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Abstract

We present a construction of the measure of the fractional Φ4 Euclidean quantum field theory
on ℝ3 in the full subcritical regime via parabolic stochastic quantisation. Our approach is
based on the use of a truncated flow equation for the effective description of the model at
sufficiently small scales and on coercive estimates for the nonlinear stochastic partial differ-
ential equation describing the interacting field. The constructed measure is invariant under
translations, reflection positive and has quartic exponential tails.
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1 Introduction
For ε ∈2−ℕ0 and M ∈ℕ+ let

ℝε
d := (εℤ)d, 𝕋ε ,M

d := (εℤ)d /(Mℤ)d, Ωε ,M := {φ:𝕋ε ,M
d →ℝ}.

Define a probability measure νε ,M on Ωε ,N by

νε ,M(dφ) :=
exp(−Sε ,M(φ))

Zε ,M
∏
x∈𝕋ε ,M

d

dφ(x), (1.1)

where

Sε ,M(φ) :=2εd ∑
x∈𝕋ε ,M

d
[[[[[[[12φ(x) (−Δε)sφ(x)+

m2

2 φ(x)2+ λ
4 φ(x)

4− rε ,M
2 φ(x)2]]]]]]]. (1.2)

The normalisation constant Zε ,M > 0 is chosen so that the total mass of νε ,M equals one. The
parametersm>0,λ>0, rε ∈ℝ are referred to asmass, coupling constant andmass renormalisation,
respectively. The operator (−Δε)s is the discrete fractional Laplacian of order s∈(0,1] defined via
functional calculus as the s-th power of the discrete nearest-neighbour Laplacian −Δε. In order
to pass to the limit, we define a probability measure ν̂ε ,M on 𝒮 ʹ(ℝ3) by embedding sample paths
of νε ,M in 𝒮 ʹ(ℝ3) via a suitable Fourier multiplier, see (2.35) below.

For the sake of clarity, we restrict our considerations to d =3. Then s=1 corresponds to the
standard Φ3

4 model, while for fractional exponents s> sc :=3/4 the model is subcritical, meaning
that the nonlinear part can be treated as a perturbation of the Gaussian measure at small scales.
Since reflection positivity is expected to hold only for s�1, so we restrict our analysis to s∈(sc,1].
For further discussion of the measure in (1.1), we refer to [GH19]. In what follows, we present a
detailed analysis of the fractional regime s∈(3/4,1). The case s=1, corresponding to the classical
Laplacian, can be handled by the same strategy with substantial simplifications. The main result
of this paper is a proof of the following:

Theorem 1.1. Let d =3 and fix s ∈ (3/4, 1], m>0, λ>0. There exists a choice of mass renormal-
isation (rε ,M)ε∈2−ℕ0,M∈ℕ+

such that (ν̂ε ,M)ε∈2−ℕ0,M∈ℕ+
is a tight family of probability measures on

𝒮 ʹ(ℝ3). Any accumulation point ν of this family is non-Gaussian, invariant under translations,
reflection positive, and satisfies

∫eθ k(1+|•|)−b (1−Δ)−aϕkL24 ν(dϕ)<∞, (1.3)

for sufficiently large a,b>0 and sufficiently small θ >0.

Proof. Tightness is established in Sect. 2.4 and the bound (1.3) is proved in Sec. 2.5. The reflec-
tion positivity and translation invariance of any accumulation point follow as in [GH19], since
these properties are inherited from the corresponding properties of the approximate measures
(νε ,M)ε ,M . Non-Gaussianity follows from (1.3), as Gaussian measures cannot integrate functions
exhibiting super-exponential growth. □

We expect that any accumulation point is invariant under all Euclidean transformations.
Unfortunately, a direct characterisation of the limiting measures remains unavailable. As a
result, we must deduce the properties of the accumulation points indirectly, relying on cer-
tain features of the approximating measures. Notably, since the measures on lattices are not
rotationally invariant, establishing rotational invariance of the continuum limit poses a par-
ticularly challenging problem. It is conceivable that this issue could be addressed using the
technique developed in [DDJ24] in the context of P2(Φ) model. However, pursuing this dir-
ection lies beyond the scope of the present paper.
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Let us also mention the recent work [DHYZ25], where uniqueness of the limiting measure is
established in small coupling regime for the standard Φ3

4model. A similar strategy might extend
to the fractional variant, providing a potential route toward a full verification of the OS axioms,
at least in the regime of small coupling.

Our proof strategy introduces a novel combination of renormalisation group ideas and PDE
techniques which we believe can be useful more widely in the context of the theory of subcrit-
ical singular SPDEs. The proof also applies to the vector version of the model where the field
takes values in ℝn for n>1 and the functional Sε ,M(φ) depends on φ in an O(n) symmetric way.
We briefly discuss how to adapt the proof to the vector case in Sec. 2.6.

Theorem 1.1 gives a construction of a model of Euclidean quantum field theory (EQFT) com-
monly referred in the literature as the fractional Φ3

4 model. This terminology stems from the
form of the density appearing in the formula for the measure (1.1) and the fact that the under-
lying space is three-dimensional. In the case s=1, the model reduces to the classical Φ3

4 theory,
which has long been regarded as a crucial benchmark in constructive quantum field theory.
Foundational results by Glimm and Jaffe [GJ73], Feldman and Osterwalder [Fel74, FO76] and
other pioneers of EQFT laid the groundwork for demonstrating the existence of models satis-
fying the Wightman axioms for local relativistic QFT through probabilistic methods based on
the Euclidean framework [GJ87]. In the fractional regime, that is, for s ∈ (sc, 1), the model we
consider was introduced by Brydges, Mitter, and Scoppola [BMS03] as a rigorous foundation
for proving the existence of a non-trivial infrared fixed point via an ϵ-expansion for sufficiently
small ϵ = s − sc>0. See also [BDH98] for an analogous result concerning a related four-dimen-
sional model.

Our proof also extends to the cases d = 1 or d = 2 and s ∈ (d /4, 1] without requiring any
substantial modifications. We stress that we crucially need the condition of subcriticality (i.e.
super-renormalizability), which translates into s > d /4, where s is the power of the fractional
Laplacian. In particular, if d �4 this would require s >1. However, it is known that fractional
Laplacian (−Δ)s with s >1 does not satisfy the maximum principle, and as a result, our a priori
estimate does not apply in this regime. Moreover, for s >1 the measure is not expected to be
reflection positive—since the Gaussian part itself lacks this property—and is therefore of limited
interest from the perspective of constructive quantum field theory. Finally, we note that for
d �4 it was shown in [Pan25] that at the criticality s=d /4 as well as in the supercritical regime
s<d /4, any possible continuum limit is trivial, in the sense that it is Gaussian.

In recent years there has been a renewed interest in EQFTs due to the development of an
alternative approach to the proof of theorems like Theorem 1.1. This new approach is grounded
in the basic ideas of stochastic calculus and it is usually called stochastic quantisation. This term
was introduced by Parisi and Wu [PW81] to describe the quantisation of gauge theories via
the construction of a stochastic process evolving in fictitious time and whose stationary distri-
bution is the target Euclidean QFT. This stochastic evolution is a nonlinear stochastic partial
differential equation of a singular kind, for which a particular procedure of renormalisation
is needed to give it a precise meaning. The analysis of such equations requires a mix of prob-
abilistic and analytic arguments that escape the usual approach of Itō's stochastic differential
equations. For this reason it took some time before the SPDE community learned how to handle
such singular equation and discovered theories like regularity structures [Hai14] and paracon-
trolled calculus [GIP15, CC18] or renormalisation group [Kup16] which finally allowed to tackle
the problem of the stochastic quantisation of the Φ3

4 model. Gubinelli and Hofmanová [GH19]
obtained the equivalent of Theorem 1.1 with s=1 and a small range of values below that using
a mix of paracontrolled calculus for the small scale singularities of the equation and coercive
estimates to tame the large scale fluctuations. We refer the reader to the introduction to [GH19]
for a deeper review of the literature and the history of constructive QFT and also to contextu-
alise the meaning and consequences of Theorem 1.1.
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The probability measure νε ,M in (1.1) is the equilibrium distribution of the Langevin dynamics
governed by the finite system of SDEs

ℒ εϕ (ε ,M )+λ (ϕ (ε ,M ))3− rε ,Mϕ (ε ,M )= ξ (ε ,M ), (1.4)

on Λε ,M :=ℝ×𝕋ε ,M
d , where

ℒ ε :=∂t +(−Δε)s+m2

and ξ (ε ,M ) is a spacetime white noise satisfying

𝔼[ξ (ε ,M )(t ,x) ξ (ε ,M )(s,y)]=δ(t − s)1x=y, (t ,x), (s,y) ∈Λε ,M .

The constants m>0,λ>0, rε ,M ∈ℝ coincide with the parameters appearing in (1.2). By standard
stochastic analysis arguments, there exists a unique stationary solution ϕ (ε ,M ) of (1.4) and we
have Law(ϕ (ε ,M )(t))=νε ,M for all t ∈ℝ. In what follows, we identify ϕ (ε ,M ) and ξ (ε ,M ) with periodic
functions on Λε:=ℝ×ℝε

d.
The nontrivial step is now to control the solutions to the stochastic quantisation equa-

tion (1.4) uniformly as ε→0 and M →∞. At small scales, it is expected that the nonlinear
term in the dynamics is a perturbation of the linearised equation driven by spacetime white
noise. Consequently, in the continuum limit, the solutions ϕ (ε ,M ) are expected to converge to
random distributions belonging to Besov spaces of negative regularity slightly worse than s −
d /2, which is the regularity of the Gaussian free field. This low regularity presents a major
analytical challenge, as it complicates the control of the nonlinear term.

Inspired by the works of Wilson [Wil71, WK74] and Polchinski [Pol84] on the continuous
renormalisation group and by the more recent approach introduced by one of the authors
in [Duc25a, Duc22], we use a flow equation to effectively describe the solution ϕ (ε ,M ) of the
SPDE at some spatial scale much larger than ε (see Kupiainen [Kup16] for a discrete coun-
terpart). Let ϕσ

(ε ,M ) denote a description of the solution at a scale of order

⟦σ⟧ := (1−σ)≫ ε >0

for some σ ∈ (0, 1). The flow equation approach consists in deriving a parabolic equation for
ϕσ
(ε ,M ) of the form

ℒ εϕσ
(ε ,M )=Fσ

(ε ,M )(ϕσ(ε ,M )). (1.5)

Here, ψ↦ Fσ
(ε ,M )(ψ ) is an analytic functional depending on the noise ξ (ε ,M ), called the effective

force, such that
F1
(ε ,M )(ψ )=−λψ3+ rε ,Mψ + ξ (ε ,M ). (1.6)

In particular, (1.4) can be recovered from (1.5) for σ =1 and ϕ1
(ε ,M )=ϕ (ε ,M ). The functional Fσ

(ε ,M )

can be obtained by solving a flow equation

∂σFσ
(ε ,M )=𝔹σ(Fσ(ε ,M ),Fσ

(ε ,M )), (1.7)

backwards for σ ∈ (μ, 1] with the final condition (1.6) and where 𝔹σ is an appropriate bilinear
operator. The parameter σ ∈ [0, 1] does not have any specific physical meaning and the spatial
scale of the decomposition is fixed conventionally to be of order ⟦σ⟧, that is ϕσ

(ε ,M ) is expected
to fluctuate at spatial scales of order ⟦σ⟧ or larger, and in particular to be a locally bounded
function on Λ0 := ℝ × ℝd, when extended in some reasonable way from the lattice Λε to the
continuum. A key ingredient is the control of the stochastic process (Fσ(ε ,M ))σ solving the flow
equation (1.7). Following a simple but crucial observation of [Duc25a, Duc22], this control can
be obtained by studying the evolution in the scale parameter of the cumulants (ℱσ

(ε ,M ))σ of the
process (Fσ(ε ,M ))σ, which themselves satisfy a kind of higher-order deterministic flow equation

∂σℱσ
(ε ,M )=𝒜σ(ℱσ

(ε ,M ))+ℬσ(ℱσ
(ε ,M ),ℱσ

(ε ,M )), (1.8)
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with prescribed initial condition ℱ1
(ε ,M ). Upon choosing appropriately this initial condition by

tuning the parameter rε ,M in (1.6) one can prove uniform in ε andM estimates for the cumulants
(ℱσ

(ε ,M ))σ and therefore, by a Kolmogorov-type argument, suitable bounds on the effective force
(Fσ(ε ,M ))σ uniform as ε→0 and M→∞.

The flow equation (1.7) is bilinear and therefore solvable in general only in a perturbative
regime, e.g. in a small interval I = [σ̄ , 1] around the initial condition at σ =1 or for small data
(or small time). The size of this perturbative region depends crucially on the size of the noise
ξ (ε ,M ) and while this dependence can be made uniform in ε,M there could be large fluctuations
in the noise which make the region arbitrarily small and reduce the available proof of existence
of solutions to local results. A similar limitation is present in the work of Kupiainen [Kup16]
who, instead, uses a discrete renormalisation group (RG) iteration, and more generally in all the
other approaches which use an expansion of solutions in order to resolve the singular terms and
control the limit as ε→0, e.g. in regularity structures and also in paracontrolled calculus. This
difficulty is the signal of the “large field problem”, well known in constructive EQFT.

From the point of view of the stochastic quantisation equation, the large-field problem can
be addressed by exploiting the coercivity of the nonlinear term which pulls the solution back
from infinity. While this observation is standard in PDE theory, it still requires some nontrivial
adaptation to be effective for singular SPDEs. The first to solve the problem have been Mourrat
andWeber [MW17] in their proof of global existence for the Φ2

4 dynamics on the full space with
the usual Laplacian diffusion term and subsequently Gubinelli and Hofmanová in the context of
paracontrolled analysis of Φ4 models [GH19, GH21] including the parabolic three dimensional
setting. Moinat andWeber [MW20] proved the so called spacetime localisation property for the
dynamic Φ3

4 model in the framework of regularity structures. This result was further extended
by Chandra, Moinat, and Weber [CMW23] to cover the full subcritical regime. In the latter
work, the authors modify the covariance of the noise, rather than the diffusion term, in order to
explore regularities arbitrarily close to the critical threshold. Although their estimates suffice to
establish tightness of the invariant measures associated with their SPDE, these measures are not
explicit, and is not cleat if they are reflection positive. Consequently, their role in the stochastic
quantisation of Euclidean QFTs is, at present, not fully understood.

In the broader context of global solutions for singular SPDEs, we also mention the recent
preprint by Chandra, Feltes, and Weber [CFW24], which establishes results for the stochastic
quantisation of the two-dimensional sine-Gordon model on a periodic domain for parameter
values slightly above the first threshold. This has since been extended up to the second threshold
in [BC25]. Moreover, [BC24] proves long-time well-posedness of the two-dimensional Abelian
Higgs model.

During the revision of the present paper, a new preprint [EW24] appeared in which a priori
bounds for the fractional Φ3

4 model on the three-dimensional torus were established in the full
subcritical regime. The main distinctions between our results and those of [EW24] are that we
employ the flow-equation framework and work on an infinite lattice, whereas [EW24] use the
regularity structures approach and study the continuum model on a torus with mollified noise.
As far as we know, mollification of the noise is not a feasible strategy for establishing stochastic
quantisation of an EQFT, in particular with respect to reflection positivity.

The main contribution of our work is the identification of a framework in which the flow
equation method is combined with PDE estimates for the dynamics. This hybrid approach yields
a powerful variant of the renormalisation group (RG). Instead of requiring an exact solution to
the flow equation (1.7), it suffices to construct a suitable approximate solution (Fσ)σ = (Fσ(ε ,M ))σ
satisfying (1.6) for which the quantity

Hσ :=∂σFσ −𝔹σ(Fσ,Fσ), (1.9)
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is small enough in an appropriate sense. The price to pay for this approximation is a remainder
term Rσ

(ε ,M ) in the SPDE which now reads as a system of two equations:

{{{{{{{{{{{{{{ ℒ εϕσ =Jσ[Fσ(ϕσ)+Rσ],
∂σRσ =Hσ(ϕσ)+DFσ(ϕσ)((∂σGσ)Rσ), R1=0,

(1.10)

for the pair of scale-dependent functions

(ϕσ,Rσ)σ = (ϕσ(ε ,M ),Rσ
(ε ,M ))σ.

Here G :=ℒ ε
−1 is the fractional heat kernel, with ℒ ε

−1 denoting the inverse of ℒ ε as defined
in (1.19) below, (Jσ)σ is a family of smoothing operators (see Def. 1.13) and

(Gσ)σ∈(0,1) := (JσG)σ∈(0,1),

is a scale decomposition of G. Moreover, DF (ψ )ψ̃ denotes the functional derivative of a func-
tional F at ψ in the direction of ψ̃ .

One can prove that the term Fσ(ϕσ) retains the coercive structure of (1.6), that is,

JσFσ(ϕσ)=−λϕσ3+Qσ(ϕσ),

where Qσ(ϕσ) is “smaller” than the cubic contribution provided ⟦σ⟧≪1. This together with the
linearity in Rσ

(ε ,M ) of the second equation of (1.10) make this system amenable to standard PDE
techniques: by choosing ⟦σ⟧≪1 one can control the non-coercive part Qσ(ϕσ) of the effective
force using the coercive part −λϕσ3, thereby resolving the large-field problem. At the same time,
for ⟦σ⟧>0, we have uniform estimates forQσ,DFσ,Hσ as ε→0 andM→∞, provided the renorm-
alisation constant rε ,M appearing in the boundary condition (1.6) for the effective force is chosen
appropriately. This allows the full control of (1.4) and the proof of tightness of the laws of the
processes (ϕ (ε ,M ))ε ,M , and therefore of the family of measures (νε ,M)ε ,M .

The implementation of this plan has to deal with two main technical difficulties:

a) The scale-by-scale decomposition (∂σGσ)σ of the fractional heat kernel G (cf. (1.20)) pro-
duces kernels with limited spacetime decay (see Lemma A.7), reflecting the restricted
smoothness of G away from the origin. This algebraic decay of ∂σGσ propagates to the
kernels of the effective force, necessitating a careful choice of weighted spaces for both
the solutions and the kernels. To handle this limited decay, spacetime localisations of
various operators and kernels are employed in several places—most notably in the local-
isation procedure for the relevant cumulants, which governs the flow of the renormalisa-
tion constants, see Appendix B.2. It would be interesting to devise an alternative strategy
to bypass this problem with some other scale decomposition (or an additional local-
isation procedure).

b) The natural setting of the analysis provides only negative spacetime regularity for the
solutions of the SPDE. Such regularity is insufficient for stochastic quantisation, since
one must be able to compute the marginal of the solution at a given time. To address
this, it is necessary to work with distributional norms defined via smoothing operators
(Kμ)μ that provide only limited time regularisation. Suitable Schauder estimates for these
operators can be established (see Lemma A.21). These smoothing operators also influ-
ence the definition of the norms for the kernels of the effective force (cf. Def. 4.6) and
require a careful adaptation of the Kolmogorov-type argument used in Lemma 4.19.
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Comparison with other approaches. The possibility of working with an approximate flow
equation makes it easier to compare the RG approach advocated in this paper (and originally
proposed in [Kup16] and [Duc25a, Duc22]) with regularity structures [Hai14] and paracon-
trolled distributions [GIP15]. There is a clear parallel among the various approaches. The flow
equation constructs a random object Fσ

(ε ,M ) — the scale-dependent effective force —which encap-
sulates the influence of the noise and takes the form of a finite polynomial built from the noise
and the linear part of the equation. This object corresponds respectively to the model in the
theory of regularity structures, the enhanced noise in paracontrolled calculus, or the rough path
in rough path theory.

