓ ,p . Therefore we can still obtain that

sup
σ�μ

⟦σ⟧−[ã] ‖ℱσ
ã‖μ ,σ �K (1+M�ℓ ,�p)2.

Overall, we proved then that Mk+1�K (1 +Mk)2 for all k ∈ {0, . . . , ℓ̄ +N }. Iterating this relation
down from k = ℓ̄ +N to k =0 we conclude

‖ℱ Ã‖= sup
ã∈Ã [[[[[[[supσ�μ

⟦σ⟧−[ã] ‖ℱσ
ã‖μ ,σ]]]]]]]

1/n(ã)
=Mℓ̄ +N <∼(1+M0)2

ℓ̄+N <∞.

Note that in particular we have ‖ℱ A‖� ‖ℱ Ã‖ <∞. □

4.7 Conclusion of the cumulant analysis
The proof of Theorem 13 is obtained by combining Lemma 26 together with the following lemma
which shows how to go from estimates on ℱ to those on F . Recall that the weight w we intro-
duced in Equation (50) is of the form w(z) =⟨z⟩−κw for z ∈Λ and some κw >0.

Lemma 27. Let the parameter α introduced in Equation ( 49) be given by

α =3β +κ2,
for some κ2>0 and assume that

γ > d +2s6 . (75)

Then for κw and κ2 small enough there exists N large enough such that

{𝔼[‖F𝔄‖N ]}1/N <∼ (1+‖ℱ Ã‖). (76)

The rest of this section is devoted to its proof. Recall the definition of ‖F𝔄‖ in Eq. (52). The
term F [0],(0) by construction is the noise ξ (ε) and there exists a random constant Ξε uniformly
bounded in all the Lp(ℙ) spaces such that

‖JσF [0],(0)‖L∞<∼Ξε ⟦σ⟧−
d+2s
2 −κ3,

for an arbitrary small κ3>0, therefore its contribution to the norm ‖F𝔄‖ in Eq. (52) satisfies the
bound (76) provided Eq. (75) holds. We can then focus on the estimation of the other kernels.
Moreover, since the sets 𝔄 is finite (cfr. (48)) it is enough to prove

sup
𝔞∈𝔄 {{{{{{{{{{{{{{{{{{𝔼[[[[[[[[[ supμ�σ

sup
ν |μ�ν�σ

(⟦σ⟧−[𝔞] ‖w (J̃ν𝔞Fσ𝔞)eTν̄(𝔞)‖)N]]]]]]]]]}}}}}}}}}}}}}}}}}}<∼‖ℱ Ã‖. (77)

For notational simplicity we shall denote with Y =(y1,...,yk(𝔞))∈Λk(𝔞) the set of input variables
of F 𝔞. We require N to be large enough so that

κw >(d +2s)/N . (78)
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For N even, we have

𝔼 ‖w (J̃ν𝔞Fσ𝔞)eTν̄(𝔞)‖N = 𝔼[[[[[[[[[supz∈Λ
w(z)∫

Λk(𝔞)
|(J̃ν𝔞Fσ𝔞)|(z;Y )e Tν̄(z,Y )dY ]]]]]]]]]

= 𝔼[[[[[[[[[supz∈Λ
w(z)∫

Λk(𝔞)|∫Λ ǰν ,ℓ (𝔞)+1(z −z ʹ) (J̃ν𝔞F 𝔞)(z ʹ;Y )dz ʹ| eTν̄(z,Y )dY ]]]]]]]]]
N

<∼ 𝔼[[[[[[[[[supz∈Λ
w(z)∫Λ| ǰν ,ℓ (𝔞)+1(z −z ʹ)| e τν̄(z,zʹ)(∫Λk(𝔞)|(J̃ν𝔞F 𝔞)(z ʹ;Y )| eTν̄(z,Y )dY )dz ʹ]]]]]]]]]

N

<∼ 𝔼[[[[[[[[[supz ∫(((((| ǰν ,ℓ (𝔞)+1(z −z ʹ)| eτν̄(z,z
ʹ) w(z)
w(z ʹ))))))×

×(w(z ʹ)∫|(J̃ν𝔞F 𝔞)(z ʹ;Y )| eTν̄(zʹ,Y )dY )dz ʹ]]]]]]]]]
N
,

where in the second inequality we exploited the second identity in Equation (19) while in the
first inequality we used eTν̄(z,Y )�eTν̄(zʹ,Y ) eτν̄(z,zʹ). Observing now that w(z)w−1(z ʹ)<∼w −1(z−z ʹ) and
by exploiting the Young inequality for convolutions we get, with p =N /(N −1),

𝔼 ‖w (J̃ν𝔞Fσ𝔞)e Tν̄(𝔞)‖N <∼ [[[[[∫Λ(| ǰν ,ℓ (𝔞)+1(z −z ʹ)| eTν(z−zʹ)w −1(z −z ʹ))pdzʹ]]]]]N /p
×

×𝔼[[[[[∫Λ(w(z)∫Λk(𝔞)
|(J̃ν𝔞F 𝔞)(z;Y )| eTν̄(z,Y )dY )Ndz]]]]]

<∼ ⟦ν⟧−(d+2s)∫Λ∫(Λk(𝔞))NwN (z)𝔼∏
k=1

N

|(J̃ν𝔞F 𝔞)(z;Yk)| eTν̄(z,Yk)dY1⋅ ⋅ ⋅dYNdz

<∼ ⟦ν⟧−(d+2s)(∫ΛwN (z)dz) ‖𝔼[(J̃ν𝔞Fσ𝔞 e Tν̄(𝔞))⊗N ]‖(L∞)N ,
where in the last expression the L1 norms on the input variables are implicit and where
∫ΛwN (z)dz <∞ thanks to condition (78). Using the relation between expectation and cumu-
lants and its homogeneity we can bound this by

𝔼‖w (J̃ν𝔞Fσ𝔞) e Tν̄(𝔞)‖N <∼N ⟦ν⟧−(d+2s) sup
m�N

{‖(J̃νaℱσ
a) (e Tν̄(𝔞))⊗m‖(L∞)m}N /m,

with a=m𝔞 := (𝔞, . . . ,𝔞) (m times). By Bernstein inequality we can bound the (L∞)m norm in the
r.h.s. by the L∞(L1)m−1 norm, where we mean that the first output variable is estimated in L∞ and
the others in L1. Since all the variables involved are associated to smoothing operators J̃ν with
ν ∈[μ,σ] we have an overall loss of a factor ⟦ν⟧−(d+2s) for each variable. Still leaving implicit the
L1 norms on the input variables we can then write

sup
ν |μ�ν�σ

𝔼‖w (J̃ν𝔞Fσ𝔞) e Tν̄(𝔞)‖N <∼N sup
m�N {{{{{{{{{{{{{{{{{{{{{{{{{{{{{{⟦ν⟧

−(d+2s)(m/N +m−1) sup
ν |μ�ν�σ

‖(J̃νaℱσ
a) (eTν̄(𝔞))⊗m‖L∞(L1)m−1}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}

N /m

<∼ sup
m�N {{{{{{{{{{{{{{{{{{{{{{{{{{{{{{⟦ν⟧

−(d+2s)(m/N +m−1) sup
ν |μ�ν�σ

‖(J̃νaℱσ
a) eTν̄(a)‖L∞(L1)m−1}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}

N /m

= sup
m�N

{⟦σ⟧−(d+2s)(m/N +m−1) ‖ℱσ
a‖μ ,σ}N /m

,

(79)

where in the second inequality we used (e Tν̄(𝔞))⊗m <∼e Tν̄(a) which holds true by construction, cf.
Equations (51) and (56) and in the last that ⟦ν⟧�⟦σ⟧. This analysis allows us to deduce that, for
a =m𝔞,

sup
μ�σ

sup
ν |μ�ν�σ

𝔼[(⟦σ⟧−[𝔞] ‖w (J̃ν𝔞Fσ𝔞) eTν̄(𝔞)‖)N]<∼‖ℱ A‖N sup
μ�σ

sup
1�m�N

{⟦σ⟧[m𝔞]−(d+2s)(m/N +m−1)−m[𝔞]}N /m
, (80)
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where on the r.h.s. we used that, due to Lemma 24, for σ �μ, it holds that ‖ℱσ
m𝔞‖μ ,σ� ‖ℱ A‖m⟦σ⟧[m𝔞].

We will see below that a good choice of parameter renders the constant in the r.h.s. finite.
Eq. (80) is still not good enough since we need to control the random variable on the r.h.s.

of Eq. (77) where supμ�σ supν |μ�ν�σ are inside the expectation. In order to achieve the defin-
itive estimate we use a standard argument (essentially via a Sobolev embedding). This is a bit
tedious but straighforward and it is the reason for the estimates in Section 4.6. Let Hν

𝔞 := J̃ν𝔞F 𝔞

and observe that, for σ �max {ν},

Hν
𝔞=H(σ)

𝔞 −∫
ν0

σ
. . .∫

νk(𝔞)

σ
(∂ν ʹHν ʹ

𝔞)dv ʹ,

where for notational simplicity we denote, recalling that ν is a multi-index, ∂ν ʹ := ∂ν0́⊗ . . . ⊗ ∂νk(𝔞)ʹ
and dv ʹ =dv0́. . .dvk(𝔞)ʹ . We also underline that in the above equation, in H(σ)

𝔞 = J̃σ𝔞F 𝔞 all the scales
are at σ , this is specified by the bracket in the notation H(σ)

𝔞 . We thus observe that, by triangular
inequality,

‖wHν
𝔞 eTν̄(𝔞)‖ � ‖wHσ

𝔞 eTν̄(𝔞)‖ +∫
ν0

σ
. . .∫

νk(𝔞)

σ
‖w (∂ν ʹHν ʹ

𝔞)eTν̄(𝔞)‖dv ʹ

� ‖wHσ
𝔞 eTσ(𝔞)‖+∫

ν0

σ
. . .∫

νk(𝔞)

σ
‖w (∂ν ʹHν ʹ

𝔞) eTν̄ ʹ(𝔞)‖dv ʹ,

where in the second inequality we used eTν̄(𝔞)� eTσ(𝔞) as well as eTν̄(𝔞)� eTν̄ ʹ(𝔞). As a consequence,
by taking κ ʹ > 0 small and using Jensen's inequality,

𝔼[[[[[[[ sup
ν |μ�ν�σ

‖wHν
𝔞 eTν̄(𝔞)‖N]]]]]]] <∼ 𝔼‖wHσ

𝔞 eTσ(𝔞)‖N +∫
[μ ,σ]1+k(𝔞)

𝔼[⟦ν ʹ⟧1−κ ʹ ‖w(∂ν ʹHν ʹ
𝔞)eTν̄ ʹ(𝔞)‖]N dv ʹ

⟦ν ʹ⟧1−κ ʹ
,

where again, with a slight abuse of notation, we denote ⟦ν ʹ⟧1−κ ʹ :=∏i=0
k(𝔞)⟦νí⟧1−κ ʹ. It follows that

𝔼‖F 𝔞‖μ ,σN = 𝔼[[[[[[[ sup
ν |μ�ν�σ

‖wHν
𝔞 eTν̄(𝔞)‖N]]]]]]]

<∼ 𝔼‖wHσ
𝔞 eTσ(𝔞)‖N + sup

ν |μ�ν�σ
𝔼[⟦ν⟧1−κ ʹ ‖w (∂νHν

𝔞)eTν̄(𝔞)‖]N

<∼ ‖ℱ A‖N sup
μ�σ

sup
1�m�n

{⟦σ⟧[m𝔞]−(d+2s)(m/N +m−1)−m[𝔞]−m(k(𝔞)+1)κ ʹ}N /m
,

(81)

where in the last inequality we exploited Equation (80), together with

‖w (∂νHν
𝔞)eTν̄(𝔞)‖<∼⟦ν⟧−(k(𝔞)+1)‖wHν

𝔞 eTν̄(𝔞)‖,

and with the argument we used to get Equation (79) and (80).
The argument to handle the supremum over σ �μ is quite similar, to this end we let

Hσ
𝔞 := ⟦σ⟧−[𝔞]Fσ𝔞,

and observe that Hσ
𝔞=Hμ0

𝔞 +∫μ0
σ (∂σ ʹHσ ʹ

𝔞 )dσ ʹ, for some fixed scale μ0, so by triangular inequality,
taking κ ʹʹ > 0 small and using Jensen's inequality,

𝔼[[[[[[[supσ�μ
‖Hσ

𝔞‖μ ,σN ]]]]]]]<∼n𝔼[‖Hμ0
𝔞 ‖μ ,σN ]+∫μ0

1
𝔼[‖⟦σ ʹ⟧1−κ ʹʹ (∂σ ʹHσ ʹ

𝔞 )‖μ ,σN ] dσ ʹ
⟦σ⟧1−κ ʹʹ

,

so, as above

𝔼[[[[[[[supσ�μ
‖Hσ

𝔞‖μ ,σN ]]]]]]]<∼supμ 𝔼[‖Hμ0
𝔞 ‖μ ,σN ]+sup

σ�μ
𝔼[[[[[[[‖⟦σ⟧1−κ ʹʹ (∂σHσ

𝔞)‖μ ,σ
N ]]]]]]].

The first terms is bounded by Equation (81) while, to bound the second term, we observe that

∂σHσ
𝔞=∂σ(⟦σ⟧−[𝔞]Fσ𝔞)=−[𝔞] ⟦σ⟧−[𝔞]−1Fσ𝔞+⟦σ⟧−[𝔞]∂σFσ𝔞,
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and thus

sup
σ�μ

𝔼[[[[[[[‖⟦σ⟧1−κ ʹʹ (∂σHσ
𝔞)‖μ ,σ

N ]]]]]]]<∼sup
σ�μ

𝔼[[[[[[[‖⟦σ⟧−[𝔞]−κ ʹʹFσ𝔞‖μ ,σ
N ]]]]]]]+sup

σ�μ
𝔼[[[[[[[‖⟦σ⟧−[𝔞]+1−κ ʹʹ (∂σFσ𝔞)‖μ ,σ

N ]]]]]]].
For the first term we can use the above estimates, in particular Equation (81), to conclude that

sup
σ�μ

𝔼[[[[[[[‖⟦σ⟧−[𝔞]−κ ʹʹFσ𝔞‖μ ,σ
N ]]]]]]] <∼ ‖ℱ A‖N sup

σ�μ
sup
m�n
{⟦σ⟧[m𝔞]−(d+2s)(m/N +m−1)−m[𝔞]−m(k(𝔞)+1)κ ʹ−mκ ʹʹ}N /m

<∼ ‖ℱ A‖N sup
σ�μ

⟦σ⟧N (α−3β−m(k(𝔞)+1)κ ʹ−mκ ʹʹ)−ρ,

where in the second inequality we exploited ρ = d +2s, θ − ρ =−3β and the definition of [m𝔞],
cf. Equation (54).

For what concerns the term with ∂σFσ𝔞, we can repeat the argument we used to derive Equa-
tions (79) and (80) with the only difference that in this case we refer to the analysis discussed in
Section (4.6), in particular Equation (73), yielding

sup
σ�μ

𝔼[[[[[[[‖⟦σ⟧−[𝔞]+1−κ ʹ(∂σFσ𝔞)‖μ ,σ
N ]]]]]]] <∼ ‖ℱ Ã‖Nsup

σ�μ
sup
m�n
{⟦σ⟧[m𝔞]−m−(d+2s)(m/N +m−1)−m[𝔞]−m(k(𝔞)+1)κ ʹ−mκ ʹʹ}N /m

<∼ ‖ℱ Ã‖N sup
σ�μ

⟦σ⟧N (α−3β−(k(𝔞)+1)κ ʹ−κ ʹʹ)−ρ,

where again we exploited ρ =d +2s, θ − ρ =−3β and the definition of [m𝔞]. On account of the
result of Section 4.6 and ‖ℱ A‖� ‖ℱ Ã‖, we have that

sup
σ�μ

𝔼[[[[[[[‖⟦σ⟧1−κ ʹ (∂σHσ
𝔞)‖μ ,σ

N ]]]]]]]<∼‖ℱ Ã‖N sup
σ�μ

⟦σ⟧N (α−3β−m(k(𝔞)+1)κ ʹ−mκ ʹʹ)−ρ,

and we observe that in order to conclude that 𝔼[supσ�μ ‖Hσ
𝔞‖μ ,σN ] is finite, we need the right hand

side above to be finite, namely

α �3β +(k(𝔞)+1)κ ʹ +κ ʹʹ + d +2s
N .

