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1 Introduction

Take ¢>0 and MEN, TZM :=(e(Z/MZ))? and define a probability measure v, 5 on Q, n :={¢:
T¢y— R} by

vean(dg):= SO T g 0
’ xGTﬁM
1 m? A re
Scn(p)i=ef T |00 (-0°p() + - 0+ ()"~ (o @)
x€TL

with Z; pr:= IQE Me’sf””(‘/’)errdm deo(x) and where m>0,A>0,r, are constant respectively called

mass, coupling constant and mass renormalisation and (-A,)* is the discrete fractional Laplacian
of order s€(0,1] defined via functional calculus as the s-th power of the discrete Laplacian A,.

For the sake of clarity we will restrict our considerations to d =3, in which case s=1 corres-
ponds to the usual ®§ measure and we will work within the full range of fractional exponents
s for which the model is subcritical, i.e. when the non-linear part can be considered as a per-
turbation of the Gaussian measure in the small scale regime. This corresponds to s> s.:=3/4.
Moreover reflection positivity holds for s< 1, so we will restrict to values of s€ (s, 1], for more
details see the discussion of the measure (1) in [GH19]. We will discuss in detail the case s€(3/4,
1) but the same proof strategy works with some semplifications for the case s=1 corresponding
to the classical Laplacian. The main result of this paper is a proof of the following:

Theorem 1. Let d=3 and fix s€(3/4,1], m>0, A>0. The family (V¢ p)..m defines a tight family of
probability measure on 8'(R*) as M— co and then ¢ — 0 and the sequence of mass renormalisations
(re)e=0 is chosen suitably with r,=r (1) — +oo as e — 0. Any accumulation point v is non-Gaussian,
invariant under translation, reflection positive and satisfies

f Ol A O™l 4 ) < oo, (3)

for sufficiently large a,b>0 and small 0 >0.

Our proof strategy introduces a novel combination of renormalisation group ideas and PDE
techniques which we believe can be useful more widely in the context of the theory of subcrit-
ical singular SPDEs. We show that the proof also applies to the vector version of the model
where the field takes values in R” for n>1 and the functional S, »/(¢) depends on ¢ in an O(n)
symmetric way.
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Theorem 1 gives a construction of a model of Euclidean quantum field theory (EQFT) which
is referred in the literature as the fractional ®3 model, in reference to the form of the exponential
weight (2) and the dimension of the space R®. In the case s=1 this is the well known ®§ model
which is considered a crucial test in constructive quantum field theory since the original results
of Glimm and Jaffe [G]73], Feldman and Osterwalder [Fel74, FO76] and others EQFT construct-
ivists whose goal were to prove the existence of models satisfying the Wightman axioms for
local relativistic QFT using probabilistic tools via the concept of Euclidean QFTs [G]87].

In recent years there has been a renewed interest in EQFTs due to the development of an
alternative approach to the proof of theorems like Theorem 1. This new approach is grounded
in the basic ideas of stochastic calculus and it is usually called stochastic quantisation. This term
was introduced by Parisi and Wu [PW81] to describe the quantisation of gauge theories via the
construction of a stochastic process evolving in fictious time and whose stationary distribution
is the target Euclidean QFT. This stochastic evolution is a non-linear stochastic partial differen-
tial equation of a singular kind, for which a particular process of renormalisation is needed to
give it a precise meaning. The analysis of such equations require a mix of probabilistic and ana-
lytic arguments which escape the usual approach of Ito integration and Ito stochastic differential
equations. For this reason it took some time before the SPDE community learned how to handle
such singular equation and discovered theories like regularity structures [Hail4] and paracon-
trolled calculus [GIP15, CC18] or renormalisation group [Kup16] which finally allowed to tackle
the problem of the stochastic quantisation of the ®; model. Gubinelli and Hofmanova [GH19]
obtained the equivalent of Theorem 1 with s=1 and a small range of values below that using
a mix of paracontrolled calculus for the small scale singularities of the equation and coercive
estimates to tame the large scale fluctuations. We refer the reader to the introduction to [GH19]
for a deeper review of the literature and the history of constructive QFT and also to contex-
tualise the meaning and consequences of Theorem 1. To out knowledge the construction of
the fractional ®§ model, in the full range of subcritical values of s, is novel.

The probability measure v, s in (1) is the equilibrium distribution for the Langevin dynamics
given by the stationary solutions to the finite system of SDEs

gggb(s,M) 4 A((;S(E’M))S _ rg¢(e,M) =91/2 g(e,M)’ (4)

on Ay p with Ag pr:=Rx Tf,M, where Z,:=9;+ m?+(-A,)* and where ff(g’M) is a (space-time) white
noise such that

E[£EM (L, x) E0M(5, )] =8(t=9) Lxmy,  (LX)(5, 1) €A,

and A>0 and r, are constants. By standard stochastic analysis arguments, there exists a unique
solution of this equation such that Law(¢©M(1)) = Ve um for all teR.

The stochastic representation (4) is already quite useful at this point since by PDE estimates
in weighted Sobolev spaces and the positivity of the fractional Laplacian one can prove tight-

ness of the family (¢©*),; and therefore the existence of sub-sequential limits as M — co. This
can be done with the arguments in Gubinelli-Hofmanova [GH21]. Any accumulation point ¢
will be a solution in A,:=R x (¢Z)? of the infinite system of SDEs

Lep O+ AP = roplO) = £, (5)
on A, and where £ is a (space-time) white noise on A, such that

E[£O(t,x) EO(s,9)] =8(t-5) Ty, (£,%),(5,Y) EA.. (6)
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The non-trivial step is now to control the solutions to this equation uniformly as ¢ — 0. It is
expected that in small scales the non-linear term in the dynamics can be considered perturba-
tion of the linear part of the equation with the white-noise source, and therefore also that in the
small scale limit, the solutions ¢(©) converge locally to distributions in negative Besov spaces of
regularity slightly worser than s-d/2, which is the kind of regularity allowed by the Gaussian
free field. This negative regularity causes problems to control the non-linear term.

Inspired by the work of Wilson and Polchinski [Pol84] on the continuous renormalisation
group and by the more recent approach of Duch [Duc21, Duc22], we use a flow equation to
effectively describe the solution ¢ of the SPDE at some spatial scale much larger than ¢ (see
Kupiainen [Kup16] for a discrete counterpart). Let (/)(SE) denote a description of the solution at
a scale of order [o] :=(1-0)> ¢>0 for some o€(0,1), the flow equation approach consists in

deriving for ¢é€) a parabolic equation of the form

Ll = F(¢1), (7)

where ¢ '—>F(§£)(l//) is an analytic functional of £, the effective force, such that for =1 one

recovers the equation (5) with (/)1(£)= ¢© and

FOW)=-A¢3 4o+ E©, 8)

The functional Ff) can be obtained by solving a flow equation
3F) =B, (F,FY), (9)

backwards for o € (u, 1] with the final condition (8) and where B, is an appropriate bilinear
operator depending on the specific way the scale-by-scale decomposition (gbf)) se[0,1] has been
introduced. The parameter o € [0, 1] does not have any specific physical meaning and that
the spatial scale of the decomposition is fixed conventionally to be of order [o], that is (/)((f)
is expected to fluctuate at spatial scales of order [o] or larger, and in particular to be a loc-
ally bounded function on Ag:=R x R? when extended in some reasonable way from the lattice
A to the continuum. A crucial ingredient is the control of the stochastic process (Ff)) , given
by solutions of the flow equation (9). Following a simple observation of Duch [Duc21, Duc22],
this control can be obtained by studying the time evolutions of the cumulants (?f)) , of the
random functionals (F\))  which themselves satisfy a kind of higher-order flow equation
3T = A F) + Bo( FL), FL),

o

with prescribed initial condition ,9‘71@). Upon choosing appropriately this initial condition by

tuning the parameter r, in (8) one can prove uniform in ¢ estimates for the cumulants (37;5))(7

and therefore, by a Kolmogorov-type argument, suitable bounds on the effective force (Ff)) -
uniform ¢ — 0, and with some more work even convergence in law as ¢ — 0.

Duch's flow equation (9) is bilinear and therefore solvable in general only in a perturb-
ative regime, e.g. in a small interval I =[4, 1] near 1 or for small data or small time. Moreover
the size of this perturbative region depends crucially on the size of the noise £ and while
this dependence can be made uniform in ¢ there could be large fluctuations in the noise which
make the region arbitrarily small and reduce the available proof of existence of solutions to
local results. A similar difficulty is present in the work of Kupiainen [Kup16] who, instead,
uses a discrete renormalisation group (RG) iteration, and in general in all the other approaches
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which use an expansion of solutions in order to resolve the singular terms and control the
limit as ¢ — 0, e.g. in regularity structures and also in paracontrolled calculus. This difficulty
is the signal of the “large field problem”, well known in constructive EQFT. From the point of
view of the stochastic quantisation equation, this problem can be solved using the coercivity
of the nonlinear term whose sign tends to produce large forces which bring down the solution
from infinity. While this observation is standard in PDE theory, it still requires some nontrivial
adaptation to be effective for singular SPDEs. The first to solve the problem have been Mourrat
and Weber [MW17] in their proof of global existence for the ®3 dynamics on the full space with
the usual Laplacian diffusion term and subsequently Gubinelli and Hofmanov4 in the context of
paracontrolled analysis of ®* models [GH19, GH21] including the parabolic three dimensional
setting. Subsequently Chandra, Moinat and Weber [CMW19] provided coercive estimates (the,
so called, “coming down from infinity” property) in the full subcritical regime in the framework
of regularity structures. In this last paper, the authors consider an SPDE where they modify
the covariance of the noise instead of the diffusion term in order to be able to explore the range
of regularity arbitrarily near the critical case. The problem with this approach is that the cor-
responding SPDE in not known to have a reflection positive invariant measure and therefore
it cannot be used in the context of stochastic quantisation of Euclidean QFTs, moreover their
approach depends heavily on the local nature of the classical Laplacian and therefore seems
difficult to adapt to the fractional case or even to the lattice setting.

The main contribution of our work is the individuation of a framework where the flow
equation method is coupled to PDE estimates for the dynamics. This combination results in a
powerful variation of the RG approach where we are not anymore bound to solve exactly the RG
flow equation eq. (9) but we can settle for a suitable approximate solution for which the quantity

Hy:=0,F) - Bo(F®), ), (10)

g "0

is small enough in an appropriate sense. The price to pay for this approximation is a remainder

term R((f) in the SPDE which now reads as a system of two equations for the pair of scale-
dependent functions (¢, RY)_

(e

=T[4 RO

(11)
0RO HO(GL) + DE 4N 0,GIRY,  RO=o.

where (J5), is a family of smoothing operators which realises the scale decomposition, G, =
J,Z; " is the localised propagator of the dynamic Gaussian free field (GFF) and DF(SE)(lﬁ)l} denotes
the functional derivative of F((f) at ¢ and in the direction of i/ (see below for precise defin-

itions of these objects). Moreover one can prove that the term Ff)(gb((f)) retains the coercive
structure of its initial condition, that is,

RO =8P+ Q).

“)(${)) is smaller than the cubic contribution provided [¢] <1. This together with

where Q;

the linearity in R®) of the second equation of (11) make this system amenable to standard PDE
techniques: by choosing [¢] <1 one can control the non-coercive part Q((f)(gbf)) of the effective

force with the coercive part —A(¢é€))3 solving the large field problem. At the same time, since

[o] >0, we have good estimates for Q) DF), H!) which are uniform in ¢ — 0 provided the
renormalisation constant r, is appropriately chosen. This allows the full control of eq. (5) and

the proof of tightness of the laws of the processes (¢®)), and therefore of the family (v°),.
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Comparison with other approaches. The possibility of working with an approximate flow
equation makes it easier to compare the RG approach advocated in this paper with regu-
larity structures and paracontrolled distributions. There is a clear parallel among the various
approaches: the flow equation constructs a random object Ff), the scale-dependent effective force,
which encodes the effect of the noise and which is a finite polynomial constructed out of the
noise term and of the linear part of the equation. It corresponds to the, so-called model in the
theory of regularity structures or to the enhanced noise used in paracontrolled calculus, or even
to the rough path in rough path analysis. If, on the one hand, F® is constructed probabilist-
ically, on the other hand, the remainder term R? is constructed analytically out of the effective
force F©). This deterministic construction clearly corresponds to the analytic machinery in reg-
ularity structures and to the paracontrolled operators in the associated calculus, or again to
the sewing lemma in controlled rough path theory. When the parameter s is near its critical
value of s,=3/4 the number of terms which have to be accounted for in the approximation F(®)
of the solution of the flow equation grows in an unbounded manner. An advantage of the flow
equation approach, over other methods, is that the analysis is quite insensitive to this growth
in complexity of the associated probabilistic object. Indeed the analysis of the flow equation
is quite compact and does not really depend strongly on the distance to the critical values of the
parameters in play. This “efficiency” of the flow equation to analyse the behaviour of non-linear
propagation of randomness was discovered by Polchinski [Pol84] in its proof of perturbative
renormalisability of the Euclidean ¢; QFT. For a modern account of this approach to perturba-
tion theory of QFT's the reader can consult the book of Salmhofer [Sal07] or Kopper [Kop07]. As
we already noted, the application of RG ideas to SPDEs is made very efficient by the observation
of Duch [Duc21, Duc22] that the flow equations can be also used to estimate the cumulants and
avoid explicit and painful inductive arguments on trees, very much like Polchinski's approach
avoids the inductive arguments of BPHZ renormalisation. There is some similarities with recent
ideas of Otto, Weber and collaborators of using PDE arguments to obtain systematically the
probabilistic estimates for the modes in the theory of regularity structures [OSSW21, LOTT21].
The flow equation approach has however the added advantage that the renormalisation con-
ditions can be analysed in terms of setting the right boundary conditions when solving the
flow equation. Recently, the combination of the flow equation approach with stochastic quant-
isation in the context of the construction of EQFT has been exploited in the Grassmann setting
in [DFG22] where the authors developed a new approach to Euclidean Fermionic theories using
a forward-backwards stochastic differential equation together with the approximate analysis
of the Fermionic analog of Polchinski's flow equation.

Plan of the paper. In Section 2 we introduce the main objects of our analysis: the scale decom-
position, the space-time weighted norms which will be used to control the large fields and all
the intermediate results which are needed in the proof of Theorem 1. The coercive estimates
will be proven in Section 3 while the approximate flow equation for the effective force will be
analysed in Section 4 via the flow equation for the cumulants. Finally in Section 5 we explain
the modification needed in the proofs to adapt them to the case of the O(n) symmetric vector
model. Appendix A contains some technical lemmas while Appendix B contains details on the
detailed definition of the various contributions to the flow equations for the cumulants and their
analytic estimations.

Acknowledgments. We would like to thank F. de Vecchi and L. Fresta for discussion pertaining
the analysis of flow equations. This work has been partially funded by the German Research
Foundation (DFG) under Germany's Excellence Strategy - GZ 2047/1, project-id 390685813. This
paper has been written with GNU TgXyacg (Www.texmacs.org).
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1.1 Notations, phase-space decomposition and weights

In this section we shall introduce the main notations we are going to use throughout the paper.

We let R,=¢Z for e>0 and Rg=R. On A,:=R x ]Rf we consider the fractional parabolic dis-
tance |z|s:=|t|/?9 + |x| where z=(t,x)€A, and we denote {z):= (1 +|z|?)"/? the so called Japanese
bracket.

Denoting with $(A,) the space of rapidly decreasing functions over A, the Fourier trans-
form is defined, for f€S(A,) as

f(w’ k) 3=fA e7otrkx) f(p xydtdx,  (w,k)EA:=Rx(-m/e,m/€)?,
and extended by duality to §'(A;) as usual. The inverse Fourier transform is then given by

f(t: x) =J~A'f(w’ k) ei(wt+k-x) dowdk

(2”)d+1’

(t,x)EA.,.

For £>0, the (discrete, when ¢ >0) Laplacian A, has symbol given by & +— —g.(¢£)* where

d . , 1/2
qg<k>:=[2 (;sin«ski)” , (12)

i=1
is the Fourier multiplier corresponding to the operator (-A,)"2. When =0 we have go(k) = |k|.

The fractional Laplacian

For s€(0, 1) the (negative) fractional Laplacian (-A,)° is defined as the Fourier multiplier with
symbol & €RY — q%%(&) (cfr. Eq. (12)). In particular it is self-adjoint and positive in L¥RY) and
for s€(0,1] it has the (discrete, when ¢ >0) heat-kernel representation [Kwal7]

(_AE)Sf = Csf]R (f— egAFf) 071,Sd9’

with the constant C,= |F(—s)|"1. In the continuum, the fractional Laplacian has, for s€(0, 1), the
integral representation [Kwal7]:

(=Ao)'f(x)= CasP.V. f FOO-TW gy erd, (13)
g Rd |X— y|d+2$
where Cy ; is an universal constant. In the discrete setting a similar formula holds [CRS+15]:
A)f()=e? Y Kx-»(f)-f()  x€RE (14)
y€RE:y#x

where the kernel K:R? — R is positive and such that
K(x)|< Caslx[747%,  x€RY,

uniformly in ¢ for some constant Cy ;> 0.

We can encode the integral representation, Eq (13) or Eq. (14), of the fractional Laplacian, via
a positive measure vson A x A (depending on ¢ and symmetric for the exchange z <> z) for which

{f.(-A)gr= fvs(dz dz)) f(2) (g(2) - g(2).
We also define the kernel vy(z,dz) arising from the disintegration of v as

v(z,dz")dz = v{(dz dz). (15)
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Note that it is a symmetric kernel, i.e. vy(z,dz")dz = vy(z’,dz)dz’. With these notations we have
also the following Leibnitz rule with a remainder

I(f,8):=A)(8) - f (-A) g -g (-A)f = J-]Rﬁ (2)- f(2) (g(2) - £(2)) vs(z.dZ). (16)

Remark 2. A basic observation is that the fractional Laplacian (whether in the continuum or
on the lattice) satisfies an inequality w.r.t. application of convex functions. Let ®: R — R be a
convex C! function and @' one of its sub-differentials, then, for any £=0 and u€ C*(A,) we have

(=A)’®(u) < D (u) (-Ap) u.
Indeed, note that e?? has a positive definite kernel. Let ®:R — R be a convex function, then
®(a)-D(b)<D'(a)(a-b), a,bER,
so if u: A— R is a continuous function we have
D(u) - e?2®(u) < @ (u) (u- eeu),

and therefore the claimed inequality. It is clear that the same proof works for £=0. We will
incorporate this idea in the proof of the key Lemma 16, below.

The operator G¢=%;" is defined as
t 2 s
(L f)0s= [ m A0 fdu, reR,

and will be applied to continuous function of time with at most a limited polynomial growth
in space-time. On account of Lemma 5.4 of [Gri03] together with the argument of Section 1
of [GT01], the kernel G(t, x) of G satisfies

. N reem’t
Gi(t,x)s e fmingt >, |x|d+2s = (| + |¢]/25)d+2s (17)
uniformly in £ 20.

Scale decomposition

Let us introduce now a scale decomposition of space—time functions parametrized by o € [0,
1] and where we let [o] :=(1 - o) for convenience. The value =1 corresponds to allowing
fluctuations at all scales while o <1 only at spatial scales Z[c] or equivalently at Fourier scales

<[o] ™~

Definition 3. Consider a smooth and compactly supported function j:R — R, such that

oy 1 it g,
](’7)‘{0 if  n=2,

and which is chosen in a Gevrey class G" for r>1, see [GMR21, MW17] for details. For t=0,1,2,...
denote

Jou(m):=j@2 ‘a7 [a]m),  neER,
and let j,:= j;,0. Note thatjo,t’(n)jo,t"(ﬂ) :jo*,i(”) fOF 0st<t.