While Fσ
(ε ,M ) is obtained through a probabilistic construction, the remainder term Rσ

(ε ,M )

is defined analytically in terms of Fσ
(ε ,M ). This deterministic component mirrors the analytic

machinery of regularity structures, the paracontrolled operators in the paracontrolled calculus,
and the sewing lemma in rough path analysis.

When the parameter s is near its critical value of sc=3/4 the number of terms which have
to be accounted for in the approximation Fσ

(ε ,M ) of the solution of the flow equation grows in an
unbounded manner. A notable advantage of the flow equation approach, however, lies in its
relative insensitivity to this increasing complexity: the analysis remains compact and largely
independent of the distance to criticality. This analytical efficiency — the ability to capture
the nonlinear propagation of randomness with minimal combinatorial overhead — was first
observed by Polchinski [Pol84] in his proof of perturbative renormalizability of the Euclidean
ϕ44 QFT. For a modern account of this approach to perturbation theory of QFTs, the reader can
consult the book of Salmhofer [Sal07] or Kopper [Kop07].

As we already noted, the application of RG ideas to SPDEs is made efficient by the obser-
vation of one of the authors [Duc25a, Duc22] that flow equations can also be used to estimate
cumulants directly, thereby avoiding explicit and cumbersome inductive arguments on trees
— much as Polchinski's method circumvents the inductive structure of BPHZ renormalisation.
There are further conceptual similarities with recent developments by Otto, Weber, and collab-
orators [OSSW21, LOTT21], who use PDE-based arguments to derive probabilistic estimates for
the modes in regularity structures. The flow equation framework, however, offers an additional
advantage: renormalisation conditions naturally appear as boundary conditions for the corres-
ponding flow equation.

The combination of the flow equation approach with stochastic quantisation in the con-
text of the construction of EQFT has been recently exploited by Meyer and one of the authors
in [GM24] to study the sine–Gordon model in the full space up to the second threshold and,
by De Vecchi, Fresta and one of the authors, in [DFG22], to develop a new approach to Euc-
lidean Fermionic theories. In both papers the stochastic quantisation is obtained by using a
forward-backwards stochastic differential equation together with an approximate analysis of
Polchinski's flow equation. Finally, we mention the work [Duc24], where the Polchinski equa-
tion was employed to construct the Gross–Neveu model, a critical fermionic model of Euclidean
quantum field theory.

Conclusions. Despite the technical difficulties due to the analysis of the fractional heat equa-
tion, we would like to stress that the present paper is self-contained and presents complete
arguments for all proofs. Compared with the few existing works on singular SPDEs in the full
subcritical regime, we believe our work is the first to address, in a unified framework, several
intricate aspects of the problem:

a) we present the entire argument — both analytic and probabilistic — in full detail;

b) we work with an extremely nonlocal SPDE posed on a (semi-)discrete space;

c) we establish an a priori bound in the full subcritical regime, valid globally in spacetime;
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d) we obtain optimal tail estimates for the solutions.

We hope that this work illustrates the strength and flexibility of the stochastic quantisation
approach in tackling, in a genuinely nonperturbative manner, the construction of Euclidean
quantum field models in the subcritical regime.

Plan of the paper. In Sec. 2 we introduce the main objects of our analysis: the scale decom-
position, the spacetime weighted norms which will be used to control the large fields and all the
intermediate results which are needed in the proof of Theorem 1.1. The coercive estimates will
be proven in Sec. 3, while the approximate flow equation for the effective force will be analysed
in Sec. 4 via the flow equation for the cumulants. Appendix A contains some technical lemmas
and Schauder estimates tailored to our setting while Appendix B contains the detailed definition
of the various contributions to the flow equations for the cumulants and their analytic estimates.

Acknowledgments. Wewould like to thank F. de Vecchi and L. Fresta for discussion pertaining
the analysis of flow equations. This work has been partially funded by the German Research
Foundation (DFG) under Germany's Excellence Strategy - GZ 2047/1, project-id 390685813. PD
acknowledges the support by the grant ‘Sonata Bis’ 2019/34/E/ST1/00053 of the National Sci-
ence Centre, Poland. This paper has been written with GNU TEXMACS (www.texmacs.org).

1.1 Preliminaries and notation
In this section we shall introduce the main notations we are going to use throughout the paper.

We let ℝ0 :=ℝ, ℝε := εℤ, 𝕋ε ,M := (εℤ)/(Mℤ) and define the corresponding spacetime domains

Λε :=ℝ×ℝε
d, Λε ,M :=ℝ×𝕋ε ,M

d , d =3, ε ∈2−ℕ0, M ∈ℕ+.

The assumption that ε ∈2−ℕ0 ensures that Mℤ⊂ εℤ for every M ∈ℕ+. These domains are con-
tinuous in the time direction and discrete in the d spatial dimensions. For a measurable function
f :Λε→ℝn, we write

kf k :=kf kL∞(Λε).

Given a nonnegative weight w ∈C(Λ0) we denote by C(Λε,w) the space of continuous functions
f :Λε→ℝ such that

kf kL∞(w) := sup
z∈Λε

|w(z)f (z)| <∞.

We always identify functions f : Λε ,M →ℝ with their spatially periodic extensions f : Λε →ℝ.
In particular, we write C(Λε ,M ,w) for the subspace of C(Λε,w) consisting of functions that are
periodic in space with period M . We denote by 𝒮(Λε) the space of smooth rapidly decreasing
functions over Λε. The Fourier transform of f ∈𝒮(Λε) is defined as

f̂ (ω,k) :=∫Λε
e−i(ωt+k ⋅x) f (t ,x) dtdx , (ω,k) ∈Λε

∗ :=ℝ×(ℝε
d)∗,

where
(ℝε

d)∗ := (−π /ε,π /ε]d

is the dual of the group ℝε
d. The integral over ℝε

d is understood with respect the counting
measure (still written by dx) with normalisation

∫
ℝε
d
f (x) dx := εd∑

x∈ℝε
d

f (x),

8 SECTION 1

https://www.texmacs.org
https://www.texmacs.org
https://www.texmacs.org
https://www.texmacs.org
https://www.texmacs.org


which ensures weak convergence to the Lebesgue measure as ε→0. As usual, the Fourier trans-
form extends to 𝒮 ʹ(Λε) by duality. The inverse Fourier transform is given by

f (t ,x)=∫Λε
∗
f̂ (ω,k) e i(ωt+k⋅x) dωdk

(2π)d+1
, (t ,x) ∈Λε.

For ε�0, we define the Laplacian Δε as the Fourier multiplier on 𝒮 ʹ(Λε) with symbol

(ℝε
d)∗∋k↦−qε2(k) ∈ℝ,

where

q0(k)= |k|, qε(k) :=[[[[[[[[[[[[[[[[∑i=1
d

(1ε sin(εki))
2

]]]]]]]]]]]]]]]]
1/2

, ε >0. (1.11)

Note that for ε>0, the operator Δε coincides with the standard nearest-neighbour discrete Lapla-
cian.

The fractional Laplacian. For s∈(0,1) the fractional Laplacian (−Δε)s is defined as the Fourier
multiplier with symbol (ℝε

d)∗ ∋ k↦ qε2s(k). In particular it is self-adjoint and positive in L2(ℝε
d)

and for s ∈ (0, 1) it has the (discrete, when ε >0) heat–kernel representation [Kwa17]

(−Δε)sf =Cs∫ℝ+
(f − eθΔεf )θ−1−sdθ , (1.12)

with the constant Cs= |Γ(−s)|−1. In the continuum, the fractional Laplacian has, for s ∈ (0, 1), the
integral representation [Kwa17]:

(−Δ0)s f (x)=Cd ,sPV∫ℝd

f (x)− f (y)
|x −y|d+2s

dy, x ∈ℝd, (1.13)

where Cd ,s is an universal constant. In the discrete setting a similar formula holds [CRS+15]:

(−Δε)s f (x)= εd ∑
y∈ℝε

d|y≠x

Hs
(ε)(x −y) (f (x)− f (y)), x ∈ℝε

d, (1.14)

where the kernel Hs
(ε):ℝε

d→ℝ is positive and such that Hs
(ε)(0)=0, Hs

(ε)(x)=Hs
(ε)(−x) and

|Hs
(ε)(x)|�Cd ,sʹ |x |−d−2s, x ∈ℝε

d,

uniformly in ε>0 for some constant Cd ,sʹ >0. Note that in our notation (1.14) can be equivalently
written as

(−Δε)s f (x)=∫
ℝε
d
Hs

(ε)(x −y) (f (x)− f (y)) dy.

For ε > 0, we can encode the representation (1.14) of the fractional Laplacian, via a positive
measure μs

(ε) on Λε ×Λε for which

⟨f , (−Δε)sg⟩=∫Λε×Λε
f (z) (g(z)−g(zʹ))μs

(ε)(dz dzʹ).

We also define the kernel μs
(ε)(z, dzʹ) arising from the disintegration of μs

(ε) with respect to the
measure dz on Λε. Specifically, we have

μs
(ε)(dz dzʹ) =δ(t −u)Hs

(ε)(x −y) dz dzʹ, μs
(ε)(z, dzʹ) =δ(t −u)Hs

(ε)(x −y) dzʹ, (1.15)

where z=(t ,x) and zʹ = (u,y). The kernel μs
(ε) is symmetric, that is,

μs
(ε)(z, dzʹ) dz=μs

(ε)(zʹ, dz) dzʹ.
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With this notation in place, the following Leibniz-type formula with remainder holds:

Is
(ε)(f ,g) := (−Δε)s(fg)− f (−Δε)sg −g (−Δε)sf =∫Λε

(f (•)− f (z)) (g(•)−g(z))μs
(ε)(•, dz). (1.16)

Let us also introduce the fractional difference operator

𝔇s
(ε)(f )(z) := Is

(ε)(f , f )1/2(z)=[∫Λε
[f (zʹ) − f (z)]2μs

(ε)(z, dzʹ)]1/2, (1.17)

which behaves like a derivative of order s. In particular using that, for all δ > 0, one has the
estimates

∫
B(z,δ)

[f (zʹ) − f (z)]2μs
(ε)(z, dzʹ) <∼k∇εf k2δ2−2s, ∫B(z,δ)c

[f (zʹ) − f (z)]2μs
(ε)(z, dzʹ) <∼kf k2δ−2s,

where
B(z,δ) := {zʹ ∈Λε| |z−zʹ|s�δ}

denotes the ball of radius δ >0. The discrete gradient is defined as

∇εf =(∂1+, ∂1−, . . . , ∂d+, ∂d−),

where ∂i± stands for the discrete forward/backward derivative on the lattice ℝε
d and k∇εf k is the

supremum norm. Choosing δ =kf k/k∇εf k yields

𝔇s
(ε)(f )(z)<∼k∇εf kδ1−s+kf kδ−s<∼k∇εf ks kf k1−s. (1.18)

Remark 1.2. Although the kernel representation of the fractional Laplacian fails in the con-
tinuum case ε =0 (due to the presence of the principal value), the above considerations and the
results presented below extend to the continuum with only minor modifications in the proofs,
or simply by taking the ε→0 limit in the relevant inequalities. We emphasise, however, that
the main results of the paper do not rely on these continuum extensions. In particular, the limit
ε→0 in Theorem 1.1 is obtained via tightness, using the a priori estimates established uniformly
for ε ∈2−ℕ0.

Remark 1.3. A basic observation is that the fractional Laplacian (whether in the continuum or
on the lattice) satisfies an inequality under the action of convex functions. Let s∈(0,1], Φ:ℝ→ℝ
be a convex function and Φʹ one of its sub-differentials, then, for any ε�0 and u∈C(Λε), we have

(−Δε)sΦ(u)�Φʹ(u) (−Δε)su.

Indeed, let Φ:ℝ→ℝ be a convex function, then

Φ(a)−Φ(b)�Φʹ(a) (a−b), a,b∈ℝ,

so if u:Λε→ℝ is a continuous and bounded function, we have

Φ(u)− eθΔεΦ(u)�Φʹ(u) (u− eθΔεu),

since eθΔε has a positive definite probability kernel. The claimed inequality follows now
from (1.12) in the case s ∈ (0, 1). The case s = 1 is elementary. For s > 1 the result is not true.
It is clear that the same proof works for ε =0 with some additional regularity assumption. We
will incorporate this idea in the proof of the key Lemma 3.2, below.

The operator G =G (ε)=ℒ ε
−1 is defined as

(ℒ ε
−1f )(t , •) :=∫−∞

t
e−(m

2+(−Δε)s)(t−u) f (u, •)du, t ∈ℝ, (1.19)
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and will be applied to continuous function on Λε with at most a limited polynomial growth in
spacetime. Indeed, on account of Lemma 5.4 of [Gri03] together with the argument of Sec. 1
of [GT01], the kernel G (t ,x) of G satisfies

G(t ,x)<∼𝟙t�0 e−m
2tmin {{{{{{{{{{{{{{t−

d
2s , t
|x |d+2s}}}}}}}}}}}}}}<∼ 𝟙t�0 t e−cm

2t

(|t |1/2s+ |x |)d+2s
, (1.20)

uniformly in ε�0. Here 𝟙t�0=0 if t <0 and 1 if t �0. If s=1, then the above estimate is not optimal
and the following bound

G(t ,x)<∼𝟙t�0 t−d/2 e−m
2t−c |x |2/t (1.21)

holds true uniformly in ε�0.
Parameters. During the subsequent analysis, we shall introduce several parameters

α ,β,γ ,δ ,θ ,ϑ ,ϱ,ν,κ, κ̄,κ𝔬, ℓ̄ , k̄,a, ♭. (1.22)

Although their precise values are not specified at this stage, all these parameters are to be
regarded as fixed once and for all. Their choice depends solely on the power s ∈ (3/4, 1) of the
fractional Laplacian. Since the specific constraints determining these values will emerge later
in the analysis, we postpone their detailed specification to Sec. 4.4 and 4.9 below.
Space-time weights.

Definition 1.4. We define the fractional parabolic distance by

|z|s := |z0|1/2s+ |z̄|, z=(z0, z̄) ∈Λ0=ℝ×ℝ3, (1.23)

where |•| denotes the usual Euclidean distance on ℝ and ℝ3. For ϰ>0 and z=(z0, z̄)∈Λ0we denote by

ϰ.z := (ϰ2sz0,ϰz̄) ∈Λ0

the fractional parabolic rescaling, satisfying

|⟦μ⟧a.z|s=⟦μ⟧a|z|s.

Definition 1.5. We introduce the following Japanese brackets:

⟨z⟩s := (1+ |z0|1/s+ |z̄|2)1/2 and ⟨z̄⟩ := (1+ |z̄|2)1/2, z=(z0, z̄) ∈Λ0, (1.24)

where, as in the previous definition, |•| denotes the usual Euclidean distance on ℝ and ℝ3.

a) Let a>1 and ν ∈ (0, 1/3).
b) Let (χi: Λ0→ℝ+)i�−1 be a dyadic partition of unity on Λ0 with χi supported on an annulus

of radius ∼2ai for i�0, χ−1 supported in a ball of radius ≈1 and ∑i�−1χi=1.

c) Define (μi)i�−1⊂−[1/2, 1) by ⟦μi⟧=2−i−2, i�−1.
d) Let ζ :Λ0→ℝ be a weight defined by

ζ (z) := ⟨z⟩s−1, z ∈Λ0.

For μ ∈[0, 1], we also introduce the associated rescaled weights

ζμ(z) := ⟨⟦μ⟧a.z⟩s−1, ρμ := ζμν =⟨⟦μ⟧a.z⟩s−ν, z ∈Λ0.

Remark 1.6. Concerning the parameters ν and a introduced above, we impose the relation
aν =γ ,

where the parameter γ ∈(0,2s) will be fixed in Sec. 4.9. In particular, throughout our analysis we
shall be concerned with very small values of ν >0 and with a>1.

INTRODUCTION 11



Remark 1.7. The form of the Japaneese bracket (1.24) is motivated by the requirement that the
weight function ζ (and its powers) be C1 in the time variable and C2 in the spatial variables. This
regularity is essential in the a priori estimates established below (see Sec. 3). Indeed, one readily
verifies that

∂tζ (t ,x)=−
|t |(1−s)/s∂t|t |

2s (1+ |t |1/s+ |x |2)3/2 , (t ,x) ∈Λ0,

which is continuous for s<1. An analogous argument applies to all spatial derivatives.

Remark 1.8. Our weights satisfy the following properties.
a) We have

ζ (z)ζ −1(z1)<∼ζ −1(z−z1),

uniformly over z,z1∈Λ0. Consequently,

ζμ(z)ζμ−1(z1) <∼ ζμ−1(z−z1)�ζ −1(z−z1),
ρμ(z)ρμ−1(z1) <∼ ρμ−1(z−z1)<∼ρ0−1(z−z1),

uniformly over z,z1∈Λ0 and μ ∈[0, 1].
b) We have

χiζμ−1<∼(1+ (⟦μ⟧a⟦μi⟧−a)2)1/2<∼1,

uniformly in i�−1 and μ�μi.

Scale decomposition. Let us introduce a scale decomposition of spacetime functions paramet-
rised by σ ∈[0, 1] and where we let

⟦σ⟧ := (1−σ)

for convenience. The value σ =1 corresponds to allowing fluctuations at all scales while σ <1
only at spatial scales >∼⟦σ⟧ or equivalently at Fourier scales <∼⟦σ⟧−1.

Definition 1.9. Consider a smooth and compactly supported function j:ℝ→ℝ+ such that

j(η)= {{{{{{{{{{{{{{ 1 if |η|�1,
0 if |η|�2.

For ℓ =0,1, 2, . . . denote
jσ ,ℓ(η) := j(2−ℓσ −1⟦σ⟧η), η∈ℝ,

and let jσ := jσ ,0 and j̃σ := jσ ,1.

Remark 1.10. Note that jσ ,ℓ(η) jσ ,ℓ ʹ(η)= jσ ,ℓ(η) for 0� ℓ < ℓ ʹ.