We are not in position to choose all the parameters. For any small κw>0 and κ2>0 we can choose
κ ʹ,κ ʹʹ >0 small enough and N large enough so that

α =3β +κ2, κ2>(K +1)κ ʹ +κ ʹʹ + d +2s
N , (82)

and this concludes the proof of Lemma 27.
In particular, as we will see in Section 4.8, we shall choose κw and κ2 small so that

δ >κw +κ2, (83)

and this condition provides the rationale to choose the maximum order N of the cumulants we
consider in the flow equation analysis.

4.8 Post-processing
The aim of this section is to prove the estimates in Equation (27) starting from the analysis of the
flow equation we performed so far in Section 4. These estimates will be established in Lemma 28
and in Lemma 31. To begin with, we extract the coercive term from the effective force by letting

Qσ(ψ ) := JσFσ(ψσ)− (−λψσ3),
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for a generic field ψ , where ψσ :=Jσψ . Observe that

Qσ(ψ ) = JσFσ(ψσ)− (−λψσ3)
= JσFσ(ψσ)− Jσ(−λψσ3)+ (1− Jσ)(λψσ3)
= ∑

𝔞|ℓ (𝔞)>0
JσFσ

[ℓ (𝔞)](ψσ)+ JσF [0],(1)ψσ +JσF [0],(0)+(1− Jσ)(λψσ3)

:= JσFσ
[>0](ψσ) +JσF [0],(1)ψσ + JσF [0],(0)+(1−Jσ)(λψσ3),

(84)

where we recall that F [0],1(ψ ) = rψ and F [0],0= ξ (ε) and where in the last equality we introduced
the notation JσFσ

[>0](ψσ) :=∑𝔞|ℓ (𝔞)>0JσFσ
[ℓ (𝔞)](ψσ).

In the forthcoming analysis we shall explicitly use the value of γ . In particular we fix γ >0
so that

β − δ −κ2−κw3 <γ �β , (85)

where κw >0 is the polynomial decay of the weight w , see Equation (50) and Section 4.7. These
constraints are imposed, in particular, by the computations in Lemma 29 below and are neces-
sary to prove that the irrelevant terms generated by the flow equation give sub-dominant contri-
butions wrt. the coercive cubic term. Recall also that we have an additional constraint on γ
resulting from the regularity of the white-noise ξ , cfr. (75), namely

γ > d +2s6 .

We observe that the conditions in (85) are compatible provided we choose κw and κ2 small so
that δ >κw +κ2, while β � γ together with Eq. (75) implies an upper bound on δ , so overall we
have

κw +κ2<δ <δ∗=
4s−d
3 . (86)

In the rest of the section we assume that these conditions holds.

Lemma 28. For σ � μ̄ ∨ μi, it holds that

‖χi3Qσ(ψ )‖L∞ � ⟦σ⟧−3γ +ζ [‖F𝔄‖ (1+⫴ψ⫴)M +(1+⫴ψ⫴)2⫴ℒψ⫴#],

for some non-random constants M , ζ >0. In particular

⫴Q(ψ )⫴#<∼⟦μ̄⟧ζ ‖F𝔄‖ (1+⫴ψ⫴)M +(1+⫴ψ⫴)2⫴ℒψ⫴#,

where recall the norm ⫴Q(ψ )⫴# defined in Equation ( 25).

Proof. This is a direct consequence of the triangular inequality applied to Equation (84) together
with the results of Lemma 29, 30 below and of Lemma 42 in Appendix A. □

We start by a localised version of JσFσ
[>0].

Lemma 29. For σ � μ̄ ∨ μi, it holds that,

‖χi3JσFσ
[>0](𝒥ψσ)‖L∞<∼⟦σ⟧

−3γ +ζ ‖F𝔄‖ (1+⫴ψ⫴)M ,

for some non-random constants M >0 and ζ :=3γ −α +δ −κw >0.

Proof. First of all we recall that

χi3 JσFσ
[>0](𝒥ψσ)= ∑

𝔞|ℓ (𝔞)>0
χi3JσFσ𝔞(𝒥ψσ).
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For the moment being we shall only consider one specific term χi3 JσFσ𝔞(𝒥ψσ) for 𝔞 such that
ℓ (𝔞) >0, coming back to the sum at the end of the proof. It holds that,

‖χi3 JσFσ𝔞(𝒥ψσ)‖L∞ = ‖‖‖‖‖‖χi3JσFσ𝔞⊗m=1

k(𝔞)
(𝒥ψσ<+𝒥ψσ�)Am(𝔞)‖‖‖‖‖‖L∞

<∼ ∑
k1+k2=k(𝔞)

⟦σ⟧−|A(𝔞)| ‖w (J̃σ𝔞Fσ𝔞)e
Tν̄(𝔞)‖ ‖χi3w −1e−Tν̄(𝔞)(ρ−1)⊗k1⊗1⊗k2‖L∞×

×‖ρ𝒥ψσ<‖L∞k1 ‖𝒥ψσ�‖L∞k2

<∼ ∑
k1+k2=k(𝔞)

⟦σ⟧−|A(𝔞)| sup
ν |μi∨μ̄�ν�σ

‖w (J̃ν𝔞Fσ𝔞)e
Tν̄(𝔞)‖×

× ‖χi3w−1 e−Tν̄(𝔞) (ρ−1)⊗k1⊗1⊗k2‖L∞‖ρ𝒥ψσ<‖L∞k1 ‖𝒥ψσ�‖L∞k2 ,

where in the first inequality we used Equation (19) while in the second one we exploited
Remark 5. We now observe that

‖ρ𝒥ψσ<‖L∞k1 ‖𝒥ψσ�‖L∞k2 <∼⟦σ⟧
−γk2⫴ψ⫴k(𝔞),

as well as
‖χi3w−1 e−Tσ(𝔞) (ρ−1)⊗k1⊗1⊗k2‖L∞<∼⟦μi⟧

−γk1−κw,

and, on account of the above analysis of the flow equation,

sup
ν |μi∨μ̄�ν�σ

‖w (J̃ν𝔞Fσ𝔞) eTν̄(𝔞)‖ <∼⟦σ⟧
−α+βk(𝔞)+δℓ (𝔞)+|A(𝔞)| ‖F 𝔞‖μi∨μ̄ ,σ.

As a consequence, it holds that

‖χi3 JσFσ𝔞(𝒥ψσ)‖L∞<∼⟦σ⟧
−α+(β−γ )k(𝔞)+δℓ (𝔞)−κw ‖F 𝔞‖μ ,σ ⫴ψ⫴k(𝔞),

and thus

‖χi3 JσFσ
[>0](ψ )‖L∞ � ∑

𝔞|ℓ (𝔞)>0,k(𝔞)�k̄
‖χi3 JσFσ𝔞(𝒥ψσ)‖L∞

<∼ ∑
𝔞|k(𝔞)�k̄

⟦σ⟧−α+(β−γ )k(𝔞)+δℓ (𝔞)−κw ‖F 𝔞‖μ ,σ ⫴ψ⫴k(𝔞)

<∼ ⟦σ⟧−α+δ−κw ‖F𝔄‖ (1+⫴ψ⫴)k̄,

where we used that β �γ and ℓ (𝔞)�1. Finally we get the sought bound setting

ζ :=3γ −α +δ −κw =3(γ −β)+δ −κw −κ2>0. □

Lemma 30. It holds that

‖χi3Jσ(F [0],(1)ψσ +F [0],(0))‖L∞<∼⟦σ⟧
−3γ +ζ ‖F𝔄‖ (1+⫴ψ⫴),

for some ζ >0.

Proof. We consider separately the two contributions. We recall that, due to the flow equa-
tion (67) F [0],(1) is independent of σ and thus, for some ζ >0,

‖χi3JσF [0],(1)ψσ‖L∞<∼⟦σ⟧−γ ⫴ψ⫴<∼⟦σ⟧−3γ +ζ ⫴ψ⫴.

Moreover, thanks to the definition of ‖F𝔄‖ (cfr. Eq. (52)) it follows directly that

‖JσF [0],(0)‖L∞<∼‖F𝔄‖ ⟦σ⟧−3γ +ζ . □

We now move to the analysis of the terms DFσ and Hσ appearing in Eq. (26). Recall that

Hσ(ψ ) :=∂σFσ(ψ )+DFσ(ψ ) ĠσFσ(ψ ).
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Lemma 31. Fix ℓ̄ large enough so that

π :=δ ℓ̄ −(((((3s+ δ
2 +2(κw +κ2))))))>0. (87)

Then for σ �ν �μi∨ μ̄,
‖ζiJ̃νHσ(ψσ)‖L∞<∼⟦σ⟧π−1 ‖F𝔄‖ (1+⫴ψ⫴)k̄,

‖ζiJ̃ν[DFσ(ϕσ)ĠσRσ(ψ )]‖L∞<∼⟦σ⟧δ−κ2−1 ‖F𝔄‖ (1+⫴ψ⫴)k̄ ‖ζiJ̃σRσ‖L∞.

Note also that δ −κ2>0.

Proof. We observe that on account of the perturbative flow equation, Equation (47), it holds

Hσ(ψσ) :=∑
m=0

ℓ̄

∑
𝔞|ℓ (𝔞)=0

m

DFσ
[ℓ̄ −ℓ (𝔞)](ψσ) ĠσFσ

[m](ψσ).

Then,

‖ζi J̃νHσ(ψσ)‖L∞ = ‖‖‖‖‖‖‖‖‖‖‖‖ζi∑m=0

ℓ̄

∑
𝔞|ℓ (𝔞)=0

m

J̃νDFσ
[ℓ̄ −ℓ (𝔞)](ψσ) ĠσFσ

[m](ψσ)‖‖‖‖‖‖‖‖‖‖‖‖L∞
� ∑

m=0

ℓ̄

∑
𝔞|ℓ (𝔞)=0

m

∑
kʹ=0

k(𝔞)

‖ζi J̃νFσ
[ℓ̄ −ℓ (𝔞)],(k ʹ+1)(𝒥ψσ)⊗k ʹ ĠσFσ

[m],(k(𝔞)−k ʹ)(𝒥ψσ)⊗(k(𝔞)−k ʹ)‖L∞.

Working as in the proof of Lemma 29, it holds that, for σ �ν �μi∨ μ̄,

‖ζi J̃νFσ
[ℓ̄ −ℓ (𝔞)],(k ʹ+1)(𝒥ψσ)⊗k ʹ ĠσFσ

[m],(k(𝔞)−k ʹ)(𝒥ψσ)⊗(k(𝔞)−k ʹ)‖L∞<∼

<∼ ∑
k1+k2=k(𝔞)

‖wJ̃νJ̃σ
⊗(kʹ+1)Fσ

[ℓ̄ −ℓ (𝔞)],(kʹ+1) eTν(k ʹ+1)‖L∞(L1)kʹ+1 ‖Ġσ e
τσ(2)‖ℒ (L∞,L∞)

× ‖wJ̃σJ̃σ
⊗(k(𝔞)−kʹ)Fσ

[m],(k(𝔞)−k ʹ) eTσ(k(𝔞)−kʹ)‖L∞(L1)k(𝔞)−kʹ×
×⫴ψ⫴k(𝔞) ‖ζiw −2e−Tσ(k(𝔞)) (ρ−1)⊗k1⊗1⊗k2‖L∞ ⟦σ⟧−k2γ

<∼ ‖F𝔄‖⫴ψ⫴k(𝔞) ∑
k1+k2=k(𝔞)

⟦σ⟧−α+βk ʹ+β+δ(ℓ̄ −ℓ (𝔞))⟦σ⟧2s−1⟦σ⟧−α+β(k(𝔞)−kʹ)+δm×

×⟦μi⟧−γk1−2κw ⟦σ⟧−k2γ
<∼ ‖F𝔄‖⫴ψ⫴k(𝔞) ∑

k1+k2=k(𝔞)
⟦σ⟧2s−1−2α+βk(𝔞)+β+δ(ℓ̄ −ℓ (𝔞)+m)−k2γ ⟦μi⟧−γk1−2κw

<∼ ‖F𝔄‖⫴ψ⫴k(𝔞)⟦σ⟧2s−1−2α+(β−γ )k(𝔞)+β+δ(ℓ̄ −ℓ (𝔞)+m)−2κw.

As a consequence

‖ζi J̃νHσ(ψσ)‖L∞ <∼ ‖F𝔄‖ (1+⫴ψ⫴)k̄∑
m=0

ℓ̄

∑
𝔞|ℓ (𝔞)=0

m

∑
k ʹ=0

k(𝔞)

⟦σ⟧2s−1−2α+(β−γ )k(𝔞)+β+δ(ℓ̄ −ℓ (𝔞)+m)−2κw

<∼ ‖F𝔄‖ (1+⫴ψ⫴)k̄∑
m=0

ℓ̄

∑
𝔞|ℓ (𝔞)=0

m

∑
k ʹ=0

k(𝔞)

⟦σ⟧−1+(β−γ )k(𝔞)+δ(ℓ̄ −ℓ (𝔞)+m)−2(κw+κ2)−3s−δ/2,

where we used that β −2α +2s=−3s− δ
2 −2κ2. Due to the constraints on ℓ (𝔞) and m,

(β −γ)k(𝔞)+δ (ℓ̄ − ℓ (𝔞)+m)−2(κw +κ2) −3s−δ /2�π >0,

where we exploited Equation (87). As a consequence, we get

‖ζi J̃νSσ(ψσ)‖L∞<∼⟦σ⟧π−1 ‖F𝔄‖ (1+⫴ψ⫴)k̄.
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Moving to the second bound we have, by using Equation (19),

‖ζi J̃νDFσ(ψσ) ĠσRσ‖L∞ � ∑
𝔞|k(𝔞)=0

k̄−1

‖ζi J̃νFσ
(k(𝔞)+1)(𝒥ψσ)⊗k(𝔞) Ġσ J̃σRσ‖L∞.

As before, we have for σ �μi∨ μ̄ ∨ ν,

‖ζi J̃νFσ
(k(𝔞)+1)(𝒥ψσ)⊗k(𝔞) Ġσ J̃σRσ‖L∞ <∼ ∑

k1+k2=k(𝔞)
‖wJ̃νJ̃σ

⊗(k(𝔞)+1)Fσ
(k(𝔞)+1) eTν(k(𝔞)+1)‖L∞(L1)kʹ+1×

× ‖Ġσ e
τσ(2)‖ℒ (L∞,L∞)‖ζiw −1e−Tν(k(𝔞)+1) (ρ−1)⊗k1⊗1⊗k2 ζi−1‖L∞×

× ‖ζiJ̃σRσ‖L∞⟦σ⟧−k2γ ⫴ψ⫴k(𝔞).

We now proceed as above with the only observation that

‖ζiw−1 e−Tν(k(𝔞)+1) (ρ−1)⊗k1⊗1⊗k2ζi−1‖L∞<∼⟦μi⟧
−k1γ −κw,

since the contribution ζi−1 is controlled by the tree weight e−Tν(k(𝔞)+1) thanks to Remark 18. As a
consequence, we get

‖ζi J̃νFσ
(k(𝔞)+1)(𝒥ψσ)⊗k(𝔞) ĠσRσ‖L∞ <∼ ‖F𝔄‖ (1+⫴ψ⫴)k̄ ∑

𝔞|k(𝔞)=0

k̄−1

∑
k1+k2=k(𝔞)

⟦σ⟧−α+β+2s−1+βk(𝔞)−k2γ ×

×⟦μi⟧−k1γ −κw ‖ζi J̃σRσ‖L∞

<∼ ‖F𝔄‖ (1+⫴ψ⫴)k̄ ∑
𝔞|k(𝔞)=0

k̄−1

⟦σ⟧−α+β+2s−1+(β−γ )k(𝔞)−κw ‖ζi J̃σRσ‖L∞.

<∼ ‖F𝔄‖ (1+⫴ψ⫴)k̄ ⟦σ⟧−α+β+2s−1 ‖ζi J̃σRσ‖L∞
<∼ ‖F𝔄‖ (1+⫴ψ⫴)k̄ ⟦σ⟧δ−κw−κ2−1 ‖ζi J̃σRσ‖L∞,

where in the third inequality we used β �γ while in the last we used β −α +2s=δ −κ2>0. □

5 The vector model
In this last section we discuss the modifications to implement in order to extend our results to
the vector model where the field ϕ (ε) takes values in the Euclidean space ℝn with some n >1.
We denote with (ϕ (ε),a)a=1, . . . ,n the components of the field in the canonical basis. The dynamics
reads

ℒεϕ (ε),a+λ |ϕ (ε)|2ϕ (ε),a− rεϕ (ε),a=ξ (ε),a, a=1, . . . ,n, (88)

on Λε and where ξ (ε) is a vector-valued, space-time white noise on Λε such that

𝔼[ξ (ε),a(t ,x)ξ (ε),b(s,y)] =δ (t − s)δa,b1x =y , (t ,x), (s,y)∈Λε,a,b=1, . . . ,n. (89)

The main difference is how to establish appropriate a-priori estimates in this case. The rest of
the analysis does not depend much on the scalar nature of the equation, until the classification
of the relevant cumulants in Section 4.3 and Section 4.4. There one need to use the O(n) sym-
metry of the noise (89) to conclude that also the flow cumulants are symmetric and therefore the
only contribution to the first order kernel is diagonal in vector indexes and can be reabsorbed
in a redefinition of the renormalisation constant rε .

