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Abstract

We present a construction of the measure of the fractional ®* Euclidean quantum field theory
on R? in the full subcritical regime via parabolic stochastic quantisation. Our approach is
based on the use of a truncated flow equation for the effective description of the model at
sufficiently small scales and on coercive estimates for the nonlinear stochastic partial differ-
ential equation describing the interacting field. The constructed measure is invariant under
translations, reflection positive and has quartic exponential tails.
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1 Introduction
For e€2™Noand MEN, let
Ré:=(e2)¢,  Ty:=(e2)/(MZ)?,  Qeni={p:Tey— R}

Define a probability measure v, 5 on Q, 5 by

vean(dg):= SR T ) (1)
where xeHo
2
Son(i=2et 3 [ (0000 + T x5 )= 5 gt (12)
XGTZM

The normalisation constant Z, j; >0 is chosen so that the total mass of v, ) equals one. The
parameters m>0,A1>0,r.€R are referred to as mass, coupling constant and mass renormalisation,
respectively. The operator (—A.)°® is the discrete fractional Laplacian of order s€(0,1] defined via
functional calculus as the s-th power of the discrete nearest-neighbour Laplacian -A,. In order
to pass to the limit, we define a probability measure 7, ; on 5'(R*) by embedding sample paths
of Ve in 5'(R%) via a suitable Fourier multiplier, see (2.35) below.

For the sake of clarity, we restrict our considerations to d=3. Then s=1 corresponds to the
standard ®5 model, while for fractional exponents s> s.:=3/4 the model is subcritical, meaning
that the nonlinear part can be treated as a perturbation of the Gaussian measure at small scales.
Since reflection positivity is expected to hold only for s< 1, so we restrict our analysis to s€(s.,1].
For further discussion of the measure in (1.1), we refer to [GH19]. In what follows, we present a
detailed analysis of the fractional regime s€(3/4,1). The case s=1, corresponding to the classical
Laplacian, can be handled by the same strategy with substantial simplifications. The main result
of this paper is a proof of the following:

Theorem 1.1. Let d=3 and fix s€(3/4,1], m>0, A>0. There exists a choice of mass renormal-
isation (rem)eeoNo pren, SUch that (Ve m),epNo e, i @ tight family of probability measures on
5'(R%). Any accumulation point v of this family is non-Gaussian, invariant under translations,
reflection positive, and satisfies

[l 4 <o (13)
for sufficiently large a, b>0 and sufficiently small 6 >0.

Proof. Tightness is established in Sect. 2.4 and the bound (1.3) is proved in Sec. 2.5. The reflec-
tion positivity and translation invariance of any accumulation point follow as in [GH19], since
these properties are inherited from the corresponding properties of the approximate measures
(Ve.m)e.m. Non-Gaussianity follows from (1.3), as Gaussian measures cannot integrate functions
exhibiting super-exponential growth. O

We expect that any accumulation point is invariant under all Euclidean transformations.
Unfortunately, a direct characterisation of the limiting measures remains unavailable. As a
result, we must deduce the properties of the accumulation points indirectly, relying on cer-
tain features of the approximating measures. Notably, since the measures on lattices are not
rotationally invariant, establishing rotational invariance of the continuum limit poses a par-
ticularly challenging problem. It is conceivable that this issue could be addressed using the
technique developed in [DD]J24] in the context of P»(®) model. However, pursuing this dir-
ection lies beyond the scope of the present paper.
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Let us also mention the recent work [DHYZ25], where uniqueness of the limiting measure is
established in small coupling regime for the standard ®3 model. A similar strategy might extend
to the fractional variant, providing a potential route toward a full verification of the OS axioms,
at least in the regime of small coupling.

Our proof strategy introduces a novel combination of renormalisation group ideas and PDE
techniques which we believe can be useful more widely in the context of the theory of subcrit-
ical singular SPDEs. The proof also applies to the vector version of the model where the field
takes values in R” for n>1 and the functional S; »/(¢) depends on ¢ in an O(n) symmetric way.
We briefly discuss how to adapt the proof to the vector case in Sec. 2.6.

Theorem 1.1 gives a construction of a model of Euclidean quantum field theory (EQFT) com-
monly referred in the literature as the fractional ®3 model. This terminology stems from the
form of the density appearing in the formula for the measure (1.1) and the fact that the under-
lying space is three-dimensional. In the case s=1, the model reduces to the classical ®3 theory,
which has long been regarded as a crucial benchmark in constructive quantum field theory.
Foundational results by Glimm and Jaffe [GJ73], Feldman and Osterwalder [Fel74, FO76] and
other pioneers of EQFT laid the groundwork for demonstrating the existence of models satis-
fying the Wightman axioms for local relativistic QFT through probabilistic methods based on
the Euclidean framework [GJ87]. In the fractional regime, that is, for s€ (s, 1), the model we
consider was introduced by Brydges, Mitter, and Scoppola [BMS03] as a rigorous foundation
for proving the existence of a non-trivial infrared fixed point via an e-expansion for sufficiently
small e=s-5.>0. See also [BDH98] for an analogous result concerning a related four-dimen-
sional model.

Our proof also extends to the cases d=1 or d=2 and s€(d/4, 1] without requiring any
substantial modifications. We stress that we crucially need the condition of subcriticality (i.e.
super-renormalizability), which translates into s> d/4, where s is the power of the fractional
Laplacian. In particular, if d=4 this would require s>1. However, it is known that fractional
Laplacian (-A)* with s> 1 does not satisfy the maximum principle, and as a result, our a priori
estimate does not apply in this regime. Moreover, for s>1 the measure is not expected to be
reflection positive—since the Gaussian part itself lacks this property—and is therefore of limited
interest from the perspective of constructive quantum field theory. Finally, we note that for
d<4 it was shown in [Pan25] that at the criticality s=d/4 as well as in the supercritical regime
s<d/4, any possible continuum limit is trivial, in the sense that it is Gaussian.

In recent years there has been a renewed interest in EQFTs due to the development of an
alternative approach to the proof of theorems like Theorem 1.1. This new approach is grounded
in the basic ideas of stochastic calculus and it is usually called stochastic quantisation. This term
was introduced by Parisi and Wu [PW81] to describe the quantisation of gauge theories via
the construction of a stochastic process evolving in fictitious time and whose stationary distri-
bution is the target Euclidean QFT. This stochastic evolution is a nonlinear stochastic partial
differential equation of a singular kind, for which a particular procedure of renormalisation
is needed to give it a precise meaning. The analysis of such equations requires a mix of prob-
abilistic and analytic arguments that escape the usual approach of Itd's stochastic differential
equations. For this reason it took some time before the SPDE community learned how to handle
such singular equation and discovered theories like regularity structures [Hail4] and paracon-
trolled calculus [GIP15, CC18] or renormalisation group [Kup16] which finally allowed to tackle
the problem of the stochastic quantisation of the ®3; model. Gubinelli and Hofmanova [GH19]
obtained the equivalent of Theorem 1.1 with s=1 and a small range of values below that using
a mix of paracontrolled calculus for the small scale singularities of the equation and coercive
estimates to tame the large scale fluctuations. We refer the reader to the introduction to [GH19]
for a deeper review of the literature and the history of constructive QFT and also to contextu-
alise the meaning and consequences of Theorem 1.1.
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The probability measure v, s in (1.1) is the equilibrium distribution of the Langevin dynamics
governed by the finite system of SDEs

LM (GNP, 5§ = o) (1.49)
on Agp:=Rx TZM, where
L=+ (=N + m?

and £@&M is a spacetime white noise satisfying

E[£EM(t, x) £@M (s, )] = 8(t - 5) 1,-,, (t,%),(s, V) EAe M-

The constants m>0,A>0, 7. »€R coincide with the parameters appearing in (1.2). By standard
stochastic analysis arguments, there exists a unique stationary solution ¢“ of (1.4) and we
have Law(¢®M)(t)) = v,y for all t€R. In what follows, we identify ¢M and £&M with periodic
functions on A,:=R x ]Rf.

The nontrivial step is now to control the solutions to the stochastic quantisation equa-
tion (1.4) uniformly as ¢ — 0 and M — oo. At small scales, it is expected that the nonlinear
term in the dynamics is a perturbation of the linearised equation driven by spacetime white
noise. Consequently, in the continuum limit, the solutions ¢™ are expected to converge to
random distributions belonging to Besov spaces of negative regularity slightly worse than s-
d/2, which is the regularity of the Gaussian free field. This low regularity presents a major
analytical challenge, as it complicates the control of the nonlinear term.

Inspired by the works of Wilson [Wil71, WK74] and Polchinski [Pol84] on the continuous
renormalisation group and by the more recent approach introduced by one of the authors
in [Duc25a, Duc22], we use a flow equation to effectively describe the solution ¢*M of the
SPDE at some spatial scale much larger than ¢ (see Kupiainen [Kup16] for a discrete coun-

terpart). Let gb((f’M) denote a description of the solution at a scale of order
[o]:=(1-0)=>¢>0

for some o €(0,1). The flow equation approach consists in deriving a parabolic equation for

((TS’M) of the form

L.beM _ F((,E’M)( (e,M)). (1.5)

Yo (o

Here, ¢y — Fff’M)(lp) is an analytic functional depending on the noise £&M), called the effective
force, such that

FEM(y) = A y3 4 re g+ EE@M), (1.6)

In particular, (1.4) can be recovered from (1.5) for c=1 and ¢55’M) = &M The functional F(Ef’M)
can be obtained by solving a flow equation

aO-F(S.&M) — ]BO_(F(E)M), F(EJM)), (1.7)

g [
backwards for o € (u, 1] with the final condition (1.6) and where B, is an appropriate bilinear
operator. The parameter o€ [0, 1] does not have any specific physical meaning and the spatial

scale of the decomposition is fixed conventionally to be of order [o], that is ¢((,€’M) is expected

to fluctuate at spatial scales of order [o] or larger, and in particular to be a locally bounded
function on Ag:=R x R? when extended in some reasonable way from the lattice A, to the
continuum. A key ingredient is the control of the stochastic process (F((f’M)) » solving the flow
equation (1.7). Following a simple but crucial observation of [Duc25a, Duc22], this control can
be obtained by studying the evolution in the scale parameter of the cumulants (7" , of the

process (F((,E’M)) »» Which themselves satisfy a kind of higher-order deterministic flow equation

I T M = A (T 1 B (FEM, oM, (1.8)
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with prescribed initial condition Iﬁf’M). Upon choosing appropriately this initial condition by
tuning the parameter r, js in (1.6) one can prove uniform in ¢ and M estimates for the cumulants

(37:((,"3’]\4))(7 and therefore, by a Kolmogorov-type argument, suitable bounds on the effective force

(F*™) _uniform as ¢ — 0 and M — oo,

The flow equation (1.7) is bilinear and therefore solvable in general only in a perturbative
regime, e.g. in a small interval I =&, 1] around the initial condition at o =1 or for small data
(or small time). The size of this perturbative region depends crucially on the size of the noise
£EM and while this dependence can be made uniform in &, M there could be large fluctuations
in the noise which make the region arbitrarily small and reduce the available proof of existence
of solutions to local results. A similar limitation is present in the work of Kupiainen [Kup16]
who, instead, uses a discrete renormalisation group (RG) iteration, and more generally in all the
other approaches which use an expansion of solutions in order to resolve the singular terms and
control the limit as e— 0, e.g. in regularity structures and also in paracontrolled calculus. This
difficulty is the signal of the “large field problem”, well known in constructive EQFT.

From the point of view of the stochastic quantisation equation, the large-field problem can
be addressed by exploiting the coercivity of the nonlinear term which pulls the solution back
from infinity. While this observation is standard in PDE theory, it still requires some nontrivial
adaptation to be effective for singular SPDEs. The first to solve the problem have been Mourrat
and Weber [MW17] in their proof of global existence for the ®3 dynamics on the full space with
the usual Laplacian diffusion term and subsequently Gubinelli and Hofmanova in the context of
paracontrolled analysis of ®* models [GH19, GH21] including the parabolic three dimensional
setting. Moinat and Weber [MW20] proved the so called spacetime localisation property for the
dynamic ®3 model in the framework of regularity structures. This result was further extended
by Chandra, Moinat, and Weber [CMW23] to cover the full subcritical regime. In the latter
work, the authors modify the covariance of the noise, rather than the diffusion term, in order to
explore regularities arbitrarily close to the critical threshold. Although their estimates suffice to
establish tightness of the invariant measures associated with their SPDE, these measures are not
explicit, and is not cleat if they are reflection positive. Consequently, their role in the stochastic
quantisation of Euclidean QFTs is, at present, not fully understood.

In the broader context of global solutions for singular SPDEs, we also mention the recent
preprint by Chandra, Feltes, and Weber [CFW24], which establishes results for the stochastic
quantisation of the two-dimensional sine-Gordon model on a periodic domain for parameter
values slightly above the first threshold. This has since been extended up to the second threshold
in [BC25]. Moreover, [BC24] proves long-time well-posedness of the two-dimensional Abelian
Higgs model.

During the revision of the present paper, a new preprint [EW24] appeared in which a priori
bounds for the fractional ®; model on the three-dimensional torus were established in the full
subcritical regime. The main distinctions between our results and those of [EW24] are that we
employ the flow-equation framework and work on an infinite lattice, whereas [EW24] use the
regularity structures approach and study the continuum model on a torus with mollified noise.
As far as we know, mollification of the noise is not a feasible strategy for establishing stochastic
quantisation of an EQFT, in particular with respect to reflection positivity.

The main contribution of our work is the identification of a framework in which the flow
equation method is combined with PDE estimates for the dynamics. This hybrid approach yields
a powerful variant of the renormalisation group (RG). Instead of requiring an exact solution to
the flow equation (1.7), it suffices to construct a suitable approximate solution (F,), = (F((,S’M)) ;
satisfying (1.6) for which the quantity

H,:=08,F, — By(F,, F,), (1.9)
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is small enough in an appropriate sense. The price to pay for this approximation is a remainder

term Rff’M) in the SPDE which now reads as a system of two equations:

(1.10)

{ 0C’€¢0 = ]U[FG(¢0) + RG]’
IRs= Ha(¢a) + DFO‘(¢O’)((aO'GO')RO')9 R, =0,

for the pair of scale-dependent functions

($os Ro)o = (M, REM)

Here G:=.L;! is the fractional heat kernel, with L. denoting the inverse of L, as defined
in (1.19) below, (J5), is a family of smoothing operators (see Def. 1.13) and

(GO')GE(O,I) = (3UG)0€(0,1)>

is a scale decomposition of G. Moreover, DF(lﬁ)l/; denotes the functional derivative of a func-
tional F at ¢ in the direction of .

One can prove that the term F,(¢,) retains the coercive structure of (1.6), that is,

joFa(QSa) = _/1¢§ + Qa(¢a)’

where Q,(¢) is “smaller” than the cubic contribution provided [o] < 1. This together with the

linearity in R((;E’M) of the second equation of (1.10) make this system amenable to standard PDE
techniques: by choosing [¢] <1 one can control the non-coercive part Q,(¢,) of the effective
force using the coercive part -~A¢3, thereby resolving the large-field problem. At the same time,
for [o] >0, we have uniform estimates for Q,,DF,, H, as e— 0 and M — oo, provided the renorm-
alisation constant r, y; appearing in the boundary condition (1.6) for the effective force is chosen
appropriately. This allows the full control of (1.4) and the proof of tightness of the laws of the
processes (¢“™), 11, and therefore of the family of measures (Ve a)e ur-

The implementation of this plan has to deal with two main technical difficulties:

a) The scale-by-scale decomposition (3,G,), of the fractional heat kernel G (cf. (1.20)) pro-
duces kernels with limited spacetime decay (see Lemma A.7), reflecting the restricted
smoothness of G away from the origin. This algebraic decay of 9,G, propagates to the
kernels of the effective force, necessitating a careful choice of weighted spaces for both
the solutions and the kernels. To handle this limited decay, spacetime localisations of
various operators and kernels are employed in several places—most notably in the local-
isation procedure for the relevant cumulants, which governs the flow of the renormalisa-
tion constants, see Appendix B.2. It would be interesting to devise an alternative strategy
to bypass this problem with some other scale decomposition (or an additional local-
isation procedure).

b) The natural setting of the analysis provides only negative spacetime regularity for the
solutions of the SPDE. Such regularity is insufficient for stochastic quantisation, since
one must be able to compute the marginal of the solution at a given time. To address
this, it is necessary to work with distributional norms defined via smoothing operators
(K), that provide only limited time regularisation. Suitable Schauder estimates for these
operators can be established (see Lemma A.21). These smoothing operators also influ-
ence the definition of the norms for the kernels of the effective force (cf. Def. 4.6) and
require a careful adaptation of the Kolmogorov-type argument used in Lemma 4.19.
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Comparison with other approaches. The possibility of working with an approximate flow
equation makes it easier to compare the RG approach advocated in this paper (and originally
proposed in [Kup16] and [Duc25a, Duc22]) with regularity structures [Hail4] and paracon-
trolled distributions [GIP15]. There is a clear parallel among the various approaches. The flow
equation constructs a random object Fff’M) — the scale-dependent effective force — which encap-
sulates the influence of the noise and takes the form of a finite polynomial built from the noise
and the linear part of the equation. This object corresponds respectively to the model in the
theory of regularity structures, the enhanced noise in paracontrolled calculus, or the rough path

in rough path theory.

While F((,S’M) is obtained through a probabilistic construction, the remainder term Rff’M)

is defined analytically in terms of F((TE’M). This deterministic component mirrors the analytic
machinery of regularity structures, the paracontrolled operators in the paracontrolled calculus,
and the sewing lemma in rough path analysis.

When the parameter s is near its critical value of s.=3/4 the number of terms which have
to be accounted for in the approximation F((f’M) of the solution of the flow equation grows in an
unbounded manner. A notable advantage of the flow equation approach, however, lies in its
relative insensitivity to this increasing complexity: the analysis remains compact and largely
independent of the distance to criticality. This analytical efficiency — the ability to capture
the nonlinear propagation of randomness with minimal combinatorial overhead — was first
observed by Polchinski [Pol84] in his proof of perturbative renormalizability of the Euclidean
¢4 QFT. For a modern account of this approach to perturbation theory of QFTs, the reader can
consult the book of Salmhofer [Sal07] or Kopper [Kop07].

As we already noted, the application of RG ideas to SPDEs is made efficient by the obser-
vation of one of the authors [Duc25a, Duc22] that flow equations can also be used to estimate
cumulants directly, thereby avoiding explicit and cumbersome inductive arguments on trees
— much as Polchinski's method circumvents the inductive structure of BPHZ renormalisation.
There are further conceptual similarities with recent developments by Otto, Weber, and collab-
orators [OSSW21, LOTT21], who use PDE-based arguments to derive probabilistic estimates for
the modes in regularity structures. The flow equation framework, however, offers an additional
advantage: renormalisation conditions naturally appear as boundary conditions for the corres-
ponding flow equation.

The combination of the flow equation approach with stochastic quantisation in the con-
text of the construction of EQFT has been recently exploited by Meyer and one of the authors
in [GM24] to study the sine-Gordon model in the full space up to the second threshold and,
by De Vecchi, Fresta and one of the authors, in [DFG22], to develop a new approach to Euc-
lidean Fermionic theories. In both papers the stochastic quantisation is obtained by using a
forward-backwards stochastic differential equation together with an approximate analysis of
Polchinski's flow equation. Finally, we mention the work [Duc24], where the Polchinski equa-
tion was employed to construct the Gross—Neveu model, a critical fermionic model of Euclidean
quantum field theory.

Conclusions. Despite the technical difficulties due to the analysis of the fractional heat equa-
tion, we would like to stress that the present paper is self-contained and presents complete
arguments for all proofs. Compared with the few existing works on singular SPDEs in the full
subcritical regime, we believe our work is the first to address, in a unified framework, several
intricate aspects of the problem:

a) we present the entire argument — both analytic and probabilistic — in full detail;
b) we work with an extremely nonlocal SPDE posed on a (semi-)discrete space;

c) we establish an a priori bound in the full subcritical regime, valid globally in spacetime;
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d) we obtain optimal tail estimates for the solutions.

We hope that this work illustrates the strength and flexibility of the stochastic quantisation
approach in tackling, in a genuinely nonperturbative manner, the construction of Euclidean
quantum field models in the subcritical regime.

Plan of the paper. In Sec. 2 we introduce the main objects of our analysis: the scale decom-
position, the spacetime weighted norms which will be used to control the large fields and all the
intermediate results which are needed in the proof of Theorem 1.1. The coercive estimates will
be proven in Sec. 3, while the approximate flow equation for the effective force will be analysed
in Sec. 4 via the flow equation for the cumulants. Appendix A contains some technical lemmas
and Schauder estimates tailored to our setting while Appendix B contains the detailed definition
of the various contributions to the flow equations for the cumulants and their analytic estimates.

Acknowledgments. We would like to thank F. de Vecchi and L. Fresta for discussion pertaining
the analysis of flow equations. This work has been partially funded by the German Research
Foundation (DFG) under Germany's Excellence Strategy - GZ 2047/1, project-id 390685813. PD
acknowledges the support by the grant ‘Sonata Bis’ 2019/34/E/ST1/00053 of the National Sci-
ence Centre, Poland. This paper has been written with GNU TgXyacs (Www.texmacs.org).

1.1 Preliminaries and notation

In this section we shall introduce the main notations we are going to use throughout the paper.

We let Ro:=R, R, :=¢Z, T, 1:=(¢Z)/(MZ) and define the corresponding spacetime domains
A;=RxR%  Ap:=RxT%,, d=3, e€2Ne MeN..

The assumption that £€ 27N ensures that MZc ¢Z for every ME€IN ,. These domains are con-
tinuous in the time direction and discrete in the d spatial dimensions. For a measurable function
f:A,—R", we write

A== 1 ey

Given a nonnegative weight we C(A() we denote by C(A,, w) the space of continuous functions
f:As— R such that

Hf||L"°(w) :=sup |w(z) f(2)| < oco.

ZEA,

We always identify functions f: A,y — R with their spatially periodic extensions f: A, — R.
In particular, we write C(A, y, w) for the subspace of C(A,, w) consisting of functions that are
periodic in space with period M. We denote by 5(A;) the space of smooth rapidly decreasing
functions over A,. The Fourier transform of f € 8(A,) is defined as

flw.k) :=jA e~k £(4 y)dedx,  (w, k) ENL:=Rx (REy,
where )

R :=(-r/¢, 7/ )¢

is the dual of the group RY. The integral over RY is understood with respect the counting
measure (still written by dx) with normalisation

[, fedx=et Y f

xe]Rf
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which ensures weak convergence to the Lebesgue measure as ¢— 0. As usual, the Fourier trans-
form extends to §'(A,) by duality. The inverse Fourier transform is given by

Kwﬁkw)dwdk

2T (t,x)EA.,.

£(t,0)= f ke
For £20, we define the Laplacian A, as the Fourier multiplier on 5'(A,) with symbol

(R 3k -gX(K)ER,
where
d . 21/2
g0k = Kl qg<k>:=[z (Fsinel)| . e=0. (1.11)

i=1

Note that for €>0, the operator A, coincides with the standard nearest-neighbour discrete Lapla-
cian.