Definition 1.11. The family (Jσ)σ∈(0,1)= (Jσ(ε))σ∈(0,1) of Fourier multipliers acting on distributions is
defined as

Jσf (t ,x) :=∫Λε
∗
jσ(|ω|1/2s) jσ(qε(k)) f̂ (ω,k) e i(ωt+k ⋅x)

dωdk
(2π)d+1

, (t ,x) ∈Λε, f ∈𝒮 ʹ(Λε), (1.25)

where qε2(k) is the symbol of the Laplacian introduced in (1.11). In addition, we define
(J̃σ ,ℓ)σ∈(0,1),ℓ=1,2, . . . by (1.25) with the function jσ replaced by jσ ,ℓ. Moreover, we let J̃σ := J̃σ ,1 and
J̇σ :=∂σJσ.

Note that Jσf → f as σ↗1 in 𝒮 ʹ(Λε). We let q0(k) := |k|, so that qε(k)→q0(k) pointwise for
k∈ℝd as ε→0. We observe that, on account of the above definitions, for any ℓ ∈ℕ+and σ ∈(0,1),
it holds that

J̃σ ,ℓJσ =Jσ, J̃σ ,ℓ+1J̃σ ,ℓ = J̃σ ,ℓ . (1.26)
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Furthermore, since Jσ, J̃σ ,ℓ as well asℒ ε are Fourier multipliers, they all commute. The operators
(Jσ)σ are used to define the scale decomposition

σ↦Gσ :=JσG

of the Green function G. The operators (J̃σ)σ play an auxiliary role and will be used frequently
in the estimates.

Remark 1.12. We shall use the fact that if σ <μi, where μi is as in Def. 1.5, then JσJμi+1=Jσ. This
is a consequence of the definitions of Jσ and μi, and of the fact that, for σ <μi,

2σ ⟦σ⟧−1�2μi ⟦μi⟧−1=2(2i+2−1)<(2i+3−1)=μi+1⟦μi+1⟧−1,

which implies jσ(η) jμi+1(η)= jσ(η) for all η∈ℝ.

Smoothing operators. To establish a suitable Schauder estimate, we will employ smoothing
operators (Kσ)σ that possess only limited regularising effects in time. It is convenient to choose
these operators as inverses of differential operators.

Definition 1.13. For σ ,η∈ (0, 1) let

Lσ := (1+⟦σ⟧2s∂t)(1−⟦σ⟧2Δ)2, Kσ :=Lσ−1=(1+⟦σ⟧2s∂t)−1(1−⟦σ⟧2Δ)−2, Kη,σ :=LσKη.

In the tightness argument, we will also employ a Littlewood–Paley decomposition acting
solely on the spatial variables.

Definition 1.14. (Spatial LP blocks) Let (Δ̂i: [0,∞)→ℝ+)i�−1 be a dyadic partition of unity on
[0,∞), where Δ̂−1 is supported in [0, 1], Δ̂0 is supported in [1/2, 3/2] and Δ̂i(⋅) := Δ̂0(2−i⋅) for i�1.
We define spatial Littlewood-Paley blocks (Δ̄i)i�−1 as the Fourier multipliers on 𝒮 ʹ(ℝε

d) associated
with the symbols k↦Δ̂i(qε(k)).

Remark 1.15. By extension, we identify the fractional Laplacian (−Δε)s and the spatial Little-
wood-Paley blocks (Δ̄i)i�−1 with the corresponding operators on C(Λε, ζ ) acting trivially on the
time variable.

Convolution operators. We call T a convolution operator on C(Λε,w) if there exists a signed
measure m(dz) such that

(Tf )(z)=∫Λε
m(dzʹ) f (z−zʹ).

By slight abuse of notation, we usually denote the measure m(dz) associated to T by T (dz). We
call T (dz) the kernel of the operator T . We denote by |T (dz)| the variation of the measure T (dz).
Given a nonnegative weight w ∈C(Λ0) we write

kT kTV(w) :=∫Λε
w(z) |T (dz)|

for the weighted total variation norm of the kernel of T . If T (dz) is absolutely continuous with
respect to the measure dz on Λε, we write T (z) for its density, i.e. T (dz)=T (z) dz. For p∈[0,∞] ,
we denote by kT kLp(w) the weighted Lp norm of the density of the kernel of T , i.e.

kT kLp(w) :=kz↦w (z)T (z)kLp,

where k•kLp is the usual Lp norm on Λε with respect to the measure dz. Given a weight w, a
convolution operator T and a function f we write

(wTf )(z) :=w(z) (Tf )(z). (1.27)
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Note that the operators

G,Gσ,Kσ,Kη,σ,Jσ, J̃σ, (−Δε)s, Δ̄i

introduced above are all convolution operators on C(Λε, ζ α) for every α ∈ [0, 2s). The kernels
of the operators Gσ,Jσ, J̃σ have smooth densities. The kernels of G,Kσ have densities of limited
regularity. The kernels of Kη,σ, (−Δε)s, Δ̄i do not posses densities. In particular, the kernels of
(−Δε)s, Δ̄i are proportional to the Dirac delta in time.

The following lemmas collect the fundamental properties of these convolution operators,
which will be used repeatedly throughout our analysis.

Definition 1.16. For ω∈ℝ and μ ∈[0, 1), we write

wμ
ω(z) := (1+⟦μ⟧−1|z|s)ω, z ∈Λ0.

Lemma 1.17. For all ♭∈ (0, 2s), we have

a) kKσkTV(wσ
2)∨kKσ ,ηkTV(wσ

2)<∼1,

b) kJσkTV(wσ
2)∨kJ̃σkTV(wσ

2)∨kLσ2JσkTV(wσ
2)∨kLσ2J̃σkTV(wσ

2)<∼1,

c) k∂tJ̃σkTV(wσ
2)<∼⟦σ⟧−2s and k∇εJ̃σkTV(wσ

2)<∼⟦σ⟧−1,

d) kGkTV(w0
♭)<∼1 and kĠσkTV(wσ

♭)∨kLσ3ĠσkTV(wσ
♭)<∼⟦σ⟧2s−1,

uniformly over ε ∈2−ℕ0 and 1/2�σ �η<1.

Remark 1.18. The kernels of the operators Kσ,Kσ ,η,Jσ and J̃σ exhibit rapid decay in spacetime.
In particular, these operators have finite total variation norms k•kTV(wσ

ω) for all ω�0. In contrast,
for fractional Laplacians of order s ∈ (0, 1), the kernels of the operators G and Ġσ decay much
more slowly. Their total variation norms k•kTV(wσ

ω) is finite only for ω ∈[0, 2s). This slow decay
of G and Ġσ constitutes a major analytical difficulty and is one of the main reasons why PDEs
involving fractional Laplacians are particularly challenging to study.

Remark 1.19. Note that all of the above bounds remain valid if one replaces the weights by ζ −α
or ζμ−α with any μ ∈ (0, 1) and α ∈[0, 1], since 1<2s<2 and

ζμ−α �ζ −α <∼wσ
1
�wσ

2,

for all μ,σ ∈ (0, 1).

Proof. Item a) is proved in Lemma A.3. Items b) and c) follow from Lemma A.2. Item d) follows
from the estimates for Ġσ established in Lemma A.7. □

Lemma 1.20. We have

kℒ εJ̃σkTV(ζ −1)<∼⟦σ⟧−2s

uniformly over ε ∈2−ℕ0 and 1/2�σ <1.

Proof. First note that

k(−Δε)sJμkTV(ζ −1)�∑
i�−1

k(−Δε)sΔ̄iJμkTV(ζ −1),
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where we set Δ̄−2=0. Next, observe that Δ̄iJμ=0, unless ⟦μi⟧�2−10⟦μ⟧. Consequently, we have

k(−Δε)sJμkTV(ζ −1)� ∑
i|⟦μi⟧�2−10⟦μ⟧

k(−Δε)sΔ̄ikTV(ζ −1)kJμkTV(ζ −1)<∼ ∑
i|⟦μi⟧�2−10⟦μ⟧

⟦μi⟧−2s<∼⟦μ⟧−2s,

where the second estimate follows from Lemmas 1.17 and A.19. □

The following lemma combines the estimates from the preceding lemmas with Young's con-
volution inequality. The resulting bounds will be used frequently in the subsequent analysis,
osten without explicit reference.

Lemma 1.21. For all α ∈[0, 1] we have

a) kζμαKσ f k<∼kζμαKη f k<∼kζμαf k,

b) kζμαJσf k<∼kζμαJ̃σf k<∼kζμαKσf k<∼kζμαf k,

c) kζμαℒ εJ̃σf k<∼⟦σ⟧−2s kζμαf k, kζμα∂tJ̃σf k<∼⟦σ⟧−2s kζμαf k and kζμα∇εJ̃σf k<∼⟦σ⟧−1kζμαf k,

d) kζμαGf k<∼kζμαf k and kζμαĠσf k∨kζμαLσ3Ġσf k<∼⟦σ⟧2s−1kζμαf k,

uniformly over ε ∈2−ℕ0, 0�μ�1, 1/2�σ �η<1 and f ∈𝒮 ʹ(Λε), where k•k denotes the L∞ norm over
Λε, and we use the notation introduced in (1.27).

Proof. The stated bounds are consequences of the previous lemmas, together with Young's
inequality for convolution, the identities

Kσ =Kσ ,ηKη, Jσ =JσJ̃σ, J̃σ =Lσ2J̃σKσKσ

and Remarks 1.8 a) and 1.19. For example, to prove the first bound, we note that

kζμαKσf k � sup
z
∫Λε

ζμα(z) |(Kηf )(z−z1)| |Kσ ,η(dz1)|

<∼ sup
z
∫Λε

ζμα(z−z1) |(Kηf )(z−z1)| ζ −1(z1) |Kσ ,η(dz1)|

� kζμα(Kηf )kkKσ ,ηkTV(ζ −1)
<∼ kζμα f k.

The proof of the remaining bounds proceeds analogously. □

2 Stochastic quantisation
In this section we lay out the main steps in the proof of Theorem 1.1, starting from the effective
equation at (fractional, parabolic) spacetime scale ⟦σ⟧ := 1 − σ , σ ∈ [0, 1], obtained through a
scale decomposition and the introduction of the approximate effective force. Since our ana-
lysis primarily concerns scales close to 1, we shall restrict all scale parameters, such as σ , to
the interval [1/2, 1].

2.1 Scale decomposition
Let ϕ (ε ,M ) be a stationary solution to the finite system of SDEs (1.4) and define the scale-dependent
field

ϕσ
(ε ,M ) :=Jσϕ (ε ,M )
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localised at (fractional, parabolic) spacetime scales >∼⟦σ⟧. Then we have

ℒ εϕσ
(ε ,M )=JσF (ε ,M )(ϕ (ε ,M )), σ ∈[1/2, 1],

where
F (ε ,M )(ϕ) :=−λϕ3− rε ,Mϕ+ ξ (ε ,M ). (2.1)

We call F (ε ,M ) the force. Let ℰ :=∩α>0C(Λε ,M , ζ α) be the space of continuous periodic in space
functions on Λε and exhibiting subpolynomial growth in time at infinity. Denote by ℰ̂ ⊂𝒮 ʹ(Λε ,M)
the image of ℰ under ∂t, interpreted as the time derivative operator on 𝒮 ʹ(Λε ,M). Note that the
white noise ξ (ε ,M ) on Λε ,M belongs a.s. to ℰ̂ and the stochastic convolution Gξ (ε ,M ) belongs a.s.
to ℰ . Consider a family of functionals, referred to as the effective force,

(Fσ(ε ,M ):ℰ→ ℰ̂)σ∈[1/2,1],

which is differentiable in σ ∈ (1/2, 1) and satisfies the final condition

F1(ψ )=F (ε ,M )(ϕ). (2.2)

Using the identity ϕ1
(ε ,M )=ϕ (ε ,M ), we obtain

F (ε ,M )(ϕ (ε ,M ))=F1(ϕ1(ε ,M ))=Fμ(ϕμ(ε ,M ))+Rμ
(ε ,M ),

for all μ ∈[1/2, 1], where

Rμ
(ε ,M ) :=∫

μ

1
[∂σFσ(ε ,M )(ϕσ(ε ,M ))+DFσ(ε ,M )(ϕσ(ε ,M ))(∂σϕσ(ε ,M ))]dσ .

Here DF (ψ )ψ ʹ denotes the Fréchet derivative of a functional F in the direction of ψ ʹ ∈ℰ at the
point ψ ∈ℰ . Moreover, we have

∂σϕσ
(ε ,M )= Ġσ(F (ε ,M )(ϕ (ε ,M )))= Ġσ(Fσ(ε ,M )(ϕσ(ε ,M ))+Rσ(ε ,M )),

where Ġσ :=ℒ ε
−1J̇σ and J̇σ := ∂σJσ. Consequently, we deduce that for any choice of the effective

force
(Fσ)σ∈[1/2,1]= (Fσ(ε ,M ))σ∈[1/2,1],

satisfying the conditions specified above, the pair

(ϕμ,Rμ)μ∈[1/2,1]= (ϕμ(ε ,M ),Rμ
(ε ,M ))μ∈[1/2,1]

satisfies the system of equations

{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{
{{{{ ℒ εϕμ=Jμ(Fμ(ϕμ)+Rμ)

Rμ=∫μ
1Hσ(ϕσ) dσ +∫μ

1[DFσ(ϕσ) (ĠσRσ)] dσ ,
(2.3)

where
Hσ(ψ ) :=∂σFσ(ψ )+DFσ(ψ ) (ĠσFσ(ψ )).

Our main goal will be to show that this system allows for good a priori estimates for a suitably
chosen effective force (Fσ)σ∈[1/2,1].

Remark 2.1. Except for Sec. 2.4 and 2.5, we shall almost always suppress the explicit depend-
ence on ε ∈ 2−ℕ0 and M ∈ℕ+. To avoid repetition, we will not restate this each time, but all
estimates should be understood as uniform in ε ∈2−ℕ0 andM ∈ℕ+, unless explicitly stated
otherwise. In particular, we shall write Λ for Λε and ΛM for Λε ,M . Likewise, we write (−Δ)s for
the discrete fractional Laplacian.
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2.2 Overview of the strategy
The goal of this section is to provide a blueprint that guides the reader through the technical
aspects of the proofs and highlights the underlying heuristics. We will not present rigorous
arguments here. Our intention is instead to convey intuition and the global structure of the
analysis. Readers who find the informal reasoning confusing can safely skip this section without
loss of logical continuity.

Our approach to obtaining a priori global spacetime estimates for solutions to the system (2.3)
relies on several new conceptual and technical ideas:

a) the introduction of a remainder term Rσ, which circumvents the need to explicitly solve
the flow equation for Fσ (unlike in the original approach of [Duc25a, Duc22]);

b) the use of newweighted norms that control the solution across the entire space, inspired
by the spatial decomposition introduced in [GH19]);

c) a stopping argument for the effective force, allowing us to close nonlinear estimates;

d) a collection of technical innovations addressing the difficulties arising from the limited
spacetime decay of the fractional heat kernel.

In what follows, we focus primarily on the new ideas required to handle the large-field problem.
For a pedagogical overview of the flow equation approach, we refer the reader to the lecture
notes [Duc25b].

To keep the exposition clear, let us ignore the remainder Rσ and model the original equation
by

ℒϕσ −λϕσ3≈Fσ(ϕσ)−λϕσ3, (2.4)

where Fσ(ϕσ) is a polynomial in the field ϕσ. To measure the spacetime growth of fields, we use
the weight

ζσ(z)≈ (1+⟦σ⟧a|z|s)−1, z ∈Λ,

where |z|s is the fractional parabolic distance on Λ and a>1 is an exponent chosen to balance the
scale behavior at large distances. Its precise value will later be crucial to closing our nonlinear
estimates.

Pathwise bounds on the random effective force (Fσ)σ are obtained from a flow-equation ana-
lysis of its probabilistic cumulants. The outcome is that Fσ(ϕσ) behaves as a random nonlocal
polynomial in ϕσ and its coefficients are localized in regions of size ≈⟦σ⟧ and scale roughly as

⟦σ⟧(k−3)β+δℓ ,

where k∈ℕ0 is the monomial degree, β>γ encodes the field scaling, δ >0 measures the distance
to criticality, and ℓ is the perturbative order. Due to a Kolmogorov-type argument needed to
extract the almost sure behaviour of the force Fσ from its moments, we loose also a bit in the
spacetime growth, which will be modelled by a weight ζσ

−κ𝔬(ℓ+1), where κ𝔬 > 0 is an arbitrarily
small exponent. Overall we have, schematically,

Fσ(ϕσ)≈ ξ + r̄ ϕσ −λϕσ3+∑
ℓ=1

ℓ̄

∑
k=0

k̄

ζσ
−κ𝔬(ℓ+1)⟦σ⟧(k−3)β+δℓϕσk, (2.5)

where the sums over k and ℓ are finite. The cutoffs k̄ and ℓ̄ are chosen so that the equation for
the remainder Rσ can be solved, a technical aspect we omit in this heuristic discussion.

To estimate the size of the solution to (2.4), we introduce a constant CΦ=⫴ϕ⫴ (cf. Def. 2.2)
such that

|ϕσ(z)| = |(Jσϕ)(z)|�CΦ ζσ−1/3(z) ⟦σ⟧−γ , z ∈Λ, (2.6)
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valid for all σ � μ̄, where μ̄ such that ⟦μ̄⟧≪1 is a random scale to be chosen later.
For moderate distances |z| <∼ ⟦σ⟧−a, the spatial weight ζσ−1/3(z) is of order one and we are

describing the distributional nature of the solution, growing like ⟦σ⟧−γ as ⟦σ⟧↘0 for some γ >0.
For large distances |z|≫⟦σ⟧−a, the spatial growth can be improved as follows. Let μ̂≪σ be such
that |z| ≈ ⟦μ̂⟧−a. Observing that ϕσ = Jσϕμ̂ due to the properties of the smoothing operators, we
obtain

|ϕσ(z)| ≈|(Jσϕμ̂) (z)| ≈ |ϕμ̂(z)|
<∼CΦ (1+⟦μ̂⟧a|z|)1/3⟦μ̂⟧−γ

≈CΦ |z|γ /a≈CΦ (1+⟦σ⟧a|z|)γ /a ⟦σ⟧−γ .
(2.7)

This improved spatial growth replaces ζσ−1/3 with ζσ
−γ /a, and by taking a large we can make the

effective growth arbitrarily mild, an essential feature for closing nonlinear bounds.
Since higher-order monomials (k > 3) in (2.5) are accompanied by small coefficients

⟦σ⟧(k−3)β+δℓ≪1, a coercive bound for (2.4) yields, schematically,

|ϕσ|3≈ |Fσ(ϕσ)+λϕσ3| <∼ζσ
−(ℓ̄+1)κ𝔬∑

k,ℓ
⟦σ⟧(k−3)β+δℓ |ϕσ|k. (2.8)

We estimateded the spacetime growth by taking the worst possible weight ζσ
−(ℓ̄+1)κ𝔬, where ℓ̄

denotes the largest perturbative order that needs to be considered. Substituting (2.7) in (2.8), and
ignoring the mild nonlocality of the effective force, we obtain

|ϕσ|3≈ |Fσ(ϕσ)+λϕσ3| <∼ζσ
−(ℓ̄+1)κ𝔬[[[[[[[[[∑k,ℓ ⟦σ⟧

(k−3)β−3kγ+δℓ ζσ
−kγ /aCΦ

k]]]]]]]]].
The terms with ℓ =0, that is the first two terms on the right-hand side of (2.5), are explicit and
yield improved estimates, so that in total we arrive at

|ϕσ|3<∼⟦σ⟧
−3β+δ ζσ

−(ℓ̄+1)κ𝔬−k̄γ /a (1+CΦ)k̄, (2.9)

where k̄ is the maximal degree of the monomials. Here we used the fact that β>γ , which allows
the field amplitude to be compensated by the kernel size. The constant CΦ can then be estimated
as

CΦ≈sup
σ�μ̄

⟦σ⟧γ ζσ1/3 |ϕσ| <∼⟦σ⟧
γ−β+δ/3 ζσ

(1−(ℓ̄+1)κ𝔬−k̄γ /a)/3 (1+CΦ)k̄/3.