Let us discuss the changes w.r.t. the proof of the scalar a-priori estimates given in The-
orem 11.
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Theorem 32. Consider a classical solution of the vector equation

∂tua+(−Δ)sua+λ |u|2ua= f a, a=1, . . . ,n. (90)
It holds that

‖χiu‖ <∼λ−1/2+λ−1/3 [‖χi3 f ‖ +2γi ‖ρiu‖+2γi ‖D(ρiu)‖]1/3. (91)

Proof. The proof is similar to the one of Theorem 15 and thus we shall not give all the details
and refer to it for the notations. We test Eq. (90) against Φ(|v |2)Φʹ(|v |2)v aχi3 where v :=χiu and
we implicitly sum over the repeated index a=1, . . . ,n,

∫Φ(|v |2)Φʹ(|v |2) (χi3 f ⋅v) =∫Φ(|v |2)Φʹ(|v |2) [χi3v ⋅ ∂tu+χi3va (−Δ)sua+λ (|v |2)2].
We have, by Lemma 33

⟨Φ(|v |2)Φʹ(|v |2)v a,χi3 (−Δ)sua⟩>∼−∫Φ(|v |2)2− ‖v‖ [2γi ‖ρiu‖+2γi ‖D(ρiu)‖]∫Φ(|v |2).
For the time derivative we observe that

∫χi2Φ(|v |2)Φʹ(|v |2)χi3v ⋅ ∂tu= 12 ∫χi2Φ(|v |2)Φʹ(|v |2) [∂t|v |2−(χi∂tχi) |v |2].
Then, leaving implicit the space variable, by the convexity of Φ2 and working as in Equation (44)
we have

1
2 ∫χi2Φ(|v |2)Φʹ(|v |2) ∂t|v |2 � −‖∂tχi‖∫ΛΦL

2(|v |2),

therefore the lower bound

⟨Φ(|v |2)Φʹ(|v |2),χi3v⋅∂tu⟩ � −‖∂tχi‖∫ΛΦL
2(|v |2)− ‖v‖2 ‖∂tχi‖∫ΛΦL(|v |2)

>∼ −∫ΛΦL
2(|v |2) −2γi ‖ρiu‖ ‖v‖∫ΛΦL(|v |2),

holds. If we let f̃ :=χi3 f and

HL := ⟨ΦL(|v |2)ΦĹ(|v |2),λ (|v |2)2− f̃ ⋅v⟩=−⟨ΦL(v)ΦĹ(v),χi3v⋅(∂tu+(−Δ)su)⟩,

we have obtained the uniform bound

HL<∼∫ΛΦL(|v |2)2+ ‖v‖ [2γi ‖ρiu‖+2γi ‖D(ρiu)‖]∫ΛΦL(|v |2). (92)
Now, we have

⟨ΦL(|v |2)ΦĹ(|v |2),λ (|v |2)2⟩ � λL∫ΛΦL
2(|v |2) +λL2∫ΛΦL(|v |2).

We can estimate, via the Cauchy-Schwartz inequality,

⟨ΦL(|v |2)ΦĹ(|v |2), f̃ ⋅v⟩<∼∫Λ| f̃ | |v | ΦL(|v |2)<∼‖ f̃ ‖ ‖v‖∫ΛΦL(|v |2),
this gives

[λL−C]∫ΛΦL
2(|v |2)+ [λL2− ‖v‖ ‖ f̃ ‖ −C ‖v‖ (2γi ‖ρiu‖+2γi ‖D(ρiu)‖)]∫ΛΦL(|v |2)�0,

Taking
L>L∗=max (λ−1C ,λ−1/2 ‖v‖1/2 [‖ f̃ ‖ +C (2γi ‖ρiu‖ +2γi ‖D(ρiu)‖)]1/2),

we deduce that

∫ΛΦL(|v |2)=∫ΛΦL
2(|v |2) =0,
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which in turn implies that |v |2�L a.e. on Λ. We conclude that

‖v‖2� inf
L>L∗

L=L∗<∼λ−1+λ−1/2 ‖v‖1/2 [‖ f̃ ‖+C (2γi ‖ρiu‖ +2γi ‖D(ρiu)‖)]1/2.

This implies that
‖v‖�λ−1/2+λ−1/4 ‖v‖1/4 [‖ f̃ ‖+C (2γi ‖ρiu‖+2γi ‖D(ρiu)‖)]1/4.

By Young inequality we have

λ−1/4 ‖v‖1/4 [‖ f̃ ‖ +C (2γi ‖ρiu‖ +2γi ‖D(ρiu)‖)]1/4�
‖v‖
4 +Cλ−1/3 [‖ f̃ ‖+2γi ‖ρiu‖ +2γi ‖D(ρiu)‖]1/3,

and thus
‖v‖ <∼λ−1/2+λ−1/3 [‖ f̃ ‖ +2

γi ‖ρiu‖+2γi ‖D(ρiu)‖]1/3.
□

For convenience of the reader we provide the detailed argument that replaces Lemma 16
albeit the proof is a small variation on the same theme.

Lemma 33. Let v :=χiu, then we have

⟨Φ(|v |2)Φʹ(|v |2)v a,χi3 (−Δ)sua⟩>∼−∫Φ(|v |2)2− ‖v‖ [2γi ‖ρiu‖+2γi ‖D(ρiu)‖]∫Φ(|v |2).
Proof. First of all, observe that

∂τΦ(|τ v(z ʹ) + (1−τ )v(z)|2)=2Φʹ(|τ v(z ʹ)+ (1− τ )v(z)|2)∑
a

(τ va(z ʹ) + (1−τ )va(z))(v a(z ʹ) −v a(z)),

and

∂τ2Φ(|τ v(z ʹ) + (1−τ )v(z)|2)=4Φʹʹ(|τ v(z ʹ) + (1−τ )v(z)|2)[[[[[[[[[∑a (τ v a(z ʹ) + (1−τ )va(z))(v a(z ʹ)−v a(z))]]]]]]]]]
2

+2Φʹ(|τ v(z ʹ) + (1−τ )v(z)|2)∑
a

(v a(z ʹ)−v a(z))2�0,

so regularising and then taking limits we have

2Φʹ(|v(z)|2)∑
a

v a(z) (v a(z)−v a(z ʹ))�Φ(|v(z)|2) −Φ(|v(z ʹ)|2). (93)

Then we can write, by algebraic manipulations and leaving the sum over a implicit,

A = ⟨Φ(|v |2)Φʹ(|v |2)v a,χi3 (−Δ)sua⟩
= ∫νs(dz dz ʹ)Φ(|v(z)|2)Φʹ(|v(z)|2)v a(z)χi3(z) (ua(z)−ua(z ʹ))
= ∫νs(dz dz ʹ)Φ(|v(z)|2)Φʹ(|v(z)|2)v a(z)χi2(z) (v a(z)−va(z ʹ))
+∫νs(dz dz ʹ)Φ(|v(z)|2)Φʹ(|v(z)|2)v a(z)χi2(z) (χi(z ʹ)−χi(z))ua(z ʹ),

and using the inequality (93) we have

A �
1
2 ∫νs(dz dz ʹ)Φ(|v(z)|2)χi2(z) [Φ(|v(z)|2) −Φ(|v(z ʹ)|2)]
+∫νs(dz dz ʹ)Φ(|v(z)|2)Φʹ(|v(z)|2)v a(z)χi2(z) (χi(z ʹ) −χi(z))ua(z ʹ)

= ∫νs(dz dz ʹ)Φ(|v(z)|2)χi(z)χi(z ʹ) [Φ(|v(z)|2)−Φ(|v(z ʹ)|2)] [ :=(𝕀)]

+∫νs(dz dz ʹ)Φ(|v(z)|2)Φʹ(|v(z)|2)v a(z)χi2(z) (χi(z ʹ) −χi(z))ua(z ʹ) [ :=(𝕀𝕀)]

+∫νs(dz dz ʹ)Φ(|v(z)|2)χi(z) [χi(z)−χi(z ʹ)] [Φ(|v(z)|2)−Φ(|v(z ʹ)|2)] [ :=(𝕀𝕀𝕀)]
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Symmetrising the integral (𝕀) w.r.t the exchange z↔z ʹ we have

(𝕀)� 14 ∫νs(dz dz ʹ)χi(z)χi(z ʹ) [Φ(|v(z)|2) −Φ(|v(z ʹ)|2)]2>0,
while, again via the same algebraic manipulations as in the scalar case we have

(𝕀𝕀) = ∫νs(dz dz ʹ)Φ(|v(z)|2)Φʹ(|v(z)|2) |v(z)|2χi(z) (χi(z ʹ)−χi(z)) [ :=(𝕀𝕀1)]

+∫νs(dz dz ʹ)Φ(|v(z)|2)Φʹ(|v(z)|2)v a(z)χi2(z)(χi(z ʹ) −χi(z))(ρi−1(z ʹ)−ρi−1(z))(ρiua)(z ʹ) [ :=(𝕀𝕀2)]

+∫νs(dz dz ʹ)Φ(|v(z)|2)Φʹ(|v(z)|2)v a(z)χi2(z)ρi−1(z)(χi(z ʹ) −χi(z))[(ρiua)(z ʹ)− (ρiua)(z)] [=(𝕀𝕀3)]

and

(𝕀𝕀1)+ (𝕀𝕀2)>∼−2
2γi ‖ρiu‖ ‖v‖∫dzΦ(|v(z)|2),

(𝕀𝕀3) >∼−22γi ‖D(ρiu)‖ ‖v‖∫dzΦ(|v(z)|2),
and finally, again with computation analogous to the scalar case, we have

(𝕀𝕀𝕀)>∼−[ 12α + α
2]∫Φ(|v(z)|2)2dz − α

2 ∫νs(dz dz ʹ)χi(z)χi(z ʹ) [Φ(|v(z)|2)−Φ(|v(z ʹ)|2)]2,
from which we conclude the claim. □

Appendix A Auxiliary estimates

We collect in this appendix various technical estimates of general character.

Lemma 34. Let Ġσ(z) be the kernel of Ġσ. There exist constants C1,C2∈ℝ independent of σ and ε
such that for any z ∈Λε

|∂AĠσ(z)|�C1 (ε⟦σ⟧−1∨1)−d⟦σ⟧−d−1−|A| e−C2(⟦σ⟧
−1|z|s)ω, (94)

where ω :=1/r <1, with r >1 the Gevrey regularity of the function j, cf. Definition 3. Moreover

| j̇̌σ ,1(z1) − j̇̌σ ,1(z1+h)| <∼(2σ⟦σ⟧−1)d+2s+1((2σ⟦σ⟧−1|h|) ∧1) e−C2(⟦σ⟧
−1|z|s)ω, (95)

where j̇̌σ ,1 is the kernel of J̃̇σ ,1.

Proof. First of all we observe that the symbol of J̇σ is

∂σjσ(|k0|1/2s+qε(k)) =−
1
σ 2 (|k0|

1/2s+qε(k)) j ʹ(σ −1⟦σ⟧ (|k0|1/2s+qε(k))),

where j ʹ denotes the derivative of the function j . Thus we have

Ġσ(t ,x) =−∫Λε
∗

|k0́|1/2s+qε(k ʹ)
ik0́+m2+qε2s(k ʹ)

1
σ 2 j ʹ(σ

−1⟦σ⟧ (|k0́|1/2s+qε(k ʹ)))e i(kʹx +k0́t)dk0́dk ʹ. (96)
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We start by considering the regime ⟦σ⟧ >∼ ε . Let εσ := εσ⟦σ⟧−1 and mσ
2 :=m2 (σ −1⟦σ⟧)2s. By the

change of variables k =σ −1⟦σ⟧k ʹ and k0=(σ −1⟦σ⟧)2sk0́, we get,

Ġσ(t ,x) =−
(σ⟦σ⟧−1)d+1

σ 2 ∫Λεσ
∗

|k0|1/2s+qεσ(k)
i k0+mσ

2+qεσ
2s(k)

×

× j ʹ((|k0|1/2s+qεσ(k)))e i(σ⟦σ⟧
−1kx+(σ⟦σ⟧−1)2sk0t)dk0dk,

where we used the fact that σ −1⟦σ⟧ qε(k) = qεσ(σ −1⟦σ⟧ k). This gives, for α̃ ∈ℕd , α0 ∈ℕ and
denoting α =(α0, α̃) ∈ℕ1+d ,

(σ⟦σ⟧−1x)α̃ ((σ⟦σ⟧−1)2s t)α0 Ġσ(t ,x) = (−1)1+|α | (σ ⟦σ⟧
−1)d+1

σ 2 ∫Λεσ
∗
e i(σ⟦σ⟧

−1kx+(σ⟦σ⟧−1)2sk0t)×

×∂k0
α0∂kα̃((((((((((( |k0|1/2s+qεσ(k)

i k0+mσ
2+qεσ

2s(k)
j ʹ((|k0|1/2s+qεσ(k))))))))))))))dk0dk.

We observe that |k0|1/2s+qεσ(k)
i k0+mσ

2+qεσ
2s(k)

and |k0|1/2s+ qεσ(k) are analytic on the support of j ʹ. Since j ʹ is a

function in a Gevrey class of regularity r >1, recalling that the composition of a Gevrey function
of regularity r > 1 with an analytic one is Gevrey of regularity r , cf. Prop. 1.4.6. [Rod93], we
conclude that

|||||||||∂k0α0∂kα̃((((((((((( |k0|1/2s+qεσ(k)
i k0+mσ

2+qεσ
2s(k)

j ʹ((|k0|1/2s+qεσ(k))))))))))))))|||||||||�2|α |C |α | |α ||α |r .

We observe that the bound is uniform with respect to σ sincemσ
2=m2 (σ −1⟦σ⟧)2s is a decreasing

function of σ and the origin is outside the support of j ʹ. For what concerns the uniformity of
the above constants with respect to ε , we observe that this is due to the fact that qε(k) is well
defined for any ε �0 while its derivatives with respect to k are not singular with respect to ε .
This implies that for any α (the constants C ,C1,C2 in the following formulas may change from
one equation to the next and are independent of σ , ε and α)

sup
(t ,x )∈Λε

|(σ⟦σ⟧−1x)α̃ ((σ⟦σ⟧−1)2s t)α0 Ġσ(t ,x)|�C1
(σ⟦σ⟧−1)d+1

σ 2 C |α | |α ||α |r .

This gives, for any (t ,x)∈Λε and n= |α |,

|Ġσ(t ,x)| � (1+ (σ⟦σ⟧−1 |x |)2+((σ⟦σ⟧−1)2s |t |)2)−n/2 (σ ⟦σ⟧
−1)d+1

σ 2 C1Cnnnr

= (σ⟦σ⟧−1)d+1
σ 2 C1u−nnnr =

(σ⟦σ⟧−1)d+1
σ 2 C1 enr ln(nu

−1/r ),

where we introduced u :=C−1 (1+(σ⟦σ⟧−1 |x |)2+((σ⟦σ⟧−1)2s |t |)2)1/2. Settingω=1/r and n=[[uωe−1]],
we get

|Ġσ(t ,x)| � C1⟦σ⟧−d−1 e−C2(1+(⟦σ⟧
−2st)2+|⟦σ⟧−1x |2)ω/2

� C1⟦σ⟧−d−1 e−C2⟦σ⟧
−ω(|t |1/s+|x |2)ω/2

� C1⟦σ⟧−d−1 e−C2(⟦σ⟧
−1|z|s)ω,

where we concluded using that (|t |1/s+ |x |2)1/2�2−1/2 |z|s for z =(t ,x), with |z|s= |t |1/2s+ |x |. Let us
now consider the spatial discrete derivative

∇εiĠσ(z) =
1
ε [Ġσ(z + εei)− Ġσ(z)]

= −∫Λε
∗

|k0|1/2s+qε(k)
ik0+m2+qε2s(k)

1
σ 2 j ʹ(σ

−1⟦σ⟧ (|k0|1/2s+qε(k)))e i(kx+k0t)
(e iεk⋅ei−1)

ε dk0dk.
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As before we can rescale the integral and observe that

|||||||||||∂k0α0∂kα̃((((((((((( |k0|1/2s+qεσ(k)
i k0+mμ

2+qεσ
2s(k)

j ʹ((|k0|1/2s+qεσ(k)))
(e iεσ⟦σ⟧−1k⋅ei−1)

ε )))))))))))|||||||||||

�σ⟦σ⟧−1∫0
1
dh |||||||||∂k0α0∂kα̃((((((((((( |k0|1/2s+qεσ(k)

i k0+mσ
2+qεσ

2s(k)
j ʹ((|k0|1/2s+qεσ(k))) (k ⋅ ei)e iεσhk⋅ei)))))))))))|||||||||

�σ⟦σ⟧−12|α |C |α | |α ||α |r ,
to conclude that

|∇εiĠσ(z)|�C1 ⟦σ⟧−d−2 e−C2(⟦σ⟧
−1|z|s)ω.