The fractional Laplacian. For s€(0, 1) the fractional Laplacian (-A,)* is defined as the Fourier
multiplier with symbol (R k +—> ¢2%(k). In particular it is self-adjoint and positive in L*(RY)
and for s€(0, 1) it has the (discrete, when &> 0) heat—kernel representation [Kwa17]

e f (F=e") 0715, (1.12)

with the constant Cs=|I'(~s)|"!. In the continuum, the fractional Laplacian has, for s€(0, 1), the
integral representation [Kwal7]:

(Ao’ f(x) = Cd,SPVJ‘]Rd%dy, x€RY, (1.13)

where Cg s is an universal constant. In the discrete setting a similar formula holds [CRS+15]:

AP f)=ed Y HOx-y)(fx)-f().  x€RE, (1.14)

yERﬂy#x

where the kernel H: R¢— R is positive and such that H?(0) =0, H(x) = H(-x) and
[HOG0)|< Casld 7, xeRE,

uniformly in ¢ >0 for some constant Cy s>0. Note that in our notation (1.14) can be equivalently
written as

(B fe)= [ H =3 (F0- F)dy,

For £>0, we can encode the representation (1.14) of the fractional Laplacian, via a positive
measure yf) on A, x A, for which

SFare=[  fOEE-gE) M dzdz),

(e

N

We also define the kernel ,ugg)(z, dz) arising from the disintegration of u
measure dz on A,. Specifically, we have

with respect to the

19(dzdz)=8(t- wHO(x-y)dzdz,  plz,d2)=8(t - WH (x - y)dz, (1.15)
where z=(t,x) and 2’ =(u, y). The kernel ,ugg) is symmetric, that is,

1(z,d2)dz =z, dz) dz.
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With this notation in place, the following Leibniz-type formula with remainder holds:

1£.9)= AR~ (D) 8- (A)F = [ (F)-FD) () -g@udz).  (116)

Let us also introduce the fractional difference operator

1/2

2(N@):= 1. N @)= [ [ | @) @)z d2) (117)

which behaves like a derivative of order s. In particular using that, for all § >0, one has the
estimates

J oy O - FOPH Dz N P02 [ (1) - fla e d) = | £1%572

B(z,6)¢

where
B(z,8):={z €A||z- Z|s= &}

denotes the ball of radius § >0. The discrete gradient is defined as
Vf=(0',9',...,0%%,9%),

where 9™* stands for the discrete forward/backward derivative on the lattice R? and ||V,f | is the
supremum norm. Choosing 8=||f||/||V.f || yields

DUN@ = VS 18"+ [ F 1157 < [V 1L £ (1.18)

Remark 1.2. Although the kernel representation of the fractional Laplacian fails in the con-
tinuum case =0 (due to the presence of the principal value), the above considerations and the
results presented below extend to the continuum with only minor modifications in the proofs,
or simply by taking the ¢ — 0 limit in the relevant inequalities. We emphasise, however, that
the main results of the paper do not rely on these continuum extensions. In particular, the limit
e¢—01in Theorem 1.1 is obtained via tightness, using the a priori estimates established uniformly
for e€27No,

Remark 1.3. A basic observation is that the fractional Laplacian (whether in the continuum or
on the lattice) satisfies an inequality under the action of convex functions. Let s€(0,1], ®:R— R
be a convex function and @ one of its sub-differentials, then, for any £=0 and u€ C(A,), we have

(A D(u) < @' (u) (-Ap)*u.
Indeed, let ®:R — R be a convex function, then
®(a)-D(b)<D'(a)(a-b), a bER,
so if u: A, — R is a continuous and bounded function, we have

D(u) - e?2d(u) < @' (u) (u - eeu),

since e%¢ has a positive definite probability kernel. The claimed inequality follows now

from (1.12) in the case s€(0,1). The case s=1 is elementary. For s> 1 the result is not true.
It is clear that the same proof works for ¢=0 with some additional regularity assumption. We
will incorporate this idea in the proof of the key Lemma 3.2, below.

The operator G= G =_.L;! is defined as

(acglf)(t,.):zft e (M AN £y du,  teR, (1.19)
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and will be applied to continuous function on A, with at most a limited polynomial growth in
spacetime. Indeed, on account of Lemma 5.4 of [Gri03] together with the argument of Sec. 1
of [GT01], the kernel G(t, x) of G satisfies

—cm?t

T A Tesote
G(t,x)< T s0e™™ tmln{t %, |x|d+2$}< (1.20)

~ (|t|1/25+ |x|)d+25’

uniformly in £20. Here 1,5¢=01if t<0and 1if t=0. If s=1, then the above estimate is not optimal
and the following bound

G(t, x) S 1ot 4/ g~ tcll/t (1.21)
holds true uniformly in £ 0.
Parameters. During the subsequent analysis, we shall introduce several parameters
a,pB,y,90,0,8,0, v,k K, Ko, £, k,a,b. (1.22)

Although their precise values are not specified at this stage, all these parameters are to be
regarded as fixed once and for all. Their choice depends solely on the power s€(3/4,1) of the
fractional Laplacian. Since the specific constraints determining these values will emerge later
in the analysis, we postpone their detailed specification to Sec. 4.4 and 4.9 below.

Space-time weights.
Definition 1.4. We define the fractional parabolic distance by
|z|s:=|z0| V2 +|2],  z=(20,2)€EAg=R x5, (1.23)
where |s| denotes the usual Euclidean distance on R and R®. For x>0 and z=(z, z)€ Ay we denote by
w.z:= (%20, uZ) €A
the fractional parabolic rescaling, satisfying
[p1% 2]s= [ 2]
Definition 1.5. We introduce the following Japanese brackets:
(Zysi=(1+|zo| S+ 12HY2  and  (:=(1+|zP)V%  z=(20,2)E Ao, (1.24)
where, as in the previous definition, |s| denotes the usual Euclidean distance on R and R>.

a) Leta>1and v€(0,1/3).

b) Let (xi: Ao— R.)i>-1 be a dyadic partition of unity on Ay with y; supported on an annulus
of radius ~2% for i=0, y_; supported in a ball of radius ~1 and Y. | yi=1.

¢) Define (1;)is-1<[1/2,1) by [ui] =272, i=-1.
d) Let {: Ag— R be a weight defined by
{(2):=<25',  z€A,.

For u€[0,1], we also introduce the associated rescaled weights

G@)=l%as’,  pe==ul%as",  z€A.

Remark 1.6. Concerning the parameters v and a introduced above, we impose the relation
av=y,

where the parameter y €(0,2s) will be fixed in Sec. 4.9. In particular, throughout our analysis we
shall be concerned with very small values of v>0 and with a>1.



12 SECTION 1

Remark 1.7. The form of the Japaneese bracket (1.24) is motivated by the requirement that the
weight function ¢ (and its powers) be C! in the time variable and C? in the spatial variables. This
regularity is essential in the a priori estimates established below (see Sec. 3). Indeed, one readily
verifies that

|t|(1—s)/sat|t|
2s(1+[t|/s+|x|2)372’

9L (t,x)= (t,x) €Ay,

which is continuous for s<1. An analogous argument applies to all spatial derivatives.

Remark 1.8. Our weights satisfy the following properties.
a) We have
(¢ (2= (z-21),

uniformly over z,z; € Ag. Consequently,

2 (1) = G z-z) <N (z-20),
pulDpi'(z1) = ppl(z=2z1)<pi' (2= 20),
uniformly over z,z;€Aj and p€[0,1].

b) We have
Xl s U+ (Il Ied ™)) 2= 1,
uniformly in iz -1 and p = ;.

Scale decomposition. Let us introduce a scale decomposition of spacetime functions paramet-
rised by 0 €[0, 1] and where we let

[o]:=(1-0)
for convenience. The value o =1 corresponds to allowing fluctuations at all scales while o<1

only at spatial scales =[] or equivalently at Fourier scales s[o]".

Definition 1.9. Consider a smooth and compactly supported function j:R — R, such that

L J1 it psd,
J(”)‘{ 0 if |g=2
For¢=0,1,2,... denote
Jodm=j2 o7 [aln),  nER,
and let j;:= j50 and jo:= jo1.
Remark 1.10. Note that j, /(1) j.¢(17) = jo.o(n) for 0s < ¢

Definition 1.11. The family (J5)e(0,1)= (7}:))&(0,1) of Fourier multipliers acting on distributions is
defined as

Tof6:9):= [ i) jau() oy 1 ST

(tx)EA, fES(A),  (1.25)

where q%(k) is the symbol of the Laplacian introduced in (1.11). In addition, we define
(jo—’[)o-e(o’l),[zl)z)”_ by (1.25) with the function j, replaced by j,, Moreover, we let jgzz jg,l and
ja:zaaja'

Note that J,f — f as 0 71 in 5'(A;). We let go(k):=|k|, so that g.(k) — go(k) pointwise for
k€R? as e— 0. We observe that, on account of the above definitions, for any {€N ,and 0€(0,1),
it holds that

ja,[jazjm ja,{+1ja,t’=ja,[- (1.26)
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Furthermore, since 7, 5‘0,( as well as L, are Fourier multipliers, they all commute. The operators
(J5)s are used to define the scale decomposition

o+ Gy:=1,G
of the Green function G. The operators (7,), play an auxiliary role and will be used frequently

in the estimates.

Remark 1.12. We shall use the fact that if o <y;, where y; is as in Def. 1.5, then ¥;J,,,,= J. This
is a consequence of the definitions of J, and y;, and of the fact that, for o <y;,

20 [o] ' <2pi[pd =227 - 1) <23 = 1) = priwy [pi]

which implies jo(#) ji,,,(1) = jo(n) for all nER.

Smoothing operators. To establish a suitable Schauder estimate, we will employ smoothing
operators (K;), that possess only limited regularising effects in time. It is convenient to choose
these operators as inverses of differential operators.

Definition 1.13. For o,n€(0,1) let

Ly:=(1+[o]*0)(1-[0]?A)%,  K,:=L'=(1+[0]*3)'(1-[c]?A)%  Kyo:=L.K,

In the tightness argument, we will also employ a Littlewood-Paley decomposition acting
solely on the spatial variables.

Definition 1.14. (Spatial LP blocks) Let (A;:[0,0) — R.)i=_1 be a dyadic partition of unity on
[0, 00), where A_; is supported in [0,1], Ag is supported in [1/2,3/2] and A):=Ap(278) foriz=1.
We define spatial Littlewood-Paley blocks (A)is_1 as the Fourier multipliers on 5'(R%) associated
with the symbols k+— A(q:(k)).

Remark 1.15. By extension, we identify the fractional Laplacian (-A,)® and the spatial Little-
wood-Paley blocks (A;);>—; with the corresponding operators on C(A, {) acting trivially on the
time variable.

Convolution operators. We call T a convolution operator on C(A,, w) if there exists a signed
measure m(dz) such that

(T)@)= [ mdz) fz-2).

By slight abuse of notation, we usually denote the measure m(dz) associated to T by T(dz). We
call T(dz) the kernel of the operator T. We denote by | T(dz)| the variation of the measure T(dz).
Given a nonnegative weight we C(A() we write

ITllviw:= [ w2 T(@2)

for the weighted total variation norm of the kernel of T. If T(dz) is absolutely continuous with
respect to the measure dz on A, we write T(z) for its density, i.e. T(dz)= T(z) dz. For p€[0,00],
we denote by || T|| () the weighted LF norm of the density of the kernel of T, i.e.

I T ||y 2= | 2= w(2) T(2)]| 1,

where ||+||;» is the usual L norm on A, with respect to the measure dz. Given a weight w, a
convolution operator T and a function f we write

(WIf)(2):=w(2) (Tf)(2)- (1.27)
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Note that the operators
Ga Go'a Ko'a KI],O" _70'9 jm (_Af)s’ Al'

introduced above are all convolution operators on C(A,, {%) for every a € [0, 2s). The kernels
of the operators Gy, 7, j(, have smooth densities. The kernels of G, K, have densities of limited
regularity. The kernels of K, 5, (-A;)%, A; do not posses densities. In particular, the kernels of
(=A.)%, A; are proportional to the Dirac delta in time.

The following lemmas collect the fundamental properties of these convolution operators,
which will be used repeatedly throughout our analysis.

Definition 1.16. For w€R and p€[0,1), we write

w(2):=(1+[p] Yzls)?,  zE€A,.

Lemma 1.17. For all b €(0,2s), we have
@) Kol rviwyy v [ Ko plltvws S 1,
b) HjO'HTV(w(f)VHjO'HTV(wg)VHL?I UHTV(w(f)VHL(ZTjGHTV(wg)f 1
c) HatjaHTV(wg)f [o17* and ||v€j0”TV(w§)5 [o]™,
d) [|Glltving =1 and [|Gollrvewy v 1L3Go llrviws < [01%7,

uniformly over e€2™Nv and 1/2<o<p<1.

Remark 1.18. The kernels of the operators K;, K, 5, J» and 7, exhibit rapid decay in spacetime.
In particular, these operators have finite total variation norms ||«(|ty(.e) for all ©=0. In contrast,
for fractional Laplacians of order s€ (0,1), the kernels of the operators G and G, decay much
more slowly. Their total variation norms ||«||rv(.ye) is finite only for w€ [0, 2s). This slow decay

of G and G, constitutes a major analytical difficulty and is one of the main reasons why PDEs
involving fractional Laplacians are particularly challenging to study.

Remark 1.19. Note that all of the above bounds remain valid if one replaces the weights by {~*

or {;* with any p€(0,1) and a €[0,1], since 1<2s<2 and
(0SS wasws,
for all p, 0€(0,1).
Proof. Item a) is proved in Lemma A.3. Items b) and c) follow from Lemma A.2. Item d) follows
from the estimates for G, established in Lemma A.7. o
Lemma 1.20. We have
1L eJo Ity s [o]7%

uniformly over e€2N° and 1/2<0<1.

Proof. First note that
1A Tullrvien < 2 [(=Ae)°AFull vy,

iz-1
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where we set A_,=0. Next, observe that A;J,=0, unless [;] =2 '°[]. Consequently, we have

1A Tullvens Y, AP Al vyl Tulltvens D, [ud ™ <[ul ™,
ilpd=z27"0u] il 22710 ]

where the second estimate follows from Lemmas 1.17 and A.19. o

The following lemma combines the estimates from the preceding lemmas with Young's con-
volution inequality. The resulting bounds will be used frequently in the subsequent analysis,
often without explicit reference.

Lemma 1.21. For all #€[0,1] we have
@) |GiKaf = 5Ky Il = NGt 1l
B) 155Tof 11 < 1G5 Tf 1| < 155K || < N1 G5f
o) NG LTof | <Ll IGf N 1150daf | < [ol 7 (| Gif || and [|GVedaf | < a1 1GF Il

d) |GG s 1 Gef || and (|G£Gaf 11V | GEL3Gof || < [ol* 1 ¢if

uniformly over e€27No 0<pu<1,1/2s0<n<1 and f€5'(A,), where
A, and we use the notation introduced in (1.27).

5

5

denotes the L™ norm over

Proof. The stated bounds are consequences of the previous lemmas, together with Young's
inequality for convolution, the identities

Ky= Ka,r; Kr]: ]a = jajm jcr = L?fjaKaKa

and Remarks 1.8 a) and 1.19. For example, to prove the first bound, we note that

1eKef | < sup | @) (Kof)z- 20l |Kdz0)
< sup [ §i(z= 20 )z 20| (20) Ko yfdz)
< | GH KNI Ko pllrvie
< [IGEf -
The proof of the remaining bounds proceeds analogously. O

2 Stochastic quantisation

In this section we lay out the main steps in the proof of Theorem 1.1, starting from the effective
equation at (fractional, parabolic) spacetime scale [o] :=1- 0, 0 €[0, 1], obtained through a
scale decomposition and the introduction of the approximate effective force. Since our ana-
lysis primarily concerns scales close to 1, we shall restrict all scale parameters, such as o, to
the interval [1/2,1].

2.1 Scale decomposition

Let (™ be a stationary solution to the finite system of SDEs (1.4) and define the scale-dependent
field

M) . ,
((Te )‘=ja¢(£M)
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localised at (fractional, parabolic) spacetime scales z[¢]. Then we have

L™= JFEM@EM), oe[1/2,1],
where

FEM(g)i= =A%~ repp+ EOM. @1)

We call F&M the force. Let € := N0 C(Aear, (%) be the space of continuous periodic in space

functions on A, and exhibiting subpolynomial growth in time at infinity. Denote by € c.5'(A,.41)
the image of € under 9, interpreted as the time derivative operator on &'(A, ). Note that the
white noise £ on A,y belongs a.s. to ¢ and the stochastic convolution GEEM belongs a.s.
to €. Consider a family of functionals, referred to as the effective force,

(FO('E)M): E— 8)06[1/2,1]’

which is differentiable in 0 €(1/2,1) and satisfies the final condition

Fy(y)=F“(g). (22)
Using the identity ¢{*™ = $(&M) we obtain

FeM(@eM) = Fy(g() = F

,u( (E,M))+RL€,M)’

U
for all p€[1/2,1], where

1
R [ [0 ) DI 0]

Here DF(1/)y/ denotes the Fréchet derivative of a functional F in the direction of i € € at the
point € £. Moreover, we have

80¢((,€’M) _ GG(F(E,M)(¢(5,M))) _ GU(FCE-E’M)( C(fe,M)) + RC(TE,M))’
where G, := nglj’g and j"g :=9,F,. Consequently, we deduce that for any choice of the effective
force
M
(Fo)oeqija,n = (EE ))06[1/2,1]’

satisfying the conditions specified above, the pair

M) oM
(P Rtz =( ;(f )’R;(f ))pE[l/Z,l]

satisfies the system of equations

ngQSp = jp(Fp(¢p) + R,u)

Ry= [ Ha(¢)do+ [ [DFs(¢) (CaR)] do. 23)

where
HU(¢) = aO'FO'( l#) + DFO’( l//) (GUFU(¢))'

Our main goal will be to show that this system allows for good a priori estimates for a suitably
chosen effective force (Fy)se[1/2,1]-

Remark 2.1. Except for Sec. 2.4 and 2.5, we shall almost always suppress the explicit depend-
ence on ¢€2Noand MEN,. To avoid repetition, we will not restate this each time, but all
estimates should be understood as uniform in £€2™N° and M €N,, unless explicitly stated
otherwise. In particular, we shall write A for A, and Ay for A, . Likewise, we write (-A)* for
the discrete fractional Laplacian.
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2.2 Overview of the strategy

The goal of this section is to provide a blueprint that guides the reader through the technical
aspects of the proofs and highlights the underlying heuristics. We will not present rigorous
arguments here. Our intention is instead to convey intuition and the global structure of the
analysis. Readers who find the informal reasoning confusing can safely skip this section without
loss of logical continuity.

Our approach to obtaining a priori global spacetime estimates for solutions to the system (2.3)
relies on several new conceptual and technical ideas:

a) the introduction of a remainder term R, which circumvents the need to explicitly solve
the flow equation for F, (unlike in the original approach of [Duc25a, Duc22]);

b) the use of new weighted norms that control the solution across the entire space, inspired
by the spatial decomposition introduced in [GH19]);

c) a stopping argument for the effective force, allowing us to close nonlinear estimates;

d) a collection of technical innovations addressing the difficulties arising from the limited
spacetime decay of the fractional heat kernel.

In what follows, we focus primarily on the new ideas required to handle the large-field problem.
For a pedagogical overview of the flow equation approach, we refer the reader to the lecture
notes [Duc25b].

To keep the exposition clear, let us ignore the remainder R, and model the original equation

by
Lo - /1‘]53 ~ Fo(¢o) - /1¢3, (2.4)

where F,(¢,) is a polynomial in the field ¢,. To measure the spacetime growth of fields, we use
the weight

()~ (1+[0]%zl)7Y,  z€A,

where |z|; is the fractional parabolic distance on A and a>1 is an exponent chosen to balance the
scale behavior at large distances. Its precise value will later be crucial to closing our nonlinear
estimates.

Pathwise bounds on the random effective force (F,), are obtained from a flow-equation ana-
lysis of its probabilistic cumulants. The outcome is that F,(¢,) behaves as a random nonlocal
polynomial in ¢, and its coefficients are localized in regions of size ~[¢] and scale roughly as

I]:O.]](k—3)ﬁ+ 51”

where k€N g is the monomial degree, f> y encodes the field scaling, § >0 measures the distance
to criticality, and ¢ is the perturbative order. Due to a Kolmogorov-type argument needed to
extract the almost sure behaviour of the force F, from its moments, we loose also a bit in the
spacetime growth, which will be modelled by a weight %+ \where K, >0 is an arbitrarily
small exponent. Overall we have, schematically,

Tk
Fo(¢o) = E+Fdo-Agi+ Y. 3, (D [a] k200 gk (2.5)
=1 k=0
where the sums over k and ¢ are finite. The cutoffs k and 7 are chosen so that the equation for
the remainder R, can be solved, a technical aspect we omit in this heuristic discussion.

To estimate the size of the solution to (2.4), we introduce a constant Cp=|||¢||| (cf. Def. 2.2)

such that

|96(2)| = (Top) (D] < Ca &5 () [0, zEA, (2.6)
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valid for all o = i, where i such that [[i] <1 is a random scale to be chosen later.

For moderate distances |z| < [¢]7¢, the spatial weight {;'3(z) is of order one and we are
describing the distributional nature of the solution, growing like [¢] " as [o] \\0 for some y >0.
For large distances |z|> [c] % the spatial growth can be improved as follows. Let ji < ¢ be such
that |z|~ [] ™. Observing that ¢ = J,¢; due to the properties of the smoothing operators, we
obtain

|6o(2)| =[(Fop) (2)] ~ |9(2)]
<Co(1+ 1% 23 [A]™Y (2.7)
~Col2"*~Co(1+[0]°2)"* [o] ™.

This improved spatial growth replaces ¢;/* with v/a and by taking a large we can make the
effective growth arbitrarily mild, an essential feature for closing nonlinear bounds.

Since higher-order monomials (k >3) in (2.5) are accompanied by small coefficients
[o]*-3F+% <1, a coercive bound for (2.4) yields, schematically,

(ol = [Ea() + g3 < 5N [o] 9P+ g |, (2.8)

k.t

We estimateded the spacetime growth by taking the worst possible weight (1% \where 7

denotes the largest perturbative order that needs to be considered. Substituting (2.7) in (2.8), and
ignoring the mild nonlocality of the effective force, we obtain

-(F+1) ko -3)B- + -k
ol = 1Pl o) + Ag3| = | Y [k 9P-3kreotkrlack]
k,t

The terms with ¢=0, that is the first two terms on the right-hand side of (2.5), are explicit and
yield improved estimates, so that in total we arrive at

\go® < [o] 2P0 T Rre (14 ), (2.9)

where k is the maximal degree of the monomials. Here we used the fact that > y, which allows
the field amplitude to be compensated by the kernel size. The constant Cy can then be estimated
as

C(D sup H:O_:I]yé/l/3 |¢U| < H:O_]]y p+6/3 g/(l (P+1)Ko— k)’/a /3(1 C )k/3

ozfi
Choosing y < such that y -+ /3= & >0 and then taking a large enough such that

1-(f+1)k,—ky/a=0,
we obtain the bound
Co<[]° (1 + Co)¥2.

It follows that, for sufficiently small [i] <1, the nonlinear estimate closes and yields Cp~ 1.

Let us now address the treatment of the nonlocality of the effective force kernels. The main
technical challenges in this work stem from the limited decay of the slice propagator G, associ-
ated with the fractional parabolic operator .L. Roughly speaking, we only have algebraic decay
of the form (see Lemma A.7):

Go(2)| < [o] ™! (1+[2ls/[o]) 4727, z€A, (2.10)

where € >0 is arbitrarily small. This behaviour contrasts sharply with the stretched-exponential
decay of the standard heat kernel, and also with the fractional Laplacian case appearing in the
usual (“static”) renormalisation group analysis of the fractional ®* model [BMS03]. The differ-
ence arises from the limited smoothness of the symbol of the fractional heat operator .L.
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The main consequence of (2.10) is that the effective force kernels, obtained by solving a flow
equation driven by G,, inherit a similar algebraic decay. The monomials which appear in F,(¢,)
take the schematic form

k
EA¢)2)~ Y f FO 2y, 20 [ ] #elz) dz,
k¢ j=1

where Fy]’(k) are random kernels. Ignoring their distributional nature and thinking of them as
bona-fide functions, their spatial nonlocality and spatial growth can be modelled as (cf. Def. 4.3

and 4.6)
Fy]’(k)(z, 21, 2k) % {;(“1)’“’(2) (1+[o]7'St(z, z1, .. ., zir)) "~ %),

where St(z, zy,..., zx) measures the diameter of the set {z, z1,..., zx}. The initial decay exponent
b ~ 2s follows from (2.10), while the additional loss ¢k, reflects the growth at spacetime infinity
of the kernel in its output variable, induced by the similar growth of the noise. It is now clear
that, to proceed as in (2.9), we must be able to compensate for the spatial growth of the fields ¢,
by exploiting the limited decay of the kernels away from the diagonal.

The remainder of this section makes this argument rigorous and establishes further proper-
ties of the solution. Sec. 3 develops the coercive estimate required in (2.8), while Sec. 4 contains
the detailed analysis of the random force coefficients and the derivation of the precise form of
estimate (2.5).

2.3 Main estimate

In this section we introduce a family of weighted norms that will be used to measure the size of
fields over spacetime uniformly across scales. These norms depend on an exponent y >0, to be
fixed in Sec. 4.9, and a terminal scale i€ [1/2,1), which will later be tuned according to the noise
amplitude.

Definition 2.2. For y€5'(A) and f € C([1/2,1), C(A, (), we set

Iyl =yl z=sup [o1” (155" Fov (2.11)
ozl
£l =M f 1o = sup [oT™ ([ S fo . (2.12)
ozl

The above “triple norms” exhibit a specific behaviour with respect to the weight. In partic-
ular, the following lemma shows that changing the weight yields equivalent norms.