Definition 4. We introduce a family (7<<7£))ge(0,1) of Fourier multipliers acting on distributions f €

S (Ae) as
T (60 =T0F (6 05= [ oo+ qu(k) Fao R it SCE

oo (VA (18)

In addition, for t €N, we introduce a family of smoothing operator, jéf}for 0€(0,1) and ¢=1,2,...

which is as above but constructed out of the function j, . Moreover we let ~(<f) = Y}
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In order to lighten the notation, in the following we shall leave understood the dependence
on ¢ of 7% by using 7.

Note that J“'f — f as ¢ 71 and that J7f — 0 as 0 \.0 in §'(A;). We let go(k):= k| so that
ge(k)— qo(k) point-wise for k€RY. We observe that, on account of the above definitions, for any
t€Nand 0€(0,1), it holds that

jcr,fjazjm ja,ﬁljcr,f =jcr,f- (19)

Remark 5. We observe that the operators ,, and J, are contractions in the class of L? spaces
thanks to the Young convolution inequality. This property holds true also in the setting of
weighted L? spaces, see [MW 17, GH19] for further details. In particular this is true for polyno-
mial weights as well as for the stretched exponential weights which we will soon introduce.

Remark 6. We shall use the fact that if o <y;, where p; is as in Definition 8 below, then 7,7,,,,=
Jo. This is a consequence of the very definition of J,, y; and of the fact that, as o< y;,

20 [o] t<2piul t=2@-1)=2" —2< 27 — 1~ gy [pia] 7Y
yielding jz(7) ju..,(m) = jo(n) for any n€R.

In the tightness argument we will also need a Littlewood-Paley decomposition which acts
only on the space variables:

Definition 7. (Spatial LP blocks) Let (A;: IR—>]R+)1> 1 be a dyadic partition of unity for R, where
A_y is supported in a ball centred in 0 ofradzus =, Aq is supported in an annulus and A (-):= Ag(27")

such that if |i-j|>1, supp(A;)n supp(A )=2. In addition we also require the functions A_; and A,
to be in a Gevrey class G” for r>1. Out of this partition of unity we define Littlewood-Paley (AY);>-1

blocks for RY as the Fourier multipliers associated with Ai(qg(k)).

Space-time weights
To analyse the global in space behaviour of the solutions to the SQ equation we shall use several
classes of space-time localisation.
Definition 8. (Weights)
a) Fixv>0 and let
p(2):={2)"",
be a polynomial weight where z =(t,x)EA.

b) Let (xi: A— R.)icz, a dyadic partition of unity for A with y; supported on an annulus of
radius ~2% fori=0, a>0 and y,, yi=1.
c) Let (yi: A— R.)iez. be a family of smooth and compactly supported functions such that

forany i€Z.,, yilsupp(y)=1, where supp(y;) denotes the support of the function y; introduced
above.

d) Fix increasing numbers {1}i>0<(0,1) such that y; /' 1 and [p] =27, i€ Z.,.
e) Fori€NN, let {;; A— R radial cutoff functions of the form

{(z):= e~cllds—2"7 ZEA,

with w=1/r<1 where r>1 is the parameter of the Gevrey class of the cutoff function j in
eq. (18) and where the constant ¢ >0 will be chosen to be small enough. We observe that
{i(z) is identically equal to one for |z|s< [u:]™* while it vanishes (stretched-)exponentially
fast for larger |z|s.
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f) ForjeN, let
Pj(z) = (22aj+ (|Z|§ _ 22aj)+)fv/2‘
This is a polynomial weight which is 277 up to scale |z|;~ 29 while it decays as 27~V for
|z|s~ 29K with k > .
Remark 9. These weights satisfy the following properties.
a) For any i€Z, it holds that y"< {; for any n=1.
b) For any z,z; €A,
p(2) p~(z1) s p~H(z - 20). (20)

Moreover analogous property is also satisfied by the weights {; and p; uniformly in i.
Indeed, since w<1, we have, for any i,

GG (@) < explel(z1-2ls+[2ls- 299 - (2], - 2¢]) e

<
< explc|z-z|}=:{ "z - 21).

and similarly

. |21 _ Z|§ v/2
= 22aj+ (|Z|§ _ 22aj)+ (22)

N

(22“j+ (|23 - 229, + |21 - z|§)w2
229 + (|2[3 - 229),
(1+|z1-2[H)"2=p Yz~ z)).

pi(2) pi (z1)

N

¢) The parameter y >0 shall be fixed in Section 4. Concerning the parameters v and a intro-
duced in Definition 8, we shall require that av=y. For future convenience we observe
that this implies that for any n€R,

|8ip e+ [xip™ < Tud ™.

As a consequence, since the only fixed parameter will be y, this grants some freedom
in the choice of v. In particular, as we shall discuss in some technical lemmas in the
following, e.g., Lemma 16, Lemma 35 and 41, we fix v such that v€(0, s/3).

2 Stochastic quantisation

In this section we lay out the main steps in the proof of Theorem 1, starting from the effective
equation at (fractional, parabolic) space-time scale [o] :=(1-0), 0 €(0,1) obtained via a scale
decomposition and the introduction of the notion of approximate effective force.

2.1 Scale decomposition

Let ¢©) be a stationary solution to the infinite system of SDEs (5) and define the scale-dependent
field ¢¢ := J,¢' localised at (fractional, parabolic) space-time scales =[c]. It is a solution to

Zes = Jo(F($")),

where
P =2 = rey+ £

Let & := C(A,) the space of continuous functions on A, with at most polynomial growth at
infinity wrt. the space-time fractional norm. Consider a family (Fs: &° — 8'(A¢))oefo,1] of func-
tionals, differentiable in ¢ €(0, 1) and such that Ff = F¢. Using that ¢©) = ¢{ we have

FX(¢°) = Fi(¢7) = Fi(dy) + Ry,
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for all p€[0,1], where
1
Rj:= L[%Ef(%) +DF5(45)(9:45)]do,

and where DF,(1/)y/ denotes the Fréchet derivative of F, in the direction of /'€ &° at the point
i € &°. Since we also have

o5 = Go(F(9)) = Go(F5(¢5) + R),

with G, := & 13‘0 and jg :=Jyfs, We deduce that the pair ((/)/f, Rﬁ)pe(o,l) satisfies the system of
equations

Zey = JuFi(¢) + Ry)

Ri= [ Hi(¢&)do+ [ [DF(4%) G, Re)doy, @3)

where
Hi(y):=0,F£(y) + DFA(Y) GoFE(Y),

for any choice of (F;)se[0,1]- Our main goal will be that of showing that this system allows for
good a-priori estimates for a well chosen trajectory (F;)se[o,1]-

Remark 10. Apart from Section 2.3, in the rest of the paper we keep ¢ >0 fixed. The analysis
which follows is, however, quite insensitive to the fact that the spatial domain is discrete or
continuous. The main differences lie in the explicit form of the Fourier multiplier operators
(J5)s and (G,), together with the different action of the discrete fractional Laplacian (-A,)® with
respect to its continuous counterpart (-Ag)°. The qualitative behaviour of these objects will be
the same and all the estimates we obtain will involve constants which are uniform in the lattice
spacing ¢ unless stated otherwise. In order to lighten the exposition we will suppress the explicit
dependence of the domain A, on the lattice spacing ¢ and writing A for either Ay:=R%*! or A,
with € >0. Similarly we write (-A)® for either the discrete or the continuous fractional Laplacian.

2.2 A-priori estimates in weighted spaces

We introduce weighted norms for the function /€ §'(A) as

A =Nl:=inf sup {lo yslis+ o1 yelio}, (24)

o€[i1)

where the infimum is taken over all decompositions {5 + /g = J,i/, 0 €(0,1). Here 7i€(0,1) is a
(possibly random) parameter which will be tuned later on depending on the size of the noise.

We denote by 2 < §'(A) the space of distributions i for which the norm [||¢/||| is finite for
some ji. The norm (24) is inspired by a similar decomposition in [GH19]: the fields are decom-
posed in a part ¢; which is regular but which grows in space and in a part ¢; which is irregular
(i.e. blows up in L* as o /' 1) but stays bounded at large distances. In Section 3 we will prove the
following coercive estimates for fractional parabolic equation with cubic non-linearity which
allows us to control the large values of the fields.

Theorem 11. (Coercive estimate) Assume ¢ € and let

fo1= 01y + (A s+ A B2,
then, if i is large enough (depending only on 1), we have

Nlla < A2 LAl 2+ 273NN + A3 Ll P Nl
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with an universal constant, where the norm on the r.h.s. is defined as (cf. Definition 8)

Al =N f s 2 :=sup sup [T Ix? folie- (25)

20 o=p;vjl

Proof. For jilarger than some deterministic constant, using successively Lemma 37, Theorem 15,
Lemma 39 and Lemma 41 we have

liglllz < sup [No=p, [T |xi oli=].
i=0

_ _ i i /
sup {ey L1 (1722 (I ]2 gl + 210 )

i=0

AV2LADY + AV3NANE + A3 Ll PN e + A V3 A R Izl

Then, by Young's inequality

A

A

A

1
il = A=/2 LY /2 + AP AR + gl + A LY P Ll

and taking the term %lllgblll on the Lh.s. we conclude. o

The two norms [||@|ll, Il fIll+ in Theorem 11 fix the analytical setting for the global analysis of
the SPDE (23).

Theorem 12. Let (¢, R) be a solution of the equation

3@1 = ],u(F,u(¢p) + Ru)

R,=[ ;Hg(%)da +f ; [DE,(¢h) GoR,]do, (26)

where
Hy() := 95Fo(1) + DF(1)) GUFU( ).

Assume that (F,), satisfies the estimates, for o= vz ;v fi,
b s (Yo = (<A YD < LT E[Co(t PN + 1+ ML e,

i Hle < CrLol T @Iy, (27)
14 3 DFo(¥0) GoRoli < CrLol ™ (1+ MYV IS FoRol 1,

for some finite M, {, Cp>0. Then there exists universal constants C,C* @ >0 such that, for all i
satisfying

[ <CCrY,  [a]°<C?
we have

g1, WZLBle<1,  sup sup |G TR =51
Lopzpvi

Proof. Consider R first. From the Equation (26) and exploiting Remark 5, we obtain
. T 1. :
”gt juR/l”L‘x’ < ” gi j,uR}l”L“ < fﬂ” gi 7yHU(¢0)"Lde + fﬂ” gi jpDFo(QbU) GURGHL‘X’dG:
then using Equation (27) we get

12 Ryl< Cr Tulé (1 +NIIN™M + Cr (1 + 1IN f :[[a]lé’ ¢ FoRo|1~do,
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and by Gronwall inequality we get, for u=u;v i,

| uRul< Cr LATE (1 + 111D exp(C Cr A1 (1 + 1IN,
and therefore, by Remark 9 (a),
llo — JoRollle < Cr [A1* Y (1 + Il exp(C Cr [A1¢ (1 +I4lID™). (28)

Let's bound now ||| Z¢|||s. By triangular inequality, it holds that
1l <lllo = (FoFo(do) + A g)le + o = AB2llle + lllo — FoRollle.

The last term has been just estimated, for the other two we have

lllo— Agllls = Asup sup [oT" |x7 g2l < Asup Nl < Al
i

i ozpvi

and, on account of the first bound in Equation (27),

llo — (JoFoldo) + A gDl < Lal* Cr (1 +lGIN™ + LA (1 + g 1L Bl
Overall we have
1Ll < Al + [aD¢ Cr (1 + Y™ + LAl (1 + NG 1L Bl + lllo = ToRslle (29)
Finally let us put all together using Theorem 11 to get

NP < A32[alPY %+ 2 sup sup [o1 [x?(Jo(Foldo)) + A 93

i ozpvi

+A 7 'sup sup [o]*" [ TR0l + A7 [ADY 1Ll (30)

i ozpv

< APLEPY?+ 27 Cr A [+ MBI + (1 +GID* IL ] + A7 o = ToRolll,

where in the second inequality we exploited Equation (27) and [i] < 1. And therefore, by Equa-
tions (29) and (30),

I/ + AL/ D

< ASRLAPY2+ A7 LD [Cr (U NG + (1 + NG l] + A o — ToRollle
+e 2 ANIGIP + L1 [ Cr 0+ g™ + (L NG + o — Toolle}

< AR clIgIP + (1 ) A7 I [ Cr (gD + (1 + GNPl
+(1+ ) A Cr AT (1+ g exp(CCr IAT (1+16IDM),

with, possibly large constants ®,®« >1 and with ¢ chosen small so that c<®73/2 and c<1 to
obtain

gl 20% + A LBl / P < A2 [a]*2+ 247 [A]¢ [CF(l + BN + (2 + Nl |||$¢|II#]
+2 071 Cr [ALE ™ (1 + )™ exp(C Cr LD (1 +IIHY™).
We observe that the constant M appearing in Equation (31) is not the same of Equation (30),

nonetheless, as the precise value of M is not important, we shall keep this notation. Let . €(0,1)
be such that

2 [EP <1, CR[R]FGBOM<S, [L](BD)sc/4dy,
where § = §(A, @) is a small constant such that
2A1285+2212 §exp(CS) <27,
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With this choice we have also
14227 Cr []F B0 + 27 Cr [T {3 0)M exp(CCr [RIF (3OY) < 1+274, (32)

Define now A:={u€[f,1):[l¢ll,<2®}. Then A #@ since for y— 1 we have |[|¢|l|, — 0. We want
to prove that A is both open and closed. Observe that it is open since if €A then |||, <2 ®
and using Equation (31), Equation (32) and u > ji, we have

I/ 203+ A I LPlle/ 2 < 1+ A [ BRYM+ A7 Cp [P ¢ (30)M exp(Cr [.]¢ (3 D)M)

< 1+274

so [llglll, < (2 + 273)13® < 2® and therefore for § >0 small enough [||glll, < @ for ve(u- 6, u+ ) since
vi—=|lIllly is continuous. Let us prove that A is also closed. Take p,— p such that p,€ A for all
n=1. Then by continuity |||, <2®=|[||}lll,<2®, so p€A. As a consequence A= [ji,, 1) and in
particular i € A, that is [|¢|l|z. < 2 ® and therefore also

Ll < (2+23) AP/ c<1,
and

sup sup |4 JRie< Cr[]° 3 ®)Mexp(Cr[a]¢ B @)M)< 1.

|BTEITRYITN
HZHVH O

In order to apply the previous theorem to the analysis of Equation (23) we need suitable
approximate solutions of the flow equation for the effective force (F;),

9,FE + DFEG,FE=0,
for o €(0, 1] with final condition

F{()=-A(y) - re g+ £©. (33)

Section-4 will be devoted to prove the following result.

Theorem 13. There exists a choice of (ry). for which the random scale-dependent functional
(Fi)ue(0,1) with boundary condition (33) satisfies the estimates (27) where Cr = |F&¥ is a finite
random constant such that

sup E[|F*¥]] < o,

>0

for any p (not uniformly).

2.3 Tightness

In order to pass to the limit as ¢ — 0 we want to embed all the random fields ¢'®) in the same
space by extending them from A, to A¢. In order to do so we let

$U(12):= 0 D)p 1, x)= [ 0(el ) 9, ) etersk0S2TE,

A (34)

where 6: R, — R, is a smooth bump function such that 6(0)=1 and 8(5) =0 for |g| > 1. The
random fields ¢! all live now in the continuum domain A, for any &> 0. For convenience we
have dealt so far with space-time distributional norms. However in order to obtain informations
about the EQFT we need to evaluate the marginal at a fixed time of the solution of the SPDE.
The necessary regularity is obtained observing that we have the following Schauder estimate
tailored to our norms (cfr. Lemma 36 in Appendix A). For any small x >0,

sup 27GY=2570) | o AT O] < [a] Y [l el + Ll
i
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Now, we fix i€(0,1) such that [[,[1]]"{: 1+C Y FeY|. By Theorem 12 we have that [[|¢°]|| = [|Z$*|l| =
1 so by Lemma 36 we obtain that ¢* can be controlled in a space of continuous functions of time
with values in a weighted spatial Besov space of (negative) regularity -3y + 2s - k, namely

sup (21 p Afg Ol <Ll = (1 + [FE (35)
Together with Theorem 13 this allows us to estimate
supE[(sup 27 Gy-2s+i)i Jilp ATp ||) ] < supE[(l +|F&¥) yn/§] < 400, (36)
>0 >0

for any n large enough. The Besov norms behave well through the embedding ¢ — ¢[¢]
indeed

lp AT N1y = |0 O(eD)ATP O 1ovn) < |p AT 1o,

and therefore the bound (36) translates into the tightness of the family (¢[¢1(#)),-0 in &(A) for
any fixed t€R. We have then proved the first part of Theorem 1.

2.4 Integrability

In order to complete the proof of Theorem 1 we need to establish the integrability of the meas-
ures v¢ uniformly in ¢ and obtain the bound (3) for any limit points. The main tool for this task
is the Hairer—Steele argument [HS22] which gives optimal estimates (as far as growth of the
function is concerned). We look to estimate quantities of the form

Zegi= f OOz e gy,

where Q,:=(1+(-A,)"/?)~%is a regularising kernel and h(x)=(1+|x|)"" is a polynomially decaying
weight in the space variable alone. The specific value of a and b will be suitable chosen below,
respectively in Equations (40) and (39): in particular we shall require them to be large enough.
We define a new tilted probability measure

OlhQegl2. e
e vid
Vg’e(dgb) = %,

and observe that, by Jensen's inequality,

1= [v(d)=Zeo e M"Oiv0(ag) > 2, gexp -0 [In Ol (dg)|

so we conclude that

log Z.0< 011 Quglfav(d) (37)

The task of controlling the size of Z, g is reduced via (37) to that of estimating some polynomial
moments of ¢ under the new tilted measure v*?. By stochastic quantisation this tilted measure
can be identified with the marginal of a stationary solution to the SPDE

[0+ m®+ (=814 + AP - 1.9 = O($ ) + £©), (38)

where the additional perturbation O(¢) is given by

O<¢>=-95—‘;||h95¢||iz=-29||th¢||iz<QthQg¢>.
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Estimates for this new equation uniform in >0 come from the flow equation argument that we
developed so far. In particular, repeating the arguments at the beginning of this section, we can
write

Zey) = JolF($) + O($")
and by including the contributions of O in R® we have the new system
o) =To(E{8;7) + RS)
1 ) 1 )
RO~ [ (@) + DE) Go B3 )do+ [ DR Go R o+ 0(91),
p p

(8.0
(2

In estimating this equation we have to consider ||§’]-]UR , and therefore we need a bound for

the space-time norm | gvj]gO(d)(f))” of source term:

ii(]Rd)(jJQshz Qe¢(t: ))H
hp(,) (1, )0, Mz a0 To Qo> QE, )

123,09 <2161 [t — (¢ h 0t )

=210 Ht—> Gt )pN(t,-)

<2/0 ”t—>g(t,»p-l(t,‘)lhp-l(t, I, | I Qe 10 70 Q.

Now if we assume that h€ L3(RY) is decaying fast enough at infinity so that |k p(0, -) ii ®H= L
we have, exploiting p~(¢,x) s p~(,0)p~1(0, x), which is a consequence of the property p~(z1)<

p Yz - z1)p~}(z1) of the weight p,
[hp71(t, N 2 ey = (2, 0) 2R p(0, )

so, recalling that p(t,0) 2 < p(t,x) "% for any x €A as well as the localising properties of {; as per
Remark 9,

Lwy = P07 (39)

[t — &(t.) p~!(t,) p(2,0)Z < G p~3] < 2%,
and since both p, h are nice weights we have

lp7sQeh? Qe < lp Qch? Qel <lp Qe < Y. 27|AT p .
Therefore '

G306 2101273 2-lpail).