Analogously one can discuss higher order derivatives (and also time derivatives) to get

|∂AĠσ(z)|�C1 ⟦σ⟧−d−1−|A| e−C2(⟦σ⟧
−1|z|s)ω. (97)

Considering the other regime, namely ⟦σ⟧<∼ε . When |z|ε <∼ε we estimate directly |Ġσ(z)| to have

|Ġσ(z)|�∫Λε
∗ ||||||||| |k0́|1/2s+qε(k ʹ)
ik0́+m2+qε2s(k ʹ) |||||||||

1
σ 2 |j ʹ(σ

−1⟦σ⟧(|k0́|1/2s+qε(k ʹ)))|dk0́dk ʹ<∼ε−d⟦σ⟧2s−1⟦σ⟧−2s<∼ε−d⟦σ⟧−1,

and more generally
|∂AĠσ(z)| <∼ε−d⟦σ⟧−1−|A|.

When |z|ε >∼ ε we have, exploiting the general bound (97)

|∂AĠσ(z)|�C1 ⟦σ⟧−d−1−|A| e
− 12C2(⟦σ⟧

−1ε)ωe−
1
2C2(⟦σ⟧

−1|z|s)ω

<∼C1ε−d−|Ax |⟦σ⟧−1−|At |e−
1
2C2(⟦σ⟧

−1|z|s)ω<∼C1ε−d⟦σ⟧−1−|A|e
− 12C2(⟦σ⟧

−1|z|s)ω,

so this estimate holds actually for all z provided the constants C1 andC2 are adjusted accordingly
and this allows to conclude (94). Finally consider

∂σ ǰσ ,1(z1) −∂σ ǰσ ,1(z1+h) = −(2σ⟦σ⟧−1)d+2s+1∫Λεη ʹ
∗
dk0dk

(|k0|1/2s+qεσ(k))
ηʹ2

×

×j ʹ(|k0|1/2s+qεσ(k))(1−e i2σ⟦σ⟧
−1kh)e i(2σ⟦σ⟧−1kx1+(2σ⟦σ⟧−1)2sk0t1).

for which we have

|∂kã∂k0
α0(j ʹ(|k0|1/2s+qεσ(k))(|k0|1/2s+qεσ(k))(1−e i2σ⟦σ⟧

−1kh))|�2|α |C |α | |α ||α |r((2σ⟦σ⟧−1|h|) ∧ 1).

Reasoning as before we deduce also (95). □

Lemma 35. Fix α ∈(2s,4s) and let h be a polynomial space-time weight h(z) :=⟨z⟩−ν such that ν∈(0,
2s) and (Δi

x )i�−1 a Littlewood-Paley decomposition in the space variable alone as per Definition 7.
There exists a universal constant for which for any φ ∈𝒮 ʹ(Λ) we have

‖hΔi
xφ‖ <∼(2+ i) 2(α−2s)i sup

σ
⟦σ⟧α ‖hJσℒφ‖, i �−1.

that is φ ∈C (ℝ;B∞,∞θ ) for any θ <2s−α.

Proof. Let f :=ℒφ ∈𝒮 ʹ(Λ) and assume that supσ ⟦σ⟧α ‖h Jσf ‖ <∞, otherwise we do not have
anything to prove. Choose (σi)i ⊂−(0, 1) such that ⟦σi⟧≈ 2−i and define Qi := (J̃σi,1− J̃σi−1,1), so that
‖hQjf ‖<∼2αj, and

φ(t)=∑
j

(ℒ−1Qjf )(t)=∑
j
∫−∞

t
e−(t−u)(m

2+(−Δε )s)Qjf (u)du.
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Let (Δi
t)i�−1 be a Littlewood–Paley decomposition in the temporal variable constructed out of the

dyadic partition of unity (Δ̂i)i�−1 as per Definition 7, for simplicity however we parametrise Δi
t

according to spatial scales, i.e. when i �0, Δi
t filters an annulus in the Fourier transform of the

time variable of size 22si. Now write

Δi
xφ(t) =∑

j

(ℒ−1Δi
xQjf )(t)=∑

j,ℓ
∫−∞

t
e−(t−u)(m

2+(−Δε )s)Δi
xΔℓ

tQjf (u)du.

Now due to the structures of the various decompositions, Δi
xΔℓ

tQj is different from zero only
when i ≈ j >∼ ℓ or ℓ ≈ j >∼ i since remember that the support Δi

xΔℓ
tQj in the dual space should satisfy

the bounds qε(k) ≈2i, |ω|1/2s≈2ℓ , qε(k) + |ω|1/2s≈2 j. We keep i fixed and only let ℓ , j vary and we
denote 𝕀 and 𝕀𝕀 these two regions.

In the region 𝕀𝕀 where ℓ ≈ j >∼ i we let, omitting for simplicity the space variable,

Ft(u) := [(1+∂u)−2(Δi
xΔℓ

tQjf )](u), Ft(t) =∂uFt(u)|u=t=0.

We observe that this function exists, since it suffices to take

Ft(u) :=∫
u

t
du1e−(u1−u)∫

u1

t
du2e−(u2−u1) (Δi

xΔℓ
tQjf )(u2).

We observe that, by integrating over u ∈(−∞, t) the following equality,

∂u2(e−(t−u)(m
2+(−Δε )s)Ft(u)) = e−(t−u)(m

2+(−Δε )s)[(1+m2+(−Δε)s)2Ft(u)+
+2(1+m2+(−Δε)s)(1+∂u)Ft(u) +Δi

xΔℓ
tQjf (u)],

and by observing that

∫−∞
t
e−(t−u)(m

2+(−Δε )s)Δi
xΔℓ

tQjf (u)du=−∫−∞
t
(1+m2+(−Δε)s)e−(t−u)(m

2+(−Δε )s)(1+∂u)Ft(u)du,

it holds that (by renaming 1+m2 with m2)

A(t) :=∫−∞
t
e−(t−u)(m

2+(−Δ)s)Δi
xΔℓ

tQjf (u)du=∫−∞
t
e−(t−u)(m

2+(−Δ)s)(m2+(−Δε)s)2F (u)du,

This gives that
A(t) = (G(m2+(−Δε)s)2F )(t).

To estimate this term we separately deal with the cases i =−1 and i �0.
Considering the case i=−1, namely on the ball around the origin in the Fourier space, intro-

ducing Δ̃−1
x so that Δ̃−1

x Δ−1
x =Δ−1x ,

‖hG(m2+(−Δε)s)2∂t−2(Δ−1
x Δℓ

tQjf )‖ = ‖hG(m2+(−Δε)s)2Δ̃−1
x ∂t−2(Δ−1x Δℓ

tQjf )‖
<∼ ‖(h−1G)h∂t−2(Δ−1

x Δℓ
tQjf )‖

<∼ ‖h−1G‖ℒ (L∞,L∞)‖hF ‖.

We now observe that ‖h−1G‖ℒ (L∞,L∞) <∼ 1 provided the polynomial weight h is not too fast
decreasing. Indeed, from (17) we see that it is enough to require ν <2s. This implies

‖hG(m2+(−Δε)s)2∂t−2(Δ−1
x Δℓ

tQjf )‖<∼‖hF ‖ <∼2−4sℓ2αj.
For i �0 instead,

hG(m2+(−Δε)s)2F =hG(m2+(−Δε)s)2Δ̃i
xΔ̃ℓ

tF ,
and thus

‖hG(m2+(−Δε)s)2F ‖<∼‖h−1G(m2+(−Δε)s)2Δ̃i
xΔ̃ℓ

t ‖ℒ (L∞,L∞)‖hF ‖.
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Wewant to control ‖h−1G(m2+(−Δε)s)2Δ̃i
xΔ̃ℓ

t ‖ℒ (L∞,L∞). The kernel of G(m2+(−Δε)s)2 can be written
as

∫Λε
∗
dk ʹdk0́

(m2+qε2s(k ʹ))2

i k0́+m2+qε2s(k ʹ)
Δ̂̃(2−iqε(k))Δ̂̃(2−2ℓsk0́)e i(k ʹx+k0́t)=

and we can rescale the integral to get

=2id22ℓs∫Λεi
∗
dkdk0

(m2+22isqεi
2s(k))2

i 22ℓsk0+m2+22isqεi
2s(k)

Δ̂̃(qεi(k))Δ̂̃(k0)e i(k2
ix+22ℓsk0t)=

=2id24is∫Λεi
∗
dkdk0

(m22−2is+qε i
2s(k))2

i k0+m22−2ℓs+22(i−ℓ )sqε i
2s(k)

Δ̂̃(qε i(k))Δ̂̃(k0)e i(k2
ix+22ℓsk0t),

where we observe that 22(i−ℓ )s <∼1 since we are in the regime ℓ >∼ i. The stretched exponential
decay of our kernel now follows from similar arguments as in Lemma 34 recalling that the
Littlewood-Paley blocks have symbols of Gevrey regularity r > 0, and gives the integrability
against h−1 as well as

‖h−1G(m2+(−Δε)s)2Δ̃i
xΔ̃ℓ

t ‖ℒ (L∞,L∞)<∼2id24is2−id2−2ℓs=24is2−2ℓs.
This implies that

‖h−1G(m2+(−Δε)s)2F ‖<∼24is2−2ℓs‖hF ‖ <∼24is2−2ℓs2−4sℓ2αj.

As a consequence, for i �0,

‖‖‖‖‖‖h ∑j≈ℓ >∼i A‖‖‖‖‖‖
<∼ ∑
j≈ℓ>∼i

24is2−2ℓs2−4sℓ2αj<∼24is∑
j>∼i

2(α−6s)j<∼2(α−2s)i.

For what concerns the second regime, when i ≈ j >∼ ℓ . This is simpler. We consider directly

A :=GΔi
xΔℓ

tQjf ,
and we have

‖hA‖ <∼‖h−1GΔi
xΔℓ

t ‖ℒ (L∞,L∞)‖hQjf ‖ <∼‖h−1GΔi
xΔℓ

t ‖ℒ (L∞,L∞)2αj<∼‖h−1GΔi
xΔℓ

t ‖ℒ (L∞,L∞)2αi.

For ‖h−1GΔi
xΔℓ

t ‖ℒ (L∞,L∞) we observe that for i =−1, we can use the above argument on the poly-
nomial decay to say that

‖h−1GΔ−1
x Δℓ

t ‖ℒ (L∞,L∞)<∼1.

For i �0, with the above argument on the stretched exponential decay, we get

‖h−1GΔi
xΔℓ

t ‖ℒ (L∞,L∞)<∼2−2is.

As a consequence, we get ‖h A‖ <∼ 2(α−2s)i, and thus ‖h∑ℓ <∼i≈ j
A‖ <∼ i2(α−2s)i. This concludes the

proof. □

Exploiting the previous lemma we obtain a regularity estimate tailored to our norms.

Lemma 36. Fix any small κ>0. Then we have, for all j �0, i �−1,

‖χj3Δi
xϕ ε‖ <∼1i<∼ j ⟦μj ∨ μ̄⟧

−γ ⫴ϕ ε⫴+2i(3γ −2s+κ )⫴ℒϕ ε⫴#. (98)
In particular,

sup
i
2−i(3γ −2s+κ ) ‖ρΔi

xϕ ε‖ <∼⟦μ̄⟧
−γ ⫴ϕ ε⫴+⫴ℒϕ ε⫴#.
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Proof. Let us first assume that Equation (98) is satisfied. Then we have

‖ρΔi
xϕ ε‖ <∼ sup

j
2− jγ ‖χj3Δi

xϕ ε‖

<∼ sup
j
[1i<∼ j 2

− jγ ⟦μj ∨ μ̄⟧−γ ⫴ϕ ε⫴+2i(3γ −2s+κ )⫴ℒϕ ε⫴#]
<∼ 2−iγ ⟦μi ∨ μ̄⟧−γ ⫴ϕ ε⫴+2i(3γ −2s+κ )⫴ℒϕ ε⫴#,

where we used the fact that j↦2− jγ ⟦μj ∨ μ̄⟧−γ is non-increasing, and therefore we proved that

sup
i
2−i(3γ −2s+κ ) ‖ρ Δi

xϕ ε‖<∼⟦μ̄⟧−γ ⫴ϕ ε⫴+⫴ℒϕ ε⫴#,

as required. To prove Equation (98), define ηj such that ηj/(2−ηj)=μj ∨ μ̄, and consider the asso-
ciated operators Jηj and J>ηj :=1−Jηj. Then by decomposing ϕ ε at the scale ηj we have

‖χj3Δi
xϕ ε‖ <∼‖χj

3Δi
xϕηj

ε ‖+ ‖χj3Δi
xJ>ηjϕ

ε‖,

so we would conclude provided we prove that

‖χj3Δi
xϕηj

ε ‖ <∼1i<∼ j ⟦μj ∨ μ̄⟧
−γ ⫴ϕ ε⫴, (99)

and that
‖χj3Δi

xJ>ηjϕ
ε‖<∼2i(3γ −2s+κ )⫴ℒϕ ε⫴#. (100)

We start by estimating ‖χj3Δi
xϕηj

ε ‖. Thanks to the definition of ηj we have Jηj=JηjJμj∨μ̄ and there-
fore using some splitting ϕ ε =ϕ ε ,<+ϕ ε ,� and the definition of the norm ⫴ϕ ε⫴, cf. Equation (24),
we can estimate

‖χj3Δi
xϕηj

ε ‖ <∼ 1i<∼ j ‖χj
3 JηjΔi

xϕμj∨μ̄
ε ‖

<∼ 1i<∼ j [‖χj
3 JηjΔi

xϕμj∨μ̄
ε ,< ‖+ ‖χj3JηjΔi

xϕμj∨μ̄
ε ,� ‖]

<∼ 1i<∼ j [2
jγ ‖ρJηjΔi

xϕμj∨μ̄
ε ,< ‖+ ‖JηjΔi

xϕμj∨μ̄
ε ,� ‖]

<∼ 1i<∼ j [2
jγ ‖ρϕμj∨μ̄

ε ,< ‖+ ‖ϕμj∨μ̄
ε ,� ‖]

<∼ 1i<∼ j [2
jγ +⟦μj ∨ μ̄⟧−γ]⫴ϕ ε⫴<∼1i<∼ j ⟦μj ∨ μ̄⟧

−γ ⫴ϕ ε⫴,

leading to (99). Let now consider (100). We introduce the weight ρj of Definition 8 and we
observe that by construction, point-wise,

2−3(k∨ j)νχk3<∼ρj
3<∼∑

k

2−3(k∨ j)νχk3,

Noting that, for all j �0, i �−1, we have,

2−i(3γ −2s+κ )2−3 jγ ‖χj3Δi
xJ>ηjϕ

ε‖<∼2
−i(3γ −2s+κ ) ‖ρj3Δi

xJ>ηjϕ
ε‖<∼sup

σ
⟦σ⟧3γ ‖ρj3JσJ>ηjℒϕ ε‖

<∼ sup
σ�ηj/(2−ηj)

⟦σ⟧3γ ‖ρj3ℒϕσε‖, <∼ sup
σ�μj∨μ̄

⟦σ⟧3γ ‖ρj3ℒϕσε‖,

where in the first bound we used the support of χj and the decay of ρj, in the second we used
the Schauder estimate in Lemma 35 with α =3γ (with reference to the notation of the lemma, we
observe that this is uniform in j thanks to Remark 9 (b) and to the fact that Lemma 42 is stated
for a generic polynomial weight h) and finally, in the third, we used that we have chosen ηj such
that ηj/(2−ηj)=μj ∨ μ̄. By Lemma 39 below, we have

sup
σ�μj∨μ̄

⟦σ⟧3γ ‖ρj3ℒϕσε‖<∼⟦μj⟧
3γ ⫴ℒϕ ε⫴#,
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and we deduce that

2−i(3γ −2s+κ ) ‖χj3Δi
xJ>ηjϕ

ε‖<∼23 jγ sup
σ�μj∨μ̄

⟦σ⟧3γ ‖ρj3ℒϕσε‖<∼⫴ℒϕ ε⫴#,

which is what we needed to establish (100). The proof of Equation (98) is now complete. □

Lemma 37. It holds

⫴ϕ⫴μ̄ <∼sup
i�0

[1σ�μi ⟦σ⟧γ ‖χiϕσ‖L∞].