Choosing γ �β such that γ −β +δ /3�ϑ >0 and then taking a large enough such that

1− (ℓ̄ +1)κ𝔬− k̄ γ /a�0,
we obtain the bound

CΦ<∼⟦μ̄⟧ϑ (1+CΦ)k̄/3.

It follows that, for sufficiently small ⟦μ̄⟧≪1, the nonlinear estimate closes and yields CΦ≈1.
Let us now address the treatment of the nonlocality of the effective force kernels. The main

technical challenges in this work stem from the limited decay of the slice propagator Ġσ associ-
ated with the fractional parabolic operator ℒ. Roughly speaking, we only have algebraic decay
of the form (see Lemma A.7):

|Ġσ(z)| <∼ ⟦σ⟧−d−1 (1+ |z|s/⟦σ⟧)−d−2s+ϵ, z ∈Λ, (2.10)

where ϵ>0 is arbitrarily small. This behaviour contrasts sharply with the stretched-exponential
decay of the standard heat kernel, and also with the fractional Laplacian case appearing in the
usual (“static”) renormalisation group analysis of the fractional Φ4 model [BMS03]. The differ-
ence arises from the limited smoothness of the symbol of the fractional heat operator ℒ.
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The main consequence of (2.10) is that the effective force kernels, obtained by solving a flow
equation driven by Ġσ, inherit a similar algebraic decay. The monomials which appear in Fσ(ϕσ)
take the schematic form

Fσ(ϕσ)(z)≈∑
k,ℓ
∫Fσ[ℓ],(k)(z;z1, . . . ,zk)∏

j=1

k

ϕσ(zj) dzj,

where Fσ
[ℓ],(k) are random kernels. Ignoring their distributional nature and thinking of them as

bona-fide functions, their spatial nonlocality and spatial growth can be modelled as (cf. Def. 4.3
and 4.6)

Fσ
[ℓ],(k)(z,z1, . . . ,zk)≈ ζσ

−(ℓ+1)κ𝔬(z) (1+⟦σ⟧−1St(z,z1, . . . ,zk))−(♭−ℓκ𝔬),

where St(z, z1, . . . , zk) measures the diameter of the set {z, z1, . . . , zk}. The initial decay exponent
♭≈2s follows from (2.10), while the additional loss ℓκ𝔬 reflects the growth at spacetime infinity
of the kernel in its output variable, induced by the similar growth of the noise. It is now clear
that, to proceed as in (2.9), we must be able to compensate for the spatial growth of the fields ϕσ
by exploiting the limited decay of the kernels away from the diagonal.

The remainder of this section makes this argument rigorous and establishes further proper-
ties of the solution. Sec. 3 develops the coercive estimate required in (2.8), while Sec. 4 contains
the detailed analysis of the random force coefficients and the derivation of the precise form of
estimate (2.5).

2.3 Main estimate
In this section we introduce a family of weighted norms that will be used to measure the size of
fields over spacetime uniformly across scales. These norms depend on an exponent γ >0, to be
fixed in Sec. 4.9, and a terminal scale μ̄ ∈[1/2,1), which will later be tuned according to the noise
amplitude.

Definition 2.2. For ψ ∈𝒮 ʹ(Λ) and f ∈C([1/2, 1),C(Λ, ζ )), we set

⫴ψ⫴=⫴ψ⫴μ̄ := sup
σ�μ̄

⟦σ⟧γ kζσ1/3 Jσψ k, (2.11)

⫴f ⫴#=⫴f ⫴#,μ̄ := sup
σ�μ̄

⟦σ⟧3γ kζσ fσk. (2.12)

The above “triple norms” exhibit a specific behaviour with respect to the weight. In partic-
ular, the following lemma shows that changing the weight yields equivalent norms.

Lemma 2.3. For α ∈[3ν, 1] the following bounds

[[[[[[[ sup
σ ,μ|σ�μ�μ̄

⟦σ⟧γ kζμα/3ϕσk]]]]]]]<∼⫴ϕ⫴μ̄<∼[[[[[[[ sup
σ ,μ|σ�μ�μ̄

⟦σ⟧γ kζμα/3ϕσk]]]]]]], (2.13)

[[[[[[[ sup
σ ,μ|σ�μ�μ̄

⟦σ⟧3γ kζμαℒϕσk]]]]]]]<∼⫴σ↦ℒϕσ⫴♯,μ̄<∼[[[[[[[ sup
σ ,μ|σ�μ�μ̄

⟦σ⟧3γ kζμαℒϕσk]]]]]]], (2.14)

hold uniformly in μ̄ ∈[1/2, 1) and ϕ ∈𝒮 ʹ(Λ), where ϕσ :=Jσϕ for σ ∈[1/2, 1).

Proof. Let us prove the first inequality in (2.13). We start by observing that, on account of the
support properties of {χi}i, we have the following decomposition

kζμα/3ϕσk�sup
i
kζμα/3(χi+ χi−1+ χi+1)ϕσk<∼sup

i
kζμα/3χiϕσk.
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Let us consider separately the cases μi�σ and μi�σ . In the first case, thanks to kζμα/3χiζμi
−1/3k<∼1,

we have

sup
i|μi�σ

⟦σ⟧γ kζμα/3χiϕσk<∼ sup
i|μi�σ

⟦σ⟧γkζμα/3χiζμi
−1/3kkζμi

1/3ϕσk<∼⟦σ⟧γ sup
i|μi�σ

kζμi
1/3ϕσk�⟦σ⟧γ kζσ1/3ϕσk<∼⫴ϕ⫴.

Let us turn to the case μi>σ . Note that

kζμα/3χi ζμi+1
−1/3k<∼(1+⟦μ⟧a⟦μi+1⟧−a)−α/3<∼⟦μ⟧−aα /3⟦μi+1⟧αa/3.

Moreover, on account of Remarks 1.12, 1.8 and Lemma 1.17, we have

kζμi+1
1/3ϕσk=kζμi+1

1/3Jσϕμi+1k<∼kJσkTV(ζ −1)kζμi+1
1/3ϕμi+1k<∼kζμi+1

1/3ϕμi+1k.

Combining the above estimates, we deduce that

sup
i|μi>σ

⟦σ⟧γ kζμα/3χiϕσk <∼ sup
i|μi>σ

⟦σ⟧γ kζμα/3χi ζμi+1
−1/3kkζμi+1

1/3ϕμi+1k

<∼ ⟦σ⟧γ⟦μ⟧−aα /3[[[[[[[ supi|μi>σ
⟦μi+1⟧αa/3⟦μi+1⟧−γ]]]]]]] [[[[[[[ supi|μi>σ

⟦μi+1⟧γkζμi+1
1/3 ϕμi+1k]]]]]]]

<∼ ⟦σ⟧αa/3⟦μ⟧−aα/3⫴ϕ⫴
<∼ ⫴ϕ⫴,

where we used that αa/3�νa=γ and σ �μ. This proves the first inequality in (2.13). The second
inequality in (2.13) is a direct consequence of the fact that ζσ1/3�ζσα/3. The inequalities (2.14) are
proved similarly. □

The two norms ⫴ϕ⫴,⫴f ⫴# fix the analytical setting for the global analysis of the SPDE (2.3).
In Sec. 3, we will prove a suitable coercive estimates for fractional parabolic equation with cubic
nonlinearity, which allows us to control the large values of the fields. Below we state a direct
consequence of this estimate.

Theorem 2.4. (Coercive estimate) For ϕ ∈𝒮 ʹ(Λ) and σ ∈[1/2, 1) define

fσ :=ℒϕσ +λϕσ3, ϕσ :=Jσϕ, ℒ :=∂t +(−Δ)s+m2.

Then the following bound
|||ϕ|||μ̄<∼λ−1/2⟦μ̄⟧γ +λ−1/3 |||f |||#,μ̄1/3

holds uniformly in ϕ ∈𝒮 ʹ(Λ), μ̄ ∈[1/2, 1) and λ∈ (0,∞).

Proof. We apply the a priori estimates from Theorem 3.1 to u=ϕσ and ρ = ζσ1/3. The constants
A and B appearing in the theorem can be bounded as follows:

A=k(−Δ)s ζσ2/3k+kζσ1/3(∂tζσ1/3)k<∼⟦σ⟧2sa,
and

B = kζσ1/3uk (kζσ1/3(∂tζσ1/3)k+kζσ1/3(−Δ)sζσ1/3k+kζσ2/3𝔇s(ζσ−1/3)𝔇s(ζσ1/3)k)+kζσ1/3𝔇s(ζσ1/3)𝔇s(ζσ1/3u)k
<∼Qσ

2kζσ1/3ϕσk+Qσ k𝔇s(ζσ1/3ϕσ)k.

Here we define

Qσ
2 :=k∂tζσ1/3k+k(−Δ)sζσ1/3k+k𝔇s(ζσ1/3)k2+kζσ1/3𝔇s(ζσ−1/3)k2<∼⟦σ⟧2sa.

The bound k(−Δ)sζσαk<∼⟦σ⟧2sa is proved in Lemma A.9. To estimate k𝔇s(ζσ1/3)k2 we used (1.18),
while the bound on kζσ1/3𝔇s(ζσ−1/3)k2 follows from LemmaA.10. Moreover, using the bound (1.18),
we obtain

k𝔇s(ζσ1/3ϕσ)k<∼k∇ε(ζσ1/3ϕσ)ks kζσ1/3ϕσk1−s. (2.15)
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We note that
k∇ε(ζσ1/3ϕσ)k<∼k(∇εζσ1/3)ϕσk+kζσ1/3 (∇εϕσ)k.

Hence, using the fact that |∇εζσ1/3| <∼ζσ
1/3 and ϕσ = J̃σϕσ as well as k∇εJ̃σkTV(ζ −1)<∼⟦σ⟧−1, we arrive at

k∇ε(ζσ1/3ϕσ)k<∼kζσ1/3ϕσk+kζσ1/3 (∇εJ̃σ ,1)ϕσk<∼kζσ1/3ϕσk+⟦σ⟧−1kζσ1/3ϕσk<∼⟦σ⟧−1kζσ1/3ϕσk.

Together with (2.15), this proves that

k𝔇s(ζσ1/3ϕσ)k<∼⟦σ⟧−s kζσ1/3ϕσk,
uniformly in σ � μ̄. Therefore,

B<∼(⟦σ⟧2sa+⟦σ⟧sa⟦σ⟧−s)kζσ1/3ϕσk<∼⟦σ⟧sa−s kζμ1/3ϕσk.

By Theorem 3.1 and Young's inequality, we obtain

kζσ1/3ϕσk � λ−1/2C ⟦σ⟧as+λ−1/3(kζσ fσk+C⟦σ⟧as−skζσ1/3ϕσk)1/3

� λ−1/2C ⟦σ⟧as+λ−1/3kζσ fσk1/3+Cλ−1/3⟦σ⟧(as−s)/3kζσ1/3ϕσk1/3

� λ−1/2C ⟦σ⟧as+λ−1/3kζσ fσk1/3+C ʹλ−1/2⟦σ⟧(as−s)/2+
1
2kζσ

1/3ϕσk.

As a result, we arrive at
kζσ1/3ϕσk<∼λ−1/2⟦σ⟧(as−s)/2+λ−1/3kζσ fσk1/3.

This allows us to deduce that

⫴ϕ⫴μ̄=sup
σ�μ̄

⟦σ⟧γkζσ1/3ϕσk<∼sup
σ�μ̄

⟦σ⟧γ+(as−s)/2λ−1/2+λ−1/3 sup
σ�μ̄

(⟦σ⟧3γ kζσ fσk)1/3.

Hence, provided γ +(as− s)/2�γ �0, which follows from a>1, we conclude our claim. □

The coercivity estimate derived above provides the key ingredient for deriving a priori
bounds for solutions to system (2.3), as stated in the following theorem.

Theorem 2.5. Let ϕ=ϕ (ε ,M ) be a solution of the stochastic quantisation equation (1.4) and

(Fσ =Fσ(ε ,M ):ℰ→ ℰ̂)σ∈[1/2,1]
be a family of functionals differentiable in σ ∈ (1/2, 1) and satisfying the final condition (2.2). For
σ ∈[1/2, 1] define

ϕσ :=Jσϕ, Rσ :=F (ϕ)−Fσ(ϕσ).

Suppose that there exist constants S ∈ℕ+,CF �1 and ϑ , κ̄>0 such that

κ̄ ∈[ν, 1), ϑ �γ ∧ (2s−γ), (s+γ) κ̄ /(1− κ̄)�ϑ /4, (2.16)

and (Fσ)σ satisfies the following estimates

kζμ[JσFσ(ψσ)− (−λψσ3)]k � ⟦σ⟧−3γ+ϑ [CF (1+⫴ψ⫴μ̄)S +(1+⫴ψ⫴μ̄)2⫴ℒψ•⫴#,μ̄],
kζμKσHσ(ψσ)k � CF ⟦σ⟧ϑ−1 (1+⫴ψ⫴μ̄)S,
kζμκ̄KσFσ(ψσ)k � CF ⟦σ⟧−3γ(1+⫴ψ⫴μ̄)S,

kζμKσ(DFσ(ψσ)(Ġσ ψ̂ ))k � CF ⟦σ⟧ϑ−1 (1+⫴ψ⫴μ̄)S kζμ1−κ̄J̃σ2ψ̂ k,

(2.17)

for all μ̄ ∈[1/2, 1),μ ∈[μ̄, 1),σ ∈[μ, 1) and ψ , ψ̂ ∈𝒮 ʹ(Λ), where we denote ψσ :=Jσψ and (ℒψ )σ :=ℒψσ,
and the functional H is defined by (2.3).
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Then there exists a universal constant Ĉ >0 such that for all μ̄ ∈[1/2, 1) satisfying

⟦μ̄⟧ϑ � Ĉ ((λ−1+1)CF)−2, (2.18)
we have

⫴ϕ⫴μ̄�1, ⫴ℒϕ•⫴#,μ̄�λ⟦μ̄⟧−ϑ /2, ⫴K•R•⫴#,μ̄�λ⟦μ̄⟧ϑ /2.

Remark 2.6. By the elementary argument presented in Sec. 2.1, our assumptions on ϕ and (Fμ)μ
imply that (ϕμ,Rμ)μ is a solution of (2.3).

Proof. Define
Φ=Φμ̄ :=1+⫴ϕ⫴μ̄+θℒ

−1⫴ℒϕ•⫴#,μ̄+θR−1⫴K•R•⫴#,μ̄, (2.19)

for constants θℒ,θR>0 to be fixed later. Our goal is to bound each term on the right-hand side by
an increasing function of Φ itself and then apply a continuity argument to establish the uniform
bounds claimed. For now, we omit the index μ̄ ∈[1/2, 1), as the estimates hold uniformly in this
parameter.

Let C𝒬 =CF(1+⫴ϕ⫴)S. We first prove a bound for ⫴K•R•⫴#. To this end, we use Lemma 2.8
below, which shows that we can control kζμKσRσk in terms of kζμκ̄J̃σ2Rσk. Note that

J̃σ2Rσ = J̃σ2(ℒϕ−Fσ(ϕσ)),

which follows from (1.4) and (2.2). Since κ̄∈[ν, 1) and ϑ ∈(0,γ], by Lemmas 1.20 and 2.3, we have

kζμκ̄J̃σ2ℒϕk=kζμκ̄(ℒJ̃σ)J̃σϕk<∼kℒJ̃σkTV(ζ −1)kζμκ̄J̃σϕk<∼⟦σ⟧−2s ⟦σ⟧−γ⫴ϕ⫴<∼C𝒬⟦μ̄⟧ϑ⟦σ⟧−2(s+γ ).

Since ϑ ∈ (0, 2s−γ], by Lemma 1.17 and the estimates (2.17),we have

kζμκ̄J̃σ2Fσ(ϕσ)k<∼kζμκ̄KσFσ(ϕσ)k<∼C𝒬⟦σ⟧−3γ <∼C𝒬⟦μ̄⟧ϑ⟦σ⟧−2(s+γ ).

Altogether, this yields
sup

σ ,μ|σ�μ�μ̄
⟦σ⟧2(s+γ )kζμκ̄J̃σ2Rσk<∼C𝒬⟦μ̄⟧ϑ . (2.20)

Using (2.17) and Lemma 1.17 we also have

sup
σ ,μ|σ�μ�μ̄







ζμKμ∫
σ

1
Hη(ϕη)dη







<∼∫μ̄

1
kζμKηHη(ϕη)kdσ <∼C𝒬⟦μ̄⟧ϑ .

By Lemma 2.8, it then follows that

sup
σ ,μ|σ�μ�μ̄

kζμKσRσk<∼exp(CC𝒬⟦μ̄⟧ϑ /2),

possibly aster adjusting the constant C. Hence, by (2.12),

⫴K•R•⫴#<∼⟦μ̄⟧
3γexp(CCF⟦μ̄⟧ϑ /2(1+⫴ϕ⫴)S)<∼⟦μ̄⟧

3γexp(CCF⟦μ̄⟧ϑ /2ΦS). (2.21)

The control of ⫴ℒϕ•⫴# is obtained from (2.17)

⫴ℒϕ•+λϕ•3⫴# � ⫴(J•F•(ϕ•)+λϕ•3)⫴#+⫴J•R•⫴#
<∼ ⟦μ̄⟧ϑCF(1+⫴ϕ⫴)S +⟦μ̄⟧ϑ(1+⫴ϕ⫴)2⫴ℒϕ•⫴#+⫴K•R•⫴#,

using in particular Lemma 1.17 to bound the contribution from R. From this it follows that

⫴ℒϕ•+λϕ•3⫴#<∼(⟦μ̄⟧ϑCF +θℒ⟦μ̄⟧ϑ +θR)ΦS (2.22)
and

⫴ℒϕ•⫴#�⫴λϕ•3⫴#+⫴ℒϕ•+λϕ•3⫴#<∼(λ+⟦μ̄⟧ϑCF +θℒ⟦μ̄⟧ϑ +θR)ΦS, (2.23)
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by triangular inequality and

⫴λϕ•3⫴#=λ sup
σ�μ̄

⟦σ⟧3γ kζσϕσ3k<∼λ[[[[[[[supσ�μ̄
⟦σ⟧γ kζσ1/3ϕσk]]]]]]]

3
=λ⫴ϕ⫴μ̄

3.