Lemma 2.3. For a €[3v,1] the following bounds

[ sup [[o]]yugﬁ%n]s|||¢|||ﬁf[ sup [[o]vngﬁ%gn], (2.13)

o.plozpzfi oplozpzji

[ sup [[o]PYH{,fwgﬁa\]slumocmug,ps[ sup  [o1% |45 L4,

o.plozp=] o.plozpzj

hold uniformly in i€[1/2,1) and ¢ € 5'(A), where ¢y := Jo¢p for c€[1/2,1).

], (2.14)

Proof. Let us prove the first inequality in (2.13). We start by observing that, on account of the
support properties of {y;};, we have the following decomposition

1557 gl < sup |GG+ xioa + xie)) o || 5 sup |G xiho -
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Let us consider separately the cases y;< o and ;> 0. In the first case, thanks to || {7y ;[ <1,
we have

sup [o1" 15 xido || = sup [oD” 1205 P18 ol S [T sup [12:° ¢ ll < [T 15576 | < NI

ipiso ipico jpiso

Let us turn to the case y;> 0. Note that

H a/3Xl éﬂf,i?” < (1 + [ﬂ]]al[lliﬂ]]_a)_am < [y]]—aam |Lui+1]]aa/3.

Moreover, on account of Remarks 1.12, 1.8 and Lemma 1.17, we have

12830 1 = 16 ToBnn | 5 1T ez 1 Gl Bl = 1165 B

Combining the above estimates, we deduce that

sup [o1 14 x|l = sup [0 14 xi G I 100 P
ipi>o iu>o
< [o]"[p] 3| sup [[ﬂi+1]]aa/3[[ﬂi+1]]y] [SUP [piad” | 31/31 Puies
ipi>o ipi>o
< Lol Ll gl

A

il

where we used that @a/3 = va=y and o = p. This proves the first inequality in (2.13). The second
inequality in (2.13) is a direct consequence of the fact that {3/* < {%>. The inequalities (2.14) are
proved similarly. O

The two norms [||@l|l, [l flll « fix the analytical setting for the global analysis of the SPDE (2.3).
In Sec. 3, we will prove a suitable coercive estimates for fractional parabolic equation with cubic
nonlinearity, which allows us to control the large values of the fields. Below we state a direct
consequence of this estimate.

Theorem 2.4. (Coercive estimate) For ¢€5'(A) and 0 €[1/2,1) define

for= Lo+ A3, $o:=Jois L1:=3;+(-A) +m?.
Then the following bound
Il = A~ Lan+ A2 A1

holds uniformly in $€5'(A), G€[1/2,1) and 1€(0,).

Proof. We apply the a priori estimates from Theorem 3.1 to u= ¢, and p={2’>. The constants
A and B appearing in the theorem can be bounded as follows:

A=[|(-AF P+ 185720 | < [oT>,
and
B = |G ull (1 223@L )+ | A8 + | 2P0 (D () ) + |1 D (LD (5 )|
<QZ(1837 ¢oll + Qo 1D (L o).

Here we define
QZ:=105 [ + =D)L + 194G+ 185D (&)1 < [oT

The bound [|(-A)*¢%|| < [¢]?* is proved in Lemma A.9. To estimate || 4(¢2?)||? we used (1.18),
while the bound on || 2?9 (Z;"/?)||? follows from Lemma A.10. Moreover, using the bound (1.18),
we obtain

194257 Pl = Ve85 $)1° 185" oI (2.15)
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We note that
IVe(55" Gl < 1(Vels™®) o || + 1257 (Ve -

Hence, using the fact that |V,{}3| < 22/ and ¢, = J,¢5 as well as | V.7, [tvey<[o]™", we arrive at
V(&5 9ol 11857 oll + 11267 VeTo) o | S 11857 G | + LoD 1557 ol < ToD 1557 o -
Together with (2.15), this proves that

194257 gl = [T 1185 ¢

5

uniformly in o = ji. Therefore,

B ([T + [o1*Io1 )15 * to |l < [T 154 o .

By Theorem 3.1 and Young's inequality, we obtain

1857 ¢all < A2CLoT®+ AV (|Sofoll + CLo1™ 185 6 D'

/1—1/2C[O_]]as+/1—l/3||§gfc‘f”1/3+ C/1—1/3|[0.]](as—s)/3||éfol'/3¢g||1/3
< A—l/zcIIG]]as+/1—1/3||§afC‘7||l/3+ C')L—l/zl[o.]](as—s)/z+%Hgg/3¢a”‘

N TN

As a result, we arrive at
“§;/3¢0“ SA_I/ZH:O']](‘IS_S)/Z +A—1/3Hggﬁf”1/3.

This allows us to deduce that

|||¢|||ﬂ=sup ﬂ:o.]]yugé/%sa” < sup ”:O_]]y+(as—s)/2/1—1/2 +A_1/3 sup([[a]]3}’ Hgdﬁfu)l/?"

ozl o=[l ozl

Hence, provided y +(as—-s)/2= y =0, which follows from a>1, we conclude our claim. O

The coercivity estimate derived above provides the key ingredient for deriving a priori
bounds for solutions to system (2.3), as stated in the following theorem.

Theorem 2.5. Let = ¢©M be a solution of the stochastic quantisation equation (1.4) and

(Fr= Fl(fg’M): E— é)ae[l/z,l]

be a family of functionals differentiable in o €(1/2,1) and satisfying the final condition (2.2). For
o0 €[1/2,1] define

¢a::3cr¢’ RU:=F(¢)—F0(¢U).
Suppose that there exist constants SEN ., Cr=1 and 3, k>0 such that
KE€[v,1), d<syn@s-y), (s+y)k/(1-k)<9/4, (2.16)

and (F,), satisfies the following estimates

16 ToFo(Yr) = (=2 Y5)]]]

N

[T [Cr+ M) + L+ NP2 Ll 5],

|G KHAY| < Crlol” 1+ 1y l)° (217
IGEKE < Gl vl
|4 Kol DE(oXGo )| < CrLal? (@ + WYl 157329 .

for all f€[1/2,1), p€[j1,1), 0 € [, 1) and ¥, Y € 5'(A), where we denote Yy := Joy and (L)g:= L),
and the functional H is defined by (2.3).



22 SECTION 2

Then there exists a universal constant C >0 such that for all f€[1/2,1) satisfying

[A1%< C(@A ' +1)C 2 (2.18)
we have

glast,  MLAMsa< AL KRz ALED.

Remark 2.6. By the elementary argument presented in Sec. 2.1, our assumptions on ¢ and (F,),
imply that (¢, R,), is a solution of (2.3).

Proof. Define
O=@;:=1+ |l s+ 0% NLA M4+ Or" KR4 s (2.19)

for constants 8, Oz >0 to be fixed later. Our goal is to bound each term on the right-hand side by
an increasing function of @ itself and then apply a continuity argument to establish the uniform
bounds claimed. For now, we omit the index 1€ [1/2,1), as the estimates hold uniformly in this
parameter.

Let Cp=Cr(1+ ll¢lll)°. We first prove a bound for ||| K.R.|||+. To this end, we use Lemma 2.8
below, which shows that we can control || {,KsR;|| in terms of || g"ﬁjﬁRGH Note that

~§R0 = jg(ﬂeqs - Fa(gbo)),
which follows from (1.4) and (2.2). Since k€ [v,1) and 3€(0, y], by Lemmas 1.20 and 2.3, we have
1GETLpN = 1G5 LTD T = 1L Te lrvien 15Tt |l < [0 LoD N9l s CoLa) Lol >+,
Since 3€(0,2s-y], by Lemma 1.17 and the estimates (2.17),we have

1 GETEEAo)l| < | LK Fo( o) < ColoT™* < ColalToT 2.
Altogether, this yields

sup [0V {5 T2R, || < CollAl’. (2.20)
o.plozpzf

Using (2.17) and Lemma 1.17 we also have

’ gﬂKHJ':HU((ﬁU)d”

sup
o.ulozpz

s [ IguKottgn)l dos ol

By Lemma 2.8, it then follows that

sup || 3uKoRs|| < exp(CCola]?"?),
o.plozpzj

possibly after adjusting the constant C. Hence, by (2.12),
I KRl < [a]*Yexp(CCrLA] (1 + 1 ¢1I)°) < [l > exp(CCr ] *®"). (2.21)
The control of ||| L¢.]|| + is obtained from (2.17)
Lp+ A5 < MTLELP)+ AP e+ I TR 4
< [EDPCR(1+ NI + LD’ (L+ AN L+ + KR
using in particular Lemma 1.17 to bound the contribution from R. From this it follows that
WL+ AP2 Nl < ([A]°Cr + O [£]° + )@ (2.22)

and
L.l < MAG2 N5+ ML, + AP35 < A+ [E]Cr+0,[A]° + Or) D5, (2.23)
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by triangular inequality and

2@ = Asup [oT* (15 62| <A [sup [o1" (122 dol| = 2SI

ozl ozji

Next, the a priori estimates of Theorem 2.4 and (2.22) give

NIl < A2 G + A ILLg+ AgENY (2.24)
< /1—1/2 [ﬁ]]y + A—I/S(lLa]] SCF"'GJJl[ﬁ]]S"' QR)1/3(I)S/3 ) :
Gathering (2.21), (2.23) and (2.24), we obtain
O;<1+C [T(p) ()08 4 () @S + r(,z)exp(cT(ﬁ)q>5)], (2.25)
where
w() := AV + AN ([ Cr + 0. [E]° + Or)
+07' (A+ [l °Cr+6.,[]° + 6r) + 6" [A1*" + e[ "%,
Choose
Or=[a1"%2,  Oo=[a] "1 (2.26)
Then fi+— 7(f1) is a decreasing function and
(i) < [A] 722 [a] Y2 + @A + 1) Cr+5 +A AP 2) < 10 [] 724 + 1) Cr.
Fix 7. >0 small enough such that
Cln+11453 + .45+ nexp(Cr.4%)] <1, (2.27)

and define f, = i.(4, Cr) €(0, 1) as the (unique) solution to
10[]?? (A1 +1)Cr=1..
Then for all i€ [/, 1) we have r(7) < 7. and as a consequence of (2.25) and (2.27),
Ops4=>Pp<2.
Define the set
A={a€[p,1)|Pz<4fc[f, 1).

Note that A #® since for i /1 we have ®;\ 1. As the map ji+> ®; is continuous, the set A is
closed in [fi, 1). Hence, to prove that A=[f., 1), it is enough to show that A is open in [, 1). If
HEA, then ®,<2 and by continuity, there exists a neighbourhood of y within [/, 1) on which
the function ji— ®; takes values not exceeding 4. We conclude that A=[f.,1) and therefore that
®;, <2. Using (2.26) this implies that for ji= ., we have
glast,  WLAMeg<s A2 WKRsp< AL,
with
[[ﬁ]]_l — (T*_llo (/1—1 + 1)CF)2/195 ((A_l + 1)CF)2/§,

uniformly in Cr and 1> 0. O

To apply the previous theorem to the analysis of (2.3), we need to construct suitable approx-
imate solution to the flow equation

95F, +DF, (G,F,)=0 (2.28)
for the effective force

M
(Fo)oerio11= (FS ))ae[l/z,l]’
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subject to the final condition (2.2). Sec.-4 will be devoted to the construction of such an effective
force (F,),, as formulated in the following theorem.

Theorem 2.7. There exists a choice of the deterministic parameters

(re,M)eG(O,l],MelN,,

and a family of random, scale-dependent functionals

(F>= Fé&M)‘ E— é)ae[l/z,l]
such that:
a) The map o+ F; is differentiable for c€(1/2,1).
b) The final condition (2.2) holds.
¢) The estimates (2.17) are satisfied with Cr=1+||F*||? and ||[F?|| introduced in Def. 4.6.

d) For all N =1, it holds that

sup ]E[||FQIHN]<00. (2.29)
ee2No MeN,

We complete this section with the proof of the following auxiliary lemma, used in The-
orem 2.5.

Lemma 2.8. Suppose that there exist constants SEN ., Cr=1 and 3, & >0 such that
k€[v,1), (s+y)k/(1-k)<d/4
and (F;,), satisfies the following estimate

184 KoDF(yo)(Go YD)l < CrLol” 1+ Nyl p® (144 T2 |11 (2.30)

forall ie[1/2,1),u€[3,1),0€ [y, 1) and ¢, 1}6 5'(A), where we denote Y,:= . Fixed a function
[2,1)3p— H,€5'(A) and consider the linear equation

1 .
Ry=M,+ f DEG)NCoRo)do, = (2.31)

Then there exists a universal constant C >0 such that

14 KRl < exp(CColl] ") [sup 14y Koo || +sup [0]2 | _Z:r;cnga s HENZL (2.32)

ozp ozp

where Co=Cr(1+ | 41l)°.

Proof. Start by observing that, by interpolation, for any a«€[0,1] and f€R, we have by Young's
inequality

[P0 &5 O OT2Rs || < [o1P | £ T2Ro |1 (| 5 TERa "2 < 12 T2Ro ||+ [oD? | £ 7R |
Choose a=(1-2&)/(1-%). Then a+&(1-a)=1-& and 1 - a=«/(1- k). Consequently,
Lo/l 55 52Ro || 5 114, TRoll + [01” 11T Ro - (2:33)
Then, by (2.30), we have

1Ko(DF($)(GR)| = [017~ Co 13 T2Rs |,
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and by (2.33) with f=2(s+y), and Lemma 1.17, we have

&K o(DEA(¢6)(GoRo))|| 5 Colol? [o] -2 VFA=R)(|| £, KRy || + [612 V|| LET2R, ). (2.34)

At this point, to deduce the desired estimate, we apply Gronwall's inequality to
1 _ _ o~
KRl < 11Kl + CCo [ o171 KR |+ [T I35 R Do,

which follows from (2.31) and (2.34), and use the inequality J-2(s+ y)k/(1-&)= /2. O

2.4 Tightness

In this section, we apply Theorem 2.5, together with the effective force constructed in The-
orem 2.7, to prove tightness of the sequence of measures (v, ) p. This constitutes the first step
in the proof of our main result, Theorem 1.1. In order to pass to the limit e— 0 and M — oo we
embed all the random spatially periodic fields ¢ = ¢ in the same space by extending them
from A, to Ay. Let

BN x):= [ 0e kD G, ) ) dodk

(2”)d+1 ’

(t, %) € Ao, (2.35)

where 6:R, — R, that 6(0)=1 and 9(17) =0 for |5 >1. The random fields ¢[>*] all live now in
the continuum domain A, for any ¢€ 27No To extract information about the EQFT, we must
evaluate the marginal at a fixed time of the SPDE solution. This is not possible when controlling
only spacetime distributional norms such as |||+[|| . The necessary temporal regularity can, how-
ever, be recovered by means of a Schauder estimate adapted to our weighted norms. Indeed, by
Lemma A.21 and using p < p;, we obtain

sup2”[pA gl <sup2 ™ s < LT '[Nl KL 5]
By Theorem 2.5 there exists €[1/2,1) such that [ji]~"?is of order Cp=1+||F*||? and
glla<t,  WLPMea< AL WKRzs AL
Recalling that L¢=F,(¢,)+ R, we deduce from the above bounds that
KLl +,a< MKE( S5+ KRN 5% Cr(L+ MGl 2)° + ALE] 7% 5 C. (2.36)
Combining this with the previous Schauder estimate yields

sup 2™ | pAi M i = sup 27 || pAig | < [V Crs GO (2:37)
1 1

To derive a meaningful estimate, we need to control a suitable weighted Besov norm of ¢t
in terms of the left-hand side of the bound above. Indeed, we have

pAiplEM| 1ag) = sup [|p(t, «)(Oexe A Mt )| oogre

teR

A

sup ||(6/p)(x -+)

x€RY
1pA M1,
where p(x):= p(0, x) and =, denotes the convolution on the lattice R%. Here we used the fact that

. . A ik-x dk
BN 0= (0ure M0 N, 0= [ elkDeH g

L 1PBBEM]

A
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As a result, we have

) x 2y/9+1 +
Su]RP 1M v ra piayy = sup 277 | pA LM | fia gy < CE7 77 < 1+ || P #1942,
te i

where C*(R% w) stands for the usual Holder-Besov norm with the weight w and the regularity
index a. Combining the above estimate with Theorem 2.7, we arrive at

sup [0l Pei(de)

sup E[sup I ¢[£’M](t)H](\;j-Y(le,p(t))]
e€2No MeN

ee2NoMeN, Lit€R
sup ]E[l 4 ||FQLH4}/N/19+2N] <00,
ee2No MeN,

(2.38)

A

for all NeN .. The bound (2.38) implies the tightness of the family (Ve m),cp Mo yrep, In S5'(Ag).
This proves the first part of Theorem 1.1.

2.5 Integrability

In order to complete the proof of Theorem 1.1 it remains to establish the integrability property
of the measures v, j uniformly in ¢€(0,1) and M €N, and obtain the bound (1.3) for any limit
points. We look to estimate quantities of the form

Zossoi= [exp[01h Qs | veartdo)

where 0>0 is a small parameter,

Qei=(1-A,) A2 (2.39)
is a regularising kernel and

h(x):=(1+|x|)B (2.40)

is a polynomially decaying weight in the spatial variables. The constants A and B are chosen
big enough according to Lemma 2.10 below.

The main tool for this purpose is the Hairer—Steele argument [HS22], which provides optimal
estimates with respect to the growth of the function. We introduce a new tilted probability
measure

exp[01h Qx| venide)

. 2.41
Ze,M,@ ( )

VS,M,Q(d(P) =

To prove that this measure is well defined we take advantage of the presence of the coercive
term H(pH;@dM) in the action functional (1.2) defining the original measure v, ) and use the

inequality
A
0 11P Qe 72ra,p = 7 07w

for all ¢ and M as soon as 8>0 is small enough and A, B are big enough. Observe that Jensen's
inequality gives

1= f Vem(dp)=Z. u1, efexp [— 0 ||h Qe ||4Lz(Tg M)] Verm.o(d@) = Z, ppexp [— Qf Ilh Q0| 22(7?21, Ve, e(d(p)] )

Hence,

log [ exp[e 1hQwp ”izar;{m] veildg) =108 Ze.1,0< 0 [ 15 Qutl s v rod) (2.42)
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The problem of controlling the size of Z y g) is, by virtue of (2.42), reduced to estimating certain
polynomial moments of ¢ under the tilted measure v,y o(d¢). Through stochastic quantisation,
this measure can be identified with the marginal law of a stationary solution to the SPDE

Lo+ 2%~ resp=0(9) + £, (243)
where the additional perturbation O(¢) is given by

4

0@t =055 Q..

=-20[[h Qe ), (@HQHE)

LX(TE )

We use the notation

Qch?Qed=Qe(h*Qep),  (M'Qe)(t,%) = (h(x))' (Qe)(t.x), 1€{1,2}.

We exploited above the fact that the operator Q is self-adjoint and bounded. Note that using the
fact that Q, has a fast-decaying continuous kernel, one shows that Q.¢ is continuous and has a
mild polynomial growth. Hence, hQ.4(t, ) is in LZ("JTZ M)-

Estimates for this new equation uniform in e€2™™° and M€IN, can be obtained by modi-
fying our previous arguments. As before we rewrite (2.43) as a system of equations

OCs(ﬁp = 3;1(Fp(¢p) + R/?)

: 2.44
RO= [\ H,(¢,) do+ (@) + [ DF,(¢) (G,RO)do (2.44)

for
(¢ R)u= (95", RF) p

Applying estimate (2.32) with 5=y to the equation for R®, we obtain

DY 16, KuRY | < exp(ccgl[ﬁ]l%[sup L1 1| Gu Koo || + LAY sup [0 1) (|45 T2R

ozp ozl

5

with

Hy=0)+ [ Holgeldo.

The term with H, can be estimated as previously from (2.17), while to estimate O(¢§) we use the
uniform boundedness of || K || tv(;-1) and Lemma 2.10 below. We obtain that

_ _ 3
sup (|, KoHol| = Cr A1 (@ + NI + 0L [l + KL
olozp

uniformly in p = fi. We also observe that

sup  [oT*C7 || GFTER || A1 Cr1 + IS,
o.plozp=]

uniformly in p = fi, by an argument analogous to the one leading to (2.20). Therefore, combining
the above estimates, we obtain

KRN = exp(CCoIAT") | Cr AT+ (1 + 1 lI)* + 6 [l + |||K.£¢|||#]3].

We need a good bound for [|K..LJ|||; in terms of & =d; defined by (2.19) with R replaced by RO.
Observe that by (2.17), we have

NK. LBl s NKF@Il:+ KRN
2@3 + [A]°Cp®S + I K.R|ll ¢ (2.45)

AD3 + [A]7CrdS + Oz ®.

NN A
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As a result, for 6€[0, 1], we obtain

A

IR = exp(CCR*al"™)| Cros Tl ™7+ 601+ 2P0+ () °Crb) + 0630

(2.46)

A

eXp(CCF(I)S[[ﬁ]]Wz)[[[ﬂ]]“}/Z +0(1+2)°+ 06} ](139,
with possibly different constants C. Gathering (2.46), (2.23) and (2.24) we arrive at

Oy<1+C [f(p) +7() 355 + () D + (7D exp(cf(g)cbg)], (2.47)
where
(@) = AV2LA]Y 2+ AN [E]PCr+ 00 []% + OR) + 0 (A + [A]°Cr+ 0[] + 6R)
+0p" [[E]7/2+ 01+ 2)° + 00R] + Cel[] .
Let

Or=20"2,  0p=[a]"?*L (2.48)
Then ji+— 7(f) is a decreasing function and, for 6€[0,1], we have
(1) < [A]72 (B + A7 V3 + (14 24 ) Cr+A710712] + 0V2[2+ 271 (1 + 2)° + A2].
Fix 7, >0 so that
C [n + 7134583 s 1451 1.4° exp(CTAS)] <1
Let 0.=0.(A) be such that
V224 X711+ AP+ %] =1/2,
and define 1. = fi.(, 0., Cr) by

[EI2[B+ A2+ (1+ 247 ) Cp+A7 1072 = 1,/ 2.

Then, for 0< 6, and fi = fi., we have 7(ii,) < 7., and the continuity argument from Theorem 2.5 can
be applied to obtain the desired estimates. We conclude that ®; <2. By (2.48) this implies that
for fi=fi., we have
g1, WLpllleas ALED 2 WKRllxas 26",
with
/9
[ = [z L (B+AD) 4 (14247 Cr +/1’19’1/2)]2 s[a+ e+ atoe]

2 0<0.(4) and A>0. By Lemma 2.10, (2.45) and (2.48), we also have

uniformly in Cp=1+||F*

L [igll+ NK.LIN]*
[[ﬁ]]“%/[d) + A03 + [A]°CrdS + Og q>]4
<1 [E*Crs 1+ || FY||t0r/9+2,

A

sup p(t, 0)* | A Qsﬁb(g)(t)HiZ(Tg’M)
teR ’

A

As a consequence of Theorem 2.7, we obtain

sup  [11h Qs verold)

e€2No MeN,

sup  E[[h 00y, |
ee2No MeN, oM

sup ]E[l + ||FQ[||16)/N/:9+ZN] <00,
ee2™Mo MeN,

A

for all NeIN , and t€R. From this and (2.42), we deduce easily that any accumulation point v of
the sequence (¥, ar)..m satisfies (1.3) provided 6> 0 is small enough. This proves the exponential
integrability, required for the Osterwalder-Schrader reconstruction, completing the proof of
Theorem 1.1.



STOCHASTIC QUANTISATION 29

Remark 2.9. The choice of the norm to verify the exponential integrability is quite arbitrary.
Since we need to determine an SPDE for it, we want a differentiable norm. In general, we could
replace the L? norm by any L?" norm, as long as n is finite and similarly use a different weight
h in space and smoothing operator Q,, as long as they remain compatible with our Schauder
estimate.

Lemma 2.10. Suppose that the parameters A and B in (2.39) and (2.40) satisfy A>y and B=d +1.
Then it holds that

10 = 0Ll + KLl ]

and

sup po(1,0)* | A QD xs, = LED " Mgl + K. Lolle]"

Proof. Let us first observe that

IGO0 = 0](t,x)— Lo(t,x) [[1(Qef)(E. )

A

Tors ) (Qeh® Qed)(t, %)

= 0||(t.x) = [|hps'(t,+) polt, ) (Qep)(t, )

iZ(T?,M) (g/tfpc;l Po thz Q£¢)(t’ X)

= 0|t 0 15 (4 s, s 1) 19 QI 11 Q2 Q.9
By Remark (1.8) (a) we have
po' (£, )5 ps (£, 0)p5 (0, %).
Hence, using the fact that h(x)=(1+|x|) with B> d+1, we arrive at
11 ps " (. M zacpa 5 P71 0) 11 p5 (O, ) ey ) = P52, 0).