Proof. Consider the decomposition

ϕσ =∑
i�0

1σ<μiχiϕσ +∑
i�0

1σ�μiχiϕσ =ϕσ<+ϕσ�. (101)

We observe that on account of Equations (24) and (101), we shall only consider σ � μ̄ and thus
we shall only distinguish two regimes here σ �μi and μ̄ �σ < μi. Assume that μ̄ �σ < μi and use
JσJμi+1=Jσ (cf. Remark 6) to write

χiϕσ = χ̃iχi Jσϕμi+1= χ̃i Jσχiϕμi+1+ χ̃i [χi,Jσ]ϕμi+1,

and estimate

‖χ̃i [χi,Jσ]ϕμi+1‖ � ‖χ̃i [χi, Jσ]ϕμi+1< ‖+ ‖χ̃i [χi, Jσ]ϕμi+1
� ‖.

Then, by Lemma 38 below, Remark 9 and noting that L(χi)<∼‖∇χi‖L∞�⟦μi⟧a ‖∇χ ‖L∞<∼⟦μi⟧a, we have

‖χ̃i [χi, Jσ]ϕμi+1‖ � ‖χ̃i [χi,Jσ]ϕμi+1< ‖ + ‖χ̃i [χi,Jσ]ϕμi+1
� ‖.

<∼ (⟦μi⟧a−γ ⟦σ⟧+⟦μi⟧a ⟦σ⟧1−γ )⫴ϕ⫴μ̄
� ⟦μ̄⟧1+a−γ ⫴ϕ⫴μ̄.

Thus for μ̄ �σ <μi,

‖χiϕσ‖L∞� ‖χiϕμi+1‖L∞+(⟦μi⟧a ⟦σ⟧1−γ +⟦μi⟧a−γ ⟦σ⟧)⫴ϕ⫴μ̄,

and, using (101),

‖ρϕσ<‖L∞+⟦σ⟧γ ‖ϕσ�‖L∞ <∼ sup
i�0

[(1σ<μi ⟦μi⟧γ +1σ�μi ⟦σ⟧γ ) ‖χiϕσ‖L∞]
<∼ sup

i�0
[(1σ�μi ⟦σ⟧γ ) ‖χiϕσ‖L∞+(1σ<μi ⟦μi⟧a+γ ⟦σ⟧1−γ +⟦μi⟧a ⟦σ⟧)⫴ϕ⫴μ̄]

<∼ sup
i�0

[1σ�μi ⟦σ⟧γ ‖χiϕσ‖L∞]+⟦μ̄⟧1+a⫴ϕ⫴μ̄,

Therefore

⫴ϕ⫴μ̄ �C sup
i�0

[1σ�μi ⟦σ⟧γ ‖χiϕσ‖L∞]+C ⟦μ̄⟧1+a⫴ϕ⫴μ̄,

and choosing μ̄ large enough we have C ⟦μ̄⟧1+a�1/2 and we can conclude. □

Lemma 38. For any n�0, it holds that

‖f [g ,Jσ]h‖L∞<∼⟦σ⟧ ‖ρnh‖L∞ ‖f ρ−n‖L∞L(g),

where

L(g) := sup
z,z1∈Λ

|g(z) −g(z1)|
|z −z1|

.
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Proof. As a first step, we observe that

‖f [g , Jσ]h‖L∞ � sup
z
∫| f (z) ǰσ(z −z1) (g(z) −g(z1))h(z1)|dz1

= sup
z
∫| f (z) ǰσ(z −z1) (g(z) −g(z1))ρ−n(z)ρn(z)ρ−n(z1)ρn(z1)h(z1)|dz1

� ‖ρnh‖L∞ sup
z
∫| f (z)ρ−n(z) ǰσ(z −z1) (g(z) −g(z1))ρn(z)ρ−n(z1)|dz1

� ‖ρnh‖L∞ ‖f ρ−n‖L∞ sup
z
∫| ǰσ(z −z1) (g(z)−g(z1))ρ−n(z −z1)|dz1

� L(g) ‖ρnh‖L∞ ‖fρ−n‖L∞ sup
z
∫| ǰσ(z −z1)||z −z1| |ρ−n(z −z1)|dz1

<∼ L(g) ⟦σ⟧ ‖ρnh‖L∞ ‖f ρ−n‖L∞ ‖z↦ ǰ (z)zρ−n(z)‖L1
<∼ L(g) ⟦σ⟧ ‖ρnh‖L∞ ‖f ρ−n‖L∞,

where in the third second inequality we exploited both ρn(z)ρ−n(z1)<∼ρ−n(z −z1). □

Lemma 39. Provided μ̄ is large enough, we have

sup
σ�μj∨μ̄

⟦σ⟧γ ‖ρjψσ‖<∼⟦μj⟧
γ ⫴ψ⫴,

and

sup
σ�μj∨μ̄

⟦σ⟧3γ ‖ρj3ℒψσ‖<∼⟦μj⟧
3γ ⫴ℒψ⫴#.

Proof. Let us handle first the first inequality. Take σ �μj ∨ μ̄, and k � j and consider two cases.
If σ <μk ∨ μ̄ then we can choose σk�μk ∨ μ̄ such that ⟦μk ∨ μ̄⟧≈⟦σk⟧ and JσJσk=Jσ so we have

‖ρkψσ‖ <∼‖ρk Jσψσk‖ <∼‖ρkψσk‖.

When σ �μk ∨ μ̄ we can take σk=σ . In both cases we have ⟦σk⟧≈⟦μk ∨ μ̄ ∨σ⟧ and ‖ρkψσ‖ <∼‖ρkψσk‖.
Now

‖ρkψσk‖ <∼ ⟦μk⟧γ sup
m|m<k

‖χmψσk‖+ sup
m|m�k

⟦μm⟧γ ‖χmψσk‖

<∼ ⟦μk⟧γ sup
m|m<k

[⟦μm⟧−γ +⟦σk⟧−γ]⫴ψ⫴+⟦μk⟧γ sup
m|m�k

‖ρmψσk‖

<∼ [1+⟦μk⟧γ ⟦σk⟧−γ]⫴ψ⫴+⟦μk⟧γ sup
m|m�k

‖ρmψσk‖.

Using that ⟦μk⟧γ ⟦σk⟧−γ <∼1 if σ <μk ∨ μ̄ and ⟦μk⟧γ ⟦σk⟧−γ <∼⟦μk⟧γ ⟦σ⟧−γ if σ >μk ∨ μ̄ we have

sup
k|k� j

[1+⟦μk⟧γ ⟦σk⟧−γ]<∼⟦μj⟧γ ⟦σ⟧−γ ,

and then

sup
k|k� j

‖ρkψσk‖ <∼⟦μj⟧
γ ⟦σ⟧−γ ⫴ψ⫴+⟦μj⟧γ sup

k|k� j
‖ρkψσk‖.

If j is large enough we conclude that

‖ρjψσ‖� sup
k|k� j

‖ρkψσ‖<∼ sup
k|k� j

‖ρkψσk‖<∼⟦μj⟧γ ⟦σ⟧−γ ⫴ψ⫴.
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While if μj is smaller than μ̄ (chosen large enough) then take j ʹ such that μj ʹ> μ̄ >μj and bound

‖ρjψσ‖<∼2
γ (j ʹ− j) ‖ρj ʹψσ‖<∼2

γ (j ʹ− j)⟦μj ʹ⟧γ ⟦σ⟧−γ ⫴ψ⫴<∼⟦μj⟧
γ ⟦σ⟧−γ ⫴ψ⫴.

This concludes the proof of the first inequality.
Consider now the second inequality to prove and use the definition of ρj to write

sup
σ�μj∨μ̄

⟦σ⟧3γ ‖ρj3ℒψσ‖� sup
k
2−3(j∨k)γ sup

σ�μj∨μ̄
⟦σ⟧3γ ‖χk3ℒψσ‖ :=Aj.

Let us now decompose the supremums over k and σ in the definition of Aj to get three contri-
butions:

Aj <∼ sup
k� j

2−3 jγ sup
σ�μj∨μ̄

⟦σ⟧3γ ‖χk3ℒψσ‖ [ :=Aj
(1)]

+sup
k> j

2−3kγ sup
σ�μk∨μ̄

⟦σ⟧3γ ‖χk3ℒψσ‖ [ :=Aj
(2)]

+sup
k |k> j

2−3kγ sup
μj∨μ̄�σ�μk∨μ̄

⟦σ⟧3γ ‖χk3ℒψσ‖. [ :=Aj
(3)]

We estimate each of them separately. For Aj
(1) we use that μj ∨ μ̄ �μk ∨ μ̄ when k � j:

Aj
(1)<∼sup

k� j
2−3 jγ sup

σ�μk∨μ̄
⟦σ⟧3γ ‖χk3ℒψσ‖<∼sup

k� j
2−3 jγ ⫴ℒψ⫴#<∼2−3 jγ ⫴ℒψ⫴#.

For Aj
(2) we can directly estimate

Aj
(2)<∼sup

k> j
2−3kγ ⫴ℒψ⫴#<∼2−3 jγ ⫴ℒψ⫴#.

For Aj
(3)we first observe that the contributions to the sup are non-vanishing only when μk> μ̄, so

Aj
(3)= sup

k |k> j,μk>μ̄
2−3kγ sup

μj∨μ̄�σ�μk
⟦σ⟧3γ ‖χk3ℒψσ‖.

Using that Jμk+1Jσ =Jσ for σ <μk we can write write ϕσε = Jσϕμk+1
ε and therefore

Aj
(3)<∼ sup

k |k> j,μk>μ̄
2−3kγ sup

μj∨μ̄�σ�μk
⟦σ⟧3γ ‖χk3Jσℒψμk+1‖.

The estimation of the r.h.s. in this last expression requires some work. By using the fact that
χk<∼ζk and that ζk is a nice weight for which Jσ is a contraction, see Remarks 5 and 9, we have

‖χk3 Jσℒψμk+1‖ <∼‖ζk
3 Jσℒψμk+1‖ <∼‖ζk

3ℒψμk+1‖<∼sup
m

‖ζk3χm3ℒψμk+1‖,

where in the last inequality we again introduced a partition of unity. Now we split the sup in
two parts, when m�k and when m>k and we observe that in this second case ζk3χm3 <∼e−c2

mω
χm3

for some constant c >0, then we have

‖χk3ℒψμk+1‖ <∼sup
m�k

‖χm3 ℒψμk+1‖+ sup
m>k

e−c2
mω ‖χm3 ℒψμk+1‖

<∼sup
m�k

‖χm3 ℒψμk+1‖ +sup
m>k

e−c2
mω ⟦μk+1⟧−3γ sup

μk∨μ̄�σ�μm
⟦σ⟧3γ ‖χm3 ℒψσ‖.

At this point the quantity
Hk,m := sup

μk∨μ̄�σ�μm
⟦σ⟧3γ ‖χm3 ℒψσ‖,
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has the same form as the contribution in the estimate for Aj
(3), and we can write

Aj
(3) <∼ Qj := sup

k |k> j,μk>μ̄
2−3kγHj,k<∼⟦μj ∨ μ̄⟧

3γ [[[[[[[ sup
k |k> j,μk>μ̄

2−3kγ ⟦μk+1⟧−3γ]]]]]]]⫴ℒψ⫴#

+⟦μj ∨ μ̄⟧3γ sup
k |k> j,μk>μ̄

2−3kγ ⟦μk+1⟧−3γ sup
m>k

e−c2
mω 2ϑm|||||||||||||||||||||||||||||||||||||||||||||| |{z}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}}} }

<∼e−c2
kω/2

2−ϑmHk,m,

from which, since supk> j 2−3kγk ⟦μk+1⟧−3γ <+∞, we obtain

Qj <∼ ⟦μj ∨ μ̄⟧3γ ⫴ℒϕ ε⫴#+⟦μj ∨ μ̄⟧3γ sup
k |k> j,μk>μ̄

2−3kγ ⟦μk+1⟧−3γ e−c2
kω/2Qk

<∼ ⟦μj ∨ μ̄⟧3γ ⫴ℒϕ ε⫴#+⟦μj ∨ μ̄⟧3γ sup
k
Qk,

and in particular
sup
j
Qj<∼⟦μ̄⟧3γ [[[[[⫴ℒϕ ε⫴#+sup

k
Qk]]]]].

Therefore, provided μ̄ is large enough, supjQj<∼⟦μ̄⟧
3γ ⫴ℒψ⫴#, and

Aj
(3)<∼⟦μj ∨ μ̄⟧

3γ ⫴ℒψ⫴#<∼2
−3γj ⫴ℒψ⫴#.

□

Lemma 40. Provided σ �μj ∨ μ̄ and μ̄ is large enough, we have, for any η∈(0, 1),

‖ρj3 J>ηφσ‖ <∼⟦μj⟧
3γ ⟦η⟧2s ⟦σ⟧−3γ ⫴ℒφ⫴#.

Proof. First of all we observe that we can assume η ∈ (0, 1) to be such that η⟦η⟧−1 < 2σ⟦σ⟧−1
otherwise there is nothing to prove since in the opposite case JσJ>η=0.

We claim that
‖ρj3GJ>ηℒφσ‖ <∼⟦η⟧2s ‖ρj3ℒφσ‖, (102)

and we observe that this implies

‖ρj3J>ηφσ‖ = ‖ρj3GJ>ηℒφσ‖<∼⟦η⟧2s ‖ρj3ℒJ>ηφσ‖
<∼ ⟦η⟧2s ⟦σ⟧−3γ sup

σ ʹ�σ
⟦σ ʹ⟧3γ ‖ρj3ℒφσ ʹ‖

<∼ ⟦η⟧2s ⟦σ⟧−3γ sup
σ ʹ�μj∨μ̄

⟦σ ʹ⟧3γ ‖ρj3ℒφσ ʹ‖,

and we use the Lemma 39 to have,

sup
σ ʹ�μj∨μ̄

⟦σ ʹ⟧3γ ‖ρj3ℒφσ ʹ‖<∼⟦μj⟧3γ ⫴ℒφ⫴#,

which concludes the proof. To prove the claim, we first observe that

ρj3GJ>ηℒφσ =ρj3GJ>ηJσ ,2ℒφσ,

and using ρj(z) <∼ρ−1(z −z ʹ)ρj(z ʹ), we have

‖ρj3GJ>ηℒφσ‖<∼‖ρ−3GJ>ηJσ ,2‖ℒ (L∞,L∞)‖ρj3ℒφσ‖,

and thus we reduced ourselves to proving that

‖ρ−3GJ>ηJσ ,2‖ℒ (L∞,L∞)<∼⟦η⟧2s.
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Observe that

GJ>ηJσ ,2=GJσ ,2(1− Jη)=G (Jσ ,2− Jη) =G (Jμ − Jη) =∫
η

μ
GJ̇η ʹdηʹ =∫

η

μ
Ġη ʹdηʹ,

where we introduced the scale μ= 4σ
1+3σ for which Jσ ,2=Jμ. As a consequence, via Lemma 34 and

recalling that ρ−3 grows polynomially,

‖ρ−3GJ>ηJσ ,2‖ℒ (L∞,L∞)�∫
η

μ
‖ρ−3 Ġη ʹ‖ℒ (L∞,L∞)dηʹ <∼∫η

μ
⟦ηʹ⟧2s−1dηʹ <∼⟦ηʹ⟧2s.

□

Lemma 41. For σ �μi ∨ μ̄,
‖D(ρi3φσ)‖<∼⟦μi⟧3γ ⟦σ⟧−2γ (⫴φ⫴+⫴ℒφ⫴#).

Proof. First of all, we recall that

D(ρi3φσ)(z)2=∫νs(z, dz ʹ) [(ρi3φσ)(z) − (ρi3φσ)(z ʹ)]2. (103)

Write for any η∈(0, 1),

‖D(ρi3φσ)‖� ‖D(ρi3 J̃η,1φσ)‖+ ‖D(ρi3 J̃>η,1φσ)‖� ‖D(ρi3 J̃η,1φσ)‖+∫
η

σ
‖D(ρi3 J̃̇η ʹ,1φσ)‖dηʹ.