Next, the a priori estimates of Theorem 2.4 and (2.22) give

⫴ϕ⫴ <∼ λ−1/2⟦μ̄⟧γ +λ−1/3⫴ℒϕ•+λϕ•3⫴#
1/3

<∼ λ−1/2⟦μ̄⟧γ +λ−1/3(⟦μ̄⟧ϑCF +θℒ⟦μ̄⟧ϑ +θR)1/3ΦS/3 .
(2.24)

Gathering (2.21), (2.23) and (2.24), we obtain

Φμ̄�1+C [τ (μ̄)+τ (μ̄)1/3Φμ̄
S/3+τ (μ̄)Φμ̄

S +τ (μ̄)exp(Cτ (μ̄)Φμ̄
S)], (2.25)

where
τ (μ̄) := λ−1/2⟦μ̄⟧γ /2+λ−1(⟦μ̄⟧ϑCF +θℒ⟦μ̄⟧ϑ +θR)

+θℒ
−1(λ+⟦μ̄⟧ϑCF +θℒ⟦μ̄⟧ϑ +θR)+θR−1⟦μ̄⟧3γ +CF⟦μ̄⟧ϑ /2.

Choose
θR=⟦μ̄⟧ϑ /2λ, θℒ=⟦μ̄⟧−ϑ /2λ. (2.26)

Then μ̄↦ τ (μ̄) is a decreasing function and

τ (μ̄)�⟦μ̄⟧ϑ /2(λ−1/2⟦μ̄⟧(γ−ϑ )/2+(2λ−1+1)CF +5+λ−1⟦μ̄⟧3γ−ϑ /2)�10⟦μ̄⟧ϑ /2(λ−1+1)CF .

Fix τ∗>0 small enough such that

C [τ∗+τ∗1/34S/3+τ∗4S +τ∗exp(Cτ∗4S)]�1, (2.27)

and define μ̄∗= μ̄∗(λ,CF) ∈ (0, 1) as the (unique) solution to

10⟦μ∗⟧ϑ /2 (λ−1+1)CF =τ∗.

Then for all μ̄ ∈[μ̄∗, 1) we have τ (μ̄)�τ∗ and as a consequence of (2.25) and (2.27),

Φμ̄�4⇒Φμ̄�2.
Define the set

A := {μ̄ ∈[μ̄∗, 1) |Φμ̄�4}⊂−[μ̄∗, 1).

Note that A≠∅ since for μ̄↗1 we have Φμ̄↘1. As the map μ̄↦Φμ̄ is continuous, the set A is
closed in [μ̄∗, 1). Hence, to prove that A=[μ̄∗, 1), it is enough to show that A is open in [μ̄∗, 1). If
μ ∈A, then Φμ �2 and by continuity, there exists a neighbourhood of μ within [μ̄∗, 1) on which
the function μ̄↦Φμ̄ takes values not exceeding 4. We conclude that A=[μ̄∗, 1) and therefore that
Φμ̄∗�2. Using (2.26) this implies that for μ̄ = μ̄∗, we have

⫴ϕ⫴μ̄�1, ⫴ℒϕ•⫴#,μ̄�λ⟦μ̄⟧−ϑ /2, ⫴K•R•⫴#,μ̄�λ⟦μ̄⟧ϑ /2,
with

⟦μ̄⟧−1= (τ∗−110 (λ−1+1)CF)2/ϑ <∼ ((λ−1+1)CF)2/ϑ ,
uniformly in CF and λ>0. □

To apply the previous theorem to the analysis of (2.3), we need to construct suitable approx-
imate solution to the flow equation

∂σFσ +DFσ (ĠσFσ)=0 (2.28)
for the effective force

(Fσ)σ∈[1/2,1]= (Fσ(ε ,M ))σ∈[1/2,1],
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subject to the final condition (2.2). Sec.-4 will be devoted to the construction of such an effective
force (Fσ)σ, as formulated in the following theorem.

Theorem 2.7. There exists a choice of the deterministic parameters

(rε ,M)ε∈(0,1],M∈ℕ+

and a family of random, scale-dependent functionals

(Fσ =Fσ(ε ,M ):ℰ→ ℰ̂)σ∈[1/2,1]
such that:

a) The map σ↦Fσ is differentiable for σ ∈ (1/2, 1).

b) The final condition (2.2) holds.

c) The estimates (2.17) are satisfied with CF =1+kF𝔄k2 and kF𝔄k introduced in Def. 4.6.

d) For all N �1, it holds that
sup

ε∈2−ℕ0,M∈ℕ+

𝔼[kF𝔄kN]<∞. (2.29)

We complete this section with the proof of the following auxiliary lemma, used in The-
orem 2.5.

Lemma 2.8. Suppose that there exist constants S ∈ℕ+,CF �1 and ϑ , κ̄>0 such that

κ̄ ∈[ν, 1), (s+γ) κ̄ /(1− κ̄)�ϑ /4

and (Fσ)σ satisfies the following estimate

kζμKσ(DFσ(ψσ)(Ġσ ψ̂ ))kL∞ � CF ⟦σ⟧ϑ−1 (1+⫴ψ⫴μ̄)S kζμ1−κ̄J̃σ2ψ̂ kL∞, (2.30)

for all μ̄ ∈ [1/2, 1),μ ∈ [μ̄, 1),σ ∈ [μ, 1) and ψ , ψ̂ ∈𝒮 ʹ(Λ), where we denote ψσ := Jσψ. Fixed a function
[μ̄, 1)∋μ↦ℋμ ∈𝒮 ʹ(Λ) and consider the linear equation

Rμ=ℋμ+∫
μ

1
DFσ(ϕσ)(ĠσRσ) dσ , μ� μ̄. (2.31)

Then there exists a universal constant C >0 such that

kζηKμRμk�exp(CC𝒬⟦μ̄⟧ϑ /2)[[[[[[[supσ�μ
kζηKσℋσk+sup

σ�μ
⟦σ⟧2(s+γ )kζηκ̄J̃σ2Rσk]]]]]]], μ�η� μ̄, (2.32)

where C𝒬=CF (1+⫴ϕ⫴)S.

Proof. Start by observing that, by interpolation, for any α ∈[0,1] and β ∈ℝ, we have by Young's
inequality

⟦σ⟧β(1−α)kζη
α+κ̄(1−α)J̃σ2Rσk<∼⟦σ⟧β(1−α)kζηJ̃σ2Rσkα kζηκ̄J̃σ2Rσk1−α <∼kζηJ̃σ2Rσk+⟦σ⟧β kζηκ̄J̃σ2Rσk.

Choose α =(1−2κ̄)/(1− κ̄). Then α + κ̄(1−α)=1− κ̄ and 1−α = κ̄ /(1− κ̄). Consequently,

⟦σ⟧βκ̄/(1−κ̄)kζμ1−κ̄J̃σ2Rσk<∼kζμJ̃σ2Rσk+⟦σ⟧β kζμκ̄J̃σ2Rσk. (2.33)

Then, by (2.30), we have

kζηKσ(DFσ(ϕσ)(ĠσRσ))k<∼⟦σ⟧ϑ−1C𝒬 kζη1−κ̄J̃σ2Rσk,
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and by (2.33) with β =2(s+γ), and Lemma 1.17, we have

kζηKσ(DFσ(ϕσ)(ĠσRσ))k<∼C𝒬⟦σ⟧ϑ−1⟦σ⟧−2(s+γ )κ̄/(1−κ̄)(kζηKσRσk+⟦σ⟧2(s+γ )kζηκ̄J̃σ2Rσk). (2.34)

At this point, to deduce the desired estimate, we apply Gronwall's inequality to

kζηKμRμk�kζηKμℋμk+CC𝒬∫
μ

1
⟦σ⟧ϑ−1−2(s+γ )κ̄/(1−κ̄) (kζηKσRσk+⟦σ⟧2(s+γ )kζηκ̄J̃σ2Rσk)dσ ,

which follows from (2.31) and (2.34), and use the inequality ϑ −2(s+γ)κ̄ /(1− κ̄)�ϑ /2. □

2.4 Tightness
In this section, we apply Theorem 2.5, together with the effective force constructed in The-
orem 2.7, to prove tightness of the sequence of measures (ν̂ε ,M)ε ,M . This constitutes the first step
in the proof of our main result, Theorem 1.1. In order to pass to the limit ε→0 and M→∞ we
embed all the random spatially periodic fields ϕ =ϕ (ε ,M ) in the same space by extending them
from Λε to Λ0. Let

ϕ [ε ,M](t ,x) :=∫Λε
∗
θ̂(ε |k|) ϕ̂ (ε ,M )(ω,k) e i(ωt+k ⋅x) dωdk

(2π)d+1
, (t ,x) ∈Λ0, (2.35)

where θ̂ : ℝ+→ℝ+ that θ̂(0) = 1 and θ̂(η) = 0 for |η| > 1. The random fields ϕ [ε ,M] all live now in
the continuum domain Λ0 for any ε ∈ 2−ℕ0. To extract information about the EQFT, we must
evaluate the marginal at a fixed time of the SPDE solution. This is not possible when controlling
only spacetime distributional norms such as ⫴•⫴μ̄. The necessary temporal regularity can, how-
ever, be recovered by means of a Schauder estimate adapted to our weighted norms. Indeed, by
Lemma A.21 and using ρ�ρμ̄, we obtain

sup
i
2−iγkρΔ̄iϕk<∼sup

i
2−iγkρμ̄Δ̄iϕk<∼⟦μ̄⟧−γ[⫴ϕ⫴μ̄+⫴K•ℒϕ⫴#,μ̄].

By Theorem 2.5 there exists μ̄ ∈[1/2, 1) such that ⟦μ̄⟧−ϑ /2 is of order CF =1+kF𝔄k2 and

⫴ϕ⫴μ̄�1, ⫴ℒϕ•⫴#,μ̄�λ⟦μ̄⟧−ϑ /2, ⫴K•R•⫴#,μ̄�λ⟦μ̄⟧ϑ /2.

Recalling that ℒϕ=Fμ(ϕμ)+Rμ, we deduce from the above bounds that

⫴K•ℒϕ⫴#,μ̄�⫴K•F•(ϕ•)⫴#,μ̄+⫴K•R•⫴#,μ̄<∼CF (1+⫴ϕ⫴μ̄)S +λ⟦μ̄⟧ϑ /2<∼CF . (2.36)

Combining this with the previous Schauder estimate yields

sup
i
2−iγkρΔ̄iϕ (ε ,M )kL∞(Λε)=sup

i
2−iγkρΔ̄iϕk<∼⟦μ̄⟧−γCF <∼CF

2γ /ϑ+1. (2.37)

To derive a meaningful estimate, we need to control a suitable weighted Besov norm of ϕ [ε ,M]

in terms of the lest-hand side of the bound above. Indeed, we have

kρΔ̄iϕ [ε ,M]kL∞(Λ0) = sup
t∈ℝ
kρ(t , •)(θε ∗ε Δ̄iϕ (ε ,M )(t , •))kL∞(ℝd)

<∼ sup
x∈ℝd

k(θε /ρ̄)(x −•)kL1(ℝε
d)kρΔ̄iϕ (ε ,M )kL∞(Λε)

<∼ kρΔ̄iϕ (ε ,M )kL∞(Λε),

where ρ̄(x) :=ρ(0,x) and ∗ε denotes the convolution on the lattice ℝε
d. Here we used the fact that

ϕ [ε ,M](t ,x)= (θε ∗εϕ (ε ,M )(t , •))(x), θε(x) :=∫ℝd
θ̂(ε |k|)e ik⋅x dk

(2π)d
.
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As a result, we have

sup
t∈ℝ
kϕ [ε ,M](t)k𝒞−γ (ℝd,ρ(t))=sup

i
2−iγkρΔ̄iϕ [ε ,M]kL∞(Λ0)<∼CF

2γ /ϑ+1<∼1+kF𝔄k4γ /ϑ+2,

where 𝒞 α(ℝd,w) stands for the usual Hölder–Besov norm with the weight w and the regularity
index α . Combining the above estimate with Theorem 2.7, we arrive at

sup
ε∈2−ℕ0,M∈ℕ+

∫kφk𝒞−γ (ℝd,ρ̄)
N ν̂ε ,M(dφ) = sup

ε∈2−ℕ0,M∈ℕ+

𝔼[[[[[supt∈ℝ
kϕ [ε ,M](t)k𝒞−γ (ℝd,ρ(t))

N ]]]]]
<∼ sup

ε∈2−ℕ0,M∈ℕ+

𝔼[1+kF𝔄k4γN /ϑ+2N]<∞,
(2.38)

for all N ∈ℕ+. The bound (2.38) implies the tightness of the family (ν̂ε ,M)ε∈2−ℕ0,M∈ℕ+
in 𝒮 ʹ(Λ0).

This proves the first part of Theorem 1.1.

2.5 Integrability
In order to complete the proof of Theorem 1.1 it remains to establish the integrability property
of the measures ν̃ε ,M uniformly in ε ∈ (0, 1) and M ∈ℕ+ and obtain the bound (1.3) for any limit
points. We look to estimate quantities of the form

Zε ,M ,θ :=∫exp[[[[[θ khQεφkL2(𝕋ε ,M
d )

4 ]]]]]νε ,M(dφ),
where θ >0 is a small parameter,

Qε := (1−Δε)−A/2 (2.39)
is a regularising kernel and

h(x) := (1+ |x |)−B (2.40)

is a polynomially decaying weight in the spatial variables. The constants A and B are chosen
big enough according to Lemma 2.10 below.

Themain tool for this purpose is the Hairer–Steele argument [HS22], which provides optimal
estimates with respect to the growth of the function. We introduce a new tilted probability
measure

νε ,M ,θ(dφ) :=
exp[[[[[θ khQεφkL2(𝕋ε ,M

d )
4 ]]]]]νε ,M(dφ)

Zε ,M ,θ
. (2.41)

To prove that this measure is well defined we take advantage of the presence of the coercive
term kφkL4(𝕋ε ,M

d )
4 in the action functional (1.2) defining the original measure νε ,M and use the

inequality

θ khQεφkL2(𝕋ε ,M
d )

4
�
λ
4 kφkL4(𝕋ε ,M

d )
4 ,

for all ε and M as soon as θ >0 is small enough and A,B are big enough. Observe that Jensen's
inequality gives

1=∫νε ,M(dφ)=Zε ,M ,θ∫exp[[[[[−θ khQεφkL2(𝕋ε ,M
d )

4 ]]]]]νε ,M ,θ(dφ)�Zε ,M ,θ exp[−θ∫khQεφkL2(𝕋ε ,M
d )

4 νε ,M ,θ(dφ)].
Hence,

log∫exp[[[[[θ khQεφkL2(𝕋ε ,M
d )

4 ]]]]]νε ,M(dφ)= logZε ,M ,θ �θ∫khQεφkL2(𝕋ε ,M
d )

4 νε ,M ,θ(dφ). (2.42)
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The problem of controlling the size of Z(ε ,M ,θ) is, by virtue of (2.42), reduced to estimating certain
polynomial moments of φ under the tilted measure νε ,M ,θ(dφ). Through stochastic quantisation,
this measure can be identified with the marginal law of a stationary solution to the SPDE

ℒ εϕ +λϕ3− rε ,Mϕ =O(ϕ )+ ξ (ε ,M ), (2.43)

where the additional perturbation O(ϕ) is given by

O(ϕ)(t , •)=−θ δ
δϕ







hQεϕ(t , •)







L2(𝕋ε ,M

d )

4
=−2θ







hQεϕ(t , •)







L2(𝕋ε ,M

d )

2
(Qεh2Qεϕ)(t , •).

We use the notation

Qεh2Qεϕ=Qε(h2Qεϕ), (hiQεϕ)(t ,x)= (h(x))i (Qεϕ)(t ,x), i∈ {1, 2}.

We exploited above the fact that the operatorQε is self-adjoint and bounded. Note that using the
fact that Qε has a fast-decaying continuous kernel, one shows that Qεϕ is continuous and has a
mild polynomial growth. Hence, hQεϕ(t , •) is in L2(𝕋ε ,M

d ).
Estimates for this new equation uniform in ε ∈2−ℕ0 and M ∈ℕ+ can be obtained by modi-

fying our previous arguments. As before we rewrite (2.43) as a system of equations

{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{
{{{{{{{{ ℒ εϕμ=Jμ(Fμ(ϕμ)+Rμ

O)

Rμ
O=∫μ

1Hσ(ϕσ) dσ +O(ϕ)+∫μ
1DFσ(ϕσ) (ĠσRσO)dσ

(2.44)

for
(ϕμ,Rμ

O)μ= (ϕμ(ε ,M ),Rμ
(ε ,M ),O)μ.

Applying estimate (2.32) with η=μ to the equation for R•
O, we obtain

⟦μ⟧3γ kζμKμRμ
Ok�exp(CC𝒬⟦μ̄⟧ϑ /2)[[[[[[[supσ�μ

⟦μ⟧3γ kζμKσℋσk+⟦μ̄⟧3γ sup
σ�μ

⟦σ⟧2(s+γ )kζμκ̄J̃σ2RσOk]]]]]]],
with

ℋμ=O(ϕ)+∫
μ

1
Hσ(ϕσ)dσ .

The term with Hσ can be estimated as previously from (2.17), while to estimate O(ϕ) we use the
uniform boundedness of kKσkTV(ζ −1) and Lemma 2.10 below. We obtain that

sup
σ |σ�μ

kζμKσℋσk<∼CF ⟦μ̄⟧ϑ (1+⫴ϕ⫴)S +θ ⟦μ⟧−3γ[⫴ϕ⫴+⫴K•ℒϕ⫴♯]3,
uniformly in μ� μ̄. We also observe that

sup
σ ,μ|σ�μ�μ̄

⟦σ⟧2(s+γ )kζμκ̄J̃σ2RσOk<∼⟦μ̄⟧ϑCF(1+⫴ϕ⫴)S,

uniformly in μ� μ̄, by an argument analogous to the one leading to (2.20). Therefore, combining
the above estimates, we obtain

⫴K•R•
O⫴♯<∼exp(CC𝒬⟦μ̄⟧ϑ /2)[[[[[[[CF ⟦μ̄⟧3γ+ϑ (1+⫴ϕ⫴)S +θ [⫴ϕ⫴+⫴K•ℒϕ⫴♯]3]]]]]]].