Since p;(t,0) < py*(t, x) for any x€ A and p, = ¢} with v€(0,1/3) we obtain

|60 15 o8 )| 28002 5760,0) o e )| < 1ol <1

Since A>y by Lemma A.21, we have

s Qch? Q|| = [|Q:h? Qe < [[B2 Q|| < o Qe |
X 2 o Acdl < Lol [l + LA™ MK L.

A

A

uniformly over ¢ = i. Combining the above estimates we obtain

1201 = 0TaT" [l + MK L]
Using Remark (1.8) a) and B=d +1 we get

sup po(t,0)* | hpo(t, ')HiZ(TgM) <|| hpy (0, ')HiZ(*]rf?M) <1
teR : :

o Qell < llpaQetll = 3 27 llp Astrll = Lad " [l + L™ K. L]

Since

we obtain

A

sup po(t,0)* || Q£¢(t)”i2(rg’M) sup po(t,0)* | hpo (2, °)HiZ(T?,M) 10 Qe || *

teR ’ teER

[0~ [+ KLl

This finishes the proof. O

A



30 SECTION 3

2.6 The vector model

In this final subsection, we discuss the modifications required to extend our results to the vector-
valued model, where the field ¢= M takes values in the Euclidean space R” for some n>1. We

denote by (¢%)aeqs, ...,y the components of the field ¢ in the canonical basis. The dynamics reads
Lep?+ AP p-rp?=E9,  a=1,...,n, (2.49)
on A, , where
=) (99

Here
E=(ENaeqt,.. = EEMNoen n

is a vector-valued, spacetime white noise on A, 5 such that

E[ff“(t,x)é'b(s, W] =6(t=5)OapNx=y, (t,x),(s, ) €A, ab=1,...,n (2.50)

As before, we identify ¢ and ¢ with spatially periodic functions on A..

Our proof of the main result in the scalar-valued case extends straightforwardly to the
vector-valued case. The main subtlety lies in obtaining the analogue of Theorem 2.4 in this
setting, which, however, follows directly from Theorem 3.1 below. Beyond this adjustment,
the subsequent analysis carries over with minimal changes, as it does not depend on the scalar
nature of the equation until the classification of the relevant cumulants in Sec. 4.5. At that
stage, one must exploit the O(n)-symmetry of the noise (2.50) to deduce that the cumulants
are likewise symmetric. Consequently, the only contribution to the mass renormalisation is
diagonal in the vector indices, and can therefore be absorbed into a redefinition of the renor-
malisation constant r=r(, y€ER.

3 A priori estimates

This section is devoted to establishing weighted estimates for classical solutions of a fractional
parabolic equation with a cubic coercive term. To the best of our knowledge, this result is new,
although the proof closely follows the argument developed in the case of the standard Laplacian
(see, for instance, [GH19]). Furthermore, we present the estimates directly in a vector-valued
setting, as no additional difficulties arise in this more general formulation.

Theorem 3.1. Let A>0, 7<2s and u€ C} C(A.,R") be such that |{"u| is a bounded function, where
the weight { was introduced in Def. 1.5. Then u belongs to the domain of the operator 9;+ (—A)°.
Define f € C(A.,R™) by

fa:zatua+(_AE)sua+mZua+A|u|2ua, aE{l,_..,n}, (3.1)
where |u*:=Y, (u%)?.

For any positive weight p€ C}C¥(Ao) such that for some V€ (7,2s) the functions {~"p, {’p™! are
bounded we have

lpull < 2272 AV2 4 A5 (| 3 ||+ B, (32)
where
A:=|(=A)p%|| + [ p@p)
and

B:= || pul| ([ p@:p)ll + [lo(-A) Pl + "D (o)D) + [ pD(D)D pu)]
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Proof. We assume that ||p*f|| + A+ B< o as otherwise there is nothing to prove. For NEIN ,
and L >0, we define a convex function ® =®; x€ C(R) by

d(n):=(n-L)Y, @ (n:=N@n-LY', neR,

where @ denotes the derivative of ® and (7)), := 1,50 We fix the parameter N >1 such that
2N(v-7)>d+2s. The parameter L will be fixed later. Let @:= pu. After testing (3.1) with
®'(|2*)2%p® and summing over a€{l,...,n}, we obtain

0 =f O(|[U*) [p* -0+ p tt-(-A)u+ m? p?|a)* + A(|af*)* - p* f - 4]
A
Observe that

[ @it pta-om

%f 2Py [p*adaf ~(pap) [af’]
- [ W0aa)- (o ad i
- ‘% [0dp?) @)+ (payp) @'(| ) ]

> ~lo@p)l [ (i

By Lemma 3.2 below,
X @ if) i, p* Ayutz 5l -8y p%| [ | @iy~ Blal | (i)

We also have
@' (|af?), m? p*|af* + (12 = <@'(|af?), A(a*)?
= AN{(af-D)Y (- L).+ L) Ly

ALf q>(|u|2)+,1L2f o'(|aP)

and
~@(aP)p* £ == o Nl || @ (a)
We conclude that ‘

== @iy« A= (o |+ By |al] | @ (i)
Taking ’ ’
L>L:=max (AUA, AV p°f || + B2 | af| '),

[, @@= egap=o

which implies that |#°< L a.e. on A,. Thus,
la]]*< inf L=L.< 27 A+ 2V2[||p*f || + BI"#|al| "

we deduce that

This implies that
N S L (A E

By Young's inequality, we have

IE

3f||+B 1/4 < ||4|| + = A_I/S H 3f||+B 1/3

and hence
| <20 2AYE 2 g2 B,

as claimed. o

The following lemma completes the proof.
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Lemma 3.2. Suppose that u€ C}C4(A.,R") is such that |{"u| is a bounded function for some < 2s
and p € CICA(A,) is a positive weight such that for some 7€ (¥,2s) the functions {~"p, {"p™! are
bounded. Let ®=®; y€ C(R) with N>1 fixed as in the proof of the above lemma and arbitrary
L>0. Then we have
X @it oY juyz=gl-0y o2l f | @i?)-Bllal | o ar)
where i:= pu and
B:=||a| ([lp(-2)pll+ oD s(p™)Dsp)I) + D (p)D(@)]]-
Proof. Leaving the sum over a implicit we have
(X) = <@ (al*) 2, p°(-A)'uy
= f | (dzd2) @ (a(=)) 4(2) p(2) (u(2) - u(2)
= f s(dzd2) @ ( i(2)|?) 1°(2) pX(2) (1%(2) - 1°(2) (=:(I)

+fA p(dzd2) @' (a(z)) #(2) p*(2) (p(2) - p(2)) u(2) (=:(ID))

Let V;:=1a(2) +(1- 1) (z). Since 7€[0,1] — ®(|V,|?) is a convex function (as a composition of
a convex function with an affine one),

(I)(| Vllz) - (D(|V0|2) = BT(D(| VT|2)|T=0:
that is,

i)~ B> 28 () F 0°6) @)= 1),
Using the above inequality we obtain
1> gf | dzd2) o [0 () - 0z
- 3 f p{dzd2) @ () [p*2) - )
> —gleayse? [ aap)

where the equality in the second line follows by an integration by parts of the fractional Lapla-
cian, which is a symmetric operator in L2 Let us now consider (IT) and split it as follows

(I = j A Agﬂs(dzdz')q)'(|a(z)|2)aa(Z)PZ(Z) (p(2) - p(2)) pU(2)) 242
- op 1d2d2) @ (A2)) 2 E)pE) (p(2) = pl2) (07! (2) - p7(2) 42
f o fi(d2d2) (i) () (2 (p(2) - () p7(2) 8(2)
- | AEXAu«dzdz')@'(m(z)F)|a<z>|2p<z><p<z’>— p(2))
of . op 1A2d2) P (A(2)) 8(2) P2 (p(2) - p() (p7H(2) = p 72D 8°(2)

+fA .Us(dZdZ)‘D(W(Z)U “(2) pX(2) p~(2) (p(2) - p(2)) (4%(2) - 2°(2))
= (IL) + (Hz) (IT5).
For (IT;) we have
) = -[al2lloaypll | @ (i)
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Next,
) = -l | (i@ ([, 10E)-p@l107) - p Dz d2)

> -[lal2 oD 00 [ ® (i)

Finally, using the Cauchy-Schwarz inequality, we obtain
) > il 2oy @) [, & (i),

Since (X) = (I) + (I;) + (IL,) + (IT3), our claim is proved. O

4 Analysis of the flow equation

In this section, we prove Theorem 2.7, which asserts the existence of an approximate solution
to the flow equation (2.28) for the effective force (F,),, with well-controlled bounds encoded
by (2.17). These bounds are achievable only because we can “tune” the boundary condition (2.2)
using the ¢- and M-dependent renormalisation term r; .

Conceptually, we are dealing with a random bilinear equation whose solution is analysed via
the evolution equation for its cumulants. The flow equation for cumulants has a similar struc-
ture to the flow equation for the effective force and propagates comparable bounds backwards
from the final condition at ¢ =1, except in a low-dimensional (so-called relevant) subspace,
where the bounds must be propagated forwards from small to large . This procedure requires
tuning an appropriate final condition so that the solution lies on a trajectory with controlled
bounds. To simplify this tuning, we decompose the flow equation to reduce the relevant sub-
space to one dimension.

Once bounds for the cumulants are established, a Kolmogorov-type argument allows us to
deduce pathwise bounds on the effective force. The section concludes with a technical “post-
processing” step, which extracts the coercive term essential for the global a priori estimates and
verifies the conditions (2.17).

4.1 Random flow equation

To study approximate solutions (Fy)se[1/2,1] of the flow equation (2.28) we need to set up the
appropriate spaces. Recall that

= CAMm Y,  E:=9,E.
a>0
As we shall argue, the flow equation can be approximatively solved in the space £(£) of polyno-

mial functionals on € with values in €. We say that a functional F belongs to P(&) if for some
k€N , there exist kernels (F¥)) kepo,....}y of operators £°F— € such that

,,,,,

k k
Fi$)=Y FO($=Y f POz dz) §(z)- g0 €,
k=0 k=0

for all p€€&. In order to construct a suitable approximate solution of (2.28) we introduce a formal
parameter /i and make the ansatz

"F,= Y htEL,

=0
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Moreover, we assume that the finial condition is of the form

ME(g)=-A g -Proag+ ECM, P y=Fe Y AL,

=0

We are led to look for solutions of the perturbative flow equation
9,"F, + hD"F(G,"E,)=0,  "F,="F, (4.1)

in the space of P(E)[A] of formal power series in ki with coefficients in £2(€). This setup has the
advantage that now the flow equation has a unique global solution which can be determined by
induction on the degree f. An approximate solution to (4.25) is obtained by fixing an integer
>0 and letting

The choice of value for ? will be discussed in Sec. 4.9 below. We observe that, thanks to (4.1),
this truncation implies the existence of a maximal polynomial order k€N, in the fields for the
kernels. We decompose the force as

? ?
E(p)=Y E)=> 3 F¥g),

k
=0 =0 k=0

where ¢ measures the perturbative order in # while k the polynomial degree in ¢.
Let us now introduce a condensed notation to manipulate these kernels. Let

A:={(¢,k)|0<t<?,0<sk<k}.
For a€ with a=(¢, k) we let k(a):=k, £(a):=¢ and write
[a] :=—a + 6t(a) + Pk(a), (4.2)
for suitable positive parameters «, § and  whose value will be fixed later. We say that a kernel
FY(z;dzy, ---,dz) := FlO R (z; d 2y, - - -, dzg)

is relevant if [a] <0, marginal if [a] =0 and irrelevant if [a] >0. We refer to z as the output
variable, and to zi,..., zx as the input variables of the kernel F%z;dz,...,dzx). To simplify the
notation, we usually ignore the fact that the kernel F%(z;dz;,...,dzx) is generally not well-defined
pointwise in the output variable z.

4.2 Norms for kernels

To introduce suitable norms for the effective force kernels
(F3)aet,o€1/2,1]5

we first need some notations and preliminary definitions for weights and smoothing operators.

Definition 4.1. We denote by St(zy,...,z,) the Steiner diameter of the set {z1,..., z,} with respect
to the parabolic distance introduced in Def. 1.4, i.e. the minimum over lengths of trees with nodes
at the points {z1,..., zn} and possibly other points {z1,..., Zm}.

Remark 4.2. Our fractional parabolic distance (1.23) satisfies the triangle inequality

|21 + zo|s < |z1|s + | 22]ss Z1, 22€ .
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Moreover, for n€IN ,, m€{1,...n-1} and z, zy,...,2,€ Ay, the Steiner diameter satisfies
St(zy,...,2n)<St(21,..., Zm, 2) +SU(Z, Zm+1, - - - > Z1),

which, noting that St(z1, z;) =|z1 - z2|s, can be seen as a generalisation of the triangle inequality
for the fractional parabolic distance.

Definition 4.3. Let b €(1,2s) be a constant close to 2s and k,€(0,b /(1 +£)) be a small constant, to
be fixed later.

a) For meNN, and w€R, the weight wf,“m)’we C(AS*™) is defined by
wl(l“m)’w(z, Zisee s Zm) =1+ [U] 7Sz, 21, . 2m))? 2 205- .., ZmE Ao
We write wl(ll)’w =1€C(Ay).
b) For meIN ,, the weight vf,1+m)€ C2(AY*™) is defined by
vf,m+1)(z, 21 Zm) = V(] [l oz [ 2m),

where v\™ e C(AY*™, [0,1]) is a fixed function such that

WMz =g i e oo
We write vf,l) =1€ C(Ay).
c) The weight o€ C(/\) is defined by
0(2):=L() =27, z€Ao.
d) For a€A, we write
Whm WK e @t e (k) a1k,

e) Foru€[0,1], the weight h, € C(A}) is defined by
hi(z,2) =1+ [u] 2|z - 2[5

Recall that

(Z)si= (1 + |Zo|l/s+ |2|2)1/2.

The weights w; and w, will control the approximate localisation of the effective force ker-
nels F(z;dzy,...,dzx) near the diagonal {z=2z;=--- = z}. The weights 0" will instead be used
to control the growth at spacetime infinity of the kernels in the output variable z, reflecting
the corresponding growth inherited from the white noise. These three families of weights are
constructed to be compatible with the estimates for the bilinear terms appearing in the flow

equation, as detailed in the lemma below. The additional weights vlsm”) and h, will be used
only in intermediate estimates and play an auxiliary role. Some of their useful properties are

summarised in Appendix A.2. Finally, observe that
w, " (2,2) = wilz=2) = (1+ [u] Mz =21,

where w,’ is the weight introduced in Def. 1.16. The exponent b - £(a)k, in the definition of the
weight w), is designed in such a way that the bound (4.4) below holds true.
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Lemma 4.4. For all a,b,c€2 be such that k(b)+ k(c)=k(a)+ 1 and £(b) + £(c) = t(a) - 1, the bounds
wy(z,z1,..., Zi(a) S Wg(z, 21, Zk(b)-1> 2) we(2-2) wi(z, Zk(b)s - - - » Zk(a))> (4.3)
0%(2) We(2, 21, ... Zk(a) S 0° (D) Wz, 21, - .., Zk(o)-1, £) Wa (2 — 2) 0°(2) WE(Z, Zk(o), - - -+ Zk(a): (4.4)

hold uniformly in p€(0,1) and z,2, 2,21, ..., Zk(a) € Ao. For all a €A such that {(a) < ¥, the bounds

0%(2) 2 (0%(z-2)) ! 0%(z) s Wi (2 - 2) 0%(2), (4.5)
Wi(Z, 21, ., Zk() S Wiz = 2)Wi(z1 = 21). .. Wi (Zk(a) — Zk(a) Wa(Z, 21, .., Zk(a))s (4.6)
0%(2) Wiz, 21, ..., Zk(a) S Wiz - 2)Wi(21 - 21). .. Wy (Zk(a) — Zk(a) 0°(2) Wi(Z, 21, . Zh(a))s (4.7)

hold uniformly in p€(0,1) and z,z1,..., Zk(a), 2 , 21, . - , Zk(a) € Mo

Proof. To prove the claim we apply iteratively the inequalities from Remark 4.2 and use the
bounds

1+ z a;< H (1+a), (1+a)?<(1+a)?
n}

i€{1,..., n} i€f1,. ..,
valid for all ay,...,a,20 and 0< w< ®. To prove (4.5) and (4.6), we use furthermore that
(1+e(a))ko<(1+0)Ko<b<2-b,

which holds because b > 1. m
Definition 4.5. For n,m€WN and o,1€(1/2,1) we set

Ky"=12"e(Ky)®",  Ly™:=1"e(L,)*", Ky, =Ly K",

K™=k (KD, Lg™=1"e (L9 Kpli=Ly" KM,
where L, K5, K;; 5 are introduced in Def. 1.13. Given a €2, we write

Kﬁ = Kl},k(a) - K5(1+k(a))Kl},k(a).

Definition 4.6. The norm of a kernel F associated with an operator £2%— & is defined by

IF]| ‘=supfAk|F(z; dzy, -+, dzy)|. (4.8)

zeA
Given weights 0 € C(Ao) and we C(ALY), we write
(0-F-w)(z;dzy, - - -,dzg) :=0(2) F(z;dzy, - - -, dzg) W(z, 21, - - -, 2).
Let a€Ql. The norm of a kernel F® of an operator 5K — € at scale c€(1/2,1) is defined by

IF|o+=[lo® - [KGF®] - w5

5

where K3F® denotes the convolution of F°, viewed as an element of 5’ (A'*X®), with the kernel of
Kg. We further introduce a norm for the family of effective force kernels

F:= (F)acat,0e1/2,1):
defined by

|F¥||:={sup sup [[o]l-[“]HF;Ha]v[ sup [o]#%+2||FYO) |, (4.9)
a€l 0€(1/2,1) 0€(1/2,1)
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where [a] is defined by (4.2).

Remark 4.7. An inspection of our parameter choices discussed in Sec. 4.4 and 4.9, together
with (4.2), shows that [(0,0)] < -d/2—s-2x. Consequently, the second term on the right-hand

side of (4.9) provides a stronger bound on F(EOJ’(O) = £&M) than the first term. For technical reasons,
this stronger control will be required in Sec. 4.9 to establish the estimates stated in (2.17).

Remark 4.8. By Young's inequality, (4.7) and Lemma 1.17, we have

o [REEORIOFT i

ki -1, ki ~
1Ko vty R o 10 o [REHOE]
o [REOF] g
I

1k .
1F = llo® - [y OFe] - |

N

(4.10)

I A

o
uniformly in p€[1/2,1) and o €[, 1).
Given kernels F' and F” of operators £°K — € and €% — € respectively, we denote by
F=C(G,)(FoF") (4.11)
the kernel of the operator £k €, with k=k'+ k" -1, defined by

F(Z; dZI, o '>dzk)
:=H z fAZ F (Z; dz,r(l), Ty dz,[(k»_l), dz ) GU(Z -z )F (Z ;dZ,T(k'), e -,dzﬂ(k)) dz'dz s (4'12)

m€P

where Py denotes the set of permutations of {1,..., k} and the integral is over the variables z’
and z”. Note that €(G,) applies G, to the output variable of the kernel F” and plugs the result
to the last input variable of the kernel F'. The above definition extends naturally to kernels of
operators £°K — € and €% — €.

The flow equation (4.1) for the effective force can be rewritten as the following flow equation
for the kernels

%F3=Y By (GoFoF),  Fi=F° (4.13)
b,c

where the operators By . are implicitly defined by

£(a)-1 k(a) o ) )
z BE (G, F2,FY):= z z (kgr1)C(G‘U)(Fy(a)—l_e],(k+1>®F(Ef],<k(a)—k)) (4.14)
b,c =0 k'=0

and in particular By =0 unless

f(a)=£(b) +£(c) +1,
k(a) = k(b) + k(c)- 1, (4.15)
—[a] +[b] +[c]=-a+p-6.
Lemma 4.9. For all a,b,c€2, the following bound
L1 |Bf (G B3, E) o 5 [o] VU B o [ 5[l
holds uniformly in c €[1/2,1), provided
2s—a+f-620. (4.16)
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Proof. By Def. 4.6 and 4.5, together with (4.14), (4.12) and the identity L,K,=1, we obtain

|BE (G F2 FY) |6 = [|0°- [KSBE (Go, F2, FS)] - Wi |
0%« [Bf. (L2 G, KEF2, KSFS)] - We||

lo® - [B (|L3Gol, IKSFE 1, |KSESN] - W5 | o-

/N

Hence, by (4.4), (4.14), (4.12), Def. 4.6 and Lemma 1.17, we arrive at

I1BE (G B, F)llo = [|[BE (IL3Go! - wg, 0° - [KSFg] - g 0 - |[KGEs| - )]l o
IL3Gs vy l0® - [KSES| we | [lo®- IKSES] - w5 |
I1L5Gs llviws | Follo 15

[T IES lo || F5 o

NN N

A

Moreover, combining (4.15) and (4.16) yields
—[a]+2s-1=-[b]-[c]-a+pf-5+2s-1=-[b] - [c]-1.
This finishes the proof. O

4.3 Norms for cumulants

In order to prove probabilistic bounds for the moments of the norm ||[F?||, we start by estab-
lishing bounds for the cumulants of the family (F7)qea,se[1/2,1] of the effective force kernels. To
this end, let us first introduce a useful notation. For

ac€A:={(ay,...,a,)|ar €A, L(a)< 2¢},
we write
n(@):=n, Lia):=t(a))+ - +(ay), K(a):=k(a)+---+k(a).

We denote by £,(Xj,...,X,) the n-th order joint cumulant of the random variable Xj,..., X,,. For
a=(ay,...,a,)€A and 0 €[1/2,1], we use the following shorthand notation

FHz1,dZy,...,20,d2Z,) := Rp(Ee(21,d2Y), - - -, Fy™(zy, A Z)),
where
Z,-=(zi,1,...,zi,k(ai))EAk“"), iE{l,...n}, n= n(a), (417)

are the input variables of the i-th effective force kernel involved in the joint cumulant. Since Fy'
is a kernel of an operator £2k@) 5 € it is natural to view F& as a kernel of an operator

£oK(@) _, genla), (4.18)
We define the global homogeneity of the kernel F¢ as
[a]:=-0+n(a)(0+a)+[a] +--- +[an],
for suitable parameters p and 6 whose values will be fixed in Sec. 4.4. By (4.2), we have
[a]=-0+0n(a)+5L(a)+ fK(a). (4.19)

We say that a cumulant 74 is relevant if [a] <0, marginal if [a] =0 and irrelevant if [a] > 0.

Definition 4.10. For a€ A and o, €(0,1) we define

0 "9 o "9 k) o "9 kw) a ._rapa
wi=Q w,,  Ki=@ K,", Lg:=Q L;""", Kys:=LgKy,
i=1 i=1 i=1

where w)," is introduced in Def. 4.3, and Kﬁ’k and LL* are introduced in Def. 4.5
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The space of cumulants is endowed with the norm ||+|| defined by taking L™ norm on the
first output variable and the total variation norm in all other variables, with the output variables
restricted to the first period in space. The restriction of the integration of the output variables
to the first period is natural since cumulants are kernels of operators acting between spaces of
periodic functions, cf. (4.18).

Definition 4.11. Let a€ A, n=n(a) and k=K(a). The norm of a kernel J* associated with an
operator £8F — £°™ is defined by

1779 := sup ( f Az 2, dZn)|) dzy---dzy, (4.20)

zeAY N
with the notation as in (4.17). Given a weight we C(A}*¥), we write
(F-w)z1,dZ4,...,20,dZy) := F(21,dZ4, ..., 2, dZy) W(21, Z1, -+ +, Ziy Zn).
The norm of F* at scale 0 €(1/2,1) is defined by
1F“lo-= 1K F“T - wel, (4.21)

where IZ}‘,’T @ denotes the convolution of 7%, viewed as an element of é'(A”(“)+K(“)), with the kernel
of Kg. We further introduce a norm for the family of cumulants of effective force kernels

j:*A:z (j:’(‘rl)aEA,oe(l/ll)
defined by

B 1/n(a)
|74 :=sup| sup [oa1" 1| FEls : (4.22)

acA | o€(1/2,1)

Remark 4.12. Analogously to Remark 4.8, by K = K/, K, Young's inequality, (4.6) and
Lemma 1.17, we obtain

1M = NEKGE F 1 - willl

K2 KEF) - wel
1 Kne lrviosp 1EGE ol gy ILKS 791wl
RS F4]- we

17l

NN

uniformly in p€[1/2,1) and o €[, 1).