By the support properties of the functions y;, Remark 9 as well as the Schauder estimate (98),
1
sup Y Xhep NG| s sup 27V Al
e=-1
sup 2™ [Wix; [pyv A1V Mg+ 2" 21 L]
j
LAD ™ Mgl + 27 2O Z e,

Y. 27 p ATl Z 271 (L] Y il + 277 =2 L]
LAl M6°l + 1l

1
where we used that for a large enough, 3y - 2s+ k- a<0. Summing up we have

167506 <2101 2°Y [ > N elP + LB NE] (41)

lo 874l

A

A

A

and thus

A

(40)

A
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and now from the Grownall lemma applied to R we get, for o = ;v i,

1GTR = [IF=LAI L+ gD+ 10127 LAl I +10]2° Iz 1
<exp(Cl[F*| [a3¢(1 + 1™

and therefore, since [y;v i]* [1] 7" <1,

sup sup [oTIZ TRl = [P "4+ g™ + 61111+ 01111
J o ozpVi
<exp(C [P L2 (1 +giy*™).

By repeating the same continuity argument following (31) we deduce that, provided f is
chosen such that

[F¥| [a]¢ 3 @)™ < 6,
for some constant ® and with a small § = §(A, ®, 0) satisfying
21715+ 2{A71 5 +0| @3 + |0 DL lexp(CO) <274,

we can conclude that [||@l|<2® and || Z¢|lls< Pz. Such a § exists provided |0| >0 is small enough.
Taking /i such that |[F&¥| [A]° 3 ®)M = § we have

[h Qe (== Lal ™ < IF=¥|",

for any fixed t€R (with constants depending on t). As a consequence of Theorem 13 we have
also

supE[[h Qep(1)]x(n )] < sup E[F*]™€] < o0,

>0 >0
for any large n and fixed t €R. From this we derive easily that any accumulation point v of the
sequence v¢ satisfies Eq. (3) provided 6 >0 is small enough. This proves both the exponential
integrability required for the Osterwalder-Schrader reconstruction theorem and also proves
that the measure is non-Gaussian, since Gaussians measure cannot integrate functions growing
so fast, completing the proof of Theorem 1.

Remark 14. The choice of the norm to verify the exponential integrability is quite arbitrary.
Since we need to determine an SPDE for it we want a differentiable norm. In general we could
replace the L? norm by any L?" norm, as long as n is finite and similarly use different space
weight h and smoothing operator Q,, as long as they remain compatible with our Schauder
estimates.

3 A-priori estimates

This section is devoted to prove weighted bounds for classical solutions to a fractional parabolic
equation with a cubic coercive term. To our knowledge this result is new, even if given the proof
follows closely the proof in the case of the Laplacian, see e.g. [GH19].

Theorem 15. Let u be a classical solution of the fractional parabolic equation

du+ (A u+Au’=f, (42)
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where A>0. Then it holds that, for any i,
il < A7V2+ 273 x| + 27 psu + 27 | D(p7 w1

where, recalling the kernel v((z,dz’) defined in Eq. (15) we let

1/2

D)= [ 1)~ F@Puz.dz)]

(43)

Proof. We can assume that |y>f| +|p;u| + |D(p?u)| < 00, otherwise there is nothing to prove. Let
vi=yiu, ®(E)=Dr(£):= (- L), and O'(§) =Pp(€):= 1> so that D(a) - D(b) < D'(a)(a- b). Consider

Equation (42) and test it against ®7(v)®7(v)y; to get
(@L(V)PLV), )} f> = (@L(V)PL(V), )} Beu + xi (- D) u+ AvP).
By Lemma 16 below we have
@)D, 1A 2 - [ @2~ 2V pw] + 21D () [ @)
For the time derivative we observe that
(@L(V)PL(v), x*Bsup = (@r(V)OL(V), 31 — X Bpx) v)-

Then, leaving implicit the space variable, by the convexity of ®* we have

tim [ syt g
hm f Xiz(t) [(I)E(V(t)) - @E(V(t - h))] dtdx
A

fAX HH)DL(v()DL(v(1)dv(t)dtdx

\V

AN\O h
2 2
o Xi(t)-xi(t+h) _,
- lim f A Yo v(n)drdx
- 2| 3

\%

-2loud | @3,
therefore the lower bound

@' W10 =~2l0ul | @3)=Ivl 1wl [ @um 2= [ @Bw) -2 puad [ @1(v),
holds. Now we have
@rD1(v), A3 = A{(v-L),,(v-L)+L)v? = A{(v-L)%,v¥ + AL{(v-L),, v%
> AL f @)+ AL’ J' @)
but then, also

@M. AVY = @O, )~ @UVBL(), O+ (D))
< lifl [ u)+ [ @uw)« 2o+ 27 ID(piw] [ @utv)

Together these two inequalities imply that

(AL2-C) @i+ (AL =i fl - C 2" lpsul - 21 IDGoPw)]] [ @u(v) <o,

(44)
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for some C >0. Taking
L>L=max(A""*C, A7 [’fl+ C 2" |piul + C2"[D(p}u)l]),

| @uw)= [ @fw)=o.

which in turn implies that v< L a.e. on A and by a similar computation for v=-y;u we obtain
that |[v|<L a.e. on A. We conclude that

we deduce that

[ < inf L=Ls A2+ A7 f L+ 27 psul + 27 [D(o w12
as claimed. O
The proof is completed by the following lemma.
Lemma 16. With the notation of Theorem 15, we have

@V DLW (-8)0) 2~ [ @)= 27 o] + 27| Dp7 ) [ @1(4) @1,
Proof. We can write,
A= @U@, 17 (-8 = [ 14dz d)0u(v(2) Bi(v(2) (2) (ulz) - ulz)
- [ 122U (E) DU XD ()= 9= )+ [ 1(dz 2 WU U ) - 1)z,

and using convexity of @7, namely that ®;(a)(a- b) = ®r(a) - ®1(b), and its positivity, we have

Az fvs(dz d2)1(v(2) ¥(2) (@1(v(2)) - @L(v(2)
+f v(dz d2)@p(v(2) @' (v(2)) xi(2) (Xi(2) - xil2)) u(2))
= fvs(dz dz)@(v(2)) xi(2) xi(2) (P1(v(2)) - PL(V(2))) [=:(D)]
+f vi(dz d2)@1(v(2)) @1(v(2)) X(2) (xil2) - xi(2) w(2) [=:(II)]
+f vy(dz d2)@(v(2) xi(z) [xi(2) - xi(2)] (PL(v(2) - @1 (v(2)))  [=:(TID)]

Symmetrising the integral (I) w.r.t. the exchange z <>z’ we have

D= [ 1z d2)(2) 12 [@1v(2) - Pu((z )] -0

while, again via algebraic manipulations

(I = fvs(dz d2)P1(v(2)) PL(V(2)) 1 (2) (xi2) - xi(2)) pi *(2) (b7 u)(2)
= st(dZ d2)1(v(2)) 21(v(2)) x(2) (Xi(2) - xi(2)) (pi *(2) - pi*(2)) (pi’ u)(2)
+f v(dz d2)@1(v(2)) D1(v(2)) X (2) (Xi(2) - xi2)) pi *(2) (pi w)(2)
= st(dZ d2)1(v(2)) @1(v(2)) () u(z) (x(2) - xi(2)) [=:(I)]
+f v(dz d2)P1(v(2)) PL(V(2)) x{(2) (xi(2) - Xi(2)) (pi *(2) - i *(2)) (7 u)(z)  [=:(II)]
+f v(dz d2)P1(v(2)) PL(V(2)) x(2) pi *(2) (Xi(2) - xi(2)) [(p7 u)(2) - (p u)(2)]  [=(II3)]
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For (IT;) we have

(IT)

Jazu(2) @i(v(2) x() u(a) [ ) - i) vz, 02)
i ul [ dz (2 Bi(0(2)
2" [ dzi(v(2) @i(v(2),

1aY

3%

where we used that

f () - xi(2) vz, d2)

sup =sup|(-A)xd = 1.
i,z i

Next, using the definition of p; and the inequality (22) for the nice weight p;, we have

(ITz)

\%

-lpi ul [ dz0u(v(z) @iv(2) 172 [ i) @) 197 - i (@) iz, d2)
ot ul [dzuv(2) @i(2) () i (2)
27 |p} ul [[dz0u(v(2) @i(v(),

3%

1aY

where in the next to the last bound we used the fact that
10%) - P (@)1 2D (2= 2) =112 @ - 2 Miesfer + 211 p7 e - 2)),
which implies that, provided 3v<2s,

sup [11(z) - 1@ 1o ()~ pi @lz.d2) i (2)
i
Next, using Cauchy-Schwarz inequality, and the bounds |y? p; %] < 2% and

sup [ Gu(z) -2z, d2) 51,

we have
1/2

(L) > -2 [dz0u(v(2) @i [0} (@) - (o7 WPz, 02)]
2 -2 ID(}w) [ dzu(v(2) Bi(v(2)
Finally we have, for « >0 which will be fixed in a moment,
(D) > - [ 1(dzd2) 0N [(2) - @)1 - 5 [ 1z 422 [0uv(a) - Ruv())
> [ Wz )0 @) L) - )+
— [ 1z d2 )02 () [0u(v() - v+
— | 1z d2)0(2) L)~ ) [@1(v(2) - u(v( )
2o [ A2 4200 ) - - 5 [ 1(d2 422 1) [@u(o(2) - oz )]+
[ 7z 42) D62 P L@ - Bulv( )P
o [ W2 d2)0LM )P D) - ()P~ 5 [ (2 42 i(2) 1) [B(v(2) - DL+
—5 | 1Az d2) [ - P eufv(a)?

- [% + g] J-d)L(v(z))Zdz - %f v(dz dz2")yi(z) xi(2) [Pr(v(2)) - Pr(v(2))]?

YV
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Summing up, for a constant C >0,
Az (D) + (IL) + (IM2) + (II3) + (III) = %f v(dz dz")xi(z) xi(2) [®r(v(2)) - Pr(v(2)]* +
~C[2"piu] + 27| D(p} u)”]fCDL(V(Z)) ®r(v(z))dz +

-l + 2] farv@dz - ¢ & v(dz d e (=) [B1(v(2) - Bu((2)]?
o[- 0] [z d20(e) () 010002 - Bu(w( N+

~Clgg+ 3| [@u@dz- L2 ol + 227 1D(o? w)]) [@1(v(2) Bi(v(adz.

so for « small enough such that the first term is positive and can be ignored in the lower bound,
we have established that

@) Bi(v). 7 (w2 ~C[ 5o+ 5| [@1(07 - C (27 o+ 27 Do} ] [ 1) i)

as claimed. u]

4 Analysis of the flow equation

In this section we prove Theorem 13 stating the existence of an approximate solution to the flow
equation with nice bounds. These bounds are possible only because we can “tune” the initial
condition of the flow equation by adding an appropriate e-dependent renormalisation term to its
initial condition. Conceptually we are dealing with a random bilinear equation whose solution
is analysed by deriving a corresponding evolution equation for its cuamulants. The equation for
the cumulants has a similar structure and propagate similar bounds backwards from the final
condition at 0=1 apart from a low dimensional (so called, relevant) subspace for which we need
to propagate the bounds forward from small to large o. This procedure entails the “tuning” of an
appropriate initial condition to lie on a particular trajectory which has good bounds. In order for
this tuning to be as simple as possible one need to modify the flow equation in order to reduce
the relevant subspace to one dimension. Once the bounds for the cumulants are established, a
Kolmogorov-type argument allows to deduce also path-wise bounds on the effective force. The
section ends with a technical “post-processing” to extract the coercive term crucial for the global
a-priori estimates.

4.1 The random flow equation

We need to set up the appropriate spaces to consider such an equation. We discuss the case
£>0, the continuum case ¢=0 (which however is not used directly in the proof of the main
result) being easier and requiring only minimum changes. Let &°:= C(A) and & := C*(A) with
polynomial growth at infinity and let #& the vector bundle of jets over &, i.e. the (infinite)
collection of all the partial derivatives (39)4 of € & where A is a multi-index A =(A;---A,)
with 94=941...94" and where A= {0,1%,...,d+} with 3°=9, and 9** the discrete forward/backward
derivative in direction k=1,...,d, defined as 3**(z):= e (Y(z £ ex) - Y(z)). Let [A] =|Af|+--- +
|A,| and |0] = 2s,|1| =1 denoting the (formal, fractional) parabolic homogeneity of the partial
derivatives 3. We denote any Y€ & with ¥ = (¥4) 4.
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Any function 1 € & can be lifted to ¥ = 71/ € & by letting (£1)* =34y, and any functional
F on & can be represented by a functional J#F on & such that F(y)=_#F( ). This represent-
ation is not unique and we will exploit this freedom to our advantage below. Note that by the
chain rule

DF(y)- h=DJZF(Jy)- Fh, heE.

To study approximate solutions (Fy)se[o,1] of the flow equation

9,F,+DE,-G,F,=0, F,=F.

we will lift this equation to (F,: #& — §")se[0,1] by the identification above. We then have for
F,eCY(fE,S) the lifted equation

9oFs +DF,- #(G,F;)=0,  F,=F, (45)

where by abuse of language we let F € C!(#&, ") be a particular representative of our force.
This equation can be approximatively solved in the space SP(# &) of finite polynomials on the
jets F & with values in &, this is an algebra with a grading induced by the degree of monomials,

let Z(F &) the component of grade k. For F € 2(7&) we denote by F(¥'€ A( &) the component
of degree k and by abuse of language also the associated distributional kernel, so that

FO)@)= [ FO@ 2 20¥(z) ¥ade -z,

for z€ A where F (k)(z; z1,..., Zk) is a suitable linear map which contracts the various components
of ¥(z;), since the various components scale differently we will use the notation

FO®)@)= Y f FA (g2, 2 ¥ (z) - M z)dz -z, (46)
A
Ag,..., Ag

to denote the various components of the kernels.

We only care about approximate solution of (45), thus we introduce a formal parameter #
and look for solutions (hFU)ge[o,l],
hFo _ Z Fg[t’]ht”

=0

in the space P(f &)[ k] of formal power series in f with coefficients in P(F&) of the perturbative
flow equation

95" Fy+ hD"E,- #(G4"F,)=0,  "F,=FA". (47)

This setup has the advantage that now the equation has a unique global solution which can be

determined by induction on the degree A. An approximate solution to (45) is then obtained by
fixing an integer £ =0 and letting

?

F.:= FV]

o* o

=0

The precise value for ¢ will be discussed in Lemma 31. We obser_ve ’Ehat, thanks to (47), this

truncation implies the existence of a maximal polynomial order k = k(f) in the fields for the

kernels.

Let us now introduce a condensed notation to manipulate these kernels. Let

A:={(¢,A,...,Ap):0s¢<7,0sk<k} (48)



ANALYSIS OF THE FLOW EQUATION 23

For a€ with a=(¢, Ay,..., Ax) we let k(a):=k, €(a):=¢, |A(a)|:=|Aq|+--- +|Ax,
Fo:=Fl0ALA0 - and  [a]:=-a+5t(a)+ Pk(a) + |A(a)], (49)

for suitable positive parameters «, § and  whose value we shall discuss in the following, in
particular in Section 4.2 and 4.7. For the kernel F® we define a (scale dependent) norm |F “Hl,,g by

[Fooi= sup [w(FiF?)eT), (50)
here vlpsvso
w.
|F):=sup J‘Ak|F["]’<A1 """ A0(z; zy,..., zi)|dzy- - -dzp,
and where €A

a) w is a polynomial space-time weight of the form w(z)={z)" for z€A and x,,>0 a small
number to be fixed later in Section 4.7.

b) v€(0,1)!**® js understood to be a multi-index, namely v=(v°, v!..., v @),
7:=min {1, v'..., V@,

and where p < v< o means that for any i€(0,...,k(a)), u< vi< o, and with
k(a)

jl‘/l = ® jVi,l'((I):
i=0

c) Ty(a) is a tree weight Ty(a)(z, z1,. .., Zk(@) that depends on the variables (z, z1, .. ., zk()) of
the kernel F® and defined by

Ty(a):= 27 @ry(1 + k(a)), (51)
with 75(1 + k(a)) a tree weight defined as
7,1+ k(a))(2) = C([p] ™' St(2))*,

where z={z}*, with z;€ A for any i€{0,1,..., k(a)}, u€(0,1) is a scale parameter, C is a
constant to be fixed below in Remark 17, w=1/r<1 (where r>1 is the parameter of the
Gevrey class characterising the cutoff function j in Equation (18)) and where St(z) stands
for the Steiner diameter [GMR21] of the set z, namely the length of the shortest tree
connecting all these points, measured with respect to the fractional space-time distance
(£, )= o] + [£]V/2.

We conclude by introducing a norm for the family F*:= (F5)ae2t,0€(0,1) @S

[F¥]:=sup | sup [o]( ||F§||u,a]v[ sup [o]* ¢ [FMO, (52)

a€A | o=zp=0 ozpz0

where y, { are fixed positive constants to be determined later on.

Remark 17. Thanks to the Gevrey condition required on j in Definition 3, there exist constants
Cy, C; >0, uniform with respect to ¢ and ¢, depending on the cut-off function j, such that, for any
z€A and any multi-index A =(A,,...,Ay), cf- Lemma 34,

104G u(2)] < G (el v 1) [pu] 411 e DT, (53)

For future convenience, we choose the constant C in the definition of the weight function 7,(z):=
C([1]7'St(2)) to be C < % This implies, for any v<y,

184G, €272 g1 19 < [94G €2 o0 1y < (€[] ' v 1) 4[] 2711



24 SECTION 4

In addition, by Equation (53) together with the above condition on the constant C of the tree
weight,

184G, 2™ g1 1oy < (e[l v 1)~ 4] 411

Remark 18. We are now in position to fix the constant ¢>0 in the cutoff functions j(x):=
e~0¥2)% and {(x):= e"*“we introduced in Definition 8. This constant ¢ >0 is chosen small
enough so that, given two points x and y it holds that

e @ Y (x - )| < oo,

where 7p(2) is understood to depend on the variables x and y. Namely we are requiring the
divergent behaviour at infinity of (™! to be weaker than the vanishing behaviour of the associ-
ated tree weight.

In order to prove probabilistic bounds for L” moments of the norm |F¥| we first prove bounds
for the cumulants of the family (F?),, i.e. for the family of deterministic kernels (¥¢), for

acA:={(ay,...,a,):ar€EA,n<2N +¢-L(a),L(a) <},
defined by
F = uy(FY, -+, Fn),

where N, ¢ are fixed number, which will be chosen later on, see Equation (83) in Section 4.7 and
Lemma 31 respectively, and where we introduce also the notations n(a):=n, L(a):=t(a;)+--- +
t(ay), K(a):=k(ap)+---+k(ay), |A(a)|:=]A(ar)| + - - - +]A(a,)|. We define the global homogeneity
of these kernels as

[a]:=-p+n(a)(0+a)+[ai]+---+[an], (54)

for suitable parameters p and 6 whose value we shall discuss in the following, see Section 4.2.
In particular, note that we have

[a]=-p+0n(a)+5L(a)+pK(a)+|A(a)l.