We need a good bound for ⫴K•ℒϕ⫴♯ in terms of Φ=Φμ̄ defined by (2.19) with R replaced by RO.
Observe that by (2.17), we have

⫴K•ℒϕ⫴♯ <∼ ⫴K•F (ϕ•)⫴♯+⫴K•R•
O⫴♯

<∼ λΦ3+⟦μ̄⟧ϑCFΦS +⫴K•R•
O⫴♯

<∼ λΦ3+⟦μ̄⟧ϑCFΦS +θRΦ.
(2.45)

STOCHASTIC QUANTISATION 27



As a result, for θ ∈[0, 1], we obtain

⫴K•R•
O⫴♯ <∼ exp(CCFΦS⟦μ̄⟧ϑ /2)[[[[[CFΦS⟦μ̄⟧3γ+ϑ +θ(1+λ)3Φ9+(⟦μ̄⟧ϑCFΦS)3+θθR3Φ3]]]]]

<∼ exp(CCFΦS⟦μ̄⟧ϑ /2)[[[[[⟦μ̄⟧ϑ /2+θ(1+λ)3+θθR3 ]]]]]Φ9,
(2.46)

with possibly different constants C. Gathering (2.46), (2.23) and (2.24) we arrive at

Φμ̄�1+C [τ (μ̄)+τ (μ̄)1/3Φμ̄
S/3+τ (μ̄)Φμ̄

S +τ (μ̄)Φμ̄
9exp(Cτ (μ̄)Φμ̄

S)], (2.47)
where

τ (μ̄) := λ−1/2⟦μ̄⟧γ /2+λ−1(⟦μ̄⟧ϑCF +θℒ⟦μ̄⟧ϑ +θR)+θℒ
−1(λ+⟦μ̄⟧ϑCF +θℒ⟦μ̄⟧ϑ +θR)

+θR−1[⟦μ̄⟧ϑ /2+θ(1+λ)3+θθR3]+CF⟦μ̄⟧ϑ /2.
Let

θR=λθ1/2, θℒ=⟦μ̄⟧−ϑ /2λ. (2.48)

Then μ̄↦ τ (μ̄) is a decreasing function and, for θ ∈[0, 1], we have

τ (μ̄)�⟦μ̄⟧ϑ /2[(3+λ−1/2)+ (1+2λ−1)CF +λ−1θ−1/2]+θ1/2[2+λ−1(1+λ)3+λ2].

Fix τ∗>0 so that
C [τ∗+τ∗1/34S/3+τ∗4S +τ∗49exp(Cτ∗4S)]�1.

Let θ∗=θ∗(λ) be such that
θ∗1/2[2+λ−1(1+λ)3+λ2]=τ∗/2,

and define μ̄∗= μ̄∗(λ,θ∗,CF) by

⟦μ̄∗⟧ϑ /2[(3+λ−1/2)+ (1+2λ−1)CF +λ−1θ−1/2]=τ∗/2.

Then, for θ �θ∗ and μ̄� μ̄∗, we have τ (μ̄∗)�τ∗, and the continuity argument from Theorem 2.5 can
be applied to obtain the desired estimates. We conclude that Φμ̄∗�2. By (2.48) this implies that
for μ̄ = μ̄∗, we have

⫴ϕ⫴μ̄�1, ⫴ℒϕ•⫴#,μ̄�λ⟦μ̄⟧−ϑ /2, ⫴K•R•
O⫴#,μ̄�λθ1/2,

with
⟦μ̄⟧−1=[2τ∗−1((3+λ−1/2)+ (1+2λ−1)CF +λ−1θ−1/2)]2/ϑ <∼[(1+λ−1)CF +λ−1θ−1/2]2/ϑ ,

uniformly in CF =1+kF𝔄k2, θ �θ∗(λ) and λ>0. By Lemma 2.10, (2.45) and (2.48), we also have

sup
t∈ℝ

ρ(t , 0)4khQεϕ (ε)(t)kL2(𝕋ε ,M
d )

4 <∼ ⟦μ̄⟧−4γ[⫴ϕ⫴+⫴K•ℒϕ⫴♯]4
<∼ ⟦μ̄⟧−4γ[Φ+λΦ3+⟦μ̄⟧ϑCFΦS +θRΦ]4
<∼λ ⟦μ̄⟧−4γCF <∼1+kF𝔄k16γ /ϑ+2.

As a consequence of Theorem 2.7, we obtain

sup
ε∈2−ℕ0,M∈ℕ+

∫khQεφkL2(𝕋ε ,M
d )

4N νε ,M ,θ(dφ) = sup
ε∈2−ℕ0,M∈ℕ+

𝔼[[[[[khQεϕ (ε ,M )(t)kL2(𝕋ε ,M
d )

4N ]]]]]
<∼ sup

ε∈2−ℕ0,M∈ℕ+

𝔼[1+kF𝔄k16γN /ϑ+2N]<∞,

for all N ∈ℕ+ and t ∈ℝ. From this and (2.42), we deduce easily that any accumulation point ν of
the sequence (ν̂ε ,M)ε ,M satisfies (1.3) provided θ >0 is small enough. This proves the exponential
integrability, required for the Osterwalder–Schrader reconstruction, completing the proof of
Theorem 1.1.
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Remark 2.9. The choice of the norm to verify the exponential integrability is quite arbitrary.
Since we need to determine an SPDE for it, we want a differentiable norm. In general, we could
replace the L2 norm by any L2n norm, as long as n is finite and similarly use a different weight
h in space and smoothing operator Qε, as long as they remain compatible with our Schauder
estimate.

Lemma 2.10. Suppose that the parameters A and B in (2.39) and (2.40) satisfy A>γ and B�d +1.
Then it holds that

kζσO(ϕ)k<∼θ ⟦σ⟧−3γ[⫴ϕ⫴+⫴K•ℒϕ⫴♯]3
and

sup
t∈ℝ

ρ0(t , 0)4khQεϕ(t)kL2(𝕋ε ,M
d )

4 <∼⟦μ̄⟧
−4γ[⫴ϕ⫴+⫴K•ℒϕ⫴♯]4.

Proof. Let us first observe that

kζσO(ϕ)k <∼ θ








(t ,x)↦ ζσ(t ,x)kh (Qεϕ)(t , •)kL2(𝕋ε ,M

d )
2 (Qεh2Qεϕ)(t ,x)










= θ









(t ,x)↦khρσ−1(t , •)ρσ(t , •) (Qεϕ)(t , •)kL2(𝕋ε ,M
d )

2 (ζσρσ−1ρσQεh2Qεϕ)(t ,x)










<∼ θ






(t ,x)↦khρσ−1(t , •)kL2(𝕋ε ,M

d )
2 (ζσρσ−1)(t ,x)







kρσQεϕk2 kρσQεh2Qεϕk.

By Remark (1.8) (a) we have
ρσ−1(t ,x)<∼ρσ−1(t , 0)ρσ−1(0,x).

Hence, using the fact that h(x)= (1+ |x |)−B with B�d +1, we arrive at

khρσ−1(t , •)kL2(𝕋ε ,M
d )

2 <∼ρσ
−2(t , 0)khρσ−1(0, •)kL2(𝕋ε ,M

d )
2 <∼ρσ

−2(t , 0).

Since ρσ−2(t , 0)�ρσ−2(t ,x) for any x ∈Λ and ρσ = ζσν with ν ∈ (0, 1/3) we obtain





(t ,x)↦khρσ−1(t , •)kL2(𝕋ε ,M
d )

2 (ζσρσ−1)(t ,x)






<∼



(t ,x)↦ρσ−2(t , 0) (ζσρσ−1)(t ,x)





<∼kζσρσ−3k<∼1.
Since A>γ by Lemma A.21, we have

kρσQεh2Qεϕk <∼ kQεh2Qεϕk<∼kh2Qεϕk<∼kρσQεϕk
<∼ ∑

i

2−iA kρσ Δ̄iϕk<∼⟦σ⟧−γ [⫴ϕ⫴+⟦μ̄⟧2s−2γ⫴K•ℒϕ⫴♯],
uniformly over σ � μ̄. Combining the above estimates we obtain

kζσO(ϕ)k<∼θ ⟦σ⟧−3γ [⫴ϕ⫴+⫴K•ℒϕ⫴♯]3.
Using Remark (1.8) a) and B�d +1 we get

sup
t∈ℝ

ρ0(t , 0)4khρ0−1(t , •)kL2(𝕋ε ,M
d )

4 <∼khρ0−1(0, •)kL2(𝕋ε ,M
d )

4 <∼1.
Since

kρ0Qεϕk<∼kρμ̄Qεϕk<∼∑
i

2−iAkρ Δ̄iϕk<∼⟦μ̄⟧−γ [⫴ϕ⫴+⟦μ̄⟧2s−2γ⫴K•ℒϕ⫴♯],
we obtain

sup
t∈ℝ

ρ0(t , 0)4khQεϕ(t)kL2(𝕋ε ,M
d )

4 <∼ sup
t∈ℝ

ρ0(t , 0)4khρ0−1(t , •)kL2(𝕋ε ,M
d )

4 kρ0Qεϕk4

<∼ ⟦μ̄⟧−4γ [⫴ϕ⫴+⫴K•ℒϕ⫴♯]4.
This finishes the proof. □
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2.6 The vector model
In this final subsection, we discuss the modifications required to extend our results to the vector-
valued model, where the field ϕ=ϕ (ε ,M ) takes values in the Euclidean space ℝn for some n>1. We
denote by (ϕa)a∈{1, . . . ,n} the components of the field ϕ in the canonical basis. The dynamics reads

ℒ εϕa+λ |ϕ |2ϕa− rϕa= ξ a, a=1, . . . ,n, (2.49)
on Λε ,M , where

|ϕ|2 :=∑
a

(ϕa)2.

Here
ξ =(ξ a)a∈{1, . . . ,n}=(ξ (ε ,M ),a)a∈{1, . . . ,n}

is a vector-valued, spacetime white noise on Λε ,M such that

𝔼[ξ a(t ,x) ξ b(s,y)]=δ(t − s)δa,b1x=y, (t ,x), (s,y) ∈Λε ,M , a,b=1, . . . ,n. (2.50)

As before, we identify ϕ and ξ with spatially periodic functions on Λε.
Our proof of the main result in the scalar-valued case extends straightforwardly to the

vector-valued case. The main subtlety lies in obtaining the analogue of Theorem 2.4 in this
setting, which, however, follows directly from Theorem 3.1 below. Beyond this adjustment,
the subsequent analysis carries over with minimal changes, as it does not depend on the scalar
nature of the equation until the classification of the relevant cumulants in Sec. 4.5. At that
stage, one must exploit the O(n)-symmetry of the noise (2.50) to deduce that the cumulants
are likewise symmetric. Consequently, the only contribution to the mass renormalisation is
diagonal in the vector indices, and can therefore be absorbed into a redefinition of the renor-
malisation constant r = r(ε ,M )∈ℝ.

3 A priori estimates
This section is devoted to establishing weighted estimates for classical solutions of a fractional
parabolic equation with a cubic coercive term. To the best of our knowledge, this result is new,
although the proof closely follows the argument developed in the case of the standard Laplacian
(see, for instance, [GH19]). Furthermore, we present the estimates directly in a vector-valued
setting, as no additional difficulties arise in this more general formulation.

Theorem 3.1. Let λ>0, ν̄<2s and u∈Ct
1Cx

2(Λε,ℝn) be such that |ζ ν̄u| is a bounded function, where
the weight ζ was introduced in Def. 1.5. Then u belongs to the domain of the operator ∂t + (−Δε)s.
Define f ∈C(Λε,ℝn) by

f a :=∂tua+(−Δε)sua+m2ua+λ |u|2ua, a∈ {1, . . . ,n}, (3.1)

where |u|2 :=∑a (u
a)2.

For any positive weight ρ ∈Ct
1Cx

2(Λ0) such that for some ν̃ ∈ (ν̄, 2s) the functions ζ −ν̃ρ, ζ ν̃ρ−1 are
bounded we have

kρuk�2λ−1/2A1/2+λ−1/3 (kρ3f k+B)1/3, (3.2)
where

A :=k(−Δ)sρ2k+kρ(∂tρ)k
and

B :=kρuk (kρ(∂tρ)k+kρ(−Δ)sρk+kρ2𝔇s(ρ−1)𝔇s(ρ)k)+kρ𝔇s(ρ)𝔇s(ρu)k.
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Proof. We assume that kρ3f k+A+B<∞ as otherwise there is nothing to prove. For N ∈ℕ+
and L>0, we define a convex function Φ=ΦL,N ∈C(ℝ) by

Φ(η) := (η−L)+N , Φʹ(η) :=N (η−L)+N−1, η∈ℝ,

where Φʹ denotes the derivative of Φ and (η)+ :=1η�0η. We fix the parameter N > 1 such that
2N (ν̃ − ν̄) > d + 2s. The parameter L will be fixed later. Let û := ρu. After testing (3.1) with
Φʹ(|û|2)ûaρ3 and summing over a∈ {1, . . . ,n}, we obtain

0=∫Λε
Φʹ(|û|2) [ρ3 û ⋅ ∂tu+ρ3 û ⋅(−Δ)su+m2ρ2 |û|2+λ (|û|2)2−ρ3 f ⋅ û].

Observe that

∫Λε
Φʹ(|û|2)ρ3 û ⋅ ∂tu = 1

2∫Λε
Φʹ(|û|2) [ρ2∂t|û|2−(ρ ∂tρ) |û|2]

= 1
2∫Λε

[ρ2∂tΦ(|û|2)− (ρ ∂tρ)Φʹ(|û|2) |û|2]

= −12∫Λε
[∂t(ρ2)Φ(|û|2)+ (ρ ∂tρ)Φʹ(|û|2) |û|2]

� −kρ(∂tρ)k∫Λε
Φ(|û|2)− 1

2kûk
2kρ(∂tρ)k∫Λε

Φʹ(|û|2).

By Lemma 3.2 below,

∑
a

⟨Φʹ(|û|2) ûa,ρ3 (−Δ)sua⟩�−12k(−Δ)
sρ2k∫Λε

Φ(|û|2)− B̄ kûk∫Λε
Φʹ(|û|2).

We also have
⟨Φʹ(|û|2),m2ρ2 |û|2+λ (|û|2)2⟩ � ⟨Φʹ(|û|2),λ (|û|2)2⟩

� λN ⟨(|û|2−L)+N−1, ((|û|2−L)++L)L⟩
� λL∫Λε

Φ(|û|2)+λL2∫Λε
Φʹ(|û|2)

and
−⟨Φʹ(|û|2),ρ3 f ⋅ û⟩�−kρ3f kkûk∫Λε

Φʹ(|û|2).
We conclude that

0� [λL−A]∫Λε
Φ(|û|2)+ [λL2−(kρ3f k+B)kûk]∫Λε

Φʹ(|û|2).
Taking

L>L∗ :=max (λ−1A,λ−1/2[kρ3f k+B]1/2kûk1/2),
we deduce that

∫Λε
Φʹ(|û|2)=∫Λε

Φ(|û|2)=0,

which implies that |û|2�L a.e. on Λε. Thus,

kûk2� inf
L>L∗

L=L∗�λ−1A+λ−1/2[kρ3f k+B]1/2kûk1/2.
This implies that

kûk�λ−1/2A1/2+λ−1/4kûk1/4 [kρ3f k+B]1/4.

By Young's inequality, we have

λ−1/4kûk1/4 [kρ3f k+B]1/4� kûk4 + 3
4 λ

−1/3 [kρ3f k+B]1/3,
and hence

kûk�2λ−1/2A1/2+λ−1/3 [kρ3f k+B]1/3,
as claimed. □

The following lemma completes the proof.
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Lemma 3.2. Suppose that u∈Ct
1Cx

2(Λε,ℝn) is such that |ζ ν̄u| is a bounded function for some ν̄ <2s
and ρ ∈Ct

1Cx
2(Λε) is a positive weight such that for some ν̃ ∈ (ν̄, 2s) the functions ζ −ν̃ρ, ζ ν̃ρ−1 are

bounded. Let Φ=ΦL,N ∈C(ℝ) with N >1 fixed as in the proof of the above lemma and arbitrary
L>0. Then we have

∑
a

⟨Φʹ(|û|2) ûa,ρ3 (−Δ)sua⟩�−12k(−Δ)
sρ2k∫Λε

Φ(|û|2)− B̄ kûk∫Λε
Φʹ(|û|2).

where û :=ρu and
B̄ :=kûk (kρ(−Δ)sρk+kρ2𝔇s(ρ−1)𝔇s(ρ)k)+kρ𝔇s(ρ)𝔇s(û)k.

Proof. Leaving the sum over a implicit we have

(𝕏) := ⟨Φʹ(|û|2) ûa,ρ3(−Δ)sua⟩
= ∫Λε

μs(dz dzʹ)Φʹ(|û(z)|2) ûa(z)ρ3(z) (ua(z)−ua(zʹ))

= ∫Λε
μs(dz dzʹ)Φʹ(|û(z)|2) ûa(z)ρ2(z) (ûa(z)− ûa(zʹ)) ( :=(𝕀))

+∫Λε
μs(dz dzʹ)Φʹ(|û(z)|2) ûa(z)ρ2(z) (ρ(zʹ) −ρ(z))ua(zʹ) ( :=(𝕀𝕀))

Let Vτ := τ û(zʹ) + (1− τ ) û(z). Since τ ∈ [0, 1]↦Φ(|Vτ |2) is a convex function (as a composition of
a convex function with an affine one),

Φ(|V1|2)−Φ(|V0|2)�∂τΦ(|Vτ |2)|τ=0,
that is,

Φ(|û(zʹ)|2)−Φ(|û(z)|2)�2Φʹ(|û(z)|2)∑
a

ûa(z) (ûa(zʹ) − ûa(z)).

Using the above inequality we obtain

𝕀 �
1
2∫Λε×Λε

μs(dz dzʹ)ρ2(z) [Φ(|û(z)|2)−Φ(|û(zʹ)|2)]

= 1
2∫Λε×Λε

μs(dz dzʹ)Φ(|û(z)|2) [ρ2(z)−ρ2(zʹ)]

� −12k(−Δ)
sρ2k∫Λε

Φ(|û|2),

where the equality in the second line follows by an integration by parts of the fractional Lapla-
cian, which is a symmetric operator in L2. Let us now consider (𝕀𝕀) and split it as follows

(𝕀𝕀) = ∫Λε×Λε
μs(dz dzʹ)Φʹ(|û(z)|2) ûa(z)ρ2(z) (ρ(zʹ) −ρ(z))ρ−1(zʹ) ûa(zʹ)

= ∫Λε×Λε
μs(dz dzʹ)Φʹ(|û(z)|2) ûa(z)ρ2(z) (ρ(zʹ) −ρ(z)) (ρ−1(zʹ) −ρ−1(z)) ûa(zʹ)

+∫Λε×Λε
μs(dz dzʹ)Φʹ(|û(z)|2) ûa(z)ρ2(z) (ρ(zʹ) −ρ(z))ρ−1(z) ûa(zʹ)

= ∫Λε×Λε
μs(dz dzʹ)Φʹ(|û(z)|2) |û(z)|2ρ(z) (ρ(zʹ) −ρ(z))

+∫Λε×Λε
μs(dz dzʹ)Φʹ(|û(z)|2) ûa(z)ρ2(z) (ρ(zʹ) −ρ(z)) (ρ−1(zʹ) −ρ−1(z)) ûa(zʹ)

+∫Λε×Λε
μs(dz dzʹ)Φʹ(|û(z)|2) ûa(z)ρ2(z)ρ−1(z) (ρ(zʹ) −ρ(z)) (ûa(zʹ) − ûa(z))

= (𝕀𝕀1)+ (𝕀𝕀2)+ (𝕀𝕀3).