In Sec. 4.8, we will pass from estimates on the norm || 74|| for the family of cumulants to
estimates on the norm ||F?|| for the corresponding family of kernels, using a Kolmogorov-type
argument. Following [Duc25a, Duc22], we introduce a flow equation for cumulants, which will
allow us to control the norm || 4.

Lemma 4.13. The cumulants satisfy the following flow equation:

I F&=Y, A4 (GCo T+ Y, B oGo FE, ), (4.23)
b

b,c

where the multilinear operators A% and B, . are defined in Appendix B.1. We have A} =0 unless

n(a)=n(b)-1,

L(a)=L(b)+1,

K(a)=K(b)-1,
[a]=[b]-0+5-5,

(4.24)
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and B} =0 unless
n(a)=n(b) +n(c) -1,
L(a)=L(b)+ L(c)+1,

K(a)=K(b)+K(c)-1, (4.25)
[a]=[b]+[c]+o-0+0-p.
Moreover, the operators Ay, and B, . satisfy the following bounds:
o1 D IAYGo, POl = [oT - 74,
[o1 B o(Go, FE FOllo = Lol P11 1o I 75l
provided the following compatibility conditions hold:
0+p-6-d=0, —0+0+p-5+2s520. (4.26)

Proof. The derivation of the flow equation is a direct consequence of the definition of cumulants,
see [Duc25a, Duc22]. The explicit form of the operators is not essential for the subsequent dis-
cussion and is provided in Appendix B.1, where the stated bounds are also proved (see Lemma B.1
and Lemma B.2). O

This general structure of the flow equation (4.23) allows us to propagate estimates for the
cumulants of the form

sup [o] 1| Tl < co.
o€(1/2,1)

However, depending on the sign of [a], we shall handle differently the cumulants: in particular,
for [a] > 0, namely for irrelevant cumulants, the flow equation can be solved backward starting
from the final condition at o =1. On the other hand, this approach does not work for cumulants
for which [a] <0 as in this case the flow equation cannot be integrated close to c=1. As we
shall see in Sec. 4.6, we will solve the flow equation for this class of cumulants, called relevant
cumulants, by integrating it forward.

Remark 4.14. Before proceeding with the analysis of the flow equations for cumulants, we
record a few remarks about symmetries. First, we observe that the SPDE under consideration,
namely (1.4), is invariant under the transformation

p==¢, -

which also preserves the law of the noise £ = €M), By the discussion in Sec. 4.4, this invariance
implies that & =0 for all 0€[0,1] and a€ A such that L(a)=0 and

n(a)+K(a)€2IN ¢+ 1.

To extend this property to higher levels L(a) > 0, we exploit the fact that it is preserved by
the flow equation (4.23) thanks to the compatibility conditions (4.24) and (4.25). Indeed, fix an
arbitrary €N, and assume inductively that

F&=0, Vo€[0,1],a€A such that L(a)<¢ and n(a)+K(a)€2N,+1.
Then from the flow equation (4.23) and the conditions (4.24) and (4.25), it follows that
0, F2=0, Vo€(0,1],a€A such that L(a)=¢ and n(a)+K(a)€2INj+1.
Since by construction F¢.; =0 for all a€ A such that n(a)+ K(a)€2IN o + 1, we conclude that
F&=0, Vo€[0,1],a€A such that n(a)+K(a)€2INgy+1.
A further symmetry is given by spatial reflection, that is, the transformation

¢(t>x) '_)¢(t> _x)’ f(t, X)Hf(t, —X'),
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which also leaves the law of ¢ invariant. By an argument analogous to the one above, we infer
that for any a€ A, the cumulant J} is symmetric under spatial reflections.

4.4 Bounds on parameters
We shall now fix the parameters

B,0,0,a,8,b

introduced in the analysis of the kernels. We have to choose these parameters so that (4.26) is
satisfied. Another constraint comes from the requirement that || 7Z||, < [o]7[*! for a€ A with
L(a)=0. Note that for a€ A such that L(a)=0, we have 9,75 =0 and F¢=F{. Using the equality

F0)=Fp)=-Ag+ 7o+ £

and the fact that the noise £*M is Gaussian, one shows that for a€ A such that L(a) =0 the
cumulant F¢ is nonzero only if:

a) it is the covariance of the noise, that is n(a)=2, k(a)=0 and
F(z,7) = Sl FOHO(), FOMO(2) = BLE(2) £640(Z)] = 6z~ 2),
where §M is the periodisation in space of the Dirac delta with period M, or
b) it is the expected value of the (deterministic) kernel Fl[o]’(S), that is n(a)=1, k(a)=3 and

F&(z, 21, 22, 23) = A8z = 21)8(z - 22) (2 - 23),
or

c) it is the expected value of the (deterministic) kernel Fl[o]’(l), that is n(a)=1, k(a)=1 and
Fz,z1)=F8(z- z1).

In the case a) using the fact that wy' =1, we conclude that
|78 lo= [ 8az)=1. (4.27)
Apm

As a consequence, we have to require that

[a] =-0+20<0. (4.28)

In the case b) we observe that

3
(K& F$)(z 21,22, 23) =-A ] | Kolz-2),

i=1
and thus || %§||s < 1 uniformly in ¢ >0 by Lemma 1.17. Consequently, we have to require that

[al]=-0+0+3p<0. (4.29)

In the case ¢) we have

(K5 Fg)z:21) = FKo(z - 21),
and thus || %§||s < 1 uniformly in o >0. Consequently, we have to require that
[al]=-0+0+f<0.

Note that since >0 the last condition is implied by the bound (4.29).
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Let us collect in a table the various conditions which influence the choice of parameters.
Some of them we already encountered, while other will appear later on (the constraints [K],
[F] below). We prefer to collect here all our constraints and fix the values of the parameters to
proceed later in a straightforward way to the discussion of various conditions.

[B] Flow kernels (4.16) 2s—a+f-020

[A] Flow cumulants A (4.26) 0+p-5-d=0

[B] Flow cumulants J3 (4.26) 2s—-0+0+p-56=0

[E] Initial condition FI°M(©) (4.28) | —p+20<0 (4.30)
[®%] Initial condition FI°%®) (4.29) | —o+0+3<0

[K] Kolmogorov (4.56) a—§+ 0- d;Zs_ k>0

[F] Kolmogorov F (4.59) a-0+0-xk=0

The parameter k >0 quantifies the loss of regularity in the Kolmogorov-type argument used
to estimate the pathwise behaviour of the random kernels and will be chosen sufficiently small.
From the constraints [®3] and [B] we have

fss-4/2,
while from [=], [B] and this last inequality we deduce that
O<pf-5+2s<3s-36/2.
Using now [B] again we have
o<O+f-5+2s<6s-30.
And [A] now gives
0<s0+p-6-ds<4s-d-36=3(6,-9),

where the strict positivity of

(4.31)

defines the subcritical regime of this model. We now fix and choose the other parameters to
saturate most of the inequalities we just found giving:,

B=s-8/2-xk/2, 0=3B, 0=20, a=3f+x, 5=04./2. (4.32)
By substituting these values into the inequalities (4.30) above, we check the following.

[B] 0s<2s—-a+p-6 =25s-2f-k-6 =0

[A] 0<0+p-6-d =4f-5-d =%5*—2K

[B] 0<-p+0+pf-5+2s =—2f-0+2s =k

[E] 02—Q+29 =0 =0 (4'33)

(@3] 0z-0+0+3p8 =0 =0

., 0 _d+2s_ _ _d+23 353

[K] O0<«a 2+9 5 Kk =38 5 —45* 7K

[F] O0<a-p+0-« =0 =0
We used that

D23 6530 3p 35.-5)+3n. (4.34)
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All the inequalities are satisfied provided
K€(0,8./2). (4.35)
In addition, in Lemma 4.17 below we use the fact that the parameter of the weight o introduced
in Def. 4.3 satisfies
Ko<OAL/(1+7P). (4.36)

Finally, we explain how the value of the parameter b, introduced in Def. 4.3, is fixed. The
role of this parameter is to compensate for the loss of spatial weight arising in the localisation
procedure for the relevant cumulants discussed below, where the Taylor expansion allows to
gain in homogeneity and establish that only a local renormalisation is needed. In Lemma 4.15
and Lemma 4.17, we shall need b >2s—§. On the other hand, as argued in Remark 1.18, we must
also impose b < 2s. Thus, we fix b such that

2s—0<b<2s. (4.37)

In Sec. 4.9, we shall introduce additional constraints on the parameters k and k,, and we will
fix all remaining parameters

}/a 83 Rja 29 ]E: aa V> K07 K>
which play a role in our analysis. We postpone this discussion because, apart from k and «,,
which must satisfy conditions (4.35) and (4.36), these parameters are only relevant for the results
established in Sec. 4.9. We emphasise once again that all these parameters are to be regarded as

fixed once and for all, and their choice depends solely on the exponent s€(3/4, 1) of the fractional
Laplacian.

4.5 Classification of cumulants
Given the bounds on the parameters from the previous section, we can now examine the class
of cumulants that are relevant or marginal, i.e., those satisfying [a] <0. Recalling that
0=26, and 60=p-3p,
observe that the condition [a] <0 can be written as
[a]l=0(n(a)-2)+pK(a)+5L(a)=pF(3n(a)-6+K(a))+5L(a)<O0.

Then

a) if n(a)> 2, there are no relevant/marginal cumulants;

b) if n(a)=2, the only relevant/marginal cumulant is the one with L(a) = K(a)=0, that is the

covariance of the noise: 7%= f,(FL"1®, Fl01O),
c) if n(a)=1, the only relevant/marginal cumulants are (at most) those with K(a)<3.

Summarising, the only relevant/marginal cumulants are
ﬁz(cho](O), FCEO](O)), ﬁl(Fg](k)) = ]EFy](k), k=0,1,2,3.

We can further restrict the set of cumulants to be analysed. Indeed, the flow equation for the
cumulants with L(a)=0 is trivial and there is no evolution, so they coincide with their initial

values. This applies to f(F, 010 g [0](0)) and ﬁl(F(EO](Z’)). Moreover &(F, [[](3)) for £=1 is irrelevant.

(e [ o
As for the others, by Remark 4.14, we know that the cumulants ﬁl(Fy](o)) and ﬁl(Fy](z)) vanish
due to symmetry arguments. Thus the only remaining cumulants that we have to consider in
detail are

Sy(FUAOY=EFID pefn,. 8, (4.38)
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where by definition £ €N, is the smallest natural number such that §(f +1) - 2f>0. Since the
paramter ¢ appears only in this and following section, it is not included in the list (1.22). Note
that there are no marginal cumulants 7 with L(a) > 0.

4.6 Inductive procedure

The aim of this section is to derive bounds for the cumulants F¢ using an induction on L(a),
based on the flow equation (4.23). More precisely, Lemma 4.13 shows that the flow equation
defines a triangular system with respect to L(a). For irrelevant cumulants, we have F&_; =0,
and the desired bounds follow by directly integrating the flow equation from o =1. For relevant
cumulants 7§, which for L(a) >0 coincide with (4.38), the bound for 9,F¢ is not integrable
at c=1. To overcome this, we decompose relevant cumulants into a local relevant part and
anonlocal irrelevant part, using the procedure detailed in Appendix B.2. The irrelevant part can
again be integrated from ¢ =1 with zero boundary condition. For the relevant part, we instead
impose the boundary condition at ¢ =1/2, which acts as the renormalisation condition fixing the
mass counterterm 7, 5p. This allows the integration of the flow equation from o =1/2, thereby
avoiding the non-integrable singularity at o=1.

Lemma 4.15. For any F€R there exist (nonunique) choice of constants (rg]]\,[)m
solution

; such that the

,,,,,

F2%.= (F5)aen.ce(1/2.1)s

of the approximate flow equation with the final condition

Fl%¢) =-Agp3+Fp+ EEM,
FYg) =rlho. eeqt,..., B, (4.39)
F(¢) =0, refi+1,..., B,

satisfies
" _[a] a 1/n(a)
174 =sup| sup [o]'“ || Flls <00,
a€cA | o€(1/2,1)

Remark 4.16. Note that
? ?
F@)=Y ENg).,  rom=Y,
=1 =1
where F = F&M) js the force (2.1) and re.m is the mass renormalisation, which appears in the
expression (1.2) for the action. The parameter /€N, was fixed at the end of Sec. 4.5, whereas
the parameter 7 = # will be fixed in Sec. 4.9.

Proof. For £€{0,...,2¢}, define
1/
My:=1+ sup sup [o] [« I F&l s n(a).
alL(a)<t|o€(1/2,1)

We will prove by induction on ¢ that
My<oo, and F&=0, forall asuch that L(a)<? and n(a)>2"*"!, (4.40)

for any ¢€{0,...,2¢}.

Let us remark that the second part of the above statement implies that there are only finitely
many nonzero cumulants 7 such that L(a) < ¢. We first note that the case £=0 was already
discussed in Sec. 4.4, where it was proved that M, < co.



ANALYSIS OF THE FLOW EQUATION 45

Let us now consider the induction step. Assume that the conditions expressed by (4.40) hold
true at the order ¢ -1, for a fixed £ €IN .. We shall prove that then the same is true at the order ¢.
The proof is based on the flow equation (4.23). We first note that, by Lemma 4.13, we have

LIS _ b

IA4Go, FDo < Lot MY,

. _ b
1B34,(Go, FE TN 5[] MEE M7,

A

for all a€ A such that L(a)=¢. Recall that n(a)=n(b)-1 and L(b)=L(a)-1=¢-1 in the first line
and n(a)=n(b)+n(c)-1 and L(b)+ L(c)=L(a)-1=¢-1 in the second line above. Hence, using
the induction hypothesis we conclude that

A/‘lla(Gm ‘7:3):0’ Bg,c(Gm :Fcl;a j:g)z(),
if n(a)>2/*!, and
IASGo, FONo<[o] ™Y, 1B (G, &, FOllo < [0, (4.41)

In the rest of the proof of the induction step we treat separately two cases: F¢ is irrelevant, i.e.
[a] >0, or F¢ is relevant, ie., [a] <0. Note that, according to the analysis in Sec. 4.5, there are
no marginal cumulants at level ¢> 0.

If F¢ is irrelevant, i.e. [a] >0, then we can bound it by integrating the flow equation (4.23)
backward from the final condition at o =1. We stress that for any irrelevant cumulant this final
condition is vanishing, namely F{=0. To see this fact, note that F{ is a cumulant of kernels Flm
of the force (4.39). Since for ¢ >0 these kernels are

Flm(z, z1)= rg[[]]w (z,z1)

which are deterministic, for L(a) >0 every non-vanishing cumulant 7{ coincides with the

expected value of F, [f]’ which is relevant. As a consequence, for [a] >0 and L(a) >0, F{=0.
Using (4.23), Remark 4.12 and (4.41) we show easily that

1
[ = fﬂ[[cf]][“]—1 do <[],

On the other hand, if 7 is relevant, i.e. [a] <0, then on account of the discussion of Sec. 4.5
F4 is of the form Fy]’(l) = ﬁl(Fy](l)) with £€{1,...,#}. The treatment of the relevant cumulant
proceeds via a localisation procedure, which shows that only the local part of the cumulant
requires renormalisation. However, in our fractional setting, where the kernels exhibit only lim-
ited polynomial decay, this must be done with care. Specifically, we first introduce a preliminary
truncation before performing a Taylor expansion to localise the fields. Consequently, to bound
FIOW we shall use the following decomposition

7
- _ 1 - 1 .
A0 = HOO- [ (- KEDE do- [ [KEHM)-0- h)do
1 - 1 =
+L J' [KMFAO].(1-hy)do-L f [KE D] 4o (4.42)
H H
1 B
R f [KLEOO). b, do.
Here !

HO0._g gl

the operators L and R are suitable localisation and remainder operators defined in Appendix B.2
and the polynomial weight h, was introduced in Def. 4.3. Recall that, by Def. 4.5, in the present
case K¢=K>' =18 K,. We impose the following renormalisation condition

0= L[ [RHEMO)do
1 1/2 o “o
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Since Fl[f]’(l)(z, z1)=6(z - z1) rg[[]]\,j the above condition fixes uniquely the counter-term rg[lj]w Note
that the above integral is finite for all £¢€(0, 1) since on account of (4.23), the estimates (4.41) and
Remark B.3 we have

IKEELY O = | KEELD) < [o] (@1 A e [o] @+, (4.43)
Actually, the above bound implies that
1/2
= IKBEO) = [ KM alo)s [ e o1 afol+ [ o1t o] < el
0 £
where we used the fact that
[al]+bzb-—p+0+5+F=b-20+0=b-25+20+Kk>0 (4.44)
by (4.19), (4.32) and (4.37). Taking into account the renormalisation condition, we obtain
Ol < [ ha-KEVOYdo [ NIKEHIOT-(- by do
[ IOl do [ L) do
1 .
[ IRAKE O] ) do
u

Finally, applying Lemmas A.13, A.18, B.5 and B.6, we arrive at

_ 1 1
H|F/E{]’(l)”|p < [[}1]]—25-[ [0.]][a]+25—1d0_+|[u]]—bf [0_]][a]+b—ldo.
B B
1
+[[,1]]-bf [[a]][al+*’-1da+f” [o]11do
u 1/2

+ -2 ! [a]+
U1 oo
< [

where we used again (4.44). This concludes the proof of the induction step. O

4.7 Local estimates for the flow of kernels
In this section, we prove an auxiliary result showing that the norms of the effective force kernels

Fy can be controlled in terms of the norms of the localised kernels F; - v; restricted to a neigh-

bourhood of the diagonal, where v} is the weight introduced in Def. 4.3. We use the notation

[1X [ gy = EIX M)V,

Lemma 4.17. For all t€IN o, N €N . it holds,

2(7
sup sup [[u]]’[“]”‘HFﬁH,, <1+ sup sup ||[p]el-x B3 vt || (4.45)
alt(a)=+ p€(1/2,1) Y a|t(a)<e,[a] <0 p€(1/2,1)
and
2[
sup sup [p]]—[“]—K+1||a,,F;||y <1+ sup sup [[p]]‘[“]"‘||Fﬁ'vﬁ||ﬂ [ (4.46)
ale(a)=¢ pe(1/2,1) ¥ ale(a)<t,[a]<0 pEe(1/2,1) 3N

Proof. We shall prove the lemma by induction on ¢€IN. First, we discuss the case ¢=0 for
which we have 9,F; =0 and thus F; = F{ for all z€(1/2,1). Observe that the kernels F;' are local,
that is supported on the diagonal, as can be seen from (2.1). Hence,

Fi-vy=F-v;=F'=F, £(a)=0,
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for all p€(1/2,1) since vﬁ =1 on the diagonal. Moreover, for the irrelevant kernels, that is the
kernels F; such that [a] >0, we have F;=0 for all z€(1/2,1) since F{' =0 for a€% such that £(a)=0
and [a] > 0. This proves the bounds (4.45) and (4.46) for £=0.

Let £€IN o and suppose that the bounds (4.45) and (4.46) are true for all £< £. We shall prove
the bounds for £ =+ 1. It follows from (4.13) and Lemma 4.9 that

77 I 15 o P S 17 12 PUCE 0 1 = S 73 1 4 P 70 i 4
b,c b,c
Consequently, by Holder's inequality

H[[u]r[a]-muay |,

RED 177 I 1A (1 PP | 12 e [V M
b,c

Lp

Since ¢(b) v ¢(c) < ¢(a) - 1< £ and ¢ ={(a)= £+ 1 the above bound together with the induction
hypothesis imply the bound (4.46). The dependence on ¢ in the bound (4.46) comes from the
estimate on the (finite) number of terms in the sum over b, ¢.

Let F; be an irrelevant kernel, for which [a] >0. Then F{' =0, F; = —f;anF,;‘ dn and

1 1
521z [ Nonslludn= | 23] yan
where we replaced the norm ||9,Fy ||, with [|8,F} ||, for 7> using (4.10). Hence, by the Minkowski

inequality X
=] 105

Consequently, for the irrelevant kernels the bound (4.45) follows from the bound (4.46).
Let us now consider relevant kernels F¢, for which [a] <0. If k(a)=0, then v,‘,‘ Fﬁ = Fﬁ and the
bound (4.45) is trivial. For k(a) >0 we shall use the following decomposition

Al

Ly

Fo.(1-vf) = F lvﬂ)faF(l ve)dp

. (4.47)
- f [ — R9)3,FS]- (1 - v) dp - f [R5oFs)- (1= i) d

Note that Fi'- (1 - vy) =0, which follows from the fact that the kernels Fi' are local, that is sup-
ported on the dlagonal and v, =1 on the diagonal. Then

1 - 1 ~
1522 vglles 100 -RagE)-(-vi)ldn+ [ 11K52q51- (- v

We observe now that on account of Lemma A.14 and Lemma A.17, it holds that

2s b—£(a)Ko b—£(a)ko
iz oot [ A S o an [ B

Consequently, by Minkowski's inequality

135 1

J.l H:’,]]] b— {’(a)Kn

HHFG Fa aHﬂ |Lu]]|, (a)Ks

" dn.
Note that by (4.2), (4.32), (4.37) and (4.36),
[a]+b—t(a)ko=b —a+ (0 —Ko)b(a)+ f=b + (5 - Ko)(a) - 2f - k=(5 - ko) (a) + 5+ b — 25 >0,

for k(a) >0 and ¢(a) > 0. Thus, the previous estimate and the bound (4.46) imply the bound (4.45)
for the relevant kernels. This concludes the proof. O
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4.8 From cumulants to random kernels

The bound (2.29) stated in Theorem 2.7 is proved by combining the cumulant estimates from
Lemma 4.15 with the auxiliary bounds established in Lemma 4.17, via the following lemma,
which shows how estimates on the cumulants translate into estimates on the effective force
kernels. The remaining part of Theorem 2.7, namely, the proof that the estimates (2.17) hold
with Cp=1+||[F?||% is presented in Sec. 4.9.

Our analysis relies on the decomposition of the effective force kernels into mean and fluc-
tuation parts:

Fi=F+F}, Fl:=EF}, F;:=F-EF}.

Lemma 4.18. Let (F}).c(1/2,1) be the solution of the approximate flow equation with initial condi-
tion (4.39) with r p as in Lemma 4.15. For every N€NN ,, we have

EIP Y= 17

N
= (4.48)
where ||F?|| was defined in (4.9).

Proof. If the kernel Fﬁ is irrelevant, that is [a] >0, then F{' =0, F;‘ =- f LGUF,‘; dn and

1 1 1
1152 G| 2y hn= [ L0 0,F5 s [ D1 2,5 |

On the other hand, if the kernel F; is relevant, that is [a] <0, then F;=F{ and [ =0 at p=1.
Consequently, we have [[;1]]’[”]F/5l =0 at p=1. From

Oyl ™E]) = [ul ™9, Fs - [a] [p] ™ 1F, (4.49)
we deduce that

1 1
[k || Iqufy([[n]]‘[“] 19gF5 N+ Tyl 0 || Fy IIu)dnffl/z([[n]]‘[“] 194F5 1+ [nd " | E5 [ ) dip.
Next, Minkowski inequality gives

sup [u] )| E¢ |,
HE(1/2,1)

1
5fl/Z(H[[U]]_[G]HanFr?HnHLg” H[[U]]_[u]_lHF,?||,7HLg)dry,
Ly

1

o [ dn < eo, we arrive at

for both relevant and irrelevant kernels. Since f

sup [l IES |,

s sup ([T 9uE Ll + o sup ([T ER L]y
HE(1/2,1)

Y ke(1/2.1) pE(1/2,1)

Using Lemma 4.17 and the decomposition Fj = Fj + I:“ﬁ we obtain

t

sup [l |Ef,
pE(1/2,1)

< 1+ sup sup

L7t vt Fi ]l
7y alt(a)<t,[a]<0 p€(1/2,1)

2
3
g

14

~ — t
‘[[u]l‘[“]"‘IIVEFEIIu +([[u]]’[“]"‘IIVEFEIIu)Z)-

2
N
Lp

< 1+ sup sup (
alt(a)<t,[a]<0p€(1/2,1)

Applying Lemmas 4.19 and 4.21 and recalling that || F4|| < oo, on account of Lemma 4.15, we
conclude that

<00,

¥

sup [o] 7| F5|
0€(1/2,1)
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Finally, to establish the slightly stronger bound

sup ﬂ:o_]]d/2+s+2;< HFPJ,(O)HU
o€(1/2,1)

<00
N
Lp

for F(Eo],(o) = &M e proceed as before, replacing [a] by —d/2 - s- 2k and invoke the second
bound stated in Lemma 4.19. O

Lemma 4.19. For all a€ and N€NN ., we have

sup ([ N ES vl sn AT
HE(1/2,1) Iy
0],(0
sup [[ﬂ]]d/2+s+KHF;E 1.( )HH 5]\]1-
1E(1/2,1) L%)N

Proof. Let k= k(a). By Lemma A.15, there exists is a weight v with support properties ana-
logous to those of vy such that

158 = o RRCES - i) 5 = o RSES - 95 .
Moreover, it holds that

sup | w“(z ZY (2, 2%)dZ° < L% (ev D)™, Z°=(zy,...,zx) EAX.