The (finite) space of cumulants is endowed with the norm |%¢| obtained by taking L' norms
of all the input variables and L' norms of all the n(a) - 1 output variables apart from the first
one which is taken in the L™ norm. We observe that this is a generalisation of the norm we
considered for the kernels. On top of this basic norm we define the family of scale dependent
weighted norms

|F = sup [(FIF) ™), (55)
vlusvso
where
o)
71?:= ® .71/,'1'
i=1

With this notation, v; is a (1 + k(a;))-multi-index and thus v here is a family of n(a) multi-index,
and where also here 7 is the smallest scale involved and

n(a)
Ti(a)= Y Te(a)+2 "V zy(n(a)), (56)

i=1

where r3(n(a)) is defined as in the above case, with the only difference that in this case the
Steiner diameter involves the output variables of the cumulant.
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In Section 4.7 we will go from estimates on the norm |4 for the family F4:=(F)4ca. 0€(0,1)

defined as

||9A||:=sup[ sup [o]"1 | %8, (57)

a€A |ozp=0

]1/n(a)

to those on |F¥| via a Kolmogorov-type argument. Following Duch [Duc21, Duc22], we intro-
duce a flow equations for cumulants to control the norm |F4.

Lemma 19. The cumulants satisfy Duch's flow equation:

WFs=Y, A(Co T+ Y, BY (Go, T2, F5), (58)
b b,c

where the linear operators ol and By, . are non-zero when

n(a)=n(b)-1,L(a)=L(b)+1,K(a)=K(b)-1,

”Q"'?#O‘:’{ [a]=[b]-6+5-f, (59)
¢ %0 4:’{ n(a)=n(b)+ n(c) _[Z]Lz(‘[ll),]:fff]) :ﬁ(_c)eilcsl_((ﬁa) =K(b)+K(c)-1, (60)
Moreover, they have bounds
L1t | tf(Go, F o= [oT 1 (e[0T v 1) | F
and
[T B} o(Go. 73 Fuo s Lol N (e[0T v 1) F o | F o
provided the compatibility conditions
0+p-6-d=0, -p+0+p-5+2s=0, (61)

hold.

Proof. The derivation of the flow equation is a direct consequence of the definition of cumu-
lants, see [Duc21, Duc22]. The detailed form of the operators is not very important in the
following discussion and is explicitated in Appendix B where the claims of the Lemma are also
proven (see Lemma 44 and Lemma 45). O

This general structure of the flow equation (58) allows us to propagate estimates for the

kernels of the form

sup [o] 1| Fl.0 < oo.

oz
However, depending on the sign of [a], we shall handle differently the cumulants: in particular,
for [a] >0, the flow equation can be solved backward starting from the final condition at o=1.
We shall refer to cumulants %3 with [a] >0 as irrelevant cumulants. On the other hand, this
approach does not work for cumulants for which [a] <0 as in this case the flow equation cannot
be integrated close to o=1. As we shall see in Section 4.4, we will solve the flow equation for
this class of cumulants, called relevant cumulants, by integrating it forward. Finally, we shall say
that a cumulant %' is marginal if [a] =0.

Remark 20. Before going on with the analysis of the flow equations for cumulants, some com-
ments about symmetries are in order. First of all we observe that the SPDE we are considering,
namely the ®; model, is invariant under the transformation ¥ + -¥ and & — ¢ which also
preserves the law of the noise &. At the level of cumulants, this entails that if

n(a)+ K(a)€2IN +1,
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then #{*=0. This feature is preserved by the flow equation for cumulants, Equations (58), due
to the conditions of Equations (59) and (60). Indeed if we consider a cumulant such that n(a) +
K(a)€2NN +1, then also on the right hand side of the flow equation there are only terms satis-
fying the same property: we see from Equation (59) that the only non-vanishing terms o/f(G,,
FL) satisfy

n(b)+K(b)=n(a)+K(a)+2€2IN +1.

Similarly, for the terms Qg‘g’c(Gg, FLb, F£) the only non-vanishing contributions satisfy
n(b)+K(b)+n(c)+K(c)=n(a)+ K(a)+2€2IN +1,

due to Equation (60). As a consequence, we conclude that if n(a) + K(a)€2IN +1,then % =0 for
any p€[0,1]. A further symmetry is represented by spatial reflection, i.e., the transformation

¥(t,x) — ¥(t,-x), E(t,x) — &(t,—x),

which preserves the law of ¢ too. Using an argument as the one above, we conclude that for any
a, F is symmetric with respect to such transformation.

4.2 Bounds on parameters

We shall now bound the parameters p, 8, §, § and s introduced before. To start, we need to take
into account the compatibility conditions as per Equation (61). Another constraint comes from
the scaling of the initial condition (#{*),. Due to the Gaussian nature of the noise, it has nonzero
contributions only for n(a)€{1,2} and L(a)=0. When n(a)=2 only the two point function of
the noise contributes so we must have k(a)=0, |A(a)| =0, in which case, at the level of integral

kernel,
Ft,x;t,x") = k(FIOO(t, x), FIOLO x) = E[£E(t, x) O, x)] = 8(t = t ) L=y,

from Equation (6). So
Tmin{l’oxl’l}(z)" =~ 1;

"91‘1"”,0: sup jvo*jvle

vlgsv,mso

uniformly in €, p, 0 >0. As a consequence we have to require it to be a marginal cumulant,
namely

[al=-p+20<0, (62)

Moreover note that for n(a) =1 we have contributions a with k(a)=1,3 and when k(a) =3,
F{ = k(FIV0)), with, at the level of its integral kernel

3
(o F)(z: 21, 22, 25) = =) f dzji(z=2) [ ] Julz - 2,
i=1

and thus | %, o= A, uniformly in ¢, 41, o >0, which requires
[al=-p+0+3p=0. (63)
Now, from Equation (63) and Equation (61), we have that
ﬁ=s—§, p=d+2s, 0=d+2s-3p. (64)

These equations are compatible with Eq. (62) provided

o< =:4,, (65)




ANALYSIS OF THE FLOW EQUATION 27

which plays the role of an upper bound on the value of § >0. An additional bound on § will come
from the regularity of the white noise, see (86) below and will imply that the inequality in (65)
must be strict. We further observe that Equation (63) entails

0=p-3B=38-3[5.- 5]

In the following we will fix § as large as possible, namely such that §, - § >0 is as small as we
like.

4.3 Classification of cumulants

Given these bounds on the parameters, we can investigate the class of cumulants being relevant
or marginal that is when it holds [a] <0. Observing that —-p +20=d-4s+36 =0, the condition
[a] <0 can be written as

[a]=0(n(a)-2)+pK(a)+5L(a)=p(3n(a)- 6+ K(a))+5L(a)-3[4.- §]n(a)<0.
We see that, provided 6, - § is chosen sufficiently small we have
a) if n(a)>2, there are no relevant/marginal cumulants;

b) if n(a)=2, the only relevant/marginal cumulant is the one with L(a)=K(a)=0, that is the
two point function of the noise: 4= Kz(cho](O), F;OJ(O)).

¢) if n(a)=1, the only relevant/marginal cumulants are (at most) those with K(a) <3.

Summarising, the only relevant/marginal cumulants are

ko FINO FOIO) e (B g _01,2,3.

(o2

We can further restrict the set of cumulants to be further analyzed. Indeed, the flow equation
for the cumulants with L(a)=0 is trivial and there is no evolution, so they coincide with their

0O FLOIOY and «y(FI®). Moreover x(FI''®) for £>1 is

initial values. This applies to Kz(Fg =

irrelevant. As for the others, by Remark 20, we know that the cumulants xy(FL) and xy(FL7®)

o
are vanishing due to symmetry arguments. Thus the only remaining cumulant that we have to

Flw

consider more in detail is k(F,

) for ¢ =1. This will be the topic of the next section.

4.4 Localisation

The handling of the relevant cumulants (KI(FE](”))M, for which the flow equation cannot

propagate information backwards along the flow, relies on exploiting the ambiguity in the lift
of the flow equation to the jet space. Note first that our model does not show derivative fields

in the flow equation, so the kernels F(T[[KA1 """ Av

i.e. in the fields space. We have

have components only for A;=---=A;=0,

B9 @)= [ 0@z,

and we can rewrite this by performing a Taylor expansion of the field i around ¥/(z). At first
order this reads

Ve = 9@+ Y [ 00 pO)dps- 0,
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where i€{0,1+,2+,...,d+} with 3° the time derivative and 9**y/(z') := +e [(/(z  e) - Y(2)]
denote resp. the discrete forward (k +) and backward (k -) derivatives in the k-th spatial dir-
ection, for any h€ A the function py: [0,1] — A is a bounded variation path such that pp(0)=0
and py(1) = h and the notation [dp,,_(t)]* := J_r(dpfl,z(t))i denotes resp. the positive or neg-
ative component of the measure dpfl_ (1) multiplied with the corresponding sign, while we let
[dp.,-1)]°:=dp? _(t). Expanding once more we have

V(z) = Y@+ Y, 0Y@a-21 [ Yzt puyA0)R )

i#0

+Z J-faajt,b(z+pzl Aw)[dpz, (W) [dpz,-At)]".

i#0,j

Note that the path pj, is piecewise constant in space so that the signed measure dpj, is well
defined and given by a sum of delta functions times increments. We choose it so that its total
mass is bounded by |h| and f; dpy(t)= h and such that p? _(u)=(z; - z)ou. As a consequence

FAD ) z) = y(z) J' Adley]<°>(z, zl)+% 0 J' Adzl[zl—z]iF;W(z, 21) 3 (2) +

of a1 [ apd ORI 200z ¢ 0+
e Bieof a1 [ o) [ [ 0L 2, 20000+ ),

i#0,j
Now observe that 35~ 1/(z) - 9%* /() = £(3%* 3 ¥/)(2) so,

Y, [ dala-2 EI0G )0 - Y [ [ (@=25 0 2z 07 i)+

i#0 k

_fA(zl - z)’fdzl Fy]«»(z, z1) ok~ 1//(2)]
k _
=y 9y +28k Vj(z)f/\(m - 2)kdz; FO(z,2,) - Y, e(@krak l//)(Z)f(m -2 Fl0 (7 2))dz,.

k k

So when computed on jets of smooth functions 7/ we can express them as a localised term and
a remainder. In particular we define two operations L and R so that

Y v z)h"(")f FLOIOY . 2 0dz,

b:k(b)=1

Y)Y v ® f ((;'?%(,J)F}"(”)W)(z;zl)dzl
b:k(b)=1 je€{1,...,d}

+ Y h'OFkw),

bk(b)#l

> HO[[ daf a0 GO e 2 PO 1)+

(LME)(¥)(2) -

(66)

(R'F,)(P)(2) :
b:k(b)=1

_ z g(\IJ(JU )(Z)+q/(1 J+ f (21— (?%(b)Fy(b)KO))(z;21)d21
Jjefa,..., d}

Y [ e f o0 o) (G N 20 )|

A= (l]) i#0

and which satisfy
jahFa(]jal#) = jaLhFa(jjal#) + jchhFa(]jJ‘//)-
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Remark 21. We observe that in Equation (66) we inserted the smoothing operator }N'(?zi acting
on the variables z, z; € A. This is legitimate since we shall only be interested in controlling the
kernels with respect to the family of seminorms we introduced in Equation (50) and we stress

that the difference Fy]«» - jﬁ)%Fwa is vanishing w.r.t. this family of seminorms.

We can then modify the perturbative flow equation (47) to read
3, E,+ (L + R)[D"F,- #(G,"F,)]=0,  "F,=Fh°, (67)

since its flow projects down to the previous flow on smooth sections. Note that the R operation
increases the total number of derivatives of the fields of two, but no other operation introduces
new derivatives. Moreover the initial condition does not contain derivatives of fields, so we can
deduce that at any perturbative order only finitely many terms have derivatives of order at most
two and that no higher order derivatives are created by solving the flow equations.

The localisation is reflected easily on the flow equation for the cumulants, producing a struc-
turally similar equation

06 F8=Y. Ao FE)+Y. B Go. FE. F), (68)
b b,c

with modified operators &, % whose specific form is discussed in Appendix B.2. The most
important feature of these operators is that they satisfy the same estimates of the operators &/
and A we discussed before. In particular we have the following lemma (see Appendix B.2 for
the proof, in particular Lemma 47 and Lemma 48).

Lemma 22. Under the compatibility conditions (61), it holds that, for o = p,
Lol N t8(Go, F o <[0T 1 [ F N,

[o] (B8 o(Go, FE, FN o < Lo] 1N FH o | F o

Remark 23. With reference to Section 4.3, we saw that the family of relevant cumulants con-
sists of those ¢ with n(a)=1 and K(a)=1. On account of the above argument, we have that
they are of the form %' = Kl(FyKA(a»). More into the detail, we observe that the only relevant

cumulant is ;' = Kl(F(£”<O>) as the other ones are either irrelevant or vanishing. Indeed,

« if A(a) identifies a first order derivative with respect to time, then |A(a)|=2s and thus,
on account of Equation (61),

[al]=-p+0+p+5L(a)+2s=0,

which is positive for L(a) >0, while we observe that for L(a)=0 this cumulant is marginal

0]<A(a)>) ( F(£0]<A(a)>) 1( F(7[0]<A(a)>)

and since Kl(Fl[ =0 and 9,k; =0, we have k =0 for any o;

» if A(a)identifies a second order derivative with respect to space, then |A(a)|=2 and thus
[al]=-p+0+F+5L(a)+2>0,
for any L(a) =0 and thus this cumulant is irrelevant;

« if A(a) identifies a first order derivative with respect to space, then i;(FLX@NA@) jg
vanishing since the cumulants are symmetric under spatial reflections as per Remark 20
and the coefficient of the monomial ¥**) in Eq. (66) vanishes;

« if A(a) identifies higher order derivatives with respect to space and/or time, then a for-
tiori, the associated cumulant is irrelevant.
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As a consequence, the only relevant cumulants are %' = Kl(FG[L(“)]«») for L(a)€(0,25/5]. We
further observe that these cumulants are local by construction and the stationarity in law of the
cumulants implies that there exist constants (r),50 such that

K1 (FL (2, 20)) = E(FL (2, 21)) = rE 8(2 - 1), (69)

4.5 Inductive procedure

The aim of this section is to prove that we can solve the flow equation for cumulants, Equa-
tion (68), through an induction procedure over the order ¢. This is due to the fact that, by
Lemma 19, it is a triangular system with respect to the parameter L(a).

Lemma 24. For any 7 €R there exists (non-unique) constants (r*),-1..._; such that the solution of

the approximate flow equation with initial condition

Fi(P)= A(¥0) + . ¥+ £

.....

= ?
where ri=F+Y,,, ri¢, satisfies

< 00,

1/n(a)
|54 = sup [sup [o] @ r\g:r\y,g]
acA

oz
Proof. We split the initial condition on the levels ¢ as follows
FOW) =AM+ 790+ 80, FlW)=r90  r=1,..,7,

with (r{¢),1,... 7 quantities to be determined later. For a fixed ¢ let N;:=2 N + 7 - ¢ and

.....

M;:= sup [sup[o]” [a] ||?“||p U]l/n a).
a:L(a)<t, L o=y
n(a)s Ny
We will prove by induction that M, < oo for all £=0,..., £. First of all we discuss the case ¢=L(a)=0,
for which we have 9,%; =0 by definition and thus % = % for all 0 €[0, 1]. For irrelevant
cumulants it holds that #{* =0, yielding ;' =0. Considering instead the relevant cases, as we
discussed in Section 4.2, the norms [o] (4| %, “||u - are uniformly bounded in y and o. The only
relevant case we have not discussed in Section 4.2 is the case of #{* with n(a) 1, L(a)=0 and
K(a) =1: we observe that in this case %{*=F€R and thus, being [a] <0, [¢] % |Z “||/, o 1s uni-
formly bounded in p and o. As a consequence, it holds that M < .
Let us now consider the induction step. Assume that M, < oo, for a fixed ¢ and we shall prove
that also M. is finite. From Lemma 22, we have that

|25(Go. F o
”’%z,c(ctf’ gO'b’ ‘9?(;:)"[1,0'

A

_ +1
I]:O.]][a] 1M;l(a) ,

(70)
[O.]][a]—l M;l(b)M;l(C) < [O.]][a]—l M;l(a)+1.

A

where recall that n(b) = n(a) +1 in the first line and n(b) + n(c) = n(a) + 1 in the second, so this
inequalities hold for any a with L(a)=¢+1 and n(a)< Ny - 1= Ny, 1.

We shall distinguish between two cases, whether &} is irrelevant, i.e. [a] >0, or relevant,
i.e., [a] <0. For what concerns marginal cumulants, namely [a] =0, we observe that on account

of the discussion of Section 4.3 this is the case of KI(FJ[O]@)) which is accounted for by M, above
and thus it does not enter into play for L(a)=¢+1>0.

If we assume that & is irrelevant, i.e. [a] >0, then we can solve the flow equation induct-
ively backward from the final condition at o =1. First of all we observe that for [a] >0, it holds
that =0 and thus, from Equation (68),

Z) [2 TG T+ T, B G 7,7
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As a consequence, by triangular inequality and Equation (70), there exists a constant C >0 such
that

1
|F CM?(aMJ- [o]l® " do < C [n]te] MP@+1,
n

On the other hand, if we assume F“ to be relevant, ie. [a] <0, then we can solve the flow
equation forward starting from an arbitrary intermediate condition at an arbitrary but fixed
scale y1p€(0,1).

In particular, recalling Equation (69), we can then fix r/fO* ! to be some arbitrary value ¢‘*1€R
at some reference scale yy< 1 and then using the flow equations forward to determine it for all
the higher scales p € (1o, 1) with the equation

H +
rﬁ”’g::c“1+ agxl(FOV 1]’(1))dc7. (71)
Ho
As a consequence, denoting the relevant cumulant Kl(Fa[Hl]’(l)) at hand by #; with N(a)=1,

L(a)=¢+1,K(a;)=1,|A(a;)|=0 and observing that, on account of Equation (69), |75 "*| <|F&,.0.

by the estimates above, we have, using
0>[al=-p+0+5(t+1)+f=-25+5(+2),

and Equations (70) but taking into account the more refined e-dependent estimate for G in
Lemma 34,

N\

o
| < 16+ [ oy Fflodor
Ho

N

g, ~ . , g, ~ . ,
e [ 108G T o+ [ 586 T T |
0 0

N

o
et + CM;’<“)+1"- [o 7@ Y(e[o] P v1)4do’
Ho

[po] [o]
|c“1|+CM}l(“)+1[ f " y[“]‘l(e‘du"A1)du+f[:]]vgu[“]‘1(e‘du%1)du]
[olve

[olve
[0l

|c€+1| + CM?<a)+1 [J‘ 0, ,U[a]_ldl“' g—df }l[a]_1+dd}1]
[o]ve [o]

ef* ) + CM;l(a)+1 ([o]v 5)[“][1 +eY[o]v e)d]l[g]|>g]

ef* ) + CM;I(a)H(ﬂ:O']]Vé‘)[a].

(72)

N

N

A

N

As a first consequence, we see that for any cumulant % with L(a)=¢+1 and n(a)< N, 1, it holds
that, for a suitable constant C >0,

Mesii= sup [Sup [o] %0
a:L(a)=t+1, | o=y
n(a)sNyiq

<C sup MV @D<C(1+Mp)2<oo,
1snsN

]l/n(a)

yielding M, < sup{M,, My.1}< C(1+M,)? < o0, which closes the induction step and we conclude
that

S [Sup [o7 1 H%‘HH,G] D M (14 My < o0,
L(a)<t, o=
ﬂ(a)‘iL((:))s gN +7 g

The main consequence of this procedure to fix a suitable solution of the perturbative flow equa-
tion is that now we have modified its boundary value at o =1. Indeed Eq. (71) implies that at

level ¢+ 1 the initial condition of the flow equation reads Fl[“”(‘{’) =ri "0 and Eq. (72) implies
that /"¢ is indeed finite and diverges in ¢ as

rf+1,£| < (l[l:l] v 6)[a] < E_ZSHS(“Z).
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Remark 25. Using more precisely the induction procedure we have actually the more general
estimate

_[a] a 1/n(a) N
sup [supl[a]] @ II%M,,,G] < C(1+Mo)*.

a:L(a)<?, ozp
n(a)<2N+{-L(a)

4.6 Control of derivatives

In the forthcoming analysis, in particular in the Kolmogorov-type argument of Section 4.7, we
shall also be interested in cumulants of kernels derived with respect to the parameter o, namely
cumulants of the form k(32 F2, ..., 3" “F,"“) where p;€{0,1} for any i€{1,..., n(a)}, as we
shall only be interested in up to first order derivatives.