For (𝕀𝕀1) we have
(𝕀𝕀1) � −kûk2kρ (−Δ)sρk∫Λε

Φʹ(|û(z)|2).
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Next,

(𝕀𝕀2) � −kûk∫Λε
Φʹ(|û(z)|2)ρ2(z)(∫Λε

|ρ(zʹ) −ρ(z)| |ρ−1(zʹ) −ρ−1(z)|μs(z, dzʹ))
� −kûk2kρ2𝔇s(ρ−1)𝔇s(ρ)k∫Λε

Φʹ(|û|2).

Finally, using the Cauchy–Schwarz inequality, we obtain

(𝕀𝕀3) � −kûkkρ𝔇s(ρ)𝔇s(û)k∫Λε
Φʹ(|û|2).

Since (𝕏)� (𝕀)+ (𝕀𝕀1)+ (𝕀𝕀2)+ (𝕀𝕀3), our claim is proved. □

4 Analysis of the flow equation

In this section, we prove Theorem 2.7, which asserts the existence of an approximate solution
to the flow equation (2.28) for the effective force (Fσ)σ, with well-controlled bounds encoded
by (2.17). These bounds are achievable only because we can “tune” the boundary condition (2.2)
using the ε- and M-dependent renormalisation term rε ,M .

Conceptually, we are dealing with a random bilinear equation whose solution is analysed via
the evolution equation for its cumulants. The flow equation for cumulants has a similar struc-
ture to the flow equation for the effective force and propagates comparable bounds backwards
from the final condition at σ = 1, except in a low-dimensional (so-called relevant) subspace,
where the bounds must be propagated forwards from small to large σ . This procedure requires
tuning an appropriate final condition so that the solution lies on a trajectory with controlled
bounds. To simplify this tuning, we decompose the flow equation to reduce the relevant sub-
space to one dimension.

Once bounds for the cumulants are established, a Kolmogorov-type argument allows us to
deduce pathwise bounds on the effective force. The section concludes with a technical “post-
processing” step, which extracts the coercive term essential for the global a priori estimates and
verifies the conditions (2.17).

4.1 Random flow equation
To study approximate solutions (Fσ)σ∈[1/2,1] of the flow equation (2.28) we need to set up the
appropriate spaces. Recall that

ℰ :=∩
α>0

C(ΛM , ζ α), ℰ̂ :=∂tℰ .

As we shall argue, the flow equation can be approximatively solved in the space𝒫(ℰ) of polyno-
mial functionals on ℰ with values in ℰ̂ . We say that a functional F belongs to 𝒫(ℰ) if for some
k̄ ∈ℕ+ there exist kernels (F (k))k∈{0, . . . ,k̄} of operators ℰ⊗k→ ℰ̂ such that

F (ϕ)=∑
k=0

k̄

F (k)(ϕ)=∑
k=0

k̄

∫Λk
F (k)(•; dz1, . . . , dzk)ϕ(z1)⋅ ⋅ ⋅ϕ(zk) ∈ ℰ̂ ,

for all ϕ∈ℰ . In order to construct a suitable approximate solution of (2.28) we introduce a formal
parameter ℏ and make the ansatz

Fℏ σ =∑
ℓ�0

ℏℓFσ
[ℓ].
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Moreover, we assume that the finial condition is of the form

Fℏ (ϕ)=−λϕ3− rℏ ε ,Mϕ+ ξ (ε ,M ), rℏ ε ,M = r̄ +∑
ℓ�0

ℏℓ rε ,M
[ℓ] .

We are led to look for solutions of the perturbative flow equation

∂σ Fℏ σ +ℏD Fℏ σ(Ġσ Fℏ σ)=0, Fℏ 1= Fℏ , (4.1)

in the space of 𝒫(ℰ)⟦ℏ⟧ of formal power series in ℏ with coefficients in 𝒫(ℰ). This setup has the
advantage that now the flow equation has a unique global solution which can be determined by
induction on the degree ℏ. An approximate solution to (4.25) is obtained by fixing an integer
ℓ̄ �0 and letting

Fσ :=∑
ℓ=0

ℓ̄

Fσ
[ℓ].

The choice of value for ℓ̄ will be discussed in Sec. 4.9 below. We observe that, thanks to (4.1),
this truncation implies the existence of a maximal polynomial order k̄ ∈ℕ+ in the fields for the
kernels. We decompose the force as

Fμ(ϕ)=∑
ℓ=0

ℓ̄

Fμ
[ℓ](ϕ)=∑

ℓ=0

ℓ̄

∑
k=0

k̄

Fμ
[ℓ](k)(ϕ),

where ℓ measures the perturbative order in ℏ while k the polynomial degree in ϕ.
Let us now introduce a condensed notation to manipulate these kernels. Let

𝔄 := {(ℓ ,k)|0� ℓ � ℓ̄ , 0�k� k̄}.

For 𝔞∈𝔄 with 𝔞=(ℓ ,k) we let k(𝔞) :=k , ℓ(𝔞) := ℓ and write

[𝔞] :=−α +δℓ(𝔞)+βk(𝔞), (4.2)

for suitable positive parameters α ,δ and β whose value will be fixed later. We say that a kernel

F 𝔞(z; dz1, ⋅ ⋅ ⋅, dzk) :=F [ℓ],(k)(z; dz1, ⋅ ⋅ ⋅, dzk)

is relevant if [𝔞] < 0, marginal if [𝔞] = 0 and irrelevant if [𝔞] > 0. We refer to z as the output
variable, and to z1, . . . , zk as the input variables of the kernel Fa(z; dz1, . . . , dzk). To simplify the
notation, we usually ignore the fact that the kernel Fa(z;dz1,...,dzk) is generally not well-defined
pointwise in the output variable z.

4.2 Norms for kernels
To introduce suitable norms for the effective force kernels

(Fσ𝔞)𝔞∈𝔄,σ∈[1/2,1],

we first need some notations and preliminary definitions for weights and smoothing operators.

Definition 4.1. We denote by St(z1, . . . ,zn) the Steiner diameter of the set {z1, . . . ,zn} with respect
to the parabolic distance introduced in Def. 1.4, i.e. the minimum over lengths of trees with nodes
at the points {z1, . . . ,zn} and possibly other points {z1́, . . . ,zḿ}.

Remark 4.2. Our fractional parabolic distance (1.23) satisfies the triangle inequality

|z1+z2|s� |z1|s+ |z2|s, z1,z2∈Λ0.
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Moreover, for n ∈ℕ+,m∈ {1, . . .n−1} and z,z1, . . . ,zn∈Λ0, the Steiner diameter satisfies

St(z1, . . . ,zn)�St(z1, . . . ,zm,z)+St(z,zm+1, . . . ,zn),

which, noting that St(z1,z2) = |z1− z2|s, can be seen as a generalisation of the triangle inequality
for the fractional parabolic distance.

Definition 4.3. Let ♭∈(1,2s) be a constant close to 2s and κ𝔬∈(0,♭/(1+ ℓ̄ )) be a small constant, to
be fixed later.

a) For m∈ℕ+ and ω∈ℝ, the weight wμ
(1+m),ω ∈C(Λ0

(1+m)) is defined by

wμ
(1+m),ω(z,z1, . . . ,zm) := (1+⟦μ⟧−1St(z,z1, . . . ,zm))ω, z,z1, . . . ,zm∈Λ0.

We write wμ
(1),ω=1∈C(Λ0).

b) For m∈ℕ+, the weight vμ
(1+m)∈C∞(Λ0

(1+m)) is defined by

vμ
(m+1)(z,z1, . . . ,zm) :=v (m+1)(⟦μ⟧−1.z, ⟦μ⟧−1.z1, . . . , ⟦μ⟧−1.zm),

where v (m+1)∈C∞(Λ0
(1+m), [0, 1]) is a fixed function such that

v (m+1)(z,z1, . . . ,zm)= {{{{{{{{{{{{{{ 1 if St(z,z1, . . . ,zm)�1,
0 if St(z,z1, . . . ,zm)�2.

We write vμ
(1)=1∈C(Λ0).

c) The weight 𝔬∈C(Λ0) is defined by

𝔬(z) := ζ (z)κ𝔬=⟨z⟩s−κ𝔬, z ∈Λ0.

d) For 𝔞∈𝔄, we write

wμ
𝔞 :=wμ

(1+k(𝔞)),♭, w̃μ
𝔞 :=wμ

(1+k(𝔞)),♭−ℓ (𝔞)κ𝔬, vμ𝔞 :=vμ
(1+k(𝔞)), 𝔬𝔞 :=𝔬1+k(𝔞).

e) For μ ∈[0, 1], the weight hμ ∈C(Λ0
2 ) is defined by

hμ(z,zʹ) := (1+⟦μ⟧−2|z−z1|s2)−1.

Recall that
⟨z⟩s := (1+ |z0|1/s+ |z̄|2)1/2.

The weights wμ
𝔞 and w̃μ

𝔞 will control the approximate localisation of the effective force ker-
nels Fμa(z; dz1, . . . , dzk) near the diagonal {z = z1= ⋅ ⋅ ⋅ = zk}. The weights 𝔬𝔞 will instead be used
to control the growth at spacetime infinity of the kernels in the output variable z, reflecting
the corresponding growth inherited from the white noise. These three families of weights are
constructed to be compatible with the estimates for the bilinear terms appearing in the flow
equation, as detailed in the lemma below. The additional weights vμ

(m+1) and hμ will be used
only in intermediate estimates and play an auxiliary role. Some of their useful properties are
summarised in Appendix A.2. Finally, observe that

wμ
(2),♭(z,zʹ) =wμ

♭(z−zʹ) = (1+⟦μ⟧−1|z−zʹ|s)♭,

where wμ
ω is the weight introduced in Def. 1.16. The exponent ♭− ℓ(𝔞)κ𝔬 in the definition of the

weight w̃μ
𝔞 is designed in such a way that the bound (4.4) below holds true.
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Lemma 4.4. For all 𝔞,𝔟, 𝔠∈𝔄 be such that k(𝔟)+k(𝔠)=k(𝔞)+1 and ℓ(𝔟)+ ℓ(𝔠)= ℓ(𝔞)−1, the bounds

wσ
𝔞(z,z1, . . . ,zk(𝔞))<∼wσ

𝔟(z,z1, . . . ,zk(𝔟)−1, ẑ)wσ
♭(ẑ− z̃)wσ

𝔠(z̃,zk(𝔟), . . . ,zk(𝔞)), (4.3)

𝔬𝔞(z) w̃σ
𝔞(z,z1, . . . ,zk(𝔞))<∼𝔬𝔟(z)w̃σ

𝔟(z,z1, . . . ,zk(𝔟)−1, ẑ)wσ
♭(ẑ− z̃)𝔬𝔠(z̃) w̃σ

𝔠(z̃,zk(𝔟), . . . ,zk(𝔞)), (4.4)

hold uniformly in μ ∈ (0, 1) and z, ẑ, z̃,z1, . . . ,zk(𝔞)∈Λ0. For all 𝔞∈𝔄 such that ℓ(𝔞)� ℓ̄, the bounds

𝔬𝔞(z)<∼ (𝔬𝔞(z−zʹ))−1 𝔬𝔞(zʹ) <∼wμ
2−♭(z−zʹ)𝔬𝔞(zʹ), (4.5)

wμ
𝔞(z,z1, . . . ,zk(𝔞))<∼wμ

♭(z−zʹ)wμ
♭(z1−z1́). . .wμ

♭(zk(𝔞)−zk(𝔞)ʹ )wμ
𝔞(zʹ,z1́, . . . ,zk(𝔞)ʹ ), (4.6)

𝔬𝔞(z) w̃μ
𝔞(z,z1, . . . ,zk(𝔞))<∼wμ

2(z−zʹ)wμ
♭(z1−z1́). . .wμ

♭(zk(𝔞)−zk(𝔞)ʹ )𝔬𝔞(zʹ) w̃μ
𝔞(zʹ,z1́, . . . ,zk(𝔞)ʹ ), (4.7)

hold uniformly in μ ∈ (0, 1) and z,z1, . . . ,zk(𝔞),zʹ,z1,ʹ . . . ,zk(𝔞)ʹ ∈Λ0.

Proof. To prove the claim we apply iteratively the inequalities from Remark 4.2 and use the
bounds

1+ ∑
i∈{1, . . . ,n}

ai� ∏
i∈{1, . . . ,n}

(1+ai), (1+ai)ω� (1+ai)ω̄,

valid for all a1, . . . ,an�0 and 0�ω� ω̄. To prove (4.5) and (4.6), we use furthermore that

(1+ ℓ(𝔞))κ𝔬� (1+ ℓ̄ )κ𝔬�♭�2−♭,

which holds because ♭>1. □

Definition 4.5. For n,m∈ℕ0 and σ ,η∈ (1/2, 1) we set

Kσ
n,m :=1⊗n⊗(Kσ)⊗m, Lσ

n,m :=1⊗n⊗(Lσ)⊗m, Kη,σ
n,m :=Lσn,mKη

n,m,

K̃σ
n,m :=Kσ

⊗n⊗(Kσ
2)⊗m, L̃σ

n,m :=Lσ⊗n⊗(Lσ2)⊗m, K̃η,σ
n,m := L̃σn,m K̃η

n,m,

where Lσ,Kσ,Kη,σ are introduced in Def. 1.13. Given 𝔞∈𝔄, we write

K̃μ
𝔞 := K̃μ

1,k(𝔞)=Kμ
⊗(1+k(𝔞))Kμ

1,k(𝔞).

Definition 4.6. The norm of a kernel F associated with an operator ℰ⊗k→ℰ is defined by

kF k := sup
z∈Λ
∫Λk

|F (z; dz1, ⋅ ⋅ ⋅, dzk)| . (4.8)

Given weights 𝔬∈C(Λ0) and w ∈C(Λ0
1+k), we write

(𝔬 ⋅F ⋅w)(z; dz1, ⋅ ⋅ ⋅, dzk) :=𝔬(z)F (z; dz1, ⋅ ⋅ ⋅, dzk)w(z,z1, ⋅ ⋅ ⋅,zk).

Let 𝔞∈𝔄. The norm of a kernel F𝔞 of an operator ℰ⊗k(𝔞)→ ℰ̂ at scale σ ∈ (1/2, 1) is defined by

kF 𝔞kσ :=k𝔬𝔞 ⋅ [K̃σ
𝔞F 𝔞] ⋅ w̃σ

𝔞k,

where K̃σ
𝔞F 𝔞 denotes the convolution of F 𝔞, viewed as an element of 𝒮 ʹ(Λ1+k(𝔞)), with the kernel of

K̃σ
𝔞. We further introduce a norm for the family of effective force kernels

F𝔄 := (Fσ𝔞)𝔞∈𝔄,σ∈(1/2,1),
defined by

kF𝔄k :=[[[[[[[sup𝔞∈𝔄
sup

σ∈(1/2,1)
⟦σ⟧−[𝔞]kFσ𝔞kσ]]]]]]]∨[[[[[[[[[ sup

σ∈(1/2,1)
⟦σ⟧d/2+s+2κ kFσ

[0],(0)kσ]]]]]]]]], (4.9)
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where [𝔞] is defined by (4.2).

Remark 4.7. An inspection of our parameter choices discussed in Sec. 4.4 and 4.9, together
with (4.2), shows that [(0, 0)] <−d /2 − s −2κ. Consequently, the second term on the right-hand
side of (4.9) provides a stronger bound on Fσ

[0],(0)=ξ (ε ,M ) than the first term. For technical reasons,
this stronger control will be required in Sec. 4.9 to establish the estimates stated in (2.17).

Remark 4.8. By Young's inequality, (4.7) and Lemma 1.17, we have

kF 𝔞kμ=k𝔬𝔞 ⋅ [K̃μ
1,k(𝔞)F 𝔞] ⋅ w̃μ

𝔞k = k𝔬𝔞 ⋅ [K̃μ,σ
1,k(𝔞)K̃σ

1,k(𝔞)F 𝔞] ⋅ w̃μ
𝔞k

� kKμ,σkTV(wμ
2)kKμ,σ

2 kTV(wμ
♭)

k(𝔞) k𝔬𝔞 ⋅ [K̃σ
1,k(𝔞)F 𝔞] ⋅ w̃μ

𝔞k
<∼ k𝔬𝔞 ⋅ [K̃σ

1,k(𝔞)F𝔞] ⋅ w̃σ
𝔞k

= kF𝔞kσ,

(4.10)

uniformly in μ ∈[1/2, 1) and σ ∈[μ, 1).

Given kernels F ʹ and F ʹʹ of operators ℰ⊗k ʹ→ℰ and ℰ⊗kʹʹ→ℰ respectively, we denote by

F =ℭ(Ġσ)(F ʹ ⊗F ʹʹ) (4.11)

the kernel of the operator ℰ⊗k→ℰ , with k=kʹ +kʹʹ −1, defined by

F (z; dz1, ⋅ ⋅ ⋅, dzk)
:= 1
k!∑

π∈Pk

∫Λ2
F ʹ(z; dzπ(1), ⋅ ⋅ ⋅, dzπ(kʹ−1), dzʹ) Ġσ(zʹ −zʹʹ)F ʹʹ(zʹʹ; dzπ(k ʹ), ⋅ ⋅ ⋅, dzπ(k)) dzʹdzʹʹ, (4.12)

where Pk denotes the set of permutations of {1, . . . , k} and the integral is over the variables zʹ
and zʹʹ. Note that C(Ġσ) applies Ġσ to the output variable of the kernel F ʹʹ and plugs the result
to the last input variable of the kernel F ʹ. The above definition extends naturally to kernels of
operators ℰ⊗k ʹ→ ℰ̂ and ℰ⊗kʹʹ→ ℰ̂ .