ZEA

Thus, we have
IE; v ll< Nlo®- [KRER] - 9w || < [ul** (ev [uD) ™ [Jo® - [KRER] | 1=

denotes the supremum norm in all the variables. Hence,

(e e B i (T I (450)
Lp
To analyse the last term, we decompose the operator K, as
K,=K,K,

where

Kyi= (U [P0 (1 - Da*A)* 2, Kyi=(1+ [ %0) (1 - [ *A) ™, (451)
and k >0 is a small constant to be fixed later. By Lemma A.5,

HIV(/JHLZN/@N*)(UUEI) < [[ﬂ]]—(d+23)/2N’ (4.52)

provided 4N% > 3. In what follows, we choose & €(0,1/(2 +2k)) and assume that N> &' >2 +2k.
Recall that

>a_ re(l+k) e(1+k) -1,k
K=K IR

by Def. 1.13 and 4.5. Hence, by weighted Young's inequality, Fubini's theorem and (4.52), it holds
that

E[lo- [REES|I7] <

< [ﬂ]_(d+25)(1+k)fA1+kE[(Ua(z) (Ki(Hk)Kl},kﬁﬁ)(z; Za))ZN] dzdz®

< [[y]]-(d+25)(1+k)J'

~ a 2N
AHk]E[((I% 2 ORES) (2 27 wil(z, Z)N ] (U—(Z)) dzdz°

g wy(z, Z°)

>

(d+2s)(1+k) ®(1+k) 1Lkpa 2N
e
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where we used that,

ou(z) 2N o
fAHk(W) dZdZ = 1,

for NeN . large enough. Thus,
_(d+29)(1+K)

T
P

~ o~ 1/2N
|10 LR 1

E[([f(f(“k)Kﬁ’kﬁﬁ] ) WE)ZN] (4.53)

Jo0
e need to control the Lp  norm of the centred random variable
We need 1 the L&Y f th d rand iabl
A +k, k~
(RS OKIEES) (2 2%) wiz, Z9).

To this end, we observe that, by induction it is easy to show that 1:"[,‘ is a polynomial of the
Gaussian random field £&M). Consequently, by Nelson's hypercontractivity estimate, all higher
moments can be controlled by the second one. In particular, the 2N-th moment can be bounded
in terms of the second-order cumulant

E(F} ® Ff) = R5(F5, Ff) = 7).

Using the notation

(aq),_ . a a (aq)._ -1,k 1,k
Wy = Wy ® Wy, Ku "Ku ®Ku’

we have

(AR AR

I

s o(1s . N
N (B (i Ry

o [R5 IR i [ O] )|

(4.54)

<

Since
75, = DS P e

5

by Lemma 4.20 below, we obtain

e R E o S ) I

< |Il1]] -2s(1+2k) (€V |Lu]])—d(1+2k) mj;/(laa)mp.

Hence, by (4.54),

1
2N

HE([KE(Hk)Kﬁ,kI}ﬁ] . WE)ZN < [[,Lt]]_s(1+2k)(€v [[ﬂ]])—d(uzk)/z ”p;;(lua)”u/z‘

LDO

Overall, using (4.50), (4.53) together with the definition (4.22) of || ¥4|| and the fact that
[(0)] =@ +2(6+ @)+ 2[a],

we arrive at

An1/2 _g+9+a_ﬁ_(d+2'x)(l+k)_’<
SN sup [u] 2 R (4.55)
N H

sup || [e] " [[viE L,

u

In order to conclude, we need the right-hand side above to be finite, that is, we require

+2s (d+2s)(1+k) B
2 2N

9+a—§—d K >0. (4.56)

Given our choices of parameters (4.32) this bounds has the form

35* _(d+2s5)(1 +k)

3
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Since x €(0, §,/2) by (4.35), it suffices to take N €N, large enough to satisfy this inequality
and conclude our bound. The bound for smaller values of N€IN . follows then immediately by
Jensen's inequality.

The second of the stated bounds, namely the estimate for the noise F°
by the same argument as for (4.55), except that we now use the precise estimate

10 = #&M) s proved

1789 o=1
for the covariance of the noise
Fo0) = gy(£EM MY g=(0,0),
which follows from (4.27), instead of the weaker bound
|7 o< 14 o1,

Specifically, in place of (4.55) we obtain

+25)

a'
supl![[u]]d/z””‘llF Ol o= sup|![[u]1d/2+“'<||oKF HHLzN~8up[[ﬂ]] s

for NEIN, large enough, depending on x> 0. O

Lemma 4.20. Let F€ C(A'*¥) be a random field whose law is invariant under spacetime transla-
tions and such that

A3z+— F(z,z+2,...,z+z;)ER (4.58)
is a.s. periodic in space with period M for all zi,...,zxk€A. Define
F(z,z1,..., 221) = R2(F(0, z1, ..., 2), F(2, Zk41 - . - » Z2K)), Z,21,..., 22k EA.
For all 0=0 and K€[0,1/(2k+1)), we have

18Ry IR (R OF) - (w0 0 w0 o2 [ 208 (e [y 400

XJ‘AMXAZk I(lhk) (0, zy, .. ,zk)wl(lhk “(z, Zksts---» 22k) | F(2, 215 - ., 20k)| dzd 2y . . .dzog,
uniformly over F and p€[1/2,1), where
Ryi= (1 + []0)5 (1 - [PA)* 2
Proof. We claim that
Rg((K§(1+k)F)(O, 215 ZE), (K§(1+k)F)(z, 2k, - 22K) = (K o+ F)(z, 21, .., 22k)

for all z,zy, ..., zor €A, where » stands for the convolution on A'*?¥ and

Kz z1,.... 2200 1= J'AIA(H(ZN) Ku(z +2") f(p(zl +2)... KH(sz +27)dz".
Indeed, we have
(K F)z, 21, 221)
[ KAV 27+ ) Ko+ )
x Fz-2,21- 24y, 2ok~ Zo) dZ'd2"d2)...d 2ok
[ K Kyl Kyl

x Ro(F0-2",21- 21, ..., 2k = 2k), F(z= 2, Zks1 = Zks 15 - - -» 22k — 20x)) dZ'd 2" d 2] . .dzog
=ﬁ2((K5(l+k)F)(0, Z1,. . Zk), (Ks(Hk)F)(Z, Zk+1,-- 05 sz)),



52 SECTION 4

where the second equality above follows from the translation invariance of the law of F.
It remains to show that

(K PNz, 21, 220l Wl 000, 21, 2 w02, 2, 220)

< [ 250+20 (gv[[ﬂ]])—d(uzkjl\ " p1+k) 0,21, W) A0 2 20
x| F(z, z1,..., 2ok)| dzdz;.. .d2zog.
We have
(K Pz 21, z)|< Y IA o K Mz 2]

nezd
x|J(z- 2 +Mn,z1 - z1,..., Zok - 2ox)| dZ'dz]. . .d 2ok

Thus, by (4.6) we obtain

(K yx )22,z w00, 21, 20wl (2 2 220)

< Zd f o M) W) ) | K2+ M Z. )
nez.

XW (1+k),0

(1+k), w(o

Z1=Z1 s 2k~ z)w (z=2Z +Mn, Zgs1— Zkits - > 22k — Z2k)

><|73»(z Z+Mn,zi-21,..., 20— zzk|dzdz'1...dz'2k,

where for z=(t,x) €A and n€ Z? we write z+ Mn=(t,x + Mn)€EA. Using Def. 4.3 we arrive at

f (1+k) w(o’zl_lea"wzk_Z}C)W(1+k)’w(z_z’+Mn; zk+1_zlk+1a"'922k_z’2k)
Apx A2k ,u H
x|F(z- 2+ Mn,z1 - 21,..., Zok — Zox)| dZ'dz]. . .dzog
=f wlk): (0, 23, .. ,z'k)w(“k)’”(o, Zkils-- s Z2k)
Apx A2k ,u H

x|F(z-2 +Mn,24,... 2k 2= 2 + M+ Zky1, ..., 2— 2 + Mn+ z31)| dZ'dz). . .dzay.

Note that by (4.58), the above expression can be rewritten as

j w090, 2, 2w, 2, L 200)
AMXAZk ﬂ #

| J(2, 21, 2k 2 + Zhsts -, 2+ 221)| dZ'd 2. d 2o
- Witk DwlHe :
_fA oy (o, zl,...,zk)wu (2, Zks1, - -5 Z2K)

x| F(2, 21, .. Zks Zht 1 - - -» 22k)| dZ'd 2] . .d 23
Consequently,

(Kyx F)z, z1,..., z21)| w(“k) (0, z1,..., zk)wl(lp'k)’“(z, Zht1s---» 22k)

< sup z wi(Z +Mn)wy(z'1)---w[f(z'zk)|JCH(Z'+Mn,z'1,...,z'zk)|

2,24, k€N e zd

(1+k , 1+k), o , o , rq o ’
XIA " p +ho “(0, 24, Zk)W,(, * )w(z,zk+1,...,z2k) | F(2, 2}, ..., zor)| d2'dz). . .dzay.
M*

The statement follows now from the estimate

sup Yo wWiZ + M) wi(z1) - wi(20) | K2 + M, 23, ... 20| 5 [ 75029 (e )02,

7,21, 2kEN pegd

which is a consequence of Lemma A.6. O

Lemma 4.21. We have
LD = B v [ < A,
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uniformly in p€[1/2,1).

Proof. By Lemma A.15, we have
B vl 15 = | CREERD - w1

Moreover, by Def. 4.3,

Thus, by Lemma 1.17, (4.2) and (4.19) we obtain

Ll R vl s [ed % || [KRES]- wi |
_Taql- +k Lk(a) &
Ll [ R OR - wi |

_Tql- 1+k Lk(a) £
Ll | K ol [ O Ee] - w |

A

A

Wu
s 1T [t telx
< N1FANLgeer o,
To conclude we use the inequality
a-p+0-x=0, (4.59)
which coincides with the constraint [F] stated in (4.30). O

4.9 Post-processing

To complete the proof of Theorem 2.7, it remains to exhibit the bounds (2.17) with Cp=1+||F¥|%,
based on the analysis of the flow equation carried out so far. This is the content of Lemmas 4.22,
4.25 and 4.26 below.

Before continuing with the specific computations leading to (2.17) it will be useful to discuss
how to fix the values of the parameters

}/a 83 R:a [9 k; aa V> KU> K.

The validity of the Lemmas 4.22-4.27 below, which together yield (2.17), depends on a series of
conditions on these parameters, namely (4.67), (4.71), (4.74), (4.75), (4.77) and (4.78) as well as
the constraints (2.16) in Theorem 2.5. The parameters «, k, are further constrained by condi-
tions (4.35) and (4.36).

For the reader's convenience, these conditions are summarised in the following table:

[A] 9<3(y-pP)+5-ax,(1+0)-k
[B] 19$2)//\(3)/—¥—2K—GKU)

(C] F< 68— a-ak,(1+28)

[D] k=kv+(1+0)K,
[E] d<yn(2s-y)
. 4(s+y)K
[F] 9z—m—
[G] K€(0,6,/2)

[H] Ko<OAb/(1+7)
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In order to satisfy all these constraints, together with the basic bounds 3 >0 and §> 0, we proceed
as follows. First, we set

1
.y = 4.
y=p-9, 9=7£5. (4.60)
Next, we fix & >0 small enough so that
4(s+,[3)12<i(S
1-k 16 7

which allows to satisfy [F]. The constraint [A] is satisfied provided

ak,(1+0)+ k<

5. (4.61)

N

Since from (4.32) we have

3y- dzzs—ZK—axo=3(y-ﬁ)+3/3- dzzs‘ZK‘“"":3(?/‘/3)*%5*_%'(_“'("’

the condition [B] is satisfied provided

3 7
49< 15* ~ 5K~ ako,
and

O«
39< 2ﬁ=23—5—x=23—7—x,

that is, whenever

7 Ox 11

K+ aKo < —, K< ZS—E(S*. (4.62)
Note that
4s—-d 2s+d

= >O’
3 3

11
25——0,225—0,=22s—
s 165 s-0 s

so the second condition in (4.62) can be indeed satisfied. To meet condition [C], we require

2aK, < T*’ (4.63)
and choose ¢ large enough so that
1 Ox- Ox [0« .
C(+E5*$I[—§$ (7—2(11(?0)(— aKg.

Given 7 as above, we fix k large enough as discussed in Sec. 4.1. Then we fix a sufficiently large
so that

azk(2s-8)/k=2kB/ k= 2ky/&,

Consequently, relation (1.6) compels us to set v=y/a. To ensure condition [D] we introduce
a constraint

(1+ )k, <k/2. (4.64)
Condition [E] is met if
B2l (4.65)
since then
9=20- 3:%&—35(%-%—%)— 9=B-9=y
and
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To conclude, we fix x, and x small enough to satisfy the remaining constraints, namely [G], [H]
as well as (4.61), (4.62), (4.63), (4.64), (4.65).

Let us now detail the analysis. As a first step, we extract the coercive contribution from the
effective force by defining

QoY) = JoFoltie)— (-1 92)
= JoFolio) = To-AY2) - (1= T) A ¥2) (4.66)
= TECU o) + FFIO Wy, 4 TFOO _ (1 - 7,)(Ay2),

where 1 is a generic field,

Vo:=Jo¥
and
Flol.o_ §(£,M), F[O]’l(lﬁ) =7y, F£>O](¢) = Z Fg(¢®k(a))_
a|t(a)>0
Recall that the norms |||+l = [ll+|ll z and |[||+[ll+=Ill+[ll + z depending on the terminal scale g€[1/2,1)
were introduced in Def. 2.2.
Lemma 4.22. Assume (4.71), (4.74), (4.78) and
k=5, &=kv+(1+0)k,. (4.67)
Then the bounds
155 QoWolll = Lol [IE| L+ M I+ L+ M NLy ] (4.68)
and
12 Kool = ToT77 [IF ] (1 + NI, (4.69)

hold uniformly in g, u€[1/2,1), o €[pv i, 1)and Y€5'(A).

Proof. First, observe that by the triangular inequality applied to the decomposition (4.66), we
have

1ER QoW < 1148 FoFL U Yo | + 1145 Fo(FLO Wy + FOMO)|| 4[| 27 (1~ T YA YO
< 1R KFE o) + 1148 Ko (FLO Wy 4 FOMO) 4[| 237 (1 - T)(A YD) -

To obtain the second estimate, we used that & =5v, which is a consequence of (4.67), together
with the identity J,=L,J,K, and the bound ||L,Js |ltv(-1) < 1, the latter being a consequence of
Lemma 1.17. The bound (4.68) follows now from Lemmas 4.23, 4.24 and 4.27. Since & =3v and
| Ks [|Tv(z-1y< 1 by Lemma 1.17, we have

16 Kool < 162" Ko o | = 1Ko lrven 162" Yo 1< 1162 Yo ll < Lol Il
The bound (4.69) follows now from the estimate
185 Koo o)l = 1|45 KoEL o) | + 115 Ko 1M + FOMO) | (| ZF K 2|

and Lemmas 4.23 and 4.24. O
Lemma 4.23. Assume (4.67). Then for every a€2l such that ¢(a) >0, the bound

| GERGES(yER@)|| < [o] - K@+ dt@-aro(i+D) || g2 [ | Ko (4.70)

holds uniformly in i, p€[1/2,1), o €[uvj, 1) and Y € 5'(A). Moreover, provided
9<3(y-p)+0-ak,(1+°0) -k, (4.71)
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the following bound
155 KoEy Myl < Lol 7 |F¥ L+ g -

holds uniformly in i,p€[1/2,1), o €[uv i, 1) and Y€S5'(A).
Proof. We first observe that by jgj'gz J» and KL, =1, it holds that

l//0' = ja%— = KgL?fjolpa'

Consequently, it follows from f(ﬁl =K,® (Kﬁ)®k<a) and Def. 4.6 of the kernel norm that

IGEKFSYE ) = (0,00l 0% [REFST - we | | puL 2T || M

where

G (2)
Ou(z) ‘X’g(z’ Z15eees zk(a)) p,u(zl) .- 'p,u(zk(a)) ’

m‘u)o-(z, Zlyenes Zk(a)) = ||m/’l’o-|| = Hmp,gHLoo(AHk(a)).

Using that the weight o is at scale 1 (cf. Def. 4.3) and that the weight {, is at scale [u]™* (cf.
Def. 1.5), we deduce

0(2) " =25 < [u]™ <[] 25" = [l =g ™(2). (4.72)

Noting that the Steiner diameter of a collection of points is always at least as large as the dis-
tance between any two points, we exploit the weight (ws)™' to propagate the weights p," to

the output variable. Using furthermore that p,= ¢, and o= =0 as well as #(a)<?, k(a)<k
and (4.67), we obtain

k(
145 (0% ) =y
[p] e (1+£(a)) ||§: Ko(1+[(u))‘Vk(a)||Lw(A) (4.73)

< [[p]]—alcn(lﬁ_”)

We also observe that, by Lemmas 1.17 and 2.3,

Pl 2TV || 5 125 evie-y ool < Lo Y -

A

4]

A

Moreover, by Def. 4.6,
o [KSFS) - wg || = || &[] < [oT™ || F¥].

Combining the above estimates and using (4.2), we conclude that
IGFKES (9 )| < [o] Pk e el 72 g Ko,

which proves (4.70).
To prove the second part, we observe that

1R KEL O o) | Y, G KF W)
ale(a)>0,k(a)<k
Z ”:O_]]—a+(ﬂ— Y)k(a)+56(a)-aico(1+7) HFQIH |” lM” k(a)
ale(a)>0,k(a)<k
[o] 2O P L+ gD,

/N

A

A

where we used that 8>y, 1<¢(a)<? and k(a)< k. Since, by a =38+ k and (4.71), we have

3y—a+d-ak,(1+€)=3(y-p)+5-ax,(1+£)-k<9,
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the proof is complete. O

Lemma 4.24. Assume (4.67) and

1952)//\(3)/—¥—2K—a1<0). (4.74)

Then the bound
IGERELHO v | GERE () | = [T [P (1 + ¥

holds uniformly in i, p€[1/2,1),0 € [pv i, 1) and Yy €S (A).
Proof. On account of (4.13) and (4.14), agF(EO] =0. Thus,

EMO@ =R 0= 0), B 2)= R0z 20) =780z, 2)
Recall the definition (4.9) of ||F?||. By Lemmas 1.17 and 2.3, = v and & <2y, we obtain

HgﬁKaFgO]’(l)(‘/jo)H |f| Hg/fKa‘//aH < HF%H HKUHTV(g”l) Hé(/f lﬁa”
o1~ [IF il < Lol =2 | P2 Il

A

Moreover, by (4.74), we have

IGEKFH O = |01 loRoFHO| = 2 Fo 429 | = [o]

where the bound ||{fo™"|| < [1]~** follows from (4.72), since & = K, by (4.67). O

Lemma 4.25. Assume (4.67) and
O<d-ax,(1+°0). (4.75)
Then the bound
15K DEAY )N Gop ) < [ I 1+ MY ID* (1237 T 0 1.
holds uniformly in i€[1/2,1), p€[1/2,1), c€[pv f, 1) and ¥, {be S'(N).

Proof. We have
15 KeDF(Y) Gl s Y 1GKF(ye O Ve G-

alk(a)>0
Observe that since G, := nglja, jﬁ]g = jg, 5’6}(, =%, and K,L,=1,
Vo=KiLTolos Gl =RoGa¥=KLiGolh  Y=7o.
Using Def. 4.6 of the kernel norm, we obtain
15K (95 V& G < oo | |0 [REFE]- we | || oL 2To s M (|G LEG ||

where

év,u(z)
Ua(z) ‘7";(2’ Zlseees Zk(u)) g;}ik(zl)py(ZZ) .. 'p/,z(zk(a)) ’

W4,6(2, 21, -, Zk(a) = 040 [ = {00 || s p1+0.

Using furthermore that p,= ¢, and 0" = 01 a5 well as £(a)<?, k(a)< k and (4.67), we obtain

1007 247 PO ) gy
L axa<1+z<a>> T LTI, (4.76)

[[ll]] —aKo(1 +{_”)'

A

[rop e[|z

A

A
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We also observe that, by Lemmas 1.17 and 2.3,

||ppL§jcr¢0” S HLg}HTV(g“*l)Hp,u‘paHL""S (K A1 K7
and

160 *LaGot || < 153G rviey 14~ Y1l < [o1* 1~ v |l
Moreover, by Def. 4.6,
lo®- [KSES]- we || = || F[|o < [oT || F2.

Combining the above estimates and using (4.2), we conclude that

N

|GKES (g MV 0 Gy)|| = [o] PP H@ODese DL | E| (1 gy 1445 |

Lo~ O=1 F¥|| (1 + [ lIDF || 4L

where in the last step we used 2s—a + =9 and that §=y. This finishes the proof. O

A

Lemma 4.26. Assume that
J< 88 - a-ary(1+2¢). (4.77)
Then
Hy(1):=3:Fo(y) + DE,() (GoFs(¥)), Y E€S(A),

satisfies the bound
15K Ho (Yo < Lo [ P12 (1 + Tl
uniformly in i,p€[1/2,1), 0 €[puvi,1) and y€S'(N).

Proof. We observe that on account of the perturbative flow equation, it holds

- Y Y BGER ),

agA(f) b,c€A(?)

where 2(f):={a€2|¢(a)< }. Then, working as in the proof of Lemma 4.23 and using Lemma 4.9
as well as k(a) = k(b) + k(c) - 1 < 2k, we obtain

IGKHAY) < Y N GuKoBE (G ES EE) (Y2

agA(?) b,ceA(?)

>y [ O [o] B (G B FS) o I

ag2A(7) b,ceA(?)

DD I 171 Rl o Kl [ od [P o AT TR

ag2U(?) b,ceA(?)

z z |[O.:|][u]—yk(a)—ako(l+t’(a))—1HFQLHZ(l 4 ”l ,)H”)zk

agA(f) b,ceA(?)

N

A

A

A

The factor [ ~#(1*@) appearing in the second line arises due to the estimate (4.72) by a bound
similar to (4.73). Now since =y and ¢(a)€[¢,2¢], we have

[a] - yk(a) - ako(1+ £(a)) = —a + (B - y)k(a) + 6(a) — ax,(1 + £(a)) = —a + 5 — aky(1+2£) >0,

where we exploited (4.2) and (4.77). This proves the claim. O

Lemma 4.27. For all
J<2s-2y (4.78)
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the following bound
162" (1= T < LT WY MLl
holds uniformly in i,p€[1/2,1), c€[uv i, 1) and y€S5'(A).

Proof. Let }.,:=1- 3, Then

(1= T)(¥2) = (1= T)[(Fy¥e)® + (F-y¥e)® + 3(Ty¥)’ (Fon¥o) + 3(Fn¥) (Fon¥lor)?]-

o

—=, which implies 67(1 - )" = o(1 - 0)”, the first contribution (1 - J,)(J,¥0)*
vanishes by the Fourier space support property of the product. As for the other contributions,
we have, for example,

162" (1 = J) ool | = 1o (1= T) T ¥e)* [l = 122 Fonr) | < Ml o o 12 N1 652 (T -
Since oz and [n]  [o], by Lemmas 2.3 and A.22, we have
162" (1= To)(Fon¥e) | < InD® LT MY I WLl < ToT> Y My WLl

The contributions coming from the terms (,¥5)* (J-y¥s) and (J,¥o) (J-y¥s)* satisfy the same
bound. Since &< 2s- 2y, this finishes the proof. O

Choosing 5=

Appendix A Auxiliary estimates

We collect in this appendix various technical estimates of general character.