We claim that
‖D(ρi3 J̃̇η ʹ,1φσ)‖= ‖D(ρi3 J̃̇η ʹ,1J>η ʹφσ)‖ <∼⟦ηʹ⟧−1−s ‖ρi3 J>η ʹφσ‖, (104)

and that
‖D(ρi3 J̃η,1φσ)‖<∼⟦ηʹ⟧−s ‖ρi3φσ‖. (105)

This implies that
‖D(ρi3φσ)‖<∼⟦ηʹ⟧−s ‖ρi3φσ‖ +∫η

σ
⟦ηʹ⟧−1−s ‖ρi3 J>η ʹφσ‖dηʹ,

and we use Lemmas 39 and 40 to get

‖D(ρi3φσ)‖ <∼ ⟦η⟧−s ‖ρi3φη‖ +∫
η

σ
⟦ηʹ⟧s−1dηʹ ⟦μi⟧3γ ⟦σ⟧−3γ ⫴ℒφ⫴#

<∼ ⟦μi⟧3γ ⟦η⟧−s ⟦σ⟧−γ ⫴φ⫴+⟦μi⟧3γ ⟦η⟧s ⟦σ⟧−3γ ⫴ℒφ⫴#,
(106)

and choose η so that ⟦η⟧=⟦σ⟧γ /s, recalling that γ < s, to conclude

‖D(ρi3φσ)‖<∼⟦μi⟧3γ ⟦σ⟧−2γ (⫴φ⫴+⫴ℒφ⫴#).

To prove the claim (104), we first observe that, by manipulating Equation (103),

‖D(ρi3 J̃̇η ʹ,1J>η ʹφσ)‖� ‖ρi3DJ̃̇η ʹ,1J>η ʹφσ)‖+ sup
z
(∫νs(z, dz ʹ) (J̃̇η ʹ,1J>η ʹφσ)2(z ʹ) [ρi3(z) −ρi3(z ʹ)]2)1/2. (107)

For the second term, we split the integral over a ball B(z, r) for a small r >0 and on its comple-
mentary set Bc,

∫νs(z, dz ʹ)(J̃̇η ʹ,1J>η ʹφσ)2(z ʹ)[ρi3(z) −ρi3(z ʹ)]2 <∼ ∫Bνs(z, dz ʹ)(J̃̇η ʹ,1J>η ʹφσ)2(z ʹ)[ρi3(z)−ρi3(z ʹ)]2
+∫

Bc
νs(z, dz ʹ)(J̃̇η ʹ,1J>η ʹφσ)2(z ʹ)[ρi3(z)−ρi3(z ʹ)]2.

Outside the ball we have

∫
Bc
νs(z, dz ʹ)(J̃̇η ʹ,1J>η ʹφσ)2(z ʹ) [ρi3(z)−ρi3(z ʹ)]2 <∼ ∫Bcνs(z, dz ʹ)(J̃̇η ʹ,1J>η ʹφσ)2(z ʹ)ρi6(z) :=(𝕀)

+∫
Bc
νs(z, dz ʹ)(J̃̇η ʹ,1J>η ʹφσ)2(z ʹ)ρi6(z ʹ)) :=(𝕀𝕀)
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and we observe that
(𝕀𝕀)<∼‖ρi

3 J̃̇η ʹ,1J>η ʹφσ‖2∫
Bc
νs(z, dz ʹ)<∼‖ρi

3 J̃̇η ʹ,1J>η ʹφσ‖2,
as well as

(𝕀)<∼∫Bcνs(z, dz ʹ)(J̃̇η ʹ,1J>η ʹφσ)2(z ʹ)ρi6(z) <∼∫Bcνs(z, dz ʹ)ρi6(z ʹ) (J̃̇η ʹ,1J>η ʹφσ)2(z ʹ)ρ−6(z −z ʹ) <∼
<∼‖ρi3 J̃̇η ʹ,1J>η ʹφσ‖2∫Bcνs(z, dz ʹ)ρ−6(z −z ʹ)<∼‖ρi3 J̃̇η ʹ,1J>η ʹφσ‖2,

where the last bound holds true provided the weight ρ−6 is not growing too fast, namely 6ν<2s.
Concerning the contribution over the ball, we first observe that, for r >0 small,

|ρi3(z)−ρi3(z ʹ)| <∼ρi3(z ʹ) |ρi3(z)ρi−3(z ʹ) −1| <∼ρi3(z ʹ) |ρ−3(z −z ʹ)−1|<∼ρi3(z ʹ) |z −z ʹ|s2.

This implies that

∫
B
νs(z, dz ʹ) (J̃̇η ʹ,1J>η ʹφσ)2(z ʹ) [ρi3(z) −ρi3(z ʹ)]2<∼∫Bνs(z, dz ʹ) (J̃̇η ʹ,1J>η ʹφσ)2(z ʹ)ρi6(z ʹ) |z −z ʹ|s4<∼

<∼‖ρi
3 J̃̇η ʹ,1J>η ʹφσ‖2∫

B
νs(z, dz ʹ)|z −z ʹ|s4<∼‖ρi

3 J̃̇η ʹ,1J>η ʹφσ‖2.

As a consequence, provided 6v <2s,

sup
z
(∫νs(z, dz ʹ)(J̃̇η ʹ,1J>η ʹφσ)2(z ʹ)[ρi3(z)−ρi3(z ʹ)]2)1/2<∼‖ρi3 J̃̇η ʹ,1J>η ʹφσ‖<∼⟦ηʹ⟧−1‖ρi3J>η ʹφσ‖. (108)

Considering now the first term in Equation (107), we first note that

‖ρi3 DJ̃̇η ʹ,1J>η ʹφσ‖ <∼ ‖ρi3J>η ʹφσ‖ sup
z
(∫νs(z , dz ʹ)ρ−3(z − z ʹ)[∫dz̃|∂η ʹ ǰη ʹ,1(z − z̃) − ∂η ʹ ǰη ʹ,1(z ʹ − z̃)|]2)1/2,

(109)

and thus we can restrict to the analysis of the integral in the r.h.s. Using (95) we have

∫νs(z,dz ʹ)ρ−3(z−z ʹ)[∫dz̃|∂η ʹ ǰη ʹ,1(z− z̃)−∂η ʹ ǰη ʹ,1(z ʹ− z̃)|]2<∼(2ηʹ⟦ηʹ⟧−1)2∫ ρ−3(z ʹ)
|z ʹ|d+2s−2

((2ηʹ⟦ηʹ⟧−1|z ʹ|)∧1)2.

Now considering the ball B =B(z,a) of radius a=2−1ηʹ−1⟦ηʹ⟧ we see that, provided 3ν <2s,

∫ ρ−3(z ʹ)
|z ʹ|d+2s−2

((2ηʹ⟦ηʹ⟧−1|z ʹ|) ∧ 1)2�∫
B

ρ−3(z ʹ)
|z ʹ|d+2s−2

(2ηʹ⟦ηʹ⟧−1|z ʹ|)2+∫
B c

ρ−3(z ʹ)
|z ʹ|d+2s−2

�(2ηʹ⟦ηʹ⟧−1)2(2−1ηʹ−1⟦ηʹ⟧)2−2s+(2−1ηʹ−1⟦ηʹ⟧)3ν−2s<∼⟦ηʹ⟧−2s.

It follows that, provided 3ν <2s,

(∫νs(z, dz ʹ)ρ−3(z −z ʹ)[∫dz̃|∂η ʹ ǰη ʹ,1(z − z̃)−∂η ʹ ǰη ʹ,1(z ʹ − z̃)|]2)1/2<∼⟦ηʹ⟧−1−s,
and thus, on account of Equation (109),

‖ρi3DJ̃̇η ʹ,1J>η ʹφσ‖<∼⟦ηʹ⟧−1−s‖ρi3J>η ʹφσ‖.

This, together with Equations (107) and (108), yields Equation (104). Equation (105) can be
proven analogously. □

Lemma 42. For σ � μ̄ ∨ μi, it holds that

‖χi3 (1−Jσ)(ψσ3)‖<∼⟦σ⟧−3γ +ζ ⫴ψ⫴2⫴ℒψ⫴#.
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for some ζ :=2s−2γ >0.

Proof. Write

(1−Jσ)(ψσ3)= (1− Jσ)[(Jηψσ)3+(J>ηψσ)3+3(Jηψσ)2 (J>ηψσ) +3(Jηψσ) (J>ηψσ)2]
and observe that, provided we choose η= σ

6−5σ , which implies 6η(1 − η)−1= σ(1 − σ)−1, the first
contribution (1−Jσ)(Jηψσ)3 is vanishing by the Fourier space support properties of the product.
As for the other contributions we have for example

‖χi3 (1− Jσ)(J>ηψσ)3‖<∼⟦μi⟧
−5γ ‖ρi5 (1− Jσ)(J>ηψσ)3‖<∼⟦μi⟧

−5γ ‖ρi5 (J>ηψσ)3‖<∼⟦μi⟧
−5γ ‖ρiψσ‖2 ‖ρi3 (J>ηψσ)‖.

Now by Lemma 39,
‖ρiψσ‖<∼⟦μi⟧γ ⟦σ⟧−γ ⫴ψ⫴,

while by Lemma 40
‖ρi3 (J>ηψσ)‖<∼⟦μi⟧

3γ ⟦η⟧2s ⟦σ⟧−3γ ⫴ℒψ⫴#,

and we have that (since ⟦η⟧≈⟦σ⟧)

‖χi3 (1− Jσ)(J>ηψσ)3‖<∼⟦η⟧2s ⟦σ⟧
−5γ ⫴ψ⫴2⫴ℒψ⫴#<∼⟦σ⟧

2s−5γ ⫴ψ⫴2⫴ℒψ⫴#.

Similar estimates hold for the other terms, therefore

‖χi3 (1− Jσ)(ψσ3)‖<∼⟦σ⟧
2s−5γ ⫴ψ⫴2⫴ℒψ⫴#,

and we can set ζ :=2s−2γ >0 to prove our claim. □

Appendix B Details on the flow equations

B.1 Flow equations for cumulants
First of all we observe that, on account of the flow equation (47) as well as of the properties
of joint cumulants, it holds that, for a = (𝔞1, . . . ,𝔞n) ∈A and with the notation of Equations (58)
and (46),

∑
b

𝒜b
a(Ġσ,ℱσ

b)=∑
i=1

n(a)

∑
b

𝒜b
a,(i)(Ġσ,ℱσ

b), ∑
b ,c

ℬb ,c
a (Ġσ,ℱσ

b,ℱσ
c)=∑

i=1

n(a)

∑
b ,c

ℬb ,c
a,(i)(Ġσ,ℱσ

b,ℱσ
c),

where

∑
b

𝒜b
a,(i)(Ġσ,ℱσ

b) := ∑
ℓ ʹ=0

ℓ (𝔞i)−1

∑
kʹ=0

k(𝔞i)

(k ʹ + 1)κn(a)+1(Fσ𝔞1, . . . , Fσ[ℓ (𝔞i)−1−ℓ ʹ],(k ʹ+1),𝒥ĠσFσ
[ℓ ʹ],(k(𝔞i)−k ʹ), . . . , Fσ

𝔞n(a)),

(110)

where the range of the sum over b is understood to be given by the constraints on (ℓ ʹ,k ʹ) on the
right hand side of the above equation. Concerning the other term,

∑
b ,c

ℬb ,c
a,(i)(Ġσ,ℱσ

b,ℱσ
c) := ∑

I1,I2
∑
ℓ ʹ=0

ℓ (𝔞i)−1

∑
k ʹ=0

k(𝔞i)

(k ʹ +1)κ|I1|+1(Fσ𝔞1, . . . ,Fσ𝔞i−1,Fσ(ℓ (𝔞i)−1−ℓ ʹ,kʹ+1))×

×𝒥Ġσκ|I2|+1(Fσ(ℓ ʹ,k(𝔞i)−k ʹ),Fσ𝔞i+1, . . . ,Fσ
𝔞n(a)),

(111)
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where now, for a fixed i ∈ {1, . . . , n(a)}, the sum ∑I1,I2 runs over all the partitions of the set
I1

− −

− I2= {1, . . . , i −1, i +1, . . . ,n(a)} and where now the range of the sum over b and c is given by
the constraints over (I1, I2, ℓ ʹ,k ʹ) on the right hand side.

The aim of this appendix is to prove some of the results concerning the flow equation we
discussed in Section 4.

Remark 43. As a premise, we introduce some notation: we let iTν̄(a) and iT̃ν̄(a) be tree weights
which are derived from the definition of Tν̄(a) by replacing the i-th tree Tν̄

(i)(𝔞i)=τν̄(1+k(𝔞i))2−ℓ (𝔞i)
respectively with

iTν̄
(i)(𝔞i)= τν̄(1+k(𝔞i)) 2−ℓ (𝔞i)+1, iT̃ν̄

(i)(𝔞i)= τν̄(1+k(𝔞i)) 2−ℓ (𝔞i)+1/2.

Lemma 44. It holds that, for σ �μ, a ∈A and i �n(a),

⟦σ⟧−[a] sup
ν |μ�ν�σ

‖(J̃νa𝒜b
a,(i)(Ġσ,ℱσ

b)) e iTν̄(a)‖ <∼a ⟦σ⟧−[b]−1 ‖ℱσ
b‖μ ,σ,

and, in particular,

⟦σ⟧−[a]‖𝒜b
a,(i)(Ġσ,ℱσ

b)‖μ ,σ <∼⟦σ⟧−[b]−1‖ℱσ
b‖μ ,σ.

Proof. We start from the first bound. We have that

‖(J̃νa𝒜b
a,(i)(Ġσ,ℱσ

b)) e iTν̄(a)‖ = ‖(J̃νa𝒜b
a,(i)(Ġσ,ℱσ

b)) eTν̄(b)+τν̄(2) e iTν̄(a)−Tν̄(b)−τν̄(2)‖,

where τν̄(2) depends on the variables on which Ġσ depends. In addition,

iTν̄(a)−Tν̄(b) −τν̄(2) = ∑
m=1

n(a)
iTν̄(𝔞m)+2−(ℓ̄ +1)τν̄(n(a)) −∑

j=1

n(b)

Tν̄
(j)(𝔟j) −2−(ℓ̄ +1)τν̄(n(b))− τν̄(2)

� ∑
m=1

n(a)
iTν̄(𝔞m) −∑

j=1

n(b)

Tν̄
(j)(𝔟j)− τν̄(2)

= iTν̄
(i)(𝔞i)−Tν̄

(i)(𝔟i)−Tν̄
(i+1)(𝔟i+1)− τν̄(2)

= τν̄(1+k(𝔞i))2−ℓ (𝔞i)+1−τν̄(1+k(𝔟i))2−ℓ (𝔟i)−τν̄(1+k(𝔟i+1))2−ℓ (𝔟i+1)− τν̄(2),

where in the second step we exploited n(a) <n(b) as well as the fact that the points appearing
in the tree associated with n(a) are contained also in the one associated with n(b), while in the
third step we used that, due to Equation (110), it holds that

∑
m=1

n(a)
iTν̄(𝔞m) −∑

j=1

n(b)

Tν̄
(j)(𝔟j) = iTν̄

(i)(𝔞i)−Tν̄
(i)(𝔟i)−Tν̄

(i+1)(𝔟i+1).

Again from Equation (110), we see that

ℓ (𝔟i) = ℓ (𝔞i) −1− ℓ ʹ, ℓ (𝔟i+1)= ℓ ʹ,

for some 0� ℓ ʹ� ℓ (𝔞i) − 1, which implies that 2−ℓ (𝔞i)+1� 2−ℓ (𝔟i) and 2−ℓ (𝔞i)+1� 2−ℓ (𝔟i+1). Furthermore,
we observe that, from the definition of Steiner diameter it follows that, by triangular inequality,

τν̄(1+k(𝔞i))�τν̄(1+k(𝔟i)) +τν̄(1+k(𝔟i+1))+ τν̄(2),

and thus, overall
iTν̄(a) −Tν̄(b)− τν̄(2)�0.
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This implies that

sup
ν |μ�ν�σ

‖(J̃νa𝒜b
a,(i)(Ġσ,ℱσ

b)) e iTν̄(a)‖ <∼ sup
ν |μ�ν�σ

‖(J̃νa𝒜b
a(Ġσ,ℱσ

b)) eTν̄(b)+τν̄(2)‖

<∼ sup
A
‖∂AĠσ e τν̄(2)‖ℒ (L1,L∞) sup

ν |μ�ν�σ
‖(J̃νaℱσ

b)eTν̄(b)‖

= sup
A
‖∂AĠσ e τσ(2)‖ℒ (L1,L∞)‖ℱσ

b‖μ ,σ,

where the sup is over A such that |A(b)| = |A(a)| + |A|. In the second inequality above, resorting
to Equation (110), in order to have the norm ‖ℱσ

b‖μ ,σ on the right hand side, we need two more
smoothing operators, with respect to J̃νa, as it holds that n(b)+K(b)=n(a)+K(a)+2. In particular
we observe that these two smoothing operators are missing on the input and output variables of
Ġσ. To this end, we can exploit the relation ĠσJ̃σ ,ℓ =Ġσ, which is true for any ℓ as consequence of
Equation (19). This justifies the above inequality. Recalling that, since σ � ν̄, ‖∂AĠσe τν̄(2)‖ℒ (L1,L∞)<∼
⟦σ⟧−|A|−1−d , we get the thesis by observing that

−[a]−1−d − |A| =−[b]−1+θ +β −δ −d =−[b]−1,

where in the last equality we used the compatibility condition θ +β −δ −d=0. For what concerns
the last bound, it follows from the first bound together with the inequality eTν̄(a)�e

iTν̄(a). □

Lemma 45. It holds that, for σ �μ, a ∈A and i �n(a),

⟦σ⟧−[a] sup
ν |μ�ν�σ

‖(J̃νaℬb ,c
a,(i)(Ġσ,ℱσ

b,ℱσ
c)) e iT̃ν̄(a)‖<∼a ⟦σ⟧−[b]−[c]−1‖ℱσ

b‖μ ,σ‖ℱσ
c‖μ ,σ,

and, in particular,

⟦σ⟧−[a]‖ℬb ,c
a,(i)(Ġσ,ℱσ

b,ℱσ
c)‖μ ,σ <∼⟦σ⟧−[b]−[c]−1‖ℱσ

b‖μ ,σ‖ℱσ
c‖μ ,σ.