To this end we shall slightly modify the index encoding the information about cumulants.
We let Ny ,:= N +(f - ¢) + (N - p) and introduce extended cumulants (F @) aci With

A:={(ay,pry.., Qn pr): Ak €U, Pr€f0, 1}, n < Nia) jp(a) |p(@) < N, L(@) < 7},
defined by
FE& = k@D FN,.. 00" F"),  [a]:=[a]-|p(a)],
where a=(ay,...,a,) €A, p(a)=(p1,..., Pn) is a multi-index with p;€{0,1} for any i€{1,..., n(a)}

and where [p(a)|:= Z:’(;‘)pl We observe that |p(a)| < n(a) A N and that for |p(a)| =0, we have
Fl=F2 and [@] =[a]. We recall that N is a fixed number which will be chosen later on.

Lemma 26. Under the conditions of Lemma 24 we have

i s - 1/n(a)
H?AHSH?‘*H:sup[sup [o11 ||9§||p,g] T2+ FAP < 0. (73)
acAl ozp

Proof. We shall proceed as in Section 4.5 by an induction that now will be over L(a)+ |p(a)| €
{0,...,£+N}. For £=0,...,¢ and p=0,...,N let

1/n(a)
Mt’p = sup [sup H:O-]] [a] ”9:‘1”;1 0] > My:= sup Mé’,p,
G€A,pLozp t.p:t+psk
PN, i<t

where A[,P ={a€A:La)=¢t,|p(a) = p, n(a) < N ). As before we have My =M< co. For the
induction step assume that My is finite and let us prove that My, is also finite, that is we need
to bound both M<[+1 <pand Mcy <1 for £+p=k.

Assume that &} is a cumulant with |p(a@)|=p+1 and L(a) < ¢. Using the (differential) flow
equation for one of the kernels 82'F2' with p;=1 for some i€{1,..., n(d)} we have

:z Qy;,(i)( G F O~b) 2 gga(z)< G;, g) (74)
b b,é

where on the rhs. the indexes a, b, ¢ without tildas are obtained from @, b, é ignoring the addi-
tional information on the derivatives. As a consequence, the contributions on the r.h.s. of (74)
come only form cumulants with one derivative less, with cumulant order increased by one
and with perturbative order decreased by one, i.e. we have |p(c1)| =p, L(d)<t-1 and n(d) <
n(a)+1=Ny p;1+1=N; ,<N;_1p. By Lemma 47 and Lemma 48 these contributions are estimated

by

gd

sup [o] @) (Goo FE)o< K sup [o] PN F2, o < KMED, _,

ozp ozp
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and

sup [o] 1| B3 (G, T2, FE) o< K sup [0 P F 2 ol o1 1| FE o< KM, L, MIE), .

oz ozp
If & is a cumulant with |p(@)| = p and L(a)< ¢ + 1, instead, we look for i€{1,..., n(a)} such
that p;=1. If there is at least one derivative we proceed as before to bring down by one the

value of L(a) and of |p(a)| and in this case on the r.h.s. we have only cumulants d such that
n(d)<n(a)+1=Ny.1p+1=N,,. If there are no derivatives of kernels, then we can argue as in

the previous section via the integrated flow equation involving also cumulants & d uch that
n(d)<n(a)+1=N,, . Therefore we can still obtain that
sup [O-]] ”9:‘1”;1 o= K(l +M<€ <p)

oz

Overall, we proved then that My, ; <K (1 +My)? for all k€{0,..., ¢ + N}. Iterating this relation
down from k=7 + N to k=0 we conclude

154 = sup [sup [ 18|80, o] " = My 2 (14 My <0,
acA Lozp
Note that in particular we have |F4]<|F4] < co. o

4.7 Conclusion of the cumulant analysis

The proof of Theorem 13 is obtained by combining Lemma 26 together with the following lemma
which shows how to go from estimates on F to those on F. Recall that the weight w we intro-
duced in Equation (50) is of the form w(z)={z)"* for z€ A and some «,,>0.

Lemma 27. Let the parameter « introduced in Equation (49) be given by

a=3p+xy,
for some k3 >0 and assume that
d+2s
>— (75)
Then for k., and k, small enough there exists N large enough such that
N i
{ENFN™ < (1+154]). (76)

The rest of this section is devoted to its proof. Recall the definition of |[F¥| in Eq. (52). The
term FI°M©) by construction is the noise () and there exists a random constant Z¢ uniformly

bounded in all the LP(P) spaces such that
|7 FOO] o5 2 [o] F 7,

for an arbitrary small k3 >0, therefore its contribution to the norm |F¥| in Eq. (52) satisfies the
bound (76) provided Eq. (75) holds. We can then focus on the estimation of the other kernels.
Moreover, since the sets  is finite (cfr. (48)) it is enough to prove

- 5 s N A
supfe[sup sup (L1 I hw e |L<l) @
aeA psov|psvso

For notational simplicity we shall denote with Y =(y1,..., Yk()) € AK@ the set of input variables
of F%. We require N to be large enough so that

Kyw>(d+25)/N. (78)
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For N even, we have

E|w(F2ED) "N = E|supw(z) f Tz Y>e”z’”dy]
L zEA a
=E supw(zJ- J-]” +1(z z)(}’SFa)(z Y)dz‘ Tv(ZY)dY
L zEA AK@
[ ~ N
= B|supw(a) [ [newilz=2)em@( [ GG V] eeDay )dz
L zEA AK@)
< E 'sup f(|jv t(a)+1(z — Z)| eTV(z’Z’)M) x
0 w(z)

X<W(Z')J- GV 1)) e”Z"Y)dY)dz']N,

where in the second inequality we exploited the second identity in Equation (19) while in the
first inequality we used ™)< PUCRIPLICE) Observing now that w(z) w™}(z)sw™(z-z") and
by exploiting the Young inequality for convolutions we get, with p=N/(N - 1),

~ . B B B JIN/p
E|w(JEDe TON < [fA(|jv’[(a)+1(z -2 eTF 2w l(z - 2))Pdz ] x

ol (o e ) o

A

N
H:V]]7<d+2s>fAf(Ak(a))NWN(Z)EH |(53Fa)(22 Yol eTV(z’Yk)le' ~-d¥ndz

A

“:V]]—(d+25) (fAWN(Z)dZ) ”]E aFa Tv(a) oN ” L),

where in the last expression the L! norms on the input variables are implicit and where
f AW N(2)dz < o thanks to condition (78). Using the relation between expectation and cumu-
lants and its homogeneity we can bound this by

E|w (F2F2) e MO <y [v] @29 sup {557 (e Ty o},
msN
with a=ma:=(a,...,a) (m times). By Bernstein inequality we can bound the (L*)™ norm in the
r.h.s. by the L®(L!)™"! norm, where we mean that the first output variable is estimated in L™ and
the others in L!. Since all the variables involved are associated to smoothing operators J, with
v€E [, 0] we have an overall loss of a factor [v](?*?9 for each variable. Still leaving implicit the
L' norms on the input variables we can then write

vlpsvso msN

N/m
sup Elw(ED) O sy sup {[[v]]<d+zs><mw+ml> sup ||<3sg:><eTv<a>>®m||Lw(p>m1}

vlusvso
N/m
s sup J[v] @I sup (TR €] s (79)
ms<N vipsvso

N
~ sup {|[O.]]—(d+23)(m/N+m—1)||,9¢Tof‘||y,g} m
ms<N

where in the second inequality we used (e (@)™ < ¢ (@) which holds true by construction, cf.

Equations (51) and (56) and in the last that [v] = [¢]. This analysis allows us to deduce that, for
a=ma,

~ N/
sup sup E[([o1 1% w (72E) @) | <4 sup sup {[oftel-td-2otmnmo-nlall T g

pso vlpsvso pso 1lsmsN
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where on the r.h.s. we used that, due to Lemma 24, for o >, it holds that | %", , <|F4|™ [o]tmel.
We will see below that a good choice of parameter renders the constant in the r.h.s. finite.

Eq. (80) is still not good enough since we need to control the random variable on the r.h.s.
of Eq. (77) where sup,<s sup,|u<v<o are inside the expectation. In order to achieve the defin-
itive estimate we use a standard argument (essentially via a Sobolev embedding). This is a bit
tedious but straighforward and it is the reason for the estimates in Section 4.6. Let Hy := FoFe
and observe that, for o =zmax{v},

o o
HO=HE, - f - f . @uHay

where for notational simplicity we denote, recalling that v is a multi-index, 9,/:=9,;®... ® 9y
and dv'=dv...dvi(q). We also underline that in the above equation, in Hj,= ng a all the scales
are at o, this is spec1ﬁed by the bracket in the notation H{y). We thus observe that, by triangular
inequality,

W T < JwHg T+ [

Yo

< fwHz e [T 7 fw@H e Oldv,
Yo Vk(a)

S o, ™0y
Vi(a)

where in the second inequality we used e™® < ™) as well as e7® < 7). As a consequence,
by taking x>0 small and using Jensen's inequality,

Ny dv

B sup hwrt et O] < Eharzen O [ BT o TN
[H,O’] :I]l K’

vlpsvso

where again, with a slight abuse of notation, we denote [v]'" := Hk<a) [vi]' *. It follows that

E|Fa, E[ sup uwHSewnN]

vlpsvso

A

ElwH? eHON + sup E[[v] |w(@,H) T 1)

vlusvso

|F AN sup sup {[[0]][ma]—<d+zs><m/N+m—l)—m[a]—m<k<a>+1>r<’}N/m,

p<o lsmsn

A

where in the last inequality we exploited Equation (80), together with
[w(@,H3) e < [v] <O V|w H e,

and with the argument we used to get Equation (79) and (80).
The argument to handle the supremum over ¢ =y is quite similar, to this end we let

5= [o] IS,

and observe that Hy = Hy, f O(GGngf)dcr', for some fixed scale yo, so by triangular inequality,

taking x” >0 small and using Jensen's inequality,

)

E[sup 5l | nEfJH3f [ Bl @,

ozp

]]IK

N
po]

The first terms is bounded by Equation (81) while, to bound the second term, we observe that

so, as above

Efsup el < supE[ g rsupE [0 ()
ozp

ozp

doHE =0,([o] [ F)=-[a] [o] -1 F2 + [o] [ 8,F¢,
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and thus

N
s

N
wo)

For the first term we can use the above estimates, in particular Equation (81), to conclude that

. N . .
supIE[H[[a]]lK (0-HS) ]5sup]E[”[[a]][a]" F} ]+supIEU|[[cr:|][“]*1’c (0:F%)
ozl I ozp g ozp

N/m

A

supE [H [o] lal-x"Fg

ozp

N ] ”gA”N sup Sup{l[a]][ma]—(d+25)(m/N+m—1)—m[a]—m(k(a)+1)K'—mK”}
i ozZu msn
”9;A||N sup H:O_]]N(a—3ﬁ— m(k(a)+1)x'-mx")-p

A

3
oz

where in the second inequality we exploited p=d+2s, 8 - p=-3f and the definition of [ma],
cf. Equation (54).

For what concerns the term with 9,F;, we can repeat the argument we used to derive Equa-
tions (79) and (80) with the only difference that in this case we refer to the analysis discussed in
Section (4.6), in particular Equation (73), yielding

; N - , AYN/m
supk| [ 1+ @oE)) | = 197 Asupsup foatrel-n-taszam e ntl- ey}
ozp 77 .o oy msn

< ”gA”N sup [[G]N<a73[>’f(k<a)+1)'<>r<”)*p,
ozp

where again we exploited p=d+2s, § - p=-3[ and the definition of [ma]. On account of the
result of Section 4.6 and |F4| <|F4

, we have that

supIE[H[[cr 1=K (3,HS)

oz

N ] < ||97,A||N sup H:G]]N(a_3ﬁ_m(k(a)“rl)fc'—mx")_p’

He ozp

and we observe that in order to conclude that E[sup,s, ||H§||ﬁ] -] is finite, we need the right hand
side above to be finite, namely
d+2s

az3f+(k(a)+ 1)k +x"+ N

We are not in position to choose all the parameters. For any small k,,>0 and ;>0 we can choose
k’,k” >0 small enough and N large enough so that

a=3f+ky  ky>(K+1)k +x"+ djvzs, (82)

and this concludes the proof of Lemma 27.
In particular, as we will see in Section 4.8, we shall choose «,, and x; small so that

8> Ky + Ko, (83)

and this condition provides the rationale to choose the maximum order N of the cumulants we
consider in the flow equation analysis.

4.8 Post-processing

The aim of this section is to prove the estimates in Equation (27) starting from the analysis of the
flow equation we performed so far in Section 4. These estimates will be established in Lemma 28
and in Lemma 31. To begin with, we extract the coercive term from the effective force by letting

Qo(¥) = JoFo() - (—/11//2),
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for a generic field ¢, where ¢/, := J,i. Observe that

Q0(¢) = 70FU(¢U)_(_A l//o:?)
= JoFol o)~ Jol-AY2) + (1= T)(AY3)
> T )+ T Y+ OO+ (1= T)(A ) (84)

alt(a)>0

: T () + FFIO Wy, 1 1 FOMO 4 (1- 7,)(A y2),

where we recall that F [O]’l(w) =ry and F0M0 = £) and where in the last equality we introduced
the notation JoF\™ " (Y) 1= 34 ey JoFr (Vo).

In the forthcoming analysis we shall explicitly use the value of y. In particular we fix y>0
so that

82— K
p-— =t <ys<h, (85)

where k,,>0 is the polynomial decay of the weight w, see Equation (50) and Section 4.7. These
constraints are imposed, in particular, by the computations in Lemma 29 below and are neces-
sary to prove that the irrelevant terms generated by the flow equation give sub-dominant contri-
butions wrt. the coercive cubic term. Recall also that we have an additional constraint on y
resulting from the regularity of the white-noise &, cfr. (75), namely

d+2s

Y= .

6

We observe that the conditions in (85) are compatible provided we choose k,, and k; small so

that § > k,, + k2, while f = y together with Eq. (75) implies an upper bound on §, so overall we

have

4s—-d
7

Kwtko<d<0,= (86)

In the rest of the section we assume that these conditions holds.
Lemma 28. For o= [ivp;, it holds that

I Q)i < Lol < UFY @ +YID™ + (1 + YA NZL ]

for some non-random constants M, { >0. In particular

QI = LADE [P L+ Myl™ + (1 + g Lk,
where recall the norm ||Q(¥)|l|+ defined in Equation (25).

Proof. This is a direct consequence of the triangular inequality applied to Equation (84) together
with the results of Lemma 29, 30 below and of Lemma 42 in Appendix A. O

We start by a localised version of ng(FO].
Lemma 29. For o= iv py, it holds that,

b JoFs Nyl Lol S [F* |+ ly ™,
for some non-random constants M >0 and { :=3y—-a+ 6 -k, >0.

Proof. First of all we recall that

K IFTN T = Y a T Yo).

alt(a)>0
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For the moment being we shall only consider one specific term y; J,F3(#,) for a such that
¢(a) >0, coming back to the sum at the end of the proof. It holds that,
k(a)

X ToFS @ (FYs + 7Yy @

m=1

”Xi3 jo’ o(}(jl//o*)”Loo

e
Y Lol MO fw (GeEe V] [P w e T (p )k @ 19K 1o x
ki+ko=k(a)
<o ys itz el

Y [l sup w(rEs) el
k1+ko=k(a) vlpivisvso

< wt e T (o) R o 10l Ty i L7,

where in the first inequality we used Equation (19) while in the second one we exploited
Remark 5. We now observe that

lp Zyslitlryelie < [l ™ ik,

A

N

as well as
2 wle =@ (p1)oki g 18ke] oo < [ Y15,

and, on account of the above analysis of the flow equation,

sup [ w(FiES) "] s[o] @AW pal

v|pivasvso

As a consequence, it holds that

I TP F Yol < [o] -+ FrIM@wot@zrew [l iy [k(@),

A

and thus
e TEE e < Y IR TE Y
alt(a)>0,k(a)<k
s Y [o] @ rk@dt@ relpa] iy @
alk(a)<k
Lol [F¥| (1 + Iyl

where we used that f =y and ¢(a) = 1. Finally we get the sought bound setting
(:=3y-a+5-ky=3(y-pf)+5—-Kky— k2 >0. m
Lemma 30. It holds that

I Jo(F1OM 0y + FIOLO) o < [ 721 < | P (1 + I,
for some { >0.

Proof. We consider separately the two contributions. We recall that, due to the flow equa-
tion (67) FIOM( jg independent of ¢ and thus, for some ¢ >0,

i FoF OO el [aT 7 Yl < LT Yl
Moreover, thanks to the definition of |F¥| (cfr. Eq. (52)) it follows directly that

| FoF MO o5 [F¥| [o] 7. 0
We now move to the analysis of the terms DF, and H,, appearing in Eq. (26). Recall that

Hy(y) := 95F,(1) + DF(1) GUFU( ).
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Lemma 31. Fix { large enough so that

7r:=5{7—(3s+§+2(1<w+1<2))>0. (87)
Then for oz vz Vv,
|2 Ho Yol < [T LF¥] (1 + ),
” gijv[DFU((ﬁo)GURo(w)] ||L°° = “:6]157K271 ”FQ[” (1 + |“l//|”)]_<||§ijoRU”L°°~

Note also that 6 — k5> 0.