A.1 Kernel estimates

Definition A.1. For AEIN %O’Ii"“’di} and (ko, I~<) €RxR?, we define

d d
A=Y (A" + A7), JAl=2sAd+|AL,  a%=al ] ] @)@ )
i=1 i=1
and
d

dit (k)= #(e= =) e, Mo, K):=(iko) ] | (@ (R (d} (k).

i=1
Lemma A.2. Let j, , be the kernel ofjg,g. Foralln,t€N ,and AEIN ’E)O’li"“’di} it holds

0%t ) <[0T (1 + £, x|/ [o]) ™,
10490, o1, )] < [T 2 (14 [t, x|/ [o]) ",

uniformly in (t,x)€EA and 0€[1/2,1).
Proof. Recall that

y -, oo dkodik
AY _ : 11/2sy ; Ay i(kot+k x) Y10
Ot )= [ in IR g ROV Ko K T

We start with the proof of the bound for 9,j,,,. Let h:R— R, be defined by h(w):=-wd,j(w) for
w€R. It holds

oL, e(1K0 V%) jir,e(ge(k )] = ([T o) [A(z Kol /%) j(rqe(k) + j(lko]2%) h(qe(k Wl =2-t5-1o]-
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By the change of variables ko= 2k} and k= 7k’ with 7=2"{c"![c], we get

(aAana, é’)( £, x) =

~ TdZs|A1J<
2[0-2 A

el

e - s i dkodk
(P(lKol %) (qer (k) + j(1 Kol %) h(ge/o(K))) i} oo, ke)e kot ™ k! )(zn—(;dﬂ'

Recall that g.(k):= [Zidzl (sin(ek;)/ €)*]'/2. Using the bound
102°0%([ (Kol /%) j(qes«(K)) + (I Kol /%) h(qer< (k)] deb < (o, )| < 10,21 Kol /%) 110,21(qes (),

for all (ay, a) EIN (1)+d uniform in (ko, I~c) € N/r, we show that, for all p,qeIN .,

£-d-2s-|Al-1

2to?
< T—d—Zs—\A|—1.

dkodk

fA“ 10,21 kol )1 [0.2)(qe/ (K)o
e/t

(= 2)P(r ) 3o, (2, ) (2m)™!

A

This proves the second of the stated bounds. The first follows by an analogous argument. o

Lemma A.3. Let k€N, and AE]NE)O’M"“’di} be such that Ay€{0,1} and |A|<2. The following
bounds

||aAKyHTV(wﬁ)f L1, ||KH’U||TV(W5)5 1
71k -1,k _
(o~ DKl vy v | Lo - DK, vy < D> To1*,
hold uniformly in p€[0,1) and n€[p,1).
Proof. The lemma follows from Lemma A.4, Def. 1.16, 1.13 and 4.5 and the bound
wi(t, ) 5 (1+ [t/ [ ™) (U + |/ TeD?),
which is a consequence of (1.23). O
Lemma A.4. For t€[0,1] and n€[r,1] define
Ly:=(1+1%9), L;:=(1-12%7), K,:=L;} K,:=L; IA<,],T:=IA,TI€,7, Ky -:=LK;
and
wo(t):=1+[tf2/T%, wi(x):=1+]|x]*/ 72

Recall that we identify operators with their integral kernels. The following statements are true.

a) The bounds
IR llrvegv o 0kel v s 1 IKelrvasy v 7 195 Ke vy v o2 [ AK: [l tvewy S 1,
hold uniformly in r€(0,1].
b) The bounds
I -LRlrvap= e [(1-LORylrvieys 22 ey,
hold uniformly in t,n€(0,1].
¢) The bounds

1Ky elltvesy =1, [Kyelltveo) 1.
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hold uniformly in 7€(0,1] and n€[r,1].

Proof. The first of the bounds stated in Item a) is an immediate consequence of the fact that

A

K (t)=1"%159exp(-t/1%).

Let us proceed to the proof of the second of the bounds stated in Item a). First, recall that the
heat kernel

G(e)(t, .) _ e—(mZ_Ag)t
satisfies the following standard estimate

(AGO(t, x) S M pug t 4271412 e~mtelk it AeN E)li ..... ds}
Note that
ko= [ etrian

0
Consequently, we have

A

(02 K)()| T—d—\A|/2f°° A /2-1AV2 -A-c(xl/T)HA g
0

N

00
£-d-1412 g=c"¥(x|/7) f A2 A2 p-Ai2-c(lxl/ T2 g
0

o0
_ T—d—\A|/2(|x|/T)z—d—\A|e—c”2(|x|/r)f A 2-|AV2 =M/ TP-clA g )
0

N

g _d_lAl L2 L _da— _
r d \A|/2(|x|/r)2 d \A|e c (|x|/r)J‘ A d/2 |A\/2€ c//ldA
0

T—d—\A|/2(|x|/,Z_)Z—d—\A|(1 + |x|2/’l'2)_2,

A

uniformly in x € RI\{0} and 7€(0,1]. We also have |04K(0)] < ¢2~471l A aresult, since d=3, for
all AeIN E}* """ 9} such that |A| <1, we obtain

3 e+ x rH) AR (x) s e e AN (/o) (P [ T s T
x€R? x€RY N0}

which implies || K¢||1v(w,)V 7 [|0**K || Tv(w,) < 1. The bound 72||AK; || 1v(w, < 1 follows now from
the identity 7°AK, = K, - 1. This finishes the proof of Item a).
To prove Item b) observe that

(1-L)Ky=K,- Ky =% n5(K,- 1)
and
(1-L)K,=K,- Ky - =12 n7%(K, - 1).
Consequently, by Item a) we have
(1= LKyl vy < 72 0721 [ rvee,) + 1 Kyl tvi,) S 72 7%
and
11 =LKyl rviwy = 720721 vy + | Kyllrviw)) s 72172

This proves Item b). Item c) follows from Items a) and b). O

Lemma A.5. Let K, :=(1+ []*0,) (1 - [u]*A) . For NEN ., &>3/(4N) the following bound
Hk,u HLZN/(ZNJ)@,I) < |Lu]]*(d+2s)/2N,

holds uniformly in p€(0,1).
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Proof. We have K, = K,®K,, where K,, and K, are the kernels of the operators (1 +[1]?%9,)"* and
(1-[u]?A)%, respectively. Note that

[Ky=o(£)] Soo [£<71 (1 +]2)7,
uniformly in t€R for all €N .. Hence,

11+ oD KM orven-n < [l 22V 11+ (o) Koo povien- £ [l 772N,

uniformly in p€(0,1) for all w€IN . provided 2N« >1. Observe that
(1- |Lu]]2A)_'%= C,gfooe_(l_l[”]le)AAk_ld/L
0

where C; >0 is some constant. Consequently, by the standard estimate for the heat kernel (1.21),
the kernel K|, satisfies the bound

|I_<”(x)|

A

[[ﬂ]]_df: 212 g A=c(x/ DA k-1 4

[[u]]—de—cl/z(lxl/l[y]]) f * 412 - M2= (X LAlIN2 71 g
0

/N

. _el2(x © “Mllx 2_c/A1 k-
[/1]]_d(|x|/[[ﬂ]])ZK—de ( \/[[y]])fo 22 o= M (XD = ey k-1 41

/N

ILU]]—d(|x|/[u])zk—de—cl/z(lx\/h]])j: A—d/z e—c/l/lk—l di
<o L4l / TeD 4+ x|/ [ad) ™,

where we used
A=/ THIYA  p=A/2=c(xl/ [ul)1A12 p=c!*(xI/ kD).

We also have |K,(0)| < £2*~%. Hence, for all €N ,
1L+ )R] 2w S [l 2N,

uniformly in p€(0,1), provided 4N« > d=3. Using the bounds for ku, K, one easily deduces the
desired bound for K, O

Lemma A.6. Let mEN , and K,:=(1+[11]*°3,)*"'(1 - [u]*A)*~? and
Kz, 2m) :=fA .Ieﬂ(z) Ky(zl +z)- -kﬂ(zm+ z)dz.

For k€[0,1/(m+1)), the function JC,,G C(A) is Holder continuous and satisfies, for all w=0, the
bound

1wy Kol == Tl > (e v [ul) ™,
uniformly in p€(0,1).

Proof. We have
I@,zf(,,@[@,, JCleCp@J_Cp,

where K, K, are the kernels of the operators (1 + [1]%3;)! "% and (1 - [u]?A)* * and
Kiltrseeestm)= [ RAORy(t1+ 0+ Kiftm+ D,

Koot Xm) = f RUOR, (14 )+ Ry e+ ) v
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Since & <1/2 and d=3 the symbol of the operator (1 - [1]*°A)*? and its derivates are absolutely
integrable. As a result, one easily shows that for all €N .,

K0 S0 (e v [ul) ™ (1 + x|/ [ud)
uniformly in p€(0,1). This implies that for all €N ,,

(L + 1o/ THD )" Kol oo = (e v )
uniformly in p€(0,1). Note that

exp(ipt) dp
Kol)= fmp)l Fre
and

o ~ exp(ip1t1+---+ipmtm) dpldpm
‘KO(tl"" £ )_IRm(l—i(p1+...+pm))1_f<(1 +ip1)1_’%“‘(1+ipm)l_k (Zn)m .

Observe that for all , f€(0,1) such that 1< a + f there exists C€(0, o) such that

J‘ dp - C
R(1+(p+ g 214 p?)" - (14 g) P

for all geR. Applying the above observation recursively, one shows that
1+ o L)) Kl = D [+ D)™ Kol < Bl 7,
where the factor [1] ™ in the first step comes from the rescaling
Kot ton) = [l 2 Koot/ T, . tond [ ).

Using the bounds for K 15 X . one easily deduces the bound stated in the lemma. O

Lemma A.7. For every a €[0,2s) and AGlNg)’li"“’di}, it holds
104Gy /(t, )| < (1 +|t, x|5) " (A1)
and
104G,(t, %)| = [o]" @+ (evt, x|/ [o]) 4 (1 +|t, x|s/ [0]) %, (A.2)
uniformly in (t,x)€A and 0 €[1/2,1).
Remark A.8. The above lemma implies that for any a €0, 2s), f€[0,d] and AENBO’H"”’
194G,(t, x)| < e P[P~ A1 + |1, x|/ [0]) 4%,

uniformly in (¢,x)€A and o €(1/2,1).

Proof. We only prove (A.2) since the proof of (A.1) follows the same lines. Observe that

0= | oGNS ) s ok
s ik + g2(k) @nt T

To prove a bound for the L*-norm of
(t,x)— a0y a aAGg(t, X),
it suffices to control the L'-norm of

Ao o(IK6""™) Jo(qe(k ))) dé(ko, k ))
ik + g2*(k)

(ko, k) — “"8“( (A3)
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Since for noninteger parameters s the bound
2 1’|12s-|a
0 g2 (k)| < k>4,

uniform in £€(0, 1), is optimal, the L!-norm of the function (A.3) is bounded uniformly in £€(0,1)
only if |a| < d +2s. As aresult, the above simple strategy can only be used to prove the lemma for
a€[0,]2s]]. To establish the claim for every a € [0, 2s) a more refined argument is needed. To
this end, let h:R — R, be

hw) := - wd,j(w)

for w€R. Moreover, let the families of kernels (GT)TG(O,OO)> (GT)TG(O,OO)> (CA}T,,,)T,UE(O,M) be defined by

Gt x)im 71 f J(zlko| V2 h(zq(K)) + h(z|ko| %) j(rqe(K) itk koK dkodi

1k0+ m2s + g25(k) (2m)d+1’
G (b x)i= 7y f g2’ (k) h(r|ko|"")j(rge(k)) h(tnge(k) pitkot+x) dkodk” dkdk
o (ko - im29)?+ g2(k) @mdt
Sutnyem o [ J<r|ko|”25>h<rq€q<’>> (ko + m®) h(elKo]")j(rqu(k) ) it Aok
\ iky+ m?+ g3 (k) (Ko — im?s)2 + g35(k)) (2m)d+1”
We claim that
Gol(t,X)= 0 2Gopyo(t, %), Gr=Gypt f  Grydn. (A4)

The first identity follows from
o) =[] o h([o]o ™ ).
To verify the second, we use the identities

h(r|ko|"'9)j(zqe(k)) _ qF*(K) h(r|ko|"')j(zqe(k)) ~ (iko+m®) h(r|ko|"')j(zqe(k)
iko+m®+gio (k) (ko im®)+ q!(k) (ko= im?)? + g (k)

as well as

| inena ndn=~ [ apitemad)an=izadk)/2)

and
J(1qe(k)j(7:(K')/2) = j(zqe(K)).

Let us motivate the usefulness of the representation of G, given by (A.4). First, note that if
|G| < d +4s, then the L!-norm of the function

: r11/2s [ 1 2s £ 11/25Y ; I 5
(kO; k ) — aaoa ](T|k0| )h(TCI£(l<’ )) _ (lko +m )h(T|kO| )J(:‘h(k )) d?(k,o, k’) ,
iko+m?+q?(k) (ko—im?)2+ q25(k)

is bounded uniformly in £€(0,1). This stands in contrast to the function in (A.3), whose L!-norm
remains uniformly bounded in £€(0, 1) only if |a| < d + 2s. As a result, it is possible to control the
L*-norm of the function

(t,x) — t%x%AG (t, x)

for |@| < d +4s. Since |4s] >3 >2s >« this indicates that 34G, indeed exhibits the desired decay at
infinity. On the other hand, the L!-norm of the function

G2 (k) h(z ko] /%) j(z qo(K ) (T qe(K)) Ak )
(ko - im?9)% + g25(k) o

(Ko, k') > a(
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is bounded uniformly in £€(0,1) for all o, & and consequently 4G, » has good decay properties.
However, the bound for the L*-norm of the function

(t, x) — t%x? aAG,,”(t, X)

depends on 7. To complete the argument, we must therefore control the above norms uniformly
in €€(0,1), 7€(0,1) and n€(1/2,).
We claim that the following bounds imply (A.2),

Tl d(1 4+ |t|/fzs)"d’4,

1Al 4 x|/ 7)" 431+ |t|/ %) 744,
’7—23—1,[—(1—1—|A\ (1 4 |x|/r)’d(1 + |t|/,l.25)—d—4’
n' 2N 4 x|/ )R (1 + |8/ 2244

104G(t,0)|
|8Aéf(t, x)|
|aAér,n(t’ x)|
|aAér,ry(t, x)|

(A.5)

AN IN N N

To prove this claim, first use the last two bounds to conclude that for all @ €[0, 2] it holds
|8ACA}T,,7(t, x)| 2 n“"l_Zsr_d_l_‘A| (1 +|x|/ )2 (1 +|t|/ %) 44,
Consequently, the second identity in (A.4) and the above bound yield
104G (1, x)| So T~ A 1+ |1, x|/ )4 (1 + |8, x5/ T) ¢
for ¢ €[0,2s). Combining the above estimate with the first estimate in (A.5) we obtain
104G (t, %) S T A 1+ (ev |t x|/ T) (1 + |, x|/ )%
The bound (A.2) follows now from the first identity in (A.4).

It remains to prove (A.5). Starting from the bound for 4G, 7(t,x), we have

(@Grp)(t,) =
_lf qus(k )h(leO|1/Zs)](Tq£(k ))h(frqu(k )) dA(k k ) i(kot+k x) dkb dk
(Ko — im?9)2 + g25(k) (27)d-+1
_ Tﬁd?li‘AI’flJ' qg/f(k)h(lkoll/zs) (qe/r(k))h(nqe/r(]c))de/r(k& k) 1(k0t/'r2x+kx/'r) dkodk
Noye (ko iT2sm2)2 + g,(k) @m®r

where we set ko =2k, and k= k. It follows that

(T2t ) @4t x)l
d-1- \A|’7—1f aoa qf/r k)h(|k0|1/2$)j(qs/r(k))h(ﬂqs/r(k))ds/r kO’ l dko dk. (A.6)
(ko— iT2m2)2 + g2,(k) |(2m)d!
Observe the following:

« In (A.6), the factor h(|ko|'/?%) restricts the integration domain to |ko|'/?€[1,2]. In this
region, the denominator is never vanishing. More precisely

(ko — it2m?)? + g5 (k)2 =

« Similarly, the factor h(r]qg/f(ic)) restricts the integration domain to those k such that
¢e/2(k)€[n7,2p7"]. Thus, on the integration domain

10867 (k)| = g5 (k) ~ -2,
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On account of these comments, we have the following bound for the integrand

aaoag(qﬁffu%)hqko|”25>j<qg/f<ic»h(nqgn(/%))d;%(ko, ic))
o (ko ir2m)2-+ 1(6)

s U‘al_zsl[0,2](|k0|1/25)1[1,2](’7q£/r(]~<)),

for all (ao, @) €N §*%. This implies that
dkodk
(2 )d+1

-d-|A]-1 q—Zs—d—lf 110.21(|k 1/25)1 ( (0) 0
T e/ —
’7 ,g/(m) [0:2] | Ol [1)2] q /( f]) (2 )d 1

(z 2P (e |x) )0 G )8, )]

A

e g kol 10210 (0) S oy
e/t

A

< a1 g-2sdo
for any p, g€ N .. The proof for 34G,(t, x) is similar. Working as in the previous case, we have

(T—25|t|)P(T—1|x| Q|aAG t, x)|<T—d—1—\A| N

xf 9%3d (ko V**) h(qe/-(K)) (lk6+ 25 m?) h(lko /%) j(qe/-(K)) d4 ko, B)
Nz k7k iko+ 725m25+qg/f(k) (ko - it?sm?s)? +q€/f(k) g

As above, also here the denominators are non-vanishing on the integration domain, more pre-
cisely,

dkodk
(2 )d+1

liko+ T%m?S + qg/f(k)| 21 and  |(ko-it®¥m®)*+ qﬁff(ic)| =1.

In the first term, this is due to the factor h(qg/T(ic)) which restricts the integration domain to
q%.(k)€[1,2], while in the second one this is due to the factor h(|ko|'/?%), which restricts the

a_4s 45— a|

integration domain to |ko|"/>€[1,2]. Since [92q2 (k)| < g2, “/(k), we get

a
9%

[( Hkol"®) bgero(k))_, (1Ko + 7m™) b ky |”“>J("f”(k»)d;‘%(ko,/%)]

iko + 725m2 + g%, (k) (ko - n%m*) + gt (k)
110.23(1kol /%) 110,.21(qes (k) (1v g5719(k).

This implies that, for g<d+4s,

(T2 )P |x]) 10" Ge( 2, )

A

ko) o1 (RN(1v g (k) dkodR
elt

< rod-lAL

Since d +4s>d +3 the bound for 34G, follows. Finally, we discuss the first bound in (A.5). By
changing the variables as above, we arrive at

(r72|t)104G(£,0)| <
[1-d- \A|f
s/z’

We use the same argument as for 34G,: indeed both terms in the integrand have non-vanishing
denominators due to the factors h(g,/-(k)) and h(|ko|"%"), respectively. Analogously, we obtain

ap [0l Wl R 5
iko+7t%m%+ q; /T(k)

[](|k0|1/28 h(qs/f(k )+ h(|k0|1/25).](q£/f(k)) dA (kO ]NC)] dkodi(
iko+ 125m? + g2,(k) ’

< 1[0, 2](|k0|1/2$)

(Ko, k)]

and thus

dkodk

~1-d-|Al( o -1\-d _ _~1-|A] .~d
% )d+1 <7 (et ) %=1 €

( —23|t|)p|aAG tx —1 d- \A|f |k |1/Zs
E/T
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This concludes the proof. O

A.2 Properties of the weights

We collect here some important properties of the various weights introduced throughout the
paper.

Lemma A.9. For a =0,we have

1(-28e)° 5 || < o™
uniformly in 0 €(0,1).

Proof. Let f € C*(R%. Recall that, by (1.14), we have
D) fe)= [ HOO(F-for-y)dy,  xeR,
where the kernel H®: R — R is positive and such that H?(0)=0, H(x) = H")(-x) and

|Hs(€)(x)| <|x|"%%,  x€RY

Let B(8) the ball in R? of radius § >0 centred at the origin and B(9) :=R?\ B(8). For any §>0,
we have

(a5 HOOIEFE - flesy)-fee-may+ [ HOGFe) - fx-y)d
To bound the first term observe that

2f(x) = flx+ y) = flx= YN < IVVF [l

by Taylor's theorem, where ||[VVf|| denotes the supremum norm of the Hessian of f in the
continuum. As a result, we obtain

SIVVEI[ |y dys s 2

| o OV @I f )= f= ) dy .

Moreover, we have

‘IB‘(5) HO() (f(x) - fx-y))dy| =

< —d—st < 5—2s.
1] 2y 1
To conclude, we apply the above estimates with f(x)={;(t,x) and choose &= [u]™*. O

Lemma A.10. We have
1857°D4 )% < [o]>,
uniformly in 0 €(0,1).

Proof. Recall that y; denotes the kernel defined by (1.15), which is local in time. Let B(z, §) the
ball of radius § > 0 centred at z€A. By (1.17), we have

D)@ = 2@ [16E) - & @ Pudz.dz)
- 2@ G G @ )

B(z 5)
@G @z d2)
I+1L
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On B9z, 0):=A.\ B(z, §) we have

<

1= [ o[ @5 - Pid2) = [ 1205 1z d2)
| 2222 plz d2) + 57

BY(z,0
Recall that
DPRG2) 2 5P z-2) = (o] (z- NP = (1 + [0]*z- 2 )7,
uniformly in z= (2% z) €A and z'=(z° z)€A. Since 25>2/3,
2/3 2/3 d J' 1 2a)5 _ 5/|2\1/3 dz
[y @Gz = [ (1 L0121 iz, 02)

5—23 + H:G]]Za/35—23+2/3.

A

A

Let us bound the second term. Thanks to the smoothness of ¢;/* in space, by Taylor's theorem
=2 [ o VG PP I = 2otz d2).
Since ||V "?||?< [0]%¢ and ||Z¥?|| <1, we conclude
11 < [o]2 f o ~Ho(z,42) <57 o] = [T
B(z,

Choosing now §=[o] ™% we get

I< I]:G]]Zas+ I]:G]]Za/3[[o.]]23a—2a/3 < I]:G]]Zas’ < 52—25[6]]% — I]:G]]Zsa‘

This finishes the proof. O
Lemma A.11. The bound
(1-hyw,” ;
G =o'
holds uniformly in yu, o €(0,1). 7
Proof. We have
(-hz 2w zz) _ w'(@z) [l Hz-zf
w?*(z,21) wfy "(z,21) 1+ (1] 2|z 23
_ M@ m) ([ - 21l (- 2l
w(z) (z,21) 1+ [u] %z - zif%
_ ([ Yz = 2109 (o] Yz = 209" ([ = = 219
IR T P R ey Y P
< [I:O_]]b[l:’u]]—b(l-"|]:u:|]_l|z_Zl|3)b(|]:1u:|]_1|2_Zl|3)2_b

1+ [pl 22— 212

b (1 [p]” |Z Zl|$) b
R R G

which proves the claim. O

I\

Lemma A.12. For all w>0, the following bound

(1 _ v(1+ m))w(1+m),w i
- (1+m)g = L T
w )

(o2
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holds uniformly in u, o €(0,1).

Proof. By Def. 4.3, 1~ vﬁm”) =0 if [u]'St(z, y1,..., ym) < 1. As a consequence,

1+ 1+m), —
(l—vl(, m))w,(, ) _ 1+ 'St(z, y1,..., ym)?, (1- W
Mo (1+[o] 1Stz Y1s-o s ym))ON

’ — - w([y]]+8t(z’yl> ,J/m)) _.,(1+m)
= Wl oSGz oy

1+m))

[0

is non-vanishing only if St(z, y1,..., ym) > [¢]. Hence

L (em)y - (1+m)@
(1-v,"™)

W, _ 25t(z, y1,.. ., @
(1+m),wp S [[H]] wl[o_]]w( ( A ym))
W,

(St(Z, Yis---» ym))w

1 V(m+1)) [[H]] wl[o_]]w

which proves the claim.

A.3 Norm estimates

Lemma A.13. The cumulant norms introduced in Def. 4.11 satisfy the bound

s - 1= ] = L Lo I
. L
uniformly over o, i€[1/2,1) and FL,
Proof. By (4.6), Young's inequality and Lemma A.11 we obtain

O

< K rviapen I BT - (1= Byw|
= l(12)b(1—hﬂ)( WY e O

A

Ll LT | ELS) -

This proves the statement.

Lemma A.14. The kernel norms introduced in Def. 4.6 satisfy the bound

ITKSEST- (1= vl s ()" [T~ @ [| 5|

uniformly over o,p€[1/2,1) and Fo

l<11+k<a>>,b-f(u>’<° we obtain

Proof. By (4.7), Young's inequality, Lemma A.12 and w;:=w

IKSEST - (L= vi)llu = Jlo®- [KE(IKGES] - (1= vi)] - wi |
1K lrviem, [lo® - TKSES] - (1= vi)wi |
11 = v wg (W5) | 15 ||

70 K G e

NNl

A

where
10,2, 21, - > Zk(a) = WD) Wy (21)- - - Wi (Zk(a))-

This proves the statement.
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Lemma A.15. The kernel norms introduced in Def. 4.6 satisfy the bound

[ vl = llo®- LREF] - v | < | F*

Ho

uniformly over p€[1/2,1) and F°, where v, is a smooth weight on AL such that [ 91] <1
uniformly in p€[1/2,1) and

supp ﬁﬁc{(z, 215, Zka) | Vilzo— zio| < c [, Vi|Z- Zj| < c(ev [[y]])}
for some ¢>0 independent of 1 and «.