Proof. Also in this case, we start from the first bound. We have that

‖(J̃νaℬb ,c
a,(i)(Ġσ ,ℱσ

b,ℱσ
c)) e i T̃ν̄(a)‖ = ‖(J̃νaℬb ,c

a,(i)(Ġσ ,ℱσ
b ,ℱσ

c)) eTν̄(b )+Tν̄(c )+2τν̄(2) e i T̃ν̄(a)−Tν̄(b)−Tν̄(c )−2τν̄(2)‖,
(112)

where τν̄(2) depends on the variables on which Ġσ depends. In addition

iT̃ν̄(a) −Tν̄(b)−Tν̄(c)−2τν̄(2) = ∑
m=1

n(a)
iT̃ν̄(𝔞m) +2−(ℓ̄ +1)τν̄(n(a)) −∑

j=1

n(b)

Tν̄
(j)(𝔟j)−2−(ℓ̄ +1)τν̄(n(b))+

−∑
u=1

n(c )

Tν̄
(u)(𝔠u)−2−(ℓ̄ +1)τν̄(n(c)) −2τν̄(2)

= ∑
m=1

n(a)
iT̃ν̄(𝔞m) −∑

j=1

n(b)

Tν̄
(j)(𝔟j) −∑

u=1

n(c )

Tν̄
(u)(𝔠u)−2τν̄(2)+2−(ℓ̄ +1)τν̄out(2)+

+2−(ℓ̄ +1)(τν̄(n(a))− τν̄(n(b))− τν̄(n(c))− τν̄out(2)),

where in the last step we added and subtracted 2−(ℓ̄ +1)τν̄out(2) where τν̄out(2) is the Steiner dia-
meter connecting the last output variable in the cumulant ℱσ

b with the first output variable of
ℱσ

c . First of all, by definition of Steiner diameter,

τν̄(n(a)) −τν̄(n(b)) −τν̄(n(c)) −τν̄out(2)�0,
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and thus

iT̃ν̄(a)−Tν̄(b) −Tν̄(c) −2τν̄(2)�∑
m=1

n(a)
iT̃ν̄

(m)(𝔞m) −∑
j=1

n(b)

Tν̄
(j)(𝔟j) −∑

u=1

n(c )

Tν̄
(u)(𝔠u)−2τν̄(2)+2−(ℓ̄ +1)τν̄out(2).

Using an argument analogous to the one we exploited in the proof of Lemma 44, we get

iT̃ν̄(a)−Tν̄(b) −Tν̄(c) −2τν̄(2) � iT̃ν̄
(i)(𝔞i) −Tν̄

(n(b))(𝔟n(b))−Tν̄
(1)(𝔠1)−2τν̄(2)+2−(ℓ̄ +1)τν̄out(2)

= τν̄(1+k(𝔞i))2−ℓ (𝔞i)+1/2− τν̄(1+k(𝔟n(b)))2−ℓ (𝔟n(b))− τν̄(1+k(𝔠1))2−ℓ (𝔠1)+
−2τν̄(2)+2−(ℓ̄ +1)τν̄out(2),

But now we recall that
ℓ (𝔟n(b)) = ℓ (𝔞i) −1− ℓ ʹ, ℓ (𝔠1)= ℓ ʹ,

for some 0� ℓ ʹ� ℓ (𝔞i)−1, which implies that 2−ℓ (𝔞i)+1�2−ℓ (𝔟n(b)) and 2−ℓ (𝔞i)+1�2−ℓ (𝔠1). It follows that

iT̃ν̄(a) −Tν̄(b)−Tν̄(c)−2τν̄(2) <∼ 2−ℓ (𝔞i)+1/2(τν̄(1+k(𝔞i)) − 2√ τν̄(1+k(𝔟n(b)))− 2√ τν̄(1+k(𝔠1)) −τν̄(2))
− τν̄(2)+2−(ℓ̄ +1)τν̄out(2)

� −2−ℓ (𝔞i)+1/2( 2√ −1)(τν̄(1+k(𝔟n(b)))+ τν̄(1+k(𝔠1)))− τν̄(2)
+2−(ℓ̄ +1)τν̄out(2),

where in the last inequality we used that, by definition of Steiner diameter,

τν̄(1+k(𝔞i))�τν̄(1+k(𝔟n(b))) +τν̄(1+k(𝔠1)) +τν̄(2).

Finally, since 2−(ℓ̄ +1) � 2−ℓ (𝔞i)+1/2( 2√ − 1) for any i by definition of ℓ̄ and since by triangular
inequality

−τν̄(1+k(𝔟n(b)))− τν̄(1+k(𝔠1))− τν̄(2)+ τν̄out(2)�0,
we conclude that

iT̃ν̄(a)−Tν̄(b)−Tν̄(c) −2τν̄(2)�0.

On account of Equation (112), this yields

‖(J̃νaℬb ,c
a,(i)(Ġσ,ℱσ

b,ℱσ
c)) e iT̃ν̄(a)‖ <∼‖(J̃νaℬb ,c

a,(i)(Ġσ,ℱσ
b,ℱσ

c)) eTν̄(b)+Tν̄(c )+2τν̄(2)‖,

which in turn, by resorting to Equation (111) and exploiting as in the previous lemma ĠσJ̃σ = Ġσ,
gives

sup
ν |μ�ν�σ

‖(J̃νaℬb ,c
a,(i)(Ġσ,ℱσ

b,ℱσ
c))e iT̃ν̄(a)‖ <∼ sup

ν |μ�ν�σ
‖(J̃νaℬb ,c

a,(i)(Ġσ,ℱσ
b,ℱσ

c))eTν̄(b)+Tν̄(c )+2τν̄(2)‖

<∼ sup
A
‖∂AĠσ e2τσ(2)‖ℒ (L∞,L∞) sup

ν |μ�ν�σ
‖(J̃νaℱσ

b)eTν̄(b)‖ ‖(J̃νaℱσ
c)eTν̄(c )‖

= sup
A
‖∂AĠσ e2τσ(2)‖ℒ (L∞,L∞)‖ℱσ

b‖μ ,σ‖ℱσ
c‖μ ,σ,

where the sup is over A such that |A(b)| + |A(c)| = |A(a)| + |A|. Recalling now that

‖∂AĠσ e2τσ(2)‖ℒ (L∞,L∞)<∼⟦σ⟧2s−1−|A|,

we get the thesis by observing that

−[a]+2s−1− |A| =−[b]− [c]−ρ +θ +β −δ +2s−1=−[b]− [c]−1,

where we used the compatibility condition −ρ +θ +β −δ +2s=0.
Concerning the last bound, it follows from the first one and the inequality eTν̄(a)� e

iT̃ν̄(a). □
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B.2 Localised flow equation
Taking into account the localised flow equation (67) and the modified flow equation for cumu-
lants (68), we can decompose the operators 𝒜̃ and ℬ̃ in contributions involving the operator R
and L respectively, as

𝒜̃b
a,(i)(Ġσ,ℱσ

b) = (ℜ𝒜b
⋅,(i)(Ġσ,ℱσ

b))a+ (𝔏𝒜b
⋅,(i)(Ġσ,ℱσ

b))a, (113)
and

ℬ̃b ,c
a,(i)(Ġσ,ℱσ

b,ℱσ
c)= (ℜℬb ,c

⋅,(i)(Ġσ,ℱσ
b,ℱσ

c))a+ (𝔏ℬb ,c
⋅,(i)(Ġσ,ℱσ

b,ℱσ
c))a. (114)

Starting from the first contribution in Equation (113), we observe that this is non-vanishing only
if k(𝔞i) =1 and 1< |A1(𝔞i)|�2 and, in such cases it holds that, as a consequence of the definition
of the operator R as per Equation (66), denoting with the letter Z the set of space-time variables
on which (ℜ𝒜b

⋅,(i)(Ġσ,ℱσ
b))a depends, apart from z and z1,

(ℜ𝒜b
⋅,(i)(Ġσ,ℱσ

b))a(Z ,z,z1) = (k ʹ + 1)∫Λ2dz2dz3𝒥Ġσ(z2,z3) ×

× [ℨ{z,z1}κn(a)+1(Fσ𝔞1, . . . ,Fσ[ℓ (𝔞i)−1−ℓ ʹ],(1)(z; z2),Fσ[ℓ ʹ],(1)(z3,z1), . . . ,Fσ
𝔞n(a))+

+ ℨ{z,z1}κn(a)+1(Fσ𝔞1, . . . ,Fσ[ℓ (𝔞i)−1−ℓ ʹ],(2)(z;z1,z2),Fσ[ℓ ʹ],(0)(z3), . . . ,Fσ
𝔞n(a))],

(115)

where ℨ{z,z1} is the extension to distributions of the map which on smooth functions acts as, for
the case of two derivatives, i.e. when A1(𝔞i) = (i, j),

ℨ{z,z1}f (Z ,z,z1) =1i≠0∫Λdz̃∫0
1
[dρz̃−z(t)]i∫0

t
[dρz̃−z(u)] j (J̃σ ,ℓ⊗2,{z,z̃}f )(Z ,z, z̃)δ (z1−z −ρz̃−z(u)), (116)

−ε ∑
m∈{1, . . . ,d }

1i=m−, j=m++1i=m+, j=m−
2 ∫Λdz̃ (z̃ −z)m (J̃σ ,ℓ⊗2,{z,z̃}f )(Z ,z, z̃)δ (z1−z),

for z, z1∈Λ, where, with (J̃σ ,ℓ⊗2,{z,z̃}f )(Z , z, z̃) we mean that the smoothing operators are applied
to the variables z and z̃. We observe that, with respect to the operator 𝒜 introduced in Equa-
tions (110) the variables Z are unaffected by the operator ℜ.

Remark 46. We recall that, on account of Equation (66), the operator R might also account for
a first order time derivative contribution, in which case the map ℨ{z,z1} is of the form

ℨ{z,z1}f (Z ,z,z1)=∫Λdz̃∫0
1
dt(z̃ −z)0(J̃σ ,ℓ⊗2,{z,z̃}f )(Z ,z, z̃)δ (z1−z −ρz̃−z(t)).

In the forthcoming analysis we shall only discuss the case of the second order spatial Taylor
remainder since the first order in time scenario is easier and can handled analogously.

Similarly

(ℜℬb ,c
⋅,(i)(Ġσ,ℱσ

b,ℱσ
c))a(Z ,z,z1) = (k ʹ + 1)∫Λ2dz2dz3𝒥Ġσ(z2,z3)×

× [ℨ{z,z1}κ|I1|+1(Fσ𝔞1, . . . ,Fσ[ℓ (𝔞i)−1−ℓ ʹ],(1)(z;z2))κ|I2|+1(Fσ[ℓ ʹ],(1)(z3,z1), . . . ,Fσ
𝔞n(a))+

+ ℨ{z,z1}κ|I1|+1(Fσ𝔞1, . . . ,Fσ[ℓ (𝔞i)−1−ℓ ʹ],(2)(z;z1,z2))κ|I2|+1(Fσ[ℓ ʹ],(0)(z3), . . . ,Fσ
𝔞n(a))].

(117)

For what concerns the operator 𝔏, we observe that by definition of L, cf. Equation (66), if k(𝔞i)≠
1, it holds that

(𝔏𝒜b
⋅,(i)(Ġσ,ℱσ

b))a=𝒜b
a,(i)(Ġσ,ℱσ

b), (𝔏ℬb ,c
⋅,(i)(Ġσ,ℱσ

b,ℱσ
c))a=ℬb ,c

a,(i)(Ġσ,ℱσ
b,ℱσ

c), (118)

DETAILS ON THE FLOW EQUATIONS 59



while if k(𝔞i) =1 and 0� |A1(𝔞i)|�1, it holds that

(𝔏𝒜b
⋅,(i)(Ġσ,ℱσ

b))a(Z ,z)= (k ʹ + 1)∫Λ3dz1dz2dz3𝒥Ġσ(z2,z3){(z1−z)A(𝔞i)×

× [κn(a)+1(Fσ𝔞1, . . . , (J̃σ ,ℓ (𝔞i)−1−ℓ ʹ
{z} Fσ

[ℓ (𝔞i)−1−ℓ ʹ],(1))(z; z2), (J̃σ ,ℓ ʹ
{z1}Fσ

[ℓ ʹ],(1))(z3,z1), . . . ,Fσ
𝔞n(a))

+ κn(a)+1(Fσ𝔞1, . . . , (J̃σ ,ℓ (𝔞i)−1−ℓ ʹ
⊗2,{z,z1} Fσ

[ℓ (𝔞i)−1−ℓ ʹ],(2))(z;z1,z2),Fσ[ℓ ʹ],(0)(z3), . . . ,Fσ
𝔞n(a))]},

(119)

and similarly

(𝔏ℬb ,c
⋅,(i)(Ġσ,ℱσ

b,ℱσ
c))a(Z ,z) = (k ʹ + 1)∫Λ3dz1dz2dz3𝒥Ġσ(z2,z3){(z1−z)A(𝔞i)×

× [κ|I1|+1(Fσ𝔞1, . . . , J̃σ ,ℓ (𝔞i)−1−ℓ ʹ
{z} Fσ

[ℓ (𝔞i)−1−ℓ ʹ],(1)(z;z2))κ|I2|+1((J̃σ ,ℓ ʹ
{z1}Fσ

[ℓ ʹ],(1))(z3,z1), . . . ,Fσ
𝔞n(a))

+ κ|I1|+1(Fσ𝔞1, . . . , (J̃σ ,ℓ (𝔞i)−1−ℓ ʹ
⊗2,{z,z1} Fσ

[ℓ (𝔞i)−1−ℓ ʹ],(2))(z;z1,z2))κ|I2|+1(Fσ[ℓ
ʹ],(0)(z3), . . . ,Fσ

𝔞n (a))]}.
(120)

Lemma 47. With the above notations, it holds that, for σ �μ,

⟦σ⟧−[a]‖𝒜̃b
a,(i)(Ġσ,ℱσ

b)‖μ ,σ <∼⟦σ⟧−[b]−1‖ℱσ
b‖μ ,σ.

Proof. With reference to Equation (113), we start from the contribution involving ℜ and we
recall that (ℜ𝒜b

⋅,(i)(Ġσ,ℱσ
b))a is non-vanishing only if 𝔞i is such that k(𝔞i) = 1 and 1< |A(𝔞i)|� 2.

We set moreover aʹ∈A to be equivalent to a except for the fact that A(𝔞í) =0.
Our goal is to estimate nicely the norm ‖(J̃νa(ℜ𝒜b

⋅,(i)(Ġσ,ℱσ
b))a) eTν̄(a)‖ and as a premise we

need some pre-processing. We recall that J̃νa is a tensor product of smoothing operators and that
any of these operators is characterised by a scale, which we denote with νi

j, where i ∈{1,.. .,n(a)}
while j ∈{0, 1, . . . ,k(𝔞i)}.