Proof. We observe that on account of the perturbative flow equation, Equation (47), it holds

Hy(Yo):= Y. f) DEL "Wy G, L™ ().
Then,

? m
Gy, Y, WDETONY) GoFM ()
m=0 a|f(a)=0
m k(a)

I3
<Y Y 3 IGTELED gy K G, FLmHEOE) gy yelk@-B) .,

m=0 a|¢(a)=0 kK'=0

16 T Ho (o)1 =

o

A

Working as in the proof of Lemma 29, it holds that, for o= vz ;v i,

|7 FL @K gy yok G, pLmIED=R) 7y yelk(@)-K)) <

Z ” Wj‘ji(k#I)Fyil(a)]’<k,+ ) eTV(k,+1)||L°°(L1)k’+1
k1+kz=k(a)
x ”Wjoji(k(a)—k')Fém],(k(a)fk) eTJ(k@,k)”

A

G, eT6<2)”£Z’(L°°,L°°)

Lo(LY)k@)-K x
x| giw 2T (p 1okt @ 12K o [o] ¥
”FQI” ”|l//|”k(a) z I]:O.]]—a+ﬁk'+ﬁ+5(?—€(a)) I]:O.]]Zs—l I]:O.]]—a+ﬁ(k(a)—k')+5m %
ki+ko=k(a)
Ll T L]
”F?I” ”W/”lk(a) Z [O.]]Zs—l—2a+ﬁk(a)+ﬁ+5(f—t’(a)+m)—kzy |Lui:|]—yk1—21<w

ki+ko=k(a)
”FQI” ”|l//|”k(a) I]:O.]]Zs—l—Za+(ﬁ— Y)k(a)+f+8(f-t(a)+ m)—ZKW‘

A

A

A

As a consequence

t m k(a)
16T ool < TP +lyDEY, Y, Y, Lot e k@ d-t@em-2ey
m=0 a|¢(a)=0 kK'=0
o ? m k(a)
< "F%["(l_'_”ll//”l)kz Z Z [O_]]—H(ﬁ—y)k(a)+5(i—t’(a)+m)—Z(kWJer)sz—é/Z’

m=0 a|¢(a)=0 kK'=0
where we used that f-2a +2s= —33—?— 2k,. Due to the constraints on ¢(a) and m,
(B-y)k(a)+ (£ - t(a)+m)—2(ky+K2)—3s-0/22 >0,

where we exploited Equation (87). As a consequence, we get

13S0yl Lol IF¥) (1 + Il D*.
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Moving to the second bound we have, by using Equation (19),
k-1
” Gi JvDFo( ’7&0) GUR0”L°° s Z ” Gi ijék@)ﬂ)(jl//o)@k(a) GojoRtf”L‘”-
alk(a)=0

As before, we have for o= ;v v,

" giijék(a)ﬂ)(]‘//J)@k(a) GJjJRJ"L"" = Z ”ijj;p(k(a)ﬂ)Fék(a)ﬂ) “’Tl/(k(a)Jf1)||L"°(L1)k'+1 *
ki+ko=k(a)

x ||GaeT”(2)||$(L°°,L°°)||§i wle Tk@ 1) (p-lyeki g 1oke 171 oo

%[ ¢iFoRol = [T~ Y lI1H@.

We now proceed as above with the only observation that
o1 e D) (o tyobs g 1ok 15 [ r-r,

since the contribution ;! is controlled by the tree weight e” ™K@+ thanks to Remark 18. As a
consequence, we get

k-1
[FE iy Y, Y o] erhrs ey

alk(a)=0 ki+ky=k(a)

X |LUz]] _kly__Kw ” gi joRU”L‘X’

k-1
[F¥[@+lilp Y, [o] erhres ROz F R | .
alk(a)=0
[P+ My * Lol P2 g TRl
[E¥] 1+ AN LoD FoRol 1

where in the third inequality we used f = y while in the last we used - +2s=§ — k2> 0. m

|6 75D )@ Gy Rolp

A

A

A

A

5 The vector model

In this last section we discuss the modifications to implement in order to extend our results to
the vector model where the field ¢ takes values in the Euclidean space R” with some n > 1.
We denote with (¢©*%),_; ., the components of the field in the canonical basis. The dynamics
reads

.....

L1 A|pOP Py pOazgha g=1, n, (88)
on A, and where & () is a vector-valued, space-time white noise on A, such that

E[ff(g)’“(t,x) §(E)’b(s,y)]=5(t—s) Oa,b Ux=y, (£,%),(s,Y)EA a,b=1,...,n. (89)

The main difference is how to establish appropriate a-priori estimates in this case. The rest of
the analysis does not depend much on the scalar nature of the equation, until the classification
of the relevant cumulants in Section 4.3 and Section 4.4. There one need to use the O(n) sym-
metry of the noise (89) to conclude that also the flow cumulants are symmetric and therefore the
only contribution to the first order kernel is diagonal in vector indexes and can be reabsorbed
in a redefinition of the renormalisation constant r..

Let us discuss the changes w.r.t. the proof of the scalar a-priori estimates given in The-
orem 11.
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Theorem 32. Consider a classical solution of the vector equation

Au’ + (=N u’+Aluffu’=f%  a=1,...,n (90)
It holds that
Ll < 7724 222 16 £l + 2V piul + 22 [ D(pi )1, (1)

Proof. The proof is similar to the one of Theorem 15 and thus we shall not give all the details
and refer to it for the notations. We test Eq. (90) against ®(|v|?) ®'(|v|?) v®y; where v:= y;u and
we implicitly sum over the repeated index a=1,...,n,

JoUvB @G £ )= [@vP @ (v [ v-dawe i v (-Ayu+ 2 (o)
We have, by Lemma 33
@D (V) v (8w 2 = [ -l 127 il + 27 IDGora]) ().
For the time derivative we observe that
[xE @D @ 7)1 v- =y [ 12 SV @ () [P - rsd) v

Then, leaving implicit the space variable, by the convexity of ®? and working as in Equation (44)
we have

1 ,
3 [ eepevpae = o [ okvp)
therefore the lower bound

@R (o). " vawy = Jogdl [ @B(v-IvElawl [ @(vP)

2 [ @k(vi -2 lpsul Il | @1vP)
holds. If we let f :=x; f and
Hy:= @(v]2) DL vP), AV - F-v) = ~(@(v) 1(v), ¥ v-(9su + (-A) ),
we have obtained the uniform bound

Hos [ @uoR Il (27 Ipsad 27 DGl | @s(vP). 92)
Now, we have

@R BV = AL [ Qv+ AL [ @(vP)
We can estimate, via the Cauchy-Schwartz inequality,

@ivP) @) fvr = [ fvevP Il | evp)

this gives

(AL-C) [ @k(vif)+ [AL2- Wl 1] - C Il @ Loyl + 27 ID(pia)] [ @) <0,
Taking
L>L=max (1" C. A2l 2 [[f] + € @7 |piu + 27 [D(o )12,
we deduce that

J @)= | otqvr=o.
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which in turn implies that [v|*< L a.e. on A. We conclude that
vl < inf L=L <27+ AV VP2 (1 F]+ C @7 i + 27 DGoi )]
This implies that
[vl< A2 2 W[4 L+ € @7 i + 27 [ DCoi )],
By Young inequality we have

KV Ll € @ prad 27 Dipra < L

and thus

+C2 A+ 27 oyl + 27 [DGpswl1,

[Vl < V24 13 [ £] + 2Y il + 2V [ Doy w) |12,

O

For convenience of the reader we provide the detailed argument that replaces Lemma 16
albeit the proof is a small variation on the same theme.

Lemma 33. Let v:=y;u, then we have
@) () v i (-8 uty 2~ [ @2 - vl (2" psul+ 27 DGoraa] [ (1o
Proof. First of all, observe that
O v(E)+ (1= D) VD) =20 )+ (1= ) W)Y (o)1 =) vENV(E) (e,
and

(|7 v(2) +(1- 1) W(2)) =4 Q" (|7 v(2) + (1 - 7) v(2)) [Z (rvi(2)+(1- 1) v¥(2)(v¥(z) - V“(Z))]Z

#20(jTv(2)+ (1= 1) v(2)P) ), (v4(z) - v¥(2))* =0,
so regularising and then taking limits we have
20 ((W(2)P) ), vH(2) (vi(2) - v¥(2) 2 @(W(2)) - 2 v()]P). (93)

Then we can write, by algebraic manipulations and leaving the sum over a implicit,

@)@ (v v, x (-A)u
fvs(dz d2) @(|v(2)) @ v(2)) v(2) xi'(2) (u(2) - u’(2))

= fvs(dz d2) @(|v(2)) @' v(2)P) v(2) x(2) (v¥(2) - v¥(2))
+f v(dz dz) (| v(2)P) (| v(2)*) v(2) x(2) (Xi(2) - xi2)) u(2),

A

and using the inequality (93) we have

Az 5 [ Wdzd)B(vEP KD (v - B v()P)
[ 1dzd2)0( v () V) 1) (6(=) -1l w(2)
= [ udz a0V 1) 1) (29 - 0(v()P)] (=)
[ 1dzd2)0(v(@R) & (W) v(2) 1) () @) w(z)  [=ID)
[ 1dzd2)0(v(@)P) 1) [2) - ()] (v - @(()P)] - [=(IID)
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Symmetrising the integral (I) w.r.t the exchange z <> z" we have

(I)= %fvs(dz d2)xi(2) xi(2) [2(v(2)°) - 2(|v(z))]* >0,
while, again via the same algebraic manipulations as in the scalar case we have
(I) = fvs(dz d2)2([v(2)]") 2 (|v(2)*) V(2 xi(2) (xi(2) - xil2)) [=:(II)]

+f v(dz d2)@(v(2) )@ ((v(2) )y (2 (2)(xi(2) - xi()pi {(2) = pi (D)(pru)(z)  [=:(IL)]
+f v(dz d2)2(v(z) ) ((v(2))v 4 (2)x(=)pi (2)(xil2) - i) (piu)(2) - (pi)(2)] [=(ILs)]

and
(IL)+ () 22"yl o] [ dz0( v
(11:) 2 =227 [D(pia)| o] [ dz0(v(2)P)
and finally, again with computation analogous to the scalar case, we have
1 « a , , ,
D250+ 5| [@(v@Prdz~ 5 [ rdzdzia) 0z (v - (v

from which we conclude the claim. o

Appendix A Auxiliary estimates
We collect in this appendix various technical estimates of general character.

Lemma 34. Let Gg(z) be the kernel ong. There exist constants Cy, C,€R independent of o and ¢
such that for any z€ A,

104Go(2)] < Cr (e[ 0] v 1) L] ~4 114l ¢ el el (94)
where w:=1/r<1, with r >1 the Gevrey regularity of the function j, cf. Definition 3. Moreover
(20 = o a(z1+ )| 5 @00l )2 (20T ) A1) e 1R, (95)
where jg,l is the kernel ofj;‘g,l.

Proof. First of all we observe that the symbol of 7, is

Aol kol + ge(k)) = -% (1kol2 + qo(K)) j (o [T (Kol + ge(K))),

where j* denotes the derivative of the function j. Thus we have

i ke 1/2s gk’ 1, 12 , (K xs ke L
O e fi,;(;l) (o ToN K2+ qulK ) e K 50 dkidk (%)
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We start by considering the regime [o] Z €. Let &,:=eo[o] ! and m2:= m? (o [o])*. By the
change of variables k=o0"1[o] k" and ko =(c"[c])* ko, we get,

YOO Ll - e O

2 « 3 2 2
o salk0+ m0+q£;(k)

xj'((|k0|1/23+ qgl,(k))) ei(a[[o]]’lkx+(a[[0]|’1)25kot)dk0dk’

where we used the fact that o~ '[o] ge(k) = g.,(c'[o] k). This gives, for € N ¢, ay€N and
denoting o = (atp, @) EIN ¢,

(oloT W (ool o) Gt ) = (-ayile LT [ et tocsioter i

. ko|1/2s+ g (k) ,
x L9 | Z ko|Y/%5 + g (k))) |dkodk.
ko k(ik0+m§+q§:(k)]((| o "+ g¢,(k))) |dko

[0S + geq(K)
We observe that hos mi 50

function in a Gevrey class of regularity r>1, recalling that the composition of a Gevrey function
of regularity r>1 with an analytic one is Gevrey of regularity r, ¢f. Prop. 1.4.6. [Rod93], we
conclude that

and |ko|'/?S + g (k) are analytic on the support of j'. Since j' is a

< 2lal ¢l glelr,

aaoa& |k0|1/23+ qfa(k)
Ko ko + m2+ q2(k)

J (ol 2+ qga(k))))

We observe that the bound is uniform with respect to ¢ since m2=m?(c~'[o])* is a decreasing
function of ¢ and the origin is outside the support of j’. For what concerns the uniformity of
the above constants with respect to ¢, we observe that this is due to the fact that g.(k) is well
defined for any ¢ =0 while its derivatives with respect to k are not singular with respect to &.
This implies that for any « (the constants C, Cy, C; in the following formulas may change from
one equation to the next and are independent of o, ¢ and «)

sup [(o[o] %)% (ool 1Y% £)® Gyt x)| < Cy ("[[“ﬂ—zl)dl clol gl
(t,x)EA,

This gives, for any (t,x)€EA, and n=|«|,

Gutt. ] < (1o (o1 P+ (Lo ey LT e, o

_ (0[0]71)d+1 Ciu"n" = (0[0]71)d+1 o) enrln(nu’m)
o? o? ’

where we introduced u:=C~1(1+(a[o] 7 |x|)?+ ((c[a]V)?|t|)?)/%. Setting w=1/r and n=|u®e™!],
we get
Go(t,%)| < Ci[o] 41 e+l 0% lo] =)

B

< Cy[o] " e Celol e+l

e H:G]]_d_l e—Cz(I[cr]]’l\z\s)“,
where we concluded using that (|5 + |x|?)V2 2 2712 |2|, for z =(t, x), with |z|s=|¢|"? +|x|. Let us
now consider the spatial discrete derivative

ViGo(2) = L[Galz+ ee) - Gol@)]
(e ick-e; 1)

1/2s B
= _JQA*MLZJJ(O—_IH:G]] (|k0|1/23+ qs(k))) ei(kx+kot) - dkodk

iko+m2+q¥(k) o
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As before we can rescale the integral and observe that

aaoaa |k0|1/28+ qfa(k)
iko+m + qgs(k)

T kol + ¢, (K)))

£

(eiecrl[cr]l’lk-ei _ 1))

1
SGH:G]]_lfodh

9%og4 |k0|1/23 qfa(k) 1/2s .5 pitshk-ei
02 ( oty (K a () (k-e)e

<ofo] ™ 2 ¥ |gelelr,
to conclude that
ViGa(2)| < Ci[o] 12 e LTI

Analogously one can discuss higher order derivatives (and also time derivatives) to get
04Go(2)] < Cy [o] 41 el (97)
Considering the other regime, namely [o] <e. When |z|, < ¢ we estimate directly |G,(z)| to have

|k0|1/23

iky+ m2+q25(k’)

|Go(2)] < |] (o7 ol (ko> + q:(k))| dkodk < e~ [o]* ' [o] > s e[0T,

A,

and more generally
104G, (2)| s e~ o] 1714

When |z|, z € we have, exploiting the general bound (97)
04Go(2)] < Gy [o] 41 ¢ 31T 5 CuleT e

< Cyemd- Mo 11l 2T Y S o - pp-1-1Alg O )

5

so this estimate holds actually for all z provided the constants C; and C, are adjusted accordingly
and this allows to conclude (94). Finally consider

. . dager k 1/2s+ - (k
Onios(20) - efoa(er ) = ~(2ofol 11 dkoak (1l
E'r]’

Xj'(|ko|1/25+ q&,(k))(l _ ei20[[o]|‘1kh) ei(20[[o]|‘1kx1+(20[[o]|‘1)25k0t1)_
for which we have
[OROT (o[ V% + G (N e[/ + g, ()1 €211 ki) < 211 | (2 [0 | A1),
Reasoning as before we deduce also (95). O

Lemma 35. Fix a €(2s,4s) and let h be a polynomial space-time weight h(z):={z)"" such that v€(0,
2s) and (A})i>-1 a Littlewood-Paley decomposition in the space variable alone as per Definition 7.
There exists a universal constant for which for any ¢ € §’(A) we have

iz-1.

[nATel < 2+ i) 2@ 2 sup [o]% |h T
that is ¢ € C(JR;Bg,,oo) forany 0<2s-a.

Proof. Let f:= Zp€ S'(A) and assume that sup, [o]% |k Jf] < oo, otherwise we do not have
anything to prove. Choose (0;);<(0,1) such that [o;] ~ 27" and define Q;:=(J,1 = Joi.1.1)» SO that
|hQif| <29, and

o(t) = z (3_1Q1f)(t) - z Jtooe*(t—u)(mh(*A;)s)ij(u)du
J J



46 APPENDIX A

Let (A%);>_; be a Littlewood—-Paley decomposition in the temporal variable constructed out of the
dyadic partition of unity (A;);>_; as per Definition 7, for simplicity however we parametrise A}
according to spatial scales, i.e. when i =0, Al filters an annulus in the Fourier transform of the
time variable of size 225. Now write

M=, (L NONO=Y, [ e m AN ()du
j e s

Now due to the structures of the various decompositions, AA}Q; is different from zero only
when i~ j2 ¢ or £~ j2 i since remember that the support ATA}Q; in the dual space should satisfy
the bounds q.(k)~ 2, |0]|V% = 2¢, g.(k) +|w|"*~ 2/. We keep i fixed and only let ¢, j vary and we
denote I and IT these two regions.

In the region Il where ¢~ j 2 i we let, omitting for simplicity the space variable,

Fy(u):=[(1+0,) 2(ATAYQ)](w), Fy(t) = 3,Fi(u)| u=1=0.
We observe that this function exists, since it suffices to take
t t
Fi(u):= f duge (w9 f duze™ @1 (AXALQ ) ().
u 5]
We observe that, by integrating over u€(—oo, t) the following equality,

ai(e—(t—u)(mz+(—Ag)s)Ft(u)) _ e*(t—u)(m2+(—Ag)s)[(1 : m2+(—Ag)s)2Ft(u)+
+2(1+ m?+ (=A,)°)(1 + 3, Fy(u) + ATALQif ()],

and by observing that
J' ;e’(t’“)<mz*(’Af)s)A’,~‘A§Q1f(u)du - J' fmu £ m2 4+ (<A ))e DM DI 1 1 9V F(udu,
it holds that (by renaming 1+ m? with m?)
A= [t AN (du= [ e I i (A )P

This gives that
A(t)=(G(m® +(=A))*F)(1).
To estimate this term we separately deal with the cases i=-1 and i=0.

Considering the case i=-1, namely on the ball around the origin in the Fourier space, intro-
ducing A*; so that A% A%, = A¥;,

[ G(m? + (-A))2; A% M) = [hG(m? + (-A,))*A%18; 4(A% AL
[(h7? G)ha; *(AX,A%0: )|

|17 Gl | .

N N

We now observe that |h™! G| (=1~ < 1 provided the polynomial weight h is not too fast
decreasing. Indeed, from (17) we see that it is enough to require v<2s. This implies

[P G(m® + (=Ae))Par (A AWQf ) < |h Fl < 27429,
For i =0 instead,
hG(m?+(~A,)%)2F = hG(m?+ (-A,)*)?A¥ALF,
and thus
[hG(m®+ (-0 ))PF| < [h7! G(m? + (=AY AT A 21 1) L FL
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We want to control |h™! G(m?+(-A,)*2ATAL| tl 2@ 1~)- The kernel of G(m?+(-A,)%)? can be written
as

c (WP @R 2 R e ek
dk dk A(2 1 . k A(2 sk 1( X+ Ot)z
J}\; Uik6+ m2+q35(k’) ( q (k)A( 0)e

and we can rescale the integral to get

. 2 2215 S(k))z 2 .
=21d22[5f dkdk (m + q& A . k' A k k2x+2 kot)
Jive Vi 2265k + m2 + 22is szis(k) (q :( NA( )

=gido4is dkdk, (m22—215 + qus(k))z
Ay iko+ m227265 4+ 2210525k

(qfx(k))A(k ) i(k2! x+22!’sk0t),

where we observe that 220~ <1 since we are in the regime ¢ 2 i. The stretched exponential
decay of our kernel now follows from similar arguments as in Lemma 34 recalling that the
Littlewood-Paley blocks have symbols of Gevrey regularity r >0, and gives the integrability
against h™! as well as

”h—l G(mz +(—A5)S)ZA){AEHQ(L0° L°°)~ 21d24152 1d2 20s _ 24132 Zfs
This implies that
”h—l G(m2 4 (_AS)S)ZF” < 24isz—2t’s”hF” < 241‘32—2[52—45[20(]'.
As a consequence, fori=0,

h) A

jxtzi

< Z 24i52—2€32—4s€20{j5 24isz 2(a—6s)j52(a—25)i.
jetzi Jjzi

For what concerns the second regime, when i~ j ¢. This is simpler. We consider directly
A:=GATNQf,
and we have

[n Al <[ GAY Al (1,1 R Qif | <[ GAT A 1,127 < |7 GATAY] (1,192

For |h"'GAYAY| tl#(1=,1=) we observe that for i=-1, we can use the above argument on the poly-
nomial decay to say that

[ GA% A 15 1.
For i=0, with the above argument on the stretched exponential decay, we get
|h7 GAY A 1 1y s 2725,

As a consequence, we get [hA| < 2291 and thus |h Ziiisz” < i2(@"29% This concludes the
proof. O

Exploiting the previous lemma we obtain a regularity estimate tailored to our norms.