Remark A.16. Note that for [1] = ¢ the weight v, has comparable support property to the
weight v

Proof. Let k= k(a). Since F*=L{K;F® by Def. 1.13 and 4.5, we have

Ki(F- v = Ki(ILEKRF®]- vi) = KLy (L) )KEFD] - vy,

where L, = (1 + [u]*9,)(1 - [1]*A)%. Integrating by parts each of the differential operators
2\ek
)

2)°5 we obtain

appearing in the tensor product L, ® (L

Ki(F*-vi)= >, can(DLKN)([KiF]- DEve).
A,BEI

Here Iis a finite index set, (ca p)a.per is a family of real constants and (D% e is a family of
differential operators on A'**. Each D has the form

0 0 k k
Di=(D{)e D))o o(Df e D)),
with temporal operators
DY,.... DY ef1,(1+ [u]>a,)}

and spatial operators
DY,...D% e D@y (1 - [PA?DVu (1 - [u]2A)2DO),

where
DO={[u] T 04| AeN {144 |41 < |, xe R,

The symbol 34 denotes the derivative operator on R¢ introduced in Def. A.1, and T, stands
for the translation by x€RY. The highest-order operator is either (1 + []**3;) or (1 - [u]*A)?
all lower-order operators are included as well. Since we are on a lattice, applying the Leibniz
rule requires considering spatial operators that shift the spatial variable by multiples of lattice
spacings in certain directions.

With this decomposition, it is straightforward to see that

k . .
DK =@ (DI(1+ [1]%a) " & DU)(1 - [1]?A)?).
i=0
By Lemma A.4, we have
IDRE v <1,
where

mu(z, 217 [ RE ] zk) = Wﬁ(z)w;;(21) o WZ(Zk)
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Therefore, by (4.7) and Young's inequality, we conclude

|Fe-v, HWZHo [(DARS([KSF]-DEv) 1 we|

A

z 1D/ K I Tvo,) [l0% - [KEFT - (DEvi) Wi | (A7)
A,B
0% [KiF]- Fgwi |,

A

where in the last step we introduced the weight

o0 B, a
vy :=sup [Dyvyl.
Bel

This proves the first of the stated bounds, while the second one is trivial. o
Lemma A.17. The kernel norms introduced in Def. 4.6 satisfy the bound
111 - K)ES- (1= v)lu< [ [o]* || F ]l

uniformly over u€[1/2,1), 0 €[y, 1) and E2.

Proof. By Lemma A.15 we have
I1(1 = K] - (1= Vi)l (1= KDES|[u= l|o®- (LG~ DKEKSFS]- Wi

By (4.4), Young's inequality, Lemma A.3 and w, < w; we obtain

A

lo®- (L5~ DKEKSES - will = (L5~ DK [ltviro, lo®- [KSES] - wi|

L7011 55 ]lo

A

where 1,(z, z1,..., Zk(@) = Wi(2) W (21)" - - Wy (2k(a)- O
Lemma A.18. The cumulant norms introduced in Def. 4.11 satisfy the bound

Jl(1 - K3HEEPO) < [l LoT | FL

uniformly over p€[1/2,1) and o € [, 1).
Proof. By Young's inequality, Lemma A.3 and w, < w; we obtain

-2 OE, = 10D O] )
(Lo~ DKy v 1K BT w2
[ o7 | E

as claimed. o

A

A

A.4 Schauder estimates

In this section, we establish estimates that characterise the spacetime regularity of distributions
¢ in terms of the size of .L¢.

Lemma A.19. For all AENBO’li""’di} the following bounds

1024 Ity s [l ™, (1120 A vy < [pd? (=20 Al vy < [l ™
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hold uniformly in i=-1.
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Proof. The estimates follows from the identity [u;] =272 and Def. 1.14 of the spatial Little-

wood-Paley blocks.

Lemma A.20. For all AG]NBO’M’”"di} the following bounds

O

IAG vy s[ud®, 104Gy lrve-y s [al> 14, [[(G = Gyllrvey < [n1*

hold uniformly in iz-1 and n€(1/2,1).

Proof. Recall that A; is the spatial Littlewood-Paley block, {(z):=(1+|z]?)"/? and note that

1, i
G= Gudp+f Gudp+ Gy,
Hi 1/2
Taking into account Remark 1.8 a), we obtain

] ] L
[AG |l Tvie = HAiHTV(é’*l)J‘#”GﬂHTV(g’*l)d.”

_ i .
+a ‘AE)'IAi”TVWJWII(l = A)Gyllrvieydp
+[(1= A Al vy (1= An) Grrzll ey -

Consequently, using Lemma A.7 we arrive at

L I e T 1 [ e P T
< [pd® + [l [pd 2 + i < [ ™.

This proves the first bound. The second bound follows directly from Lemma A.7. To show the

third bound notice that
166Gl v [ 16 I o= [ TP do= b
This completes the proof.
Lemma A.21. It holds
lonA Il = [l LN Luav A0 [+ LA NN KL,

uniformly in $€ 5'(A), i=-1 and n€[fi, 1), where the norms |||+|l| = l<lllz and |[|<[ll+ =
defined by (2.11) and (2.12). In particular, for y >y, it holds

Y 277 lp, Al < Il [l + LT KAL),

1

uniformly in 1€[1/2,1), n€[fi,1) and p€5'(A).

Proof. First observe that

lonBigl < sup lloa A | =50 1oy 583l | Gn e | < Dl st v Y 18y
J J J

5

uniformly in i=-1 and 5= . To obtain the last estimate we used the fact that

sup [|pn 2 Gl = sup [l pp xi 8 Nl < Il ™ Lyv A1
J J

(A.8)

Melllz are

(A.9)

(A.10)
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Indeed note that if ji<n<yj, we have

1o G T < U+ Dl D™ < [nl " [l = [l ™Y Dyv DY

On the other hand, if 1= ;v i, then || py x;¢;'|| <1 and 1< [n] ™ [;v A]". Hence, the bound (A.10)
follows. By the estimate (A.9) it suffices to establish the bound (A.8) with the weight p, replaced
by ;. To prove the latter bound note that

sup [n]" 521l = sup D) [5Aillv sup [n]" |Z,A:ll
nzp Asnsp nZpivft
LA (1 G ip v LD Tpsv £ sup [n]" (| 5A ]|
nZpivi
LA Qv Al sup [nl” [15A]].
nZpivi
In order to bound the supremum in the last line above we shall use the following decomposition

o=+ (G-GpLp,  nzpivi.

N

N

Note that
sup [71"]|ZAip|| < sup [n] [|GAiyll + sup [n]" | ,ALG - Gy L,
N pvi N2V n2pvil
and
sup 1] [|Ayll < sup [n]" 15l < sup [nl” 114, @yl <M SII-
Nz iVl nZpivi Nz iV

To complete the proof it is now enough to show that
15,A(G -G LD <[] KL+, (A.11)
uniformly in = p;v ji. To this end, recall that L, = (1 + [p]**9;)L,, where L,:=(1 - [u]*A)>. Now
A(G-Gy¢

A(G-Gy)L,K, L

= LA(G-Gy(1+ [n]*9)(Ky L)

L,A(G - GK, L+ [MPLARG (1 - F)K, Lo
= T+IL

We have the following bound for the first term

1T = 15 EnAG - GKn g = I Ludillrvie (G- Gollrvie oK Lol
[U]]ZSH QVUKWC¢H-

The above estimates follow from Remark 1.8 a), Lemma A.20 and the bound

N N

ILyAill v s 1,
which is a consequence of Lemma A.19. In order to bound ||, II|| .~ we first note that
3:G=1-(m?+(-A\,)"G
and write
II = [g]*L,A0:G(1- J)K,Lp

[71*LyAi(1 - TpKyLod = [n1*(m? + (-Ae)*)LyAiG (1 - )KL
10, + I,

We have the following bound for ||, IT || z:

15y T | = [n0* 1o LnA i1 = T KLl < Tnl* IILpAillrvien (1= Tl v 16Ky L |

[nd* [l K L.

NN
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For ||, II;|| we have, exploiting Lemma A.20,

15 ] < [0 [|5(m® + (-8 Ly(Bi-1 + A+ i) AG (1= KL |

L7 [|(m?+ (- A Ly(Ai1 + Ai+ D) v | A Gl rvie 11 = Tllrvee » 1Ky Lo
D% T 20l (1K L |

[[’7]]25“47 o

where we used that

NN /N

187 (2 4 (AL A1 + By B v = Tl 2

which follows from Lemma A.19. Summing up, we have
156G =G L | < [ 1, Ky L = [rl* > Tnl* (155 Ky Lpl| < nl*=>Y KL .
This proves the bound (A.11) and completes the proof of the lemma. O

Lemma A.22. Let J.,:=1-J,. We have

19t F-nbo | < [n1** LoT > L 4,
uniformly in fi,p,n€[1/2,1), 0 € [pv 1, 1) and € 5'(A), where the norm |||s|ll+ = |ll+ll+ 7 is defined
by (2.12).

Proof. Using Remark 1.8 a) and Lemma A.20, we obtain
192 (G= G Lo || < |G = Gyllrvie Il pit Lol < [ [l o L |-

Next, we note that

95 Fondo | = 1197 (G = Gp) Lo || < [n1* || 1 Lebs || < [n1% || 03 Lo || < [r]* [T LM,

on account of Lemma 2.3 and the identity p,= ;. This finishes the proof. O

Appendix B Flow equation estimates

B.1 Estimates for A and 8

Goal of this section is to prove the bounds for the operators A} and 83} . appearing in the flow
equation for cumulants (4.23), thereby proving Lemma 4.13. We begin with the definition of the

first operator:
n(a)

ZA (G, Fb) ZEA“ (G, FD),

i=1
where

£(ai)-1 k(a;)

a,(i) by . .
ZA (Go, Fo): Z Z (K'+1) (B.1)

% Q:i(GO') ﬁn(a)+1(Fgla o ,ng 1’F(Et’(az)—1—€’]:(k'+l)’ F(}[[’])(k(ai)—k')’ ng”, o ,Fan(a))-

o

The summation index b is constrained by the allowed values of (¢, k') appearing on the right-
hand side. The operator €,(G,) acts by applying G, to the output variable of the (i+ 1)-th kernel,
and by inserting the resulting function into the last input variable of the i-th kernel. This oper-
ator generalises €(G,) defined in (4.11), which appears in the flow equation for the effective
force kernels (4.13).
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We now proceed with the definition of the second operator:

n(a)
X B5.Cr P4 T3, T B P T

i=1 b,c
where

£(ai)-1 k(a;)

By, Tl FE (K +
% B0G T =3, 3 3 ) 52

I] Iz [ 0 ,=
X Q\Il\”(G") (R|11\+1((F0 )jEIl’ th'[(ul) ek +1)) ﬁ\12|+1(Ff§’[ ek )’ (F;j)]EIZ))'
Here, for a fixed i€{1,..., n(a)}, the sum ¥, ; runs over all the partitions of the set
11|J12={1,..., i—l, i+ 1,...,71(“)}.

The summation index b is now constrained by the allowed values of (I}, I, £, k') on the right-
hand side of (B.2). For precise definitions of the operators A} and B} ., see [Duc25a].

Lemma B.1. For all a€ A and i< n(a), the following bound
[T 1 [ A Ga P, = [T 1172
holds uniformly in 72 and o0 €[1/2,1).
Proof. Recalling (B.1), our task is to analyse the expression
@i(GU) Rn(a) 1(Fa1 F[f(ai)‘l—[']’(k,*'l) F[f'],(k(ﬂi)—k') Ia n(a))
+ ot st o secd g
Using L,K,;=1 and Def. 4.5, we obtain
Kn(a),K(a)(Q:i(Go') -ﬁn(a)+1(F(crll: L F(Eé’(ai)—l—f'],(k'+1)’ F(Eé"],(k(ai)—k'), L Fan(a)))

o o

=C{LoCo) Ky @K@ R g (B, FLOITH D FLAMGITE) | ploce),
As a consequence,
KeAG NGy, 7o) = AT ULGr KEFY).

Hence, by Def. 4.11 of the cumulant norm,

A5 0Go FOl, = NKEAG N Go, )] - w|
= A5G KEFD) - we|
A S LG, IKETE) - we|

A5 P(L,Gy| - wh, KEFE|-wh)

N

A

where the last estimate follows from (4.3) and |L,G,|- wg denotes the function
z— |(L0Ga)(z)| wg(2). (B.3)

As a result, using Def. 4.11 one proves along the lines of Lemma 5.29 in [Duc25a] that
145 (Go TN, = 1EoGo)- el NIKETEY- whll = (£ G)- wélaallo N F 2o

where |(L,G,) - wi|y denotes the periodisation in space of the function (B.3) with period M.
Thus, since by Lemma A.7

”|(LO'G0) : W;'|M||L°° = H:O-]]_l_d’
we obtain

A5G P, = ToT NI F s
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It follows that
Lot A Gy, FD)|I, < [oT @4 F 2o < Lo~ |22

In the last step, we used (4.19) and (4.26), which imply
-lal-1-d=-[b]-1+0+p-5-d=-[b]-
This finishes the proof. O

Lemma B.2. For all a€ A and i< n(a) the following bound
[ B3 Go 72, Fo)l, = Lol I 2 I Fello
holds uniformly in 72, ¢ and 6 €[1/2,1).

Proof. The proof proceeds along the same lines as the previous one. Recalling (B.2), we now
need to analyse the expression

; K+ k(a)-K) [ paj

pe1(G )(ﬁulm((F jer, Fo @O OR DY g (FORD )>(F§J)j612)>-

Using L,K,=1 and Def. 4.5, we obtain
KE(€p1e1(Go) (Fer (e S8 0) (KO, (B2 e )
=1 LoGo) (K Ry 1 (F e, S 0F )]
(KR (RO, (F)jen)]),
where ki = Z]’: k(aj)+ k' +1 and k= Z]n(?u k(aj)+ k(a;)- k". As a consequence,
KB NGy, 7, 79 = By O(LoGo, KETE KEFY).

Hence, by Def. 4.11 of the cumulant norm,

185G 72,79, = IKEBGE (G 72 F5)]- “|||
= |1BEOLGo KEFE KET) “|||
|||g3“<’ (1LoGol, KL T, |KEFE)) a|||

1B 5 LGl - wi, [KEFE - wt

N

A

where the last estimate follows from (4.3). As a result, by Def. 4.11 and Lemma 1.17, we have
185G FEF s = 1LoGollvins IKEFE- wll IKEFE- we]

I LoGe I Tviey I 72l 1 FEll o

Lo F2llo 17 &

I A

A

Consequently, we arrive at

[ @ | B Go. FE O,

A

[Tt [oT> 12l I TSl
[T P11 2o 1 7o

In the last step we used (4.19) and (4.26), which imply
—la]+2s-1=-[b]-[c]-0+0+p-6+2s-1=-[b]-[c]-1.

This finishes the proof. O

Remark B.3. Note that Lemma A.7 implies that

LGl e [0 774, || LoGylltvs e "[o] %7,
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where |L,G|) denotes the periodisation in space of the function z — |(L,G,)(z)| with period M.
Using the above bounds one shows, along the lines of the proofs of Lemmas B.1 and B.2, that

IKEAG G FY)| 5 e [T 1 F s
KB G FE T = Lol 2 P Ul Tl

A

A

These bounds are used to prove the estimate (4.43). Note that the norms appearing on the left-
hand sides of the above bounds, as well as the norm in (4.43), do not involve weights.

B.2 Localisation

In this section, we introduce the Taylor expansion on the (semi)-discrete lattice A=A,. At first
order, we have

VRN CTEEDY f [dp.,-0] @)z + pay- A1)

i€{0,1+,2%,...,d

where 3° denotes the time derivative,

(2=t [Y(zte) - Y(2)],

denote the discrete forward (k +) and backward (k- ) derivatives in the k-th spatial direction
and for h€ A the function pp: [0,1] — A is a bounded variation path such that pp(0)=0 and pp(1) =
h. We use the notation [dp,,-.(t)]°:=dp? _(t) and [dp,,- AD)]FE: (dpz1 A1)+, where (dpfl_z(t))i
denote the positive and negative parts of the signed measure dpzl, A1). Note that the path py is
piecewise constant in space, so that the signed measure dpj, is well defined and given by a sum of

delta functions multiplied by the corresponding increments. We choose it so that its total mass
is bounded by |h| and

[N OIS L W

Remark B.4. Note that in the continuum we could choose
por D)= (21~ 2.

Moreover, since in the continuum both the right and left derivatives 9k* coincide with a*, we
have

VORONEDY f @ 9)(z+ piyo0) (21~ 2

kefo, ..,

Since we intend to use the second-order Taylor expansion, it is convenient to choose the
path such that p? _(u)=0 for u€[0,1/2] and

ph-Au)=pl_(1/2)+ 19 (21 - 2)° u-1)

for u€[1/2,1]. This allows to avoid second order terms with one derivative in time and one in
space. Note also that

1/2 1/2 o 1 1 0
[ o= [ Wdps@Vislz-2 [ [dprAwl< [ [[dpe- A%< K20 - 2o
0 0 1/2 1/2
We have
v(z)

e+ 3 [ o A0V 9z o)

VY [ o 0109 pe D)+ [ A0S 00 Y D)

i#0



78 APPENDIX B

Expanding once more the spatial derivatives, we have

We) = Y@+ Y, 9@ Me -2+ Y, [ Tdpn ) [ [dpey )00z pry o)+
i#0 L,j#0,
of | A0z pe )

As a consequence, for a generic kernel V(z, z;), and symmetrising the factor 3'¢/(z) using the
relation 8" 1/(z) - 3" /(z) = £(3"* 3" )(z) we obtain

V(¥)(2)

[ REACENIZEN
() f dzV(z )+ Y ak+‘/’(z)+ak ¥(2) f dzy(z1- V(2. 21)

k#0

of daif 4o 0V 20 pa D) B4)
k+k-
-y MI 21 - 2|F V(z, 21)dz;

k

e Y [ e[ o Ve L)V 2009 ()

i,j#0

By duality, we can write this Taylor expansion as an operation over the kernel V via the oper-
ators L and

R:=RO+ Y R’J)+2Rk (B.5)

i,j#0
of the form

(LV)(z 21) f d2V(2,2)dz8(z1-2)+ Y = j (G-2)IV(2,3) (3" +37)8(z1 - 2),
l#O

(ROV(z,z;) := fAfl/deg_Z(t) V(z,2)3°8(z1 - z— pz_o(t)) dz,

12 ot _ _ N
f Afo fo [dps-(w))[dps_(1)]'V (2, 2)0'0/ (21 — z - pz--(w)) dZ,
—ng 12— 2 V(z, 2)d2 (04" 9%) (2 - 2).

(B.6)
REIVY(z,z1) -

(R(gk)V)(z, z1)

When tested with a smooth function this gives the identity

V() =LV)¥)+RV)Y),

as seen in (B.4). We use this expansion for the analysis of relevant cumulants, namely
Fi= f](l) EF[](), tefl,..., &
Recall that we have the following decomposition (4.42),
OO < HO [ K- [ IKIHYO). (- o
L f [KMEOO]. (1 hydo-L | ;[K;’lﬁy]’(l)]da
—Rf [K2EOO). hdo,

where Fm OF a(,Fl["]’(”.
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Lemma B.5. The following bounds hold uniformly in o,u€[1/2,1).

A

[
L1 Lol JIES

L3 MO,
IR E T (- R,

A

Proof. As we arged in Remark 4.14 the cumulants are invariant under spatial reflections. As a
result, we conclude that

@ +0)8(z1- 2 [ dzE-2(KS'FM)z2)=0.
Hence, the following identity
(LKD) (2, 21) = 821 - 2) f (KON z D)z
holds true. Similarly,
(LK ELY D] (1 - b))z 20) = 8(21 - 2) f (KLY 2, 2) (1 - hy(z.2)) dz
In order to prove the first of the bounds stated in the lemma, we observe that

(LKA EL D)) (2, 21) = 8(z - 2) f (KON 2 dz

Thus, we obtain

P @z (K LK RN 20 = w20 Kz -2 | (KPR 2z

and
IL(Ky 1F[[] )m < supf |K,(z1 - 2)|wj(z - zl)dzlf (K5 1F )(z z)|dz
= Kyl sup [ (63 EMO)z 2] dz
z

A

sup IA](K(}’lIL’y]’(I))(z, 2)|dz,
z

by Lemma 1.17. Since

supf Ky 1If“(£t7]’(1)(,z, z)|dz< supf |K;’1Ii“y]’(l)(z, 2)|wl(12)’ "(2,2)dz= |||15(£[]’(1)
z A z A
this proves the first of the bounds stated in the lemma. By a similar argument, we get

(s B = m)l, = [ KONz 2] (- btz D) a2
Consequently, by Lemma A.11, we obtain
IL(Es BT (= B, 5w (1= ) () o ES o < [l Lol 227 -
This proves the second of the bounds stated in the lemma. O

Lemma B.6. The following bound

IR((EGEMO)- )|, = Wl LoD 15,
holds uniformly in p€[1/2,1),0 €[y, 1).
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Proof. By applying the triangular inequality to (B.5), we arrive at

IR OB, = [IROCK )],
+ 3, IR EMO]-hy)),
i,j#0

+2 IRE[KS ] By,
We have
RO IO b))~
[ e 0y K L) 5 0000 2 )

Thus,

Wi (2, 20) RO EO) - )z, 20)

<[ [ do-<l dps ] WP 22z, DI ELH Oz 2| 00K, 21 - 2 pr- ) 2
Recall that

WLZ)’b(z, z1)=wi(z-z1)=(1+[u] Yz - z1y)".
Introduce the point z(z, u):=z+ p;_,(u) and note that
wyi(z - 21) £ Wiz - 2(z, w))wj(2(z, u) - 21) < W (2 - 2)wy(2(z, u) - z9).
The second inequality above follows from
wyi(z-2(z, u) S wj(z - 2),

which holds because, by construction, z(z, u) lies on the path connecting z and z. Overall, this
yields

[wi(z = 20) RE([KEMY] - b))z, 20)]
<[ [ oz wlldps o) wiz- Dbyt 2) (witz- D)
x wi(z - 2) (KA ELYO) 2, 2)| wi(E(z, u) - 21) | 907K (21 - 2z, w)| d2.

As a consequence, we obtain

IRO(KG BN ), = sup | f dps- ()] Idpz- (1) wi (=~ Dz D wi(z - 2) !

z,ZEA

O, sup [ wjate. )2 99K 2z, )

z,ZEA
Using
Lot
2 5 . < = _ 5 2
J2f o wlidps-0) = 2~ 2 ®.7)
and
f Wil2)| 90K, (2)] dz = [T (B.8)

as well as
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EozPwie-Dhn3) e o (Tl e 2 [ o] e 5
Wiz Ml ([T =2 1+ =207 o
R R e A R B.9
U o) Gz 212

/N

A

(772 e e
we conclude that

IREXES D) o)l < [T Tl 2,

Next, note that
= 1 = ~ ~
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Proceeding as above we get
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we arrive at
RO EIOL )| < [T Tl JE2O,.

Finally, we discuss the term
(R(gk)([K;’llf“g]’(l)] hy))(z, z1 =—f |z - z|"(h, K> LEL: W(z,2) dz (0%*9%)8(z, - 2).

Also in this case the proof follows the same lines. We obtain

1

A

|||R(k)([K1 1F [e1, (1)] )||| esup |z- Z|wﬁ(z -2) hy(z,2) (wo(z-2))

z,ZEA
«[|ELO) f wi(z=2)|970F K1 - 2) dan.
Note that
2-2lwi(z-2) h(z.2) _ [o] 1+ [ Yz-2s)"  [ol7Y|z-2s
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1 1
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Since |z - z|#0 implies |z - z|;> ¢ we have

|z Z|wi(z - 2) hy(z, 2) 1 1

* e e
[0.]] H:O_]]b—lgl—b[y]]Z—bgb—z
= [T

Hence, using again (B.8) with i=k+ and j=k- we get

RO ENO) mI|, = el Lol Ll e WMV, = Lud LD IE
This finishes the proof. O

wi(z-2)

N
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