For any such scale there are two regimes with respect to σ , namely 2νi⟦νi⟧−1 � σ⟦σ⟧−1 or
2νi⟦νi⟧−1>σ⟦σ⟧−1. In the first regime, by Equation (19) it holds that J̃νij,ℓ (𝔞i)J̃σ ,ℓ (𝔞i)= J̃νij,ℓ (𝔞i) and thus
we can insert this new operator at the scale σ for free. In addition we observe that thanks to
weighted Sobolev inequality, see Remark 5, since J̃νij,ℓ (𝔞i) is a contraction, we can bound it away.
In the second regime, namely when 2νi⟦νi⟧−1> σ⟦σ⟧−1, we have ⟦νi⟧ < 2⟦σ⟧. We introduce a
new family ν ʹ of multi-indices derived from the original ν by replacing with the scale σ all the
scales νi

j which are in the first regime, and by leaving untouched the ones in the second regime.
Overall, this implies that, on account of Remark 5,

‖(J̃νa(ℜ𝒜b
⋅,(i)(Ġσ,ℱσ

b))a)eTν̄(a)‖� ‖(J̃ν ʹa(ℜ𝒜b
⋅,(i)(Ġσ,ℱσ

b))a) eTν̄(a)‖.

In addition we observe that, as ν̄ ʹ� ν̄, it holds that eTν̄(a)�eTν̄ ʹ(a) yielding

‖(J̃νa(ℜ𝒜b
⋅,(i)(Ġσ,ℱσ

b))a) eTν̄(a)‖� ‖(J̃ν ʹa(ℜ𝒜b
⋅,(i)(Ġσ,ℱσ

b))a) eTν̄ ʹ(a)‖,

and as a consequence we reduced ourselves to estimating the right hand side of the above
inequality. For notational simplicity, in the following analysis we shall rename the multi-index
ν ʹ and denote it with ν as there is no possible confusion. As a consequence, we stress that
in the forthcoming analysis the scales νi

j in the multi-index ν are either equal to σ or satis-
fying ⟦νi

j⟧<2⟦σ⟧. We observe that in both cases ⟦νi
j⟧<∼⟦σ⟧. By Equation (115), we can decompose

(ℜ𝒜b
⋅,(i)(Ġσ,ℱσ

b))a(Z ,z,z1) := (ℜ𝒜b
⋅,(i)(Ġσ,ℱσ

b))1a(Z ,z,z1)
+(ℜ𝒜b

⋅,(i)(Ġσ,ℱσ
b))2a(Z ,z,z1),

(121)
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We start by considering the second contribution in Equation (121). Since, by definition, in the
norms for cumulants we have the smoothing operators J̃νa, we consider, again at the level of
integral kernel,

J̃νa(ℜ𝒜b
⋅,(i)(Ġσ,ℱσ

b))2a(Z ,z,z1) =∫Λ2dz̃dz̃1∫Λ2dz2dz3 ǰν0,ℓ (𝔞i)(z − z̃) ǰν1,ℓ (𝔞i)(z1− z̃1) ×
×𝒥Ġσ(z2,z3)ℨ{z̃,z̃1}K2

a(Z , z̃, z̃1,z2,z3),

where we introduced the short notation

K2
a(Z , z̃, z̃1,z2,z3) :=κn(a)+1(J̃ν1𝔞1Fσ𝔞1, . . . ,Fσ[ℓ (𝔞i)−1−ℓ ʹ],(2)(z̃, z̃1,z2),Fσ[ℓ ʹ],(0)(z3), . . . , J̃νn(a)

𝔞n(a)Fσ
𝔞n(a)).

We observe that we can insert for free smoothing operators over the variables z2 and z3 thanks
to the propagator Ġσ, and thus we can write

K2
a(Z , z̃, z̃1,z2,z3)=κn(a)+1(J̃ν1𝔞1Fσ𝔞1, . . . , J̃σ .ℓ (𝔞i)−1−ℓ ʹ

{z2} Fσ
[ℓ (𝔞i)−1−ℓ ʹ],(2)(z̃, z̃1,z2), J̃σ .ℓ ʹFσ

[ℓ ʹ],(0)(z3), . . . , J̃νn(a)
𝔞n(a)Fσ

𝔞n(a)).

It follows that, resorting to Equation (116), we can estimate

|J̃νa(ℜ𝒜b
⋅,(i)(Ġσ,ℱσ

b))2a(Z ,z,z1)| eTν̄(a)(Z ,z,z1)� (𝕀)+ (𝕀𝕀)
where

(𝕀) :=∫Λ4dz ʹdz2dz3dz̃| ǰν0,ℓ (𝔞i)(z −z ʹ)𝒥Ġσ(z2,z3)| ×

×∫0
1
|dρz̃−zʹ(t)|∫0

t
|dρz̃−zʹ(u)| |(J̃σ ,ℓ⊗2,{z,z̃}K2

a)(Z ,z ʹ, z̃,z2,z3)| | ǰν1,ℓ (𝔞i)(z1−z ʹ −ρz̃−zʹ(u))| eTν̄(a)(Z ,z,z1)

�∫Λ4dz ʹdz2dz3dz̃| ǰν0,ℓ (𝔞i)(z −z ʹ)𝒥Ġσ(z2,z3)|∫0
1
|dρz̃−zʹ(t)|∫0

t
|dρz̃−zʹ(u)| | ǰν1,ℓ (𝔞i)(z1−z ʹ +ρz̃−zʹ(u))| ×

×|(J̃σ ,ℓ⊗2,{z,z̃}K2
a)(Z ,z ʹ, z̃,z2,z3)| eTν̄(a)(Z ,zʹ,z̃) eTν̄(z,zʹ) eTν̄(z̃,z1)=

=∫
Λ4
dz ʹdz2dz3dz̃| ǰν0,ℓ (𝔞i)(z −z ʹ)𝒥Ġσ(z2,z3)|∫0

1
|dρz̃−zʹ(t)|∫0

t
|dρz̃−zʹ(s)| | ǰν1,ℓ (𝔞i)(z1)| ×

×|(J̃σ ,ℓ⊗2,{z,z̃}K2
a)(Z ,z ʹ, z̃,z2,z3)| eTν̄(a)(Z ,zʹ,z̃) eTν̄(z,zʹ) eTν̄(z̃−zʹ−ρz̃−z ʹ(s),z1)

where in the last step we performed the change of variable z1−z ʹ−ρz̃−zʹ(s)↦z1while in the first
inequality we used Tν̄(a)(Z ,z,z1)�Tν̄(a)(Z ,z ʹ, z̃) +Tν̄(z,z ʹ)+Tν̄(z̃,z1). As a consequence,

(𝕀)<∼∫Λ6dzdz1dz ʹdz2dz3dz̃| ǰν0,ℓ (𝔞i)(z −z ʹ)| |𝒥Ġσ(z2,z3)| ×

×∫0
1
|dρz̃−zʹ(t)|∫0

t
|dρz̃−zʹ(s)| |(J̃σ ,ℓ⊗2,{z,z̃}K2

a)(Z ,z ʹ, z̃,z2,z3)| | ǰν1,ℓ (𝔞i)(z1)| eTν̄(a)(Z ,zʹ) eTν̄(z,zʹ) eTν̄(z̃−zʹ−ρz̃−z ʹ(s),z1)

�sup
zʹ
[(∫Λdz| ǰν0,ℓ (𝔞i)(z −z ʹ)| eTν̄(z,zʹ))(∫dz1| ǰν1,ℓ (𝔞i)(z1)| e supsTν̄(z̃−zʹ−ρz̃−z ʹ(s),z1))]×

×∫Λ4dz ʹdz2dz3dz̃|𝒥Ġσ(z2,z3)|∫0
1
|dρz̃−zʹ(t)|∫0

t
|dρz̃−zʹ(s)| |(J̃σ ,ℓ⊗2,{z,z̃}K2

a)(Z ,z ʹ, z̃,z2,z3)| eTν̄(a)(Z ,zʹ,z̃)<∼

<∼∫Λ4dz ʹdz2dz3dz̃|𝒥Ġσ(z2,z3)| |z̃ −z ʹ|2 |(J̃σ ,ℓ⊗2,{z,z̃}K2
a)(Z ,z ʹ, z̃,z2,z3)| eTν̄(a)(Z ,zʹ,z̃).

where in the last inequality we used that

sup
zʹ
[(∫Λdz| ǰν0,ℓ (𝔞i)(z −z ʹ)| eTν̄(z,zʹ))(∫dz1| ǰν1,ℓ (𝔞i)(z1)| esupsTν̄(z̃−zʹ−ρz̃−z ʹ(s),z1))]<∼1.
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For (𝕀𝕀) we can proceed similarly to get

(𝕀𝕀) := ε∫Λ4dz ʹdz2dz3dz̃| ǰν0,ℓ (𝔞i)(z −z ʹ)𝒥Ġσ(z2,z3)| ×

×|(J̃σ ,ℓ⊗2,{z,z̃}K2
a)(Z ,z ʹ, z̃,z2,z3)| |z̃ −z ʹ| | ǰν1,ℓ (𝔞i)(z1−z ʹ)| eTν̄(a)(Z ,z,z1)

<∼ε∫Λ4dz ʹdz2dz3dz̃|𝒥Ġσ(z2,z3)| |z̃ −z ʹ| |(J̃σ ,ℓ⊗2,{z,z̃}K2
a)(Z ,z ʹ, z̃,z2,z3)| eTν̄(a)(Z ,zʹ,z̃).

When ⟦ν̄⟧≈⟦σ⟧>∼ ε we conclude that

‖J̃νa(ℜ𝒜b
⋅,(i)(Ġσ,ℱσ

b))2a eTν̄(a)‖ <∼ ⟦ν̄⟧2 ‖(J̃νaʹ𝒜b
aʹ,(i)(Ġσ,ℱσ

b)) e iTν̄(a)‖
<∼ ⟦σ⟧2 ‖(J̃νaʹ𝒜b

aʹ,(i)(Ġσ,ℱσ
b)) e iTν̄(a)‖,

where in the first bound we absorbed the monomial |z̃ −z ʹ| with the tree weight, namely

|z̃ −z ʹ| eTν̄(a)(Z ,zʹ,z̃)<∼⟦ν̄⟧ e
iTν̄(a)(Z ,zʹ,z̃), (122)

while in the last step we used that, thanks to the pre-processing, ⟦ν̄⟧ <∼ ⟦σ⟧. The same ana-
lysis applies to the first term in Equation (121) as well as to the case of a time derivative, cf.
Remark 46. Thus we overall have that

‖J̃νa(ℜ𝒜b
⋅,(i)(Ġσ,ℱσ

b))a eTν̄(a)‖ <∼ ⟦σ⟧|A(𝔞i)| ‖(J̃νaʹ𝒜b
aʹ,(i)(Ġσ,ℱσ

b)) e iTν̄(a)‖. (123)

We are now in position to exploit Lemma 44, which yields

‖(ℜ𝒜b
⋅,(i)(Ġσ,ℱσ

b))a‖μ ,σ <∼⟦σ⟧|A(𝔞i)| sup
A
‖∂AĠσ e τσ(2)‖ℒ (L1,L∞) ‖ℱσ

b‖μ ,σ,

where the supremum is over A such that |A(b)| = |A(aʹ)| + |A|. It follows that

⟦σ⟧−[a] ‖(ℜ𝒜b
⋅,(i)(Ġσ,ℱσ

b))a‖μ ,σ <∼ ⟦σ⟧−[aʹ]sup
A
‖∂AĠσ eτσ(2)‖ℒ (L1,L∞) ‖ℱσ

b‖μ ,σ <∼⟦σ⟧−[b]−1 ‖ℱσ
b‖μ ,σ

where in the first inequality we used that, by definition of aʹ, it holds that [a]−|A(𝔞i)|=[aʹ], while
in the second one we used ‖∂AĠσ e τσ(2)‖ℒ (L1,L∞)<∼⟦σ⟧−|A|−1−d as well as

−[aʹ]−1−d − |A| =−[b]−1+θ +β −δ −d =−[b]−1,

which follows from the compatibility condition θ +β −δ −d =0.

When, on the other hand ⟦ν̄⟧≈⟦σ⟧<∼ε we have only

‖J̃νa(ℜ𝒜b
⋅,(i)(Ġσ,ℱσ

b))2a eTν̄(a)‖ <∼ (ε ⟦ν̄⟧+⟦ν̄⟧2) ‖(J̃νaʹ𝒜b
aʹ,(i)(Ġσ,ℱσ

b)) e iTν̄(a)‖
<∼ (ε⟦σ⟧−1) ⟦σ⟧2 ‖(J̃νaʹ𝒜b

aʹ,(i)(Ġσ,ℱσ
b)) e iTν̄(a)‖.

which would give us only the bound

‖(ℜ𝒜b
⋅,(i)(Ġσ,ℱσ

b))a‖μ ,σ <∼(ε⟦σ⟧−1)⟦σ⟧|A(𝔞i)| sup
A
‖∂AĠσ e τσ(2)‖ℒ (L1,L∞) ‖ℱσ

b‖μ ,σ.

In this case, to conclude we need to exploit the more precise estimate on the operator Ġσ given
in Lemma 34 to infer that

‖(ℜ𝒜b
⋅,(i)(Ġσ,ℱσ

b))a‖μ ,σ <∼(ε⟦σ⟧−1) (ε⟦σ⟧−1∨1)−d ⟦σ⟧−[b]−1 ‖ℱσ
b‖μ ,σ <∼⟦σ⟧−[b]−1 ‖ℱσ

b‖μ ,σ

which matches the other bound.
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Moving to the contribution involving the operator 𝔏, we observe that if k(𝔞i) ≠ 1, then on
account of Equation (118), the result follows directly from Lemma 44. On the other hand, if
k(𝔞i)≠1, recalling Equation (119), the proof follows the same lines of the case of the operator ℜ,
yielding

⟦σ⟧−[a] ‖(𝔏𝒜b
⋅,(i)(Ġσ,ℱσ

b))a‖μ ,σ <∼⟦σ⟧−[b]−1 ‖ℱσ
b‖μ ,σ.

The thesis now follows by triangular inequality applied to Equation (113). □

Lemma 48. With the above notations, it holds that, for σ �μ,

⟦σ⟧−[a]‖ℬ̃b ,c
a,(i)(Ġσ,ℱσ

b,ℱσ
c)‖μ ,σ <∼⟦σ⟧−[b]−[c]−1‖ℱσ

b‖μ ,σ‖ℱσ
c‖μ ,σ.

Proof. The proof of this lemma follows the same lines of the previous one and thus we shall
omit some details, discussing just the main differences which are simply due to the slightly
different form of the operator ℬ. For what concerns the term (ℜℬb ,c(Ġσ,ℱσ

b,ℱσ
c))a, the main

difference with respect to (ℜ𝒜b(Ġσ,ℱσ
b))a is that, for σ �μ, aster the initial manipulations which

are the same, we have the analogous of Equation (123), namely

‖(ℜℬb ,c
⋅,(i)(Ġσ,ℱσ

b,ℱσ
c))a‖μ ,σ <∼ ⟦σ⟧|A(𝔞i)| sup

ν |μ�ν�σ
‖(J̃νaʹℬb ,c

aʹ,(i)(Ġσ,ℱσ
b,ℱσ

c)) e iT̃ν̄(a)‖

where we bounded the monomial due to the term (z̃ − z ʹ)A(𝔞i) with the exponential e ( 2√ −1)Tν̄(𝔞i),
which is responsible for the modified weight e iT̃ν̄(a). Exploiting Lemma 45, we get

‖(ℜℬb ,c
⋅,(i)(Ġσ,ℱσ

b,ℱσ
c))a‖μ ,σ <∼ ⟦σ⟧|A(𝔞i)| ‖∂A Ġσ e2τσ(2)‖ℒ (L∞,L∞)‖ℱσ

b‖μ ,σ‖ℱσ
c‖μ ,σ.

As in the previous lemma

⟦σ⟧−[a] ‖(ℜℬb ,c
⋅,(i)(Ġσ,ℱσ

b,ℱσ
c))a‖μ ,σ <∼ ⟦σ⟧−[aʹ]sup

A
‖∂AĠσ e2τμ(2)‖ℒ (L∞,L∞)‖ℱσ

b‖μ ,σ‖ℱσ
c‖μ ,σ

<∼ ⟦σ⟧−[b]−[c]−1‖ℱσ
b‖μ ,σ‖ℱσ

c‖μ ,σ,

where in the first inequality the sup is taken over A such that |A(b)|+ |A(c)|= |A(aʹ)| + |A| and we
used that

−[aʹ]+2s−1− |A| =−[b]−[c]−ρ +θ +β −δ +2s−1=−[b]−[c]−1,

exploiting the compatibility condition −ρ +θ +β −δ +2s=0. The case of the term (𝔏ℬb ,c
⋅,(i)(Ġσ,ℱσ

b,
ℱσ

c))a follows suit, giving

⟦σ⟧−[a] ‖(𝔏ℬb ,c
⋅,(i)(Ġσ,ℱσ

b,ℱσ
c))a‖μ ,σ <∼⟦σ⟧−[b]−[c]−1‖ℱσ

b‖μ ,σ‖ℱσ
c‖μ ,σ.

The thesis now follows by triangular inequality and Equation (114). □
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