Lemma 36. Fix any small k>0. Then we have, forall j=0, i=-1,

L A%pe) = Wiz Lpv @AY el + 273Y 25| Lpe| . (98)

In particular,

sup 27259 o AXSe| < [a] Y el + 1L bl
i
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Proof. Let us first assume that Equation (98) is satisfied. Then we have

loAigel = sup27|y? AT
J

sup [ Lie, 27 Ty 1Y g+ 2007259 2
J

270 [yv @17V Nl + 27V =240 L e,

A

A

A

where we used the fact that j+— 27/ [y;vi] 7 is non-increasing, and therefore we proved that
sup 2429 p A < [TV I+ 1,
i

as required. To prove Equation (98), define 7; such that 1;/(2 - ;) = ;v fi, and consider the asso-
ciated operators J, and J.,:=1- J,. Then by decomposing ¢* at the scale 7; we have

I’ o7l = 1 iy + o A7 9°
so we would conclude provided we prove that

I AT | < s Ly 11 4L (99)

5

and that
g A3F.p 1 < 200729 L2 (100)
We start by estimating | )(]3 A’fgb,;"]” Thanks to the definition of 7; we have J,,= 7,7,z and there-

fore using some splitting ¢¢ ==+ $>> and the definition of the norm [||¢¢|l|, ¢f Equation (24),
we can estimate

I A¥g) = ]lisj||)(j3jryij¢;fjvy”
< i<j ")(]3 jﬂij p]vp" + "X] ijx¢p]v’u"]
= i< 1[2”/ ”Pjryij ijy” erbe ijy”

A

1,
]11 <j [2”/ ”p ¢p]vp|| ”¢,ujv,u”
Ly (27 + [yv ATV TN S s Lppv AT N,

leading to (99). Let now consider (100). We introduce the weight p; of Definition 8 and we
observe that by construction, point-wise,

Z—S(kvj)v)(kS < ij < z 2—3(kvj)vXk3,
k

Noting that, for all j=0, i =-1, we have,

2712 9 P ATl 5 27020 pf AYT 9 s sup (01 1) T 29

< sup  [o1*|p? Z¢él < sup [o1° |p} Lol
o=n;/(2-n) o2Vl

where in the first bound we used the support of y; and the decay of p;, in the second we used
the Schauder estimate in Lemma 35 with a =3y (with reference to the notation of the lemma, we
observe that this is uniform in j thanks to Remark 9 (b) and to the fact that Lemma 42 is stated
for a generic polynomial weight h) and finally, in the third, we used that we have chosen 5; such
that 7;/(2 - n;) = ;v fi. By Lemma 39 below, we have

sup [o1* |p} Loél < [T L e,

O2Vi
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and we deduce that

2B P AT p |2 22 sup [0 |of Zgs| 11Nk,

o2V

which is what we needed to establish (100). The proof of Equation (98) is now complete. o

Lemma 37. It holds
il < sup [ Moy, [T Lxi polie]-

i20
Proof. Consider the decomposition

¢U:z ﬂo<p,~){i¢o+z ]lczyi)(iﬁbo:ﬁb;“'qs;- (101)

i=0 =0

We observe that on account of Equations (24) and (101), we shall only consider o = i and thus
we shall only distinguish two regimes here o = p; and i< o < p;. Assume that i< o <p; and use
JoJuii = Jo (cf- Remark 6) to write

Xi ¢J=)€i)(i]0¢ﬂi+l =)€ijGXi ¢,Ui+1 +)€i [Xi: 30] ¢Hi+1’

and estimate

i Dxis Fod il < Wi D Tl il + 6 Dxis T s

Then, by Lemma 38 below, Remark 9 and noting that L(x;) <[Vl z~< [V |1~ < [1:]% we have

i Ui Tl bl < Wi D Tl il + i D Tl 8,
([ed Y Lol + [k * Lo Mgl

LD il

N AN A

Thus for ji< o <y;,

Ixi ol < xi Gl + [l * LoD + [pd Y LoD Nz

and, using (101),

N

logsli=+ o1 g5l = sup [(Mowy, [ud” + Dozy [017) xifolne]

i20
< sup [(Mosp, [017) i folli + (Mowy, [l Y [T + [l LoD Nl
20
s sup (12, [0]" s fole=] + LA il
i20
Therefore
liglllz < C sup [Tgsy, [oT [xi foli=] + C LT bl
i20
and choosing ji large enough we have C [ji]'*“<1/2 and we can conclude. m

Lemma 38. For any n=0, it holds that

|f Lg. Jo) bl = [oT lp™ Bl | fo ™"l L(g).

where
L(g):_ |g(Z)—g(Zl)|

= sup
z,21€EA |Z - zl|
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Proof. As a first step, we observe that

If Lg. Fo) Al

N\

sup flf (2) Jo(z = 21) (g(2) - g(21)) h(z1)|dz,

sup flf (2) Jolz - 21) (g(2) - g(21)) p"(2) p"(2) p~"(21) p"(21) B(z1)|d 21
o™ Al sup fIf (2) p™"(2) Jolz - 21) (g(2) - g(21)) p™(2) p"(21)|d 21
lo™ hle=lfp "z sup fl Jo(z=21)(g(2) - g(z1)) p~"(z - 21)|d 21

1) "W fo o= sup f1 oz~ zlz 1l lp™e - 2)idz

L) ol lp" hle= fo~"li=l2 = j(2) zp™"(2)|
L(g) [o1lp" Al fo i

N N\ N Il

AN N

where in the third second inequality we exploited both p"(z) p™"(z1) < p~"(z - z1). O

Lemma 39. Provided [i is large enough, we have

sup [o1"lp; ol < Lud¥ I
OV
and

sup [o1*"[p? Lol < [ Y 1LYl

o2Vl

Proof. Let us handle first the first inequality. Take o= p;v i, and k = j and consider two cases.
If o <pgvfithen we can choose oy = i v fi such that [pg v fi] ~ [ox] and J,J5,= J» so we have

"Pk l//0” = ”Pk ]0¢0k” = ”Pk ¢O'k||'

When o > i v fi we can take oy = 0. In both cases we have [ox] ~ [ v iv o] and |pxfo] <[ pxte-
Now

A

[ sup |xm Vol + sup [uml” lxm Yol

m|m<k m|m=zk

[ud? sup [[uml ™" + Lo " TNYN+ [ed? sup |om Vo

m|m<k m|m=k

[1+ Lsd? Lol T+ Tukd” sup |pm Yo

m|m=k

o v

A

A

Using that [u]? [ox] ¥ s 1if o<prviand [pe]” [o] 7 < [pel” [o] 7Y if 0> prv g we have

sup [1+ [l [ox] 1= [l [o]7,

kik>j
and then

sup | Yol =[] Lol Ml + [i]” sup |ox Yo

klk=j klk=j
If j is large enough we conclude that

lpj Yol < sup |pi ¥l < sup lpk Yol < [l oD~ I
klk=j k|k=j
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While if ; is smaller than i (chosen large enough) then take j* such that yj > fi > yj and bound

i ¥l = 2792 oy ol < 27 P17 Lol Y M < D] LT M-

This concludes the proof of the first inequality.
Consider now the second inequality to prove and use the definition of p; to write

sup [o1*" |p} Lol < sup2730V0Y sup [o]* [xd Lol =: A;.
gzljjvp k 02/11'\//]

Let us now decompose the supremums over k and o in the definition of A; to get three contri-
butions:

Aj < sup2 " sup [o1% [y Ll (=]
ks<j oZpjvji
ssup2® sup [o17 R 2yl [=:AY)
k>j o=V
ssup 29 sup [0l [t LYl [=:AY]
Kk j JVES oS v

We estimate each of them separately. For A]<-1) we use that pjv = v ji when k< j:

A](.l) <sup2™3 sup [o]* v 2l < sup 2739 | LY llls < 273 | LY.
k<j oz UVl k<j

For A](Z) we can directly estimate

AP < sup 270 | Lyl <273 1LYl
k>j

For A](~3) we first observe that the contributions to the sup are non-vanishing only when pi > fi, so

3 -3k 3
AO= sup 2% sup  [o] iR ol
k| k> j.pe>fi KV oS pik

Using that J,,,,Jo= J, for o <y we can write write ¢; = J,¢,,, and therefore

3 -3k 3 3
APs sup 27 sup [0 R B L,
k|k>j.pe>fi HiVAS oSk

The estimation of the r.h.s. in this last expression requires some work. By using the fact that
Xk < {k and that {} is a nice weight for which J, is a contraction, see Remarks 5 and 9, we have

”Xlg 3‘a$¢uk+1 = ”glg ja'gl//ﬂkﬂ < ”glg $¢uk+1

5

< sup |82 xmZ Y.
m

where in the last inequality we again introduced a partition of unity. Now we split the sup in

two parts, when m<k and when m > k and we observe that in this second case {7 x5, < e %" x3

for some constant ¢ >0, then we have

I .

<sup ”Xr%z LYyl +sup e 2" ”Xr%z LYy
msk m>k

ssup [xm Ll +sup e [pn ™ sup [T i LYol

msk m>k HKVASOS iy
At this point the quantity

5

Him:= sup [o]*|xs LYo

HKVAS OS [y
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has the same form as the contribution in the estimate for A](-3), and we can write

AP < 0= sup 2O H s [vAlY | sup 27 [uea 17 (29N

klke> jope=i klk>jpic>i
+Lval®  sup 2739 [ ] sup e " 29m27Im
klk>j.pue>fi m>k <ok

from which, since supy. ; 273kvk [[pk+1]]‘31’ < 400, we obtain

A

— _ — _ _oko
Luiv A% L el + [iv @]*Y sup 2735 [upei] Y e 272 Oy
klk> j.pic>f1

Lev APV LM + Ly v A sup Ok,
k

Qj

N

and in particular

sup ;= LI 119 Il + sup Qi

J

Therefore, provided /i is large enough, sup;Q; < [a]*" 1< ¥ |ll+, and

AP < [uyv AP LYl = 2 NLY

Lemma 40. Provided o = yijv i and fi is large enough, we have, for any n€(0,1),
|0 3000l < [u®" [n1** o1 Ll

Proof. First of all we observe that we can assume 7€ (0, 1) to be such that n[5] ! <20[c] !
otherwise there is nothing to prove since in the opposite case J,7.,=0.
We claim that

|0} G-y ZL ool < [11% 07 Lo

and we observe that this implies

",0]'3 ]>r7(.0cr” = "Pj3 Gj>,73(pg” = |[’7 28",01'3 gjﬂﬂ/’a"
[71% [e17 sup [T | o7 Zoo|

og'zo

[*[e1™ sup [o1 o] Zow

o'z

, (102)

A

A

5

and we use the Lemma 39 to have,

sup [T |pf Loo| < [T IZollls,

o2Vl
which concludes the proof. To prove the claim, we first observe that
Pj3 GJopZ o= Pj3 GJonJo2Z o,
and using p(z) < p~(z-2") pj(2)), we have
07 GT-y Lol lp™> GIonJol 2 i} Zoo

and thus we reduced ourselves to proving that

5

lp™ GFonJo 2l 2wy < [n]*.
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Observe that
GTopdo= Gl =30)= O~ 1) =O =Ty = [ Gy = [ Gy

where we introduced the scale ,u=% for which J; 2= J,. As a consequence, via Lemma 34 and
recalling that p~> grows polynomially,

H - , Ko , ,
I Gt sy [ 107 Gyl oo’ [ D1 < D12

Lemma 41. For oz p;v i,

ID(o? @o)l = [l Lol lglll+ 1L pllle).
Proof. First of all, we recall that
D(p} po)(2)*= f v(2,d2) [(p7 9o)(2) - (07 Ps)(2)]% (103)
Werite for any n€(0, 1),
ID(o? 0ol < Dot )|+ 1D(6? o) <1002 Tyl + [ D02 Tyl

We claim that

ID(0? T.1900)| = 1D (07 Ty 1 Ty @) <[0T 03 Fo 0l (104)
and that
IDGo? 75,100 <[0T |07 0ol (105)
This implies that
o
ID? )| < [7 1107 0ol + | [nT7 %07 T 0oldn’,
n
and we use Lemmas 39 and 40 to get
D7 9ol = Lol ool + [ T Y’ G L1 %ol 106

A

[ [l Lol Mgl + [ [lF Lol L pllls,

and choose 7 so that [7] =[o]"*

ID(? o)l < Ll LT~ (llell+ 1Ll
To prove the claim (104), we first observe that, by manipulating Equation (103),

, recalling that y <s, to conclude

ID(0? 33y 0:) <193 DIy Too)l + sup [ 12, 82) (G Jey 0o o) 22 - p10E) . (107)

For the second term, we split the integral over a ball B(z, r) for a small r>0 and on its comple-
mentary set B,

[ 1z Ga Ty 0l D@ - PP = [ (2 d2 ) Fya Ty 02 0E) - HOP
o, 1z d2) Ty T 00PN - i)
Outside the ball we have
[, #ed2)0ya T 02D -l 5 [ @)y ady0a@)pfa) =D
+f w2 d2) Ty 002 plE)) =D
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and we observe that

5

II) < ”/)13 j}y',l]m'(/)onsz vz, dz’) S ",013 jry',l]»y'(/)a 2
as well as ’

O [ w.82)JyaToy @) i@ = [ 1(zd2) o) Tadey 0o)2) p o= 2) =

c

5

ot yaJer ool [ wz.d2)p %z =2)5 107 TyaToeol?

where the last bound holds true provided the weight p~¢ is not growing too fast, namely 6v<2s.
Concerning the contribution over the ball, we first observe that, for r >0 small,

Ip1(2)= PRI AR P @) (@) 112 p1() o7z - 2) - 1|5 piE) 2~ 21
This implies that
[ 1424 Gy aTor 00 @) 032 =25 [ 1(20d2) (T 02 p() 2= 1
=l? in',17>n’¢a||szVs(Z, dz)|z -2 ] in',lﬂn’%”z-

As a consequence, provided 6v < 2s,

sup ([ 142, 2) Ty 1T 000D - P2ENE) <102 Ty Tl < 0T Ui Tyl (108)

z
Considering now the first term in Equation (107), we first note that

2\1/2

Ip? D13y 0ol =10} 1o oel sup [z, 420975 = 2)[ [d210y 7z - D) - dyiyatz - B])
(109)

and thus we can restrict to the analysis of the integral in the r.h.s. Using (95) we have

J a2 e fatianiy e 2)-apiyat -] =il [t |M L @t i)
Now considering the ball B=B(z, a) of radius a=2"5""'[5'] we see that, provided 3v<2s,
,3 -3(.
z
f| |d+(zs)2( 2nInT72DA1) 2<f 5z |d+25 2( nIn172])? ch|5|d+zgz
<@nInT @ I+ I D> < [T
It follows that, provided 3v<2s,
N 3 , o N o V2
([ 2,029z -2 [ atloydyatz=2)-ayiyatz - D] ) =1y 1
and thus, on account of Equation (109),

lp? DFyi1Jon 0ol = 10 Ty 0ol

This, together with Equations (107) and (108), yields Equation (104). Equation (105) can be
proven analogously. O

Lemma 42. For o= [iv ;, it holds that
lx® = T (W) = LT MY IP L Yl
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for some { :=2s-2y>0.
Proof. Write
(1 - 70)(‘//3) = (1 - jcr)[(jnl//cr)3 + (7>r]¢cr)3 + 3(jr]¢a)2 (7>r7l//a) + 3(3‘77’700) (j>r7l//a)2]

6—;‘50’ which implies 67(1 - 7)"'=0o(1 - o)}, the first
contribution (1 - J,)(J, )’ is vanishing by the Fourier space support properties of the product.
As for the other contributions we have for example

||Xi3(1 - ]cr)(j>r7¢cr)3|| < |Lui:|]75y ",015 (1- ja)(]>n‘//a)3|| = |Lui]]75y ”/)15 (]>n‘//a)3|| = |Lui]]75y ”pi l//0"2 ”/)13 (j>r7‘//a)”-
Now by Lemma 39,

and observe that, provided we choose 7=

lpi Yol < Ll Lo AN,
while by Lemma 40

lp? (Fon¥o) < [P [n* Lol N WL,

and we have that (since [5] » [o])

Ixi (1= Jo) Fon¥o)?| < D * LoD MY NZ A < [oT? > WAL Pl

Similar estimates hold for the other terms, therefore

Ix? (1= T < LT > MYAP L s,

and we can set {:=2s-2y>0 to prove our claim. m

Appendix B Details on the flow equations

B.1 Flow equations for cumulants

First of all we observe that, on account of the flow equation (47) as well as of the properties
of joint cumulants, it holds that, for a=(ay,...,a,) € A and with the notation of Equations (58)
and (46),

n(a) o ) n(a) o
Y d§(GrFH=Y. Y Ay UG FE). Y, B G FEFH=Y Y BN FEFS),
b

i=1 b b,.c i=1 b,c
where
o t(ai)-1 k(aj) o . , ,
z ﬂZl)(l)(Go': !o/\;o!,) = z z (k, + l)Kn(a)+1(F;15 cees Fo['[(ai)ilif bk +1)’ ]GUFO['[ ])<k(ai)7k)’ e F;n(a))’
b =0 k=0
(110)

where the range of the sum over b is understood to be given by the constraints on (¢, k') on the
right hand side of the above equation. Concerning the other term,

' £(ai)-1 k(a;) o
Y ByNGCo FEFE) =Y NN (K + Drpea(F.. Fo FUO 1 0RD) o
b,c

L, ¢=0 k'=0
- f',k a,-—k' Qi+ An(a
% FGorqpa(FS MO0, Fiss ),

(111)
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where now, for a fixed i€{1,..., n(a)}, the sum Y 1,1, Tuns over all the partitions of the set

Lul={1,...,i-1,i+1,...,n(a)} and where now the range of the sum over b and c is given by
the constraints over (Iy, I, £', k') on the right hand side.

The aim of this appendix is to prove some of the results concerning the flow equation we
discussed in Section 4.

Remark 43. As a premise, we introduce some notation: we let 'T;(a) and iTy(a) be tree weights
which are derived from the definition of T;(a) by replacing the i-th tree Téi)(a ) =11+ k(a;)2" 0@
respectively with

T a) = To(1+ k(a) 271, Ta) = To(1+ k(a) 2 @12

Lemma 44. It holds that, for c =y, a€ A and i< n(a),

[o1 @ sup |(Featy X (Go FE)) e T 2al0] 1 F2,

vlpsvso
and, in particular,
[Tt G FONo < [0 B F o
Proof. We start from the first bound. We have that
”( jg df’<i)(Gg, g;)) e"Tl—,(a)” _ ”( jﬁ‘ ,df’(i)(Gg, g:)) e T(b)+74(2) eiTv(a)—Tv(b)—rp(2)||’

where 7;(2) depends on the variables on which G, depends. In addition,

n(a) n(b)
(@)~ Tub) - 75(2) = Y, ‘Tolam)+2 " rn(a)) - Y, T(6) -2 Dro(n(®)) - 7(2)
rr:l&; 4 nb) a
< Y Tam) - Y, TO(0) - 7o(2)
m=1 j=1

= Ta) - T(0) - T V(b1 - 74(2)
= 7p(1+ k()27 @ = (1 4+ k(0))27®) - 75(1 + k(bys1))27 O - 75(2),
where in the second step we exploited n(a) < n(b) as well as the fact that the points appearing

in the tree associated with n(a) are contained also in the one associated with n(b), while in the
third step we used that, due to Equation (110), it holds that

S

(a) n(b) . A .
To(am)- Y, T(0) =T (@) - TO(B) - T (B1.1).

m=1 j=1
Again from Equation (110), we see that
f(hi)=f(a,‘)—1—f,, [(Bnl):f,,

for some 0< ¢ < ¢(a;) - 1, which implies that 27/@)*1< 27¢®) and 2-1@)+1< 5=®i1) Fyrthermore,
we observe that, from the definition of Steiner diameter it follows that, by triangular inequality,

(1 + k(aj)) < (1 + k(65)) + 75(1 + k(b;41)) + 73(2),
and thus, overall

'Ta) - To(b) - 75(2) < 0.
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This implies that

A

sup [(Featp Gy, FE) e ™| < sup |(FEA(G,, FL)) eT0) )

vlpsvso vlusvso

sup [94G, e

@ e sup [(F7F) ™)
vlpsvso

sup [0 Gy e ™ 11 1| F o
A

A

where the sup is over A such that |A(b)|=|A(a)|+|A|. In the second inequality above, resorting
to Equation (110), in order to have the norm |Fb ”u,a on the right hand side, we need two more
smoothing operators, with respect to 72, as it holds that n(b)+ K(b)=n(a)+K(a)+2. In particular
we observe that these two smoothing operators are missing on the input and output variables of

G,. To this end, we can exploit the relation G, ~U = G,, which is true for any ¢ as consequence of

Equation (19). This justifies the above inequality. Recalling that, since ¢ > 7, |04 G,e™?)| 2,1%) S

[o]74-1-9, we get the thesis by observing that
-la]l-1-d-|A]=-[b]-1+0+p-5-d=-[b]-1,

where in the last equality we used the compatibility condition 6+ - —d=0. For what concerns
the last bound, it follows from the first bound together with the inequality e™@< e Ta) m

Lemma 45. It holds that, for c =y, a€ A and i< n(a),

[o1 ) sup (7%}, (Grn 72, 7) € ™ 5alo] W 7 oA Fio

vlpsvso
and, in particular,

[o1 B3 (o, FE, F o = [o] W Z2), ) o

Proof. Also in this case, we start from the first bound. We have that

”(jg%a (l)(GO'a o~b, o~c ) TL(a)H _ ”(j&%a (l)(Gm 9017, 970?)) eT\?(b)"'T\?(C)'FZTﬁ(Z) eiTﬁ(a)—Tv(b)—T;v(c)—Zrﬁ(Z)”,

(112)
where 75(2) depends on the variables on which G, depends. In addition

. n(a) N ) n(b) _ )
"Ty(a) - To(b) - T(e) - 27(2) = Y. ‘To(am)+2 " Vro(n(a)) - Y, T(b))-27 " Dry(n(b)) +

m=1 j=1

n(c) )
-3 T - 27 Vry(n(e)) - 275(2)
n(a) ) n(b) n(c)

= Y Tan - Y, TV(6) 2 T(e,) - 27o(2)+ 27T D (2) +
m=1 j=1
2 D) ) () Q)

where in the last step we added and subtracted 2~ i”)rout(Z) where 72"(2) is the Steiner dia-

meter connecting the last output variable in the cumulant %2 with the first output variable of
f. First of all, by definition of Steiner diameter,

ty(n(a)) - 7o(n(b)) - o(n(c)) - 77"(2) <
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and thus
~ n(a) ~ n(b) A n(c) )
"To(a) - Ty(b) - To(e) - 205(2) < 3, T (am) = Y, T6) =Y Te(ew) - 225(2) + 27+ D0v(2),
m=1 j=1 u=1

Using an argument analogous to the one we exploited in the proof of Lemma 44, we get

(@)= To(b) = To() ~27(2) < "T@) = T"Buy) - Ty ew) - 272+ 27V (2)
= o1+ k(ai))z—f(ai)+1/2_ (1 + k(bn(b)))z—f(bn(b))_ (1 + k(cl))z—é’(u)+
-213(2) + 27T D),
But now we recall that
tbup)=t(a)-1-¢,  £(c1)=1,

for some 0< ¢ < £(a;) - 1, which implies that 27/(@)*1 < 271 Cnw) apd 2-1@)+1< 21 Tt follows that

"Ti(@) - To(b) - Tole) - 274(2) = 27" V(21 + k() - V2 o1 + k(B(a)) - V2751 + k(e1)) - 79(2))

- r3(2) + 27 D()

< =27 OVR(Z - 1)(2o(1+ k(Br(n) + Tol1 + K(€1))) ~ 79(2)
4 2_(E+1)T1—?ut(2),

where in the last inequality we used that, by definition of Steiner diameter,
To(1+ k(a) < 751+ k(Brp)) + To(1 + k(e1)) + 75(2).

Finally, since 271 < 274@)*12(J3 _ 1) for any i by definition of 7 and since by triangular
inequality
~7o(1+ k(bup))) - (1 + k(e1)) - 70(2) + 77(2) <

we conclude that
"Ti(a) - To(b) - To(c) - 274(2) <0.
On account of Equation (112), this yields

”(71‘}‘%11 ! (Gm o*b o‘c ) Tl(a)” < ”(711/1‘%5b ! (Gm o‘b O"C)) eTp(b)+T\7(C)+2T17(2)||’

which in turn, by resorting to Equation (111) and exploiting as in the previous lemma GoJs=Gs
gives

‘sup ||(jf%‘;:(ci)(Gg,?f,,94«”;))eifﬂ<a)|| < ‘sup ||(3gggbc (Go" gC)) To(b)+ To(c)+273(2) ”
VIUsvso vjpsvso
= sup[0°Goe** 7o) sup (G 7)™ O |75 F)e )]

vlpsvso

sup [0 Go €* ) 1 19| F | o Fos o
A

where the sup is over A such that |A(b)| +|A(c)| =|A(a)| + |A|. Recalling now that
[04G, 2@ 10 1) < [0] 27114,
we get the thesis by observing that
—[a]+2s-1-|A|=-[b]-[c]-p+O0+p-5+2s-1=-[b]-[c]-1,

where we used the compatibility condition —p+ 68+ -6 +2s=0.

Concerning the last bound, it follows from the first one and the inequality e”@ < ¢'Ta),

O
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B.2 Localised flow equation

Taking into account the localised flow equation (67) and the modified flow equation for cumu-

lants (68), we can decompose the operators &/ and 2 in contributions involving the operator R
and L respectively, as

NG T = Bty (G TN+ (2t NG FE), (113)
and

a (l)(Gg, o~b’ o~c> (EK% (1)( o~b o~c>) ( (1)(G0’ 97,011’ 37;))“. (114)

Starting from the first contribution in Equation (113), we observe that this is non-vanishing only
if k(a;)=1and 1<|A;(a;)|<2 and, in such cases it holds that, as a consequence of the definition
of the operator R as per Equation (66), denoting with the letter Z the set of space-time variables

on which (E)&Qf,';(i)(Gg, Fb ))* depends, apart from z and z;,
Rty NG, FONUZ, 2,20) = (K +1) f 422207 Colz2,25) %

% [3{2’21}Kn(a)+1(F§1, ... ,Fo[f(a")_l_(]’(l)(z; 29), Fy]’(l)(z& Z1),... ,F;"(“)) +

e » (115)
+ 355 iy (B2 FE OO 2y, 20), IO zg), )],

where 371 is the extension to distributions of the map which on smooth functions acts as, for
the case of two derivatives, i.e. when A(a;)=(i, j),

3= (Z,2.20) =T [ d2 f [dpz-1)] f [dp: ) (757522, 2,8)8(21 - 2= ps-ow)),  (116)

Ili=m—,'=m++]li=m+,‘=m— ~ o~ ® z,Z
-~ ¥ e e fAdz(z-z)( 202312, 2,2)8(z1 - 2),

for z,z1 € A, where, with (327 {231)(Z, 2, Z) we mean that the smoothing operators are applied
to the variables z and z. We observe that, with respect to the operator & introduced in Equa-
tions (110) the variables Z are unaffected by the operator .

Remark 46. We recall that, on account of Equation (66), the operator R might also account for
a first order time derivative contribution, in which case the map 3%#! is of the form

8f(Z.2,20)= [ d2 [ dite- (I3 522 90z1 - 2- pa- 1),

In the forthcoming analysis we shall only discuss the case of the second order spatial Taylor
remainder since the first order in time scenario is easier and can handled analogously.

Similarly
(RB NG, FE,FEO U2, 2, 21)= (K +1) f A2d22d23jGU(22, 25) %

X [3{Z’ZI}K|[1‘+1(F(;1],...,Fo[.aai)ili”’( )(Z Zz))K|[Z‘ 1( (23,21) ..,F;n(a))+

o (117)
+ 3 k(B B @O0 22, 2, )K\IZ\+1(F Oz, E" ).

For what concerns the operator £, we observe that by definition of L, cf. Equation (66), if k(a;)#
1, it holds that

@ty UG, T =ty U Con FE), QB Co T F) = By N Con FFS), (118)
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while if k(a;)=1 and 0<|A;(a;)| <1, it holds that

(2, G FINAZ.2)= (K +1) || derdzadzs FColzn 2){(z1 - 20 »

O N T z><3i2;}Fg”“>><23,zl> SE) )
+ Kn(a)+1(F;1:---:(]:)i({(fi)z,l}l,['F}[(al)_l_[]’(2))(2 21,22, FY M zs), . F )]},
and similarly
(8B G FE.FE)) 2. 2) = (k'+1)fA3dz1dz2dz3jGU(zz,23){(21_z)A@f)x
< Lrnea (B Ty 0 o)) o (TP M) s, 20) - F ) (120)

+ K pe(Fs (ﬁifmi FEO IO G 2 ) g (B M zs). . By )]

Lemma 47. With the above notations, it holds that, for o=y,

[o1 1ty UG F o = [oT I 2o

Proof. With reference to Equation (113), we start from the contribution involving R and we
recall that (SK(QY,';(i)(Gg, F2))? is non-vanishing only if a; is such that k(a;) =1 and 1<|A(a;)| <2.
We set moreover a' € A to be equivalent to a except for the fact that A(aj)=0.

Our goal is to estimate nicely the norm |( (‘J(.Qf,',’(i)(Gg, F2)%) e™9)| and as a premise we
need some pre-processing. We recall that 2 is a tensor product of smoothing operators and that
any of these operators is characterised by a scale, which we denote with v{ where i€{1,...,n(a)}
while j€{0,1,..., k(a;)}.

For any such scale there are two regimes with respect to o, namely Zv,[[v,]] <o[o]™? or
2v[vi] > o[o] " In the first regime, by Equation (19) it holds that 7 e )]g ray=J v t(ay @0d thus
we can insert this new operator at the scale o for free. In addition we observe that thanks to
weighted Sobolev inequality, see Remark 5, since 7V{, /(ay Is @ contraction, we can bound it away.
In the second regime, namely when 2v[v]]™! > o[c] "}, we have [v]] <2[c]. We introduce a
new family v' of multi-indices derived from the original v by replacing with the scale o all the

scales v/ which are in the first regime, and by leaving untouched the ones in the second regime.
Overall, this implies that, on account of Remark 5,

(7Rt (G, FEY)P) €T < (7Rt NG, FE))) €744,
In addition we observe that, as # = #, it holds that 7@ < ¢T#(@) yielding
(78Rt (G, F))2) €@ < | (Rt (G FE)?) @),

and as a consequence we reduced ourselves to estimating the right hand side of the above
inequality. For notational simplicity, in the following analysis we shall rename the multi-index
V' and denote it with v as there is no possible confusion. As a consequence, we stress that

in the forthcoming analysis the scales v/ in the multi-index v are either equal to o or satis-
fying [v{] <2[c]. We observe that in both cases [v/] < [¢]. By Equation (115), we can decompose

Rty NG, FONNZ, 2, 21) = (Rl NG, FD)NZ, 2, 21)

NOPE (121)
Rty NCo, FDNHZ, 2, 21),
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We start by considering the second contribution in Equation (121). Since, by definition, in the

norms for cumulants we have the smoothing operators J%, we consider, again at the level of
integral kernel,

Je @ty Go FONZ, 2 2)= [ a2z [ dzadzsfin oz -2 oz~ 2)

x FGolz2, 23) 3FKNZ, 2, 21, 22, 23),
where we introduced the short notation

KHNZ, 2,21, 22, 23) 1= Kn(a)+1(jgllF;1, - .,Ff(“")_l_”’(z)(i, z1, 22),Ff']’(°)(23), e ~an(a)Fan(a))‘

Vn(a)~ O

We observe that we can insert for free smoothing operators over the variables z; and z3 thanks
to the propagator G,, and thus we can write

K(Z, 2,21, 22,29) = Kn(ayea(JoiFeh o Tty 1 o FE OOz 21, 29), o e FE YOz, @R ),
It follows that, resorting to Equation (116), we can estimate

7Rty G, FLUZ, 2, 21)| THOE220) < (T + (I
where

1)i= [ dedzadzsddl ooz -2) Folzn 29|
f ldpz-» t)|f \dpz-(u)| |(F2% AR (2.7, 2, 23)|[Funttan(21 = 2 = pr-z(w))] e THDZ22)
<[ 42 dzadzsdili e~ 2) FGoten 29 | dpe- O Jape- 2] aater =2 + s )]
X |(j§,%’{z’z}Kz“ NZ.7', 2,22, z3)| eTHa)Z.2.2) ,Tz,2) pTz.21) —
=fA4dz'd22d23d5 Fvt(ay(z = 2) FGol(z2, z3)|f:|dp2_ /)| f ;| dps () Fopeta(20)]

TN Z, 2, 2, 20, 29)| e MONEE D) Told) T —pe2(2)

where in the last step we performed the change of variable z; -z’ - p;_,(s) — z; while in the first
inequality we used Ty(a)(Z,z,z1)< Ti(a)(Z,z,Z) + Ti(z,2') + Ty(Z, z1). As a consequence,

| dzdzdz dzdzsdal i, (- 2] FColzz 29 »

f |dpz 4 t)|f |dpz 4 S)| | «752 {Z Z}KZ )(Za Z’: 25 229 Z3)| |jV1,[(ai)(zl)| eTf’(a)(Z’Z,) eTV(z’Z,) eTp(é_Z'_ps_Z/(S),ZO

ssu/p [(fAdz|jV0,[(ai)(z_ Z’)| eTo(z,z'))(J‘d21|le’[(ai)(zl)| esupsTV(i—z'_pz—z’(S),Zl))] x
<[ @2 dzdzdzl 7otz ) [ o 01 Jdpe cONTHEIKENZ, 2,7, 20 2] TN D <
f dz'dzydz3dZ| FG (22, 23)| |7 - 2 |2|( ®2 Atz Z}KZ NZ.2, 2,23, 23)| eTHa(Z.7.2),

where in the last inequality we used that

sl{p [(fAdZ|jvo,f(ai)(z - Z,)| eTV(z’Z,)) (fd21|jvl,i(ai)(zl)| esupsTr/(i—z'—pg_z/(s),zl))] <1
Z
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For (I) we can proceed similarly to get
(I):= efA4dz'dzzd23d2| Twea)(z = 2) IGo(22, 23)| *
(G5 EIKENZ, 2, 2,20, 29)| 2= 2| | Fup (21 - 2)] eTHAEE)
<¢ f 47 dzdzsdZ] IGolz2,23)| |2 - 2| |(F2H 2 PKENZ, 2, 2, 22, 23)| HOE7 ),

When [V] = [o] = € we conclude that

A

[71? ||(5£‘LQ7{,",’(")(GC,, F2)) eifv<a>||
[ 1% sty (G D) ™),

|72ty (G, F )5 €T

A

where in the first bound we absorbed the monomial |z - z'| with the tree weight, namely
= Z,| eTv(a)(Z,z',E)E 7] eiTV(a)(Z,z',i)’ (122)

while in the last step we used that, thanks to the pre-processing, [7] <[c]. The same ana-
lysis applies to the first term in Equation (121) as well as to the case of a time derivative, cf.
Remark 46. Thus we overall have that

78Rty (G F)* ™ = [ 4NNty G FE)) € T, (123)
We are now in position to exploit Lemma 44, which yields

(G, F2)) o = 114 sup [04G 5 €™ 11 19 | F
A
where the supremum is over A such that |A(b)|=|A(a)| +|A|. It follows that

o] (R ety UG, F) o = [01 @ IsuplotGye™ @] g 1o |FE N o < [T P | FE 0
A

where in the first inequality we used that, by definition of a’, it holds that [a] - |A(a;)|=[a’], while

in the second one we used [04G,e™?)| P S [o]741-4 as well as
-[a]-1-d-|A|=-[b]-1+0+p-5-d=-[b] -1,

which follows from the compatibility condition 8+ -5 -d=0.
When, on the other hand [ 7] » [¢] £ € we have only
7@ty "(Co, TN ™ 5 (e 171+ IAONTE oty (Con 7)) € )
< (eLoT ) [ IG5ty (G 7)) ™).
which would give us only the bound

(925G F)) 0% (e[0T D014 sup |04 G, e 11 1) |F
A

In this case, to conclude we need to exploit the more precise estimate on the operator G, given
in Lemma 34 to infer that

[k, (G, F)) %o = (e[0T ) (LoD v 1) ¢ [0] 1 | FE, o < [0] 11| F 2,0

which matches the other bound.
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Moving to the contribution involving the operator &, we observe that if k(a;) # 1, then on
account of Equation (118), the result follows directly from Lemma 44. On the other hand, if
k(a;)#1, recalling Equation (119), the proof follows the same lines of the case of the operator X,
yielding

[T (2, (G FEN) o < [0 1| F2, o
The thesis now follows by triangular inequality applied to Equation (113). m
Lemma 48. With the above notations, it holds that, for o=y,

o1 B G, FE, FEN o< [0] BV LY FE, o Fllo

Proof. The proof of this lemma follows the same lines of the previous one and thus we shall
omit some details, discussing just the main differences which are simply due to the slightly

different form of the operator 9. For what concerns the term (R%Bp, (G, FL 7)), the main

difference with respect to (Refp(Gy, FL))* is that, for o = i, after the initial manipulations which
are the same, we have the analogous of Equation (123), namely

”(EK%;, C(Gm o~b’ F°) ) ”p < “:G]]IA(axl sup ”(jv ‘%jb (1)(60’ 37(,1’,37;)) e"Tv(a)”
v|psvso
where we bounded the monomial due to the term (% - z)A®*) with the exponential e(2-DTw(a),

which is responsible for the modified weight e'Ta), Exploiting Lemma 45, we get
(BB} G 2. FD) o = ToT* N0 G (1 1 TP oA Fi
As in the previous lemma

[o] N (RBy UG F2. F5)) o = [0 supllaAGge2T"(Z)IIy@w,mll%Hy,a”%lly,g

A

A

[T I F 2 ol F

where in the first inequality the sup is taken over A such that |A(b)|+|A(c)|=]|A(a’)| +]A| and we
used that

-[a]+2s-1-|A|=-[b]-[c]-p+0+p-5+2s-1=-[b] -[c] -1,

exploiting the compatibility condition -p+ 6 + f - § +2s=0. The case of the term (83}, (l)(GU, ,
F$))? follows suit, giving

[o] QB UG, FE, FE) o = [0 01N FH | Fol o

The thesis now follows by triangular inequality and Equation (114). m
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