The flow equation (4.1) for the effective force can be rewritten as the following flow equation
for the kernels

∂σFσ𝔞=∑
𝔟,𝔠

B𝔟,𝔠
𝔞 (Ġσ,Fσ𝔟,Fσ𝔠), F1𝔞=F 𝔞, (4.13)

where the operators B𝔟,𝔠
𝔞 are implicitly defined by

∑
𝔟,𝔠

B𝔟,𝔠
𝔞 (Ġσ,Fσ𝔟,Fσ𝔠) := ∑

ℓ ʹ=0

ℓ (𝔞)−1

∑
kʹ=0

k(𝔞)

(kʹ +1)ℭ(Ġσ)(Fσ[ℓ (𝔞)−1−ℓ ʹ],(k ʹ+1)⊗Fσ[ℓ ʹ],(k(𝔞)−k ʹ)) (4.14)

and in particular B𝔟,𝔠
𝔞 =0 unless

{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{
{{{{{{{{

ℓ(𝔞)= ℓ(𝔟)+ ℓ(𝔠)+1,
k(𝔞)= k(𝔟)+k(𝔠)−1,

−[𝔞]+[𝔟]+[𝔠]=−α +β −δ .
(4.15)

Lemma 4.9. For all 𝔞,𝔟, 𝔠∈𝔄, the following bound

⟦σ⟧−[𝔞]kB𝔟,𝔠
𝔞 (Ġσ,Fσ𝔟,Fσ𝔠)kσ <∼⟦σ⟧−[𝔟]−[𝔠]−1kFσ𝔟kσ kFσ𝔠kσ

holds uniformly in σ ∈[1/2, 1), provided

2s−α +β −δ �0. (4.16)
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Proof. By Def. 4.6 and 4.5, together with (4.14), (4.12) and the identity LσKσ =1, we obtain

kB𝔟,𝔠
𝔞 (Ġσ,Fσ𝔟,Fσ𝔠)kσ = k𝔬𝔞 ⋅ [K̃σ

𝔞B𝔟,𝔠
𝔞 (Ġσ,Fσ𝔟,Fσ𝔠)] ⋅ w̃σ

𝔞kσ
= k𝔬𝔞 ⋅ [B𝔟,𝔠

𝔞 (Lσ3Ġσ, K̃σ
𝔟Fσ𝔟, K̃σ

𝔠Fσ𝔠)] ⋅ w̃σ
𝔞kσ

� k𝔬𝔞 ⋅ [B𝔟,𝔠
𝔞 (|Lσ3Ġσ|, |K̃σ

𝔟Fσ𝔟|, |K̃σ
𝔠Fσ𝔠|)] ⋅ w̃σ

𝔞kσ.

Hence, by (4.4), (4.14), (4.12), Def. 4.6 and Lemma 1.17, we arrive at

kB𝔟,𝔠
𝔞 (Ġσ,Fσ𝔟,Fσ𝔠)kσ <∼ k[B𝔟,𝔠

𝔞 (|Lσ3Ġσ| ⋅wσ
♭,𝔬𝔟 ⋅ |K̃σ

𝔟Fσ𝔟| ⋅ w̃σ
𝔟,𝔬𝔠 ⋅ |K̃σ

𝔠Fσ𝔠| ⋅ w̃σ
𝔠)]kσ

<∼ kLσ3ĠσkTV(wσ
♭)k𝔬𝔟 ⋅ |K̃σ

𝔟Fσ𝔟| ⋅ w̃σ
𝔟kk𝔬𝔠 ⋅ |K̃σ

𝔠Fσ𝔠| ⋅ w̃σ
𝔠k

<∼ kLσ3ĠσkTV(wσ
♭)kFσ𝔟kσ kFσ𝔠kσ

<∼ ⟦σ⟧2s−1kFσ𝔟kσ kFσ𝔠kσ.

Moreover, combining (4.15) and (4.16) yields

−[𝔞]+2s−1=−[𝔟]−[𝔠]−α +β −δ +2s−1�−[𝔟]−[𝔠]−1.

This finishes the proof. □

4.3 Norms for cumulants
In order to prove probabilistic bounds for the moments of the norm kF𝔄k, we start by estab-
lishing bounds for the cumulants of the family (Fσ𝔞)𝔞∈𝔄,σ∈[1/2,1] of the effective force kernels. To
this end, let us first introduce a useful notation. For

a∈A := {(𝔞1, . . . ,𝔞n)|𝔞k ∈𝔄,L(a)�2ℓ̄ },
we write

n(a) :=n, L(a) := ℓ(𝔞1)+ ⋅ ⋅ ⋅ + ℓ(𝔞n), K(a) :=k(𝔞1)+ ⋅ ⋅ ⋅ +k(𝔞n).

We denote by 𝔎n(X1, . . . ,Xn) the n-th order joint cumulant of the random variable X1, . . . ,Xn. For
a=(𝔞1, . . . ,𝔞n) ∈A and σ ∈[1/2, 1], we use the following shorthand notation

ℱσ
a(z1, dZ1, . . . ,zn, dZn) :=𝔎n(Fσ𝔞1(z1, dZ1), ⋅ ⋅ ⋅,Fσ𝔞n(zn, dZn)),

where
Zi=(zi,1, . . . ,zi,k(𝔞i)) ∈Λk(𝔞i), i∈ {1, . . .n}, n=n(a), (4.17)

are the input variables of the i-th effective force kernel involved in the joint cumulant. Since Fσ𝔞i
is a kernel of an operator ℰ⊗k(𝔞i)→ ℰ̂ , it is natural to view ℱσ

a as a kernel of an operator

ℰ⊗K (a)→ ℰ̂⊗n(a). (4.18)

We define the global homogeneity of the kernel ℱσ
a as

[a] :=−ϱ+n(a)(θ +α)+ [𝔞1]+ ⋅ ⋅ ⋅ + [𝔞n],

for suitable parameters ϱ and θ whose values will be fixed in Sec. 4.4. By (4.2), we have

[a]=−ϱ+θn(a)+δL(a)+βK(a). (4.19)

We say that a cumulant ℱ a is relevant if [a]<0, marginal if [a]=0 and irrelevant if [a]>0.

Definition 4.10. For a∈A and σ ,μ ∈ (0, 1) we define

wμ
a :=⊗

i=1

n(a)
wμ

𝔞i, Kμ
a :=⊗

i=1

n(a)
Kμ

1,k(𝔞i), Lσa :=⊗
i=1

n(a)
Lσ
1,k(𝔞i), Kη,σ

a :=LσaKη
a,

where wμ
𝔞i is introduced in Def. 4.3, and Kμ

1,k and Lσ
1,k are introduced in Def. 4.5
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The space of cumulants is endowed with the norm |||•||| defined by taking L∞ norm on the
first output variable and the total variation norm in all other variables, with the output variables
restricted to the first period in space. The restriction of the integration of the output variables
to the first period is natural since cumulants are kernels of operators acting between spaces of
periodic functions, cf. (4.18).

Definition 4.11. Let a ∈A, n =n(a) and k =K(a). The norm of a kernel ℱ a associated with an
operator ℰ⊗k→ℰ⊗n is defined by

|||ℱ a||| := sup
z1∈Λ
∫ΛM

n−1(∫Λk
|ℱ a(z1, dZ1, . . . ,zn, dZn)|)dz2⋅ ⋅ ⋅dzn, (4.20)

with the notation as in (4.17). Given a weight w ∈C(Λ0
n+k), we write

(F ⋅w)(z1, dZ1, . . . ,zn, dZn) :=ℱ(z1, dZ1, . . . ,zn, dZn)w(z1,Z1, ⋅ ⋅ ⋅,zn,Zn).

The norm of ℱ a at scale σ ∈ (1/2, 1) is defined by

|||ℱ a|||σ = |||[Kσ
aℱ a] ⋅wσ

a|||, (4.21)

where K̃σ
aℱ a denotes the convolution of ℱ a, viewed as an element of 𝒮 ʹ(Λn(a)+K (a)), with the kernel

of K̃σ
a. We further introduce a norm for the family of cumulants of effective force kernels

ℱA := (ℱσ
a)a∈A,σ∈(1/2,1)

defined by

|||ℱA||| := sup
a∈A [[[[[[[ sup

σ∈(1/2,1)
⟦σ⟧−[a] |||ℱσ

a|||σ]]]]]]]
1/n(a)

. (4.22)

Remark 4.12. Analogously to Remark 4.8, by Kμ
a = Kμ,σ

a Kσ
a, Young's inequality, (4.6) and

Lemma 1.17, we obtain

|||ℱ a|||μ= |||[Kμ
aℱ a] ⋅wμ

a||| = |||[Kμ,σ
a Kσ

aℱ a] ⋅wμ
a|||

<∼ kKμ,σkTV(wμ
♭)kKμ,σ

2 kTV(wμ
♭)

K (a) |||[Kσ
aℱ a] ⋅wμ

a|||
<∼ |||[Kσ

aℱ a] ⋅wσ
a|||

= |||ℱ a|||σ,

uniformly in μ ∈[1/2, 1) and σ ∈[μ, 1).

In Sec. 4.8, we will pass from estimates on the norm |||ℱA||| for the family of cumulants to
estimates on the norm kF𝔄k for the corresponding family of kernels, using a Kolmogorov-type
argument. Following [Duc25a, Duc22], we introduce a flow equation for cumulants, which will
allow us to control the norm |||ℱA|||.

Lemma 4.13. The cumulants satisfy the following flow equation:

∂σℱσ
a=∑

b
𝒜b

a (Ġσ,ℱσ
b)+∑

b,c
ℬb,c

a (Ġσ,ℱσ
b,ℱσ

c), (4.23)

where the multilinear operators 𝒜b
a and ℬb,c

a are defined in Appendix B.1. We have 𝒜b
a =0 unless

{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{
{
{
{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{
{{
{
{ n(a)=n(b)−1,

L(a)=L(b)+1,
K(a)=K(b)−1,

[a]=[b]−θ +δ −β,

(4.24)
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and ℬb,c
a =0 unless

{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{
{
{
{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{
{{
{
{ n(a)=n(b)+n(c)−1,

L(a)=L(b)+L(c)+1,
K(a)=K(b)+K(c)−1,

[a]=[b]+[c]+ϱ−θ +δ −β.

(4.25)

Moreover, the operators 𝒜b
a and ℬb,c

a satisfy the following bounds:

⟦σ⟧−[a] |||𝒜b
a(Ġσ,ℱσ

b)|||σ <∼ ⟦σ⟧−[b]−1 |||ℱ a|||σ,
⟦σ⟧−[a] |||ℬb,c

a (Ġσ,ℱσ
b,ℱσ

c)|||σ <∼ ⟦σ⟧−[b]−[c]−1 |||ℱσ
b|||σ |||ℱσ

c|||σ,

provided the following compatibility conditions hold:

θ +β −δ −d �0, −ϱ+θ +β −δ +2s�0. (4.26)

Proof. The derivation of the flow equation is a direct consequence of the definition of cumulants,
see [Duc25a, Duc22]. The explicit form of the operators is not essential for the subsequent dis-
cussion and is provided in Appendix B.1, where the stated bounds are also proved (see Lemma B.1
and Lemma B.2). □

This general structure of the flow equation (4.23) allows us to propagate estimates for the
cumulants of the form

sup
σ∈(1/2,1)

⟦σ⟧−[a] |||ℱσ
a|||σ <∞.

However, depending on the sign of [a], we shall handle differently the cumulants: in particular,
for [a]>0, namely for irrelevant cumulants, the flow equation can be solved backward starting
from the final condition at σ =1. On the other hand, this approach does not work for cumulants
for which [a] < 0 as in this case the flow equation cannot be integrated close to σ = 1. As we
shall see in Sec. 4.6, we will solve the flow equation for this class of cumulants, called relevant
cumulants, by integrating it forward.

Remark 4.14. Before proceeding with the analysis of the flow equations for cumulants, we
record a few remarks about symmetries. First, we observe that the SPDE under consideration,
namely (1.4), is invariant under the transformation

ϕ↦−ϕ, ξ↦−ξ ,

which also preserves the law of the noise ξ =ξ (ε ,M ). By the discussion in Sec. 4.4, this invariance
implies that ℱσ

a=0 for all σ ∈[0, 1] and a∈A such that L(a)=0 and

n(a)+K(a) ∈2ℕ0+1.

To extend this property to higher levels L(a) > 0, we exploit the fact that it is preserved by
the flow equation (4.23) thanks to the compatibility conditions (4.24) and (4.25). Indeed, fix an
arbitrary ℓ ∈ℕ+ and assume inductively that

ℱσ
a=0, ∀σ ∈[0, 1],a∈A such that L(a)< ℓ and n(a)+K(a) ∈2ℕ0+1.

Then from the flow equation (4.23) and the conditions (4.24) and (4.25), it follows that

∂σℱσ
a=0, ∀σ ∈ (0, 1],a∈A such that L(a)= ℓ and n(a)+K(a) ∈2ℕ0+1.

Since by construction ℱσ=1
a =0 for all a∈A such that n(a)+K(a) ∈2ℕ0+1, we conclude that

ℱσ
a=0, ∀σ ∈[0, 1],a∈A such that n(a)+K(a) ∈2ℕ0+1.

A further symmetry is given by spatial reflection, that is, the transformation

ϕ(t ,x)↦ϕ(t , −x), ξ (t ,x)↦ ξ (t , −x),
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which also leaves the law of ξ invariant. By an argument analogous to the one above, we infer
that for any a∈A, the cumulant ℱμ

a is symmetric under spatial reflections.

4.4 Bounds on parameters
We shall now fix the parameters

β,θ ,ϱ,α ,δ , ♭

introduced in the analysis of the kernels. We have to choose these parameters so that (4.26) is
satisfied. Another constraint comes from the requirement that |||ℱσ

a|||σ <∼⟦σ⟧−[a] for a ∈A with
L(a)=0. Note that for a∈A such that L(a)=0, we have ∂σℱσ

a=0 and ℱσ
a=ℱ1

a. Using the equality

Fσ
[0](φ)=F1

[0](φ)=−λφ3+ r̄ φ + ξ (ε ,M )

and the fact that the noise ξ (ε ,M ) is Gaussian, one shows that for a ∈A such that L(a) = 0 the
cumulant ℱσ

a is nonzero only if:

a) it is the covariance of the noise, that is n(a)=2, k(a)=0 and

ℱσ
a(z,zʹ) =𝔎2(F [0],(0)(z),F [0],(0)(zʹ))=𝔼[ξ (ε ,M )(z) ξ (ε ,M )(zʹ)] =δM(z−zʹ),

where δM is the periodisation in space of the Dirac delta with period M , or

b) it is the expected value of the (deterministic) kernel F1
[0],(3), that is n(a)=1, k(a)=3 and

ℱσ
a(z,z1,z2,z3)=−λδ(z−z1)δ(z−z2)δ(z−z3),

or

c) it is the expected value of the (deterministic) kernel F1
[0],(1), that is n(a)=1, k(a)=1 and

ℱσ
a(z,z1)= r̄ δ(z−z1).

In the case a) using the fact that wσ
a=1, we conclude that

kℱ1
akσ =∫ΛM

δM(dz)=1. (4.27)

As a consequence, we have to require that

[a]=−ϱ+2θ �0. (4.28)
In the case b) we observe that

(Kσ
aℱσ

a)(z;z1,z2,z3)=−λ∏
i=1

3

Kσ(z−zi),

and thus |||ℱσ
a|||σ <∼1 uniformly in σ >0 by Lemma 1.17. Consequently, we have to require that

[a]=−ϱ+θ +3β �0. (4.29)
In the case c) we have

(Kσ
aℱσ

a)(z;z1)= r̄ Kσ(z−z1),

and thus |||ℱσ
a|||σ <∼1 uniformly in σ >0. Consequently, we have to require that

[a]=−ϱ+θ +β �0.

Note that since β >0 the last condition is implied by the bound (4.29).
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Let us collect in a table the various conditions which influence the choice of parameters.
Some of them we already encountered, while other will appear later on (the constraints [K],
[F̄ ] below). We prefer to collect here all our constraints and fix the values of the parameters to
proceed later in a straightforward way to the discussion of various conditions.

[B] Flow kernels (4.16) 2s−α +β −δ �0

[𝔸] Flow cumulants 𝒜 (4.26) θ +β −δ −d �0

[𝔹] Flow cumulants ℬ (4.26) 2s−ϱ+θ +β −δ �0

[Ξ] Initial condition F [0],(0) (4.28) −ϱ+2θ �0

[Φ3] Initial condition F [0],(3) (4.29) −ϱ+θ +3β �0

[K] Kolmogorov (4.56) α − ϱ
2 +θ −

d +2s
2 −κ>0

[F̄ ] Kolmogorov F̄ (4.59) α −ϱ+θ −κ�0

(4.30)

The parameter κ>0 quantifies the loss of regularity in the Kolmogorov-type argument used
to estimate the pathwise behaviour of the random kernels and will be chosen sufficiently small.

From the constraints [Φ3] and [𝔹] we have
β � s−δ /2,

while from [Ξ], [𝔹] and this last inequality we deduce that

θ �β −δ +2s�3s−3δ /2.
Using now [𝔹] again we have

ϱ�θ +β −δ +2s�6s−3δ .
And [𝔸] now gives

0�θ +β −δ −d �4s−d −3δ =3(δ⋆−δ), (4.31)
where the strict positivity of

δ⋆ :=
4s−d
3 >0,

defines the subcritical regime of this model. We now fix and choose the other parameters to
saturate most of the inequalities we just found giving:,

β = s−δ /2−κ /2, θ =3β, ϱ=2θ , α =3β +κ, δ =δ⋆/2. (4.32)

By substituting these values into the inequalities (4.30) above, we check the following.

[B] 0�2s−α +β −δ =2s−2β −κ−δ =0

[𝔸] 0�θ +β −δ −d =4β −δ −d =32δ⋆−2κ

[𝔹] 0�−ϱ+θ +β −δ +2s =−2β −δ +2s =κ

[Ξ] 0�−ϱ+2θ =0 =0

[Φ3] 0�−ϱ+θ +3β =0 =0

[K] 0<α − ϱ
2 +θ −

d +2s
2 −κ =3β − d +2s

2 =34δ⋆−
3
2κ

[F̄ ] 0�α −ϱ+θ −κ =0 =0

(4.33)

We used that
d +2s
2 = 6s−3δ⋆

2 =3β − 3
2(δ⋆−δ)+3κ. (4.34)

42 SECTION 4



All the inequalities are satisfied provided

κ ∈ (0,δ⋆/2). (4.35)

In addition, in Lemma 4.17 below we use the fact that the parameter of the weight 𝔬 introduced
in Def. 4.3 satisfies

κ𝔬�δ ∧♭/(1+ ℓ̄ ). (4.36)

Finally, we explain how the value of the parameter ♭, introduced in Def. 4.3, is fixed. The
role of this parameter is to compensate for the loss of spatial weight arising in the localisation
procedure for the relevant cumulants discussed below, where the Taylor expansion allows to
gain in homogeneity and establish that only a local renormalisation is needed. In Lemma 4.15
and Lemma 4.17, we shall need ♭>2s−δ . On the other hand, as argued in Remark 1.18, we must
also impose ♭<2s. Thus, we fix ♭ such that

2s−δ <♭<2s. (4.37)

In Sec. 4.9, we shall introduce additional constraints on the parameters κ and κ𝔬, and we will
fix all remaining parameters

γ ,ϑ , κ̄, ℓ̄ , k̄,a,ν,κ𝔬,κ,

which play a role in our analysis. We postpone this discussion because, apart from κ and κ𝔬,
whichmust satisfy conditions (4.35) and (4.36), these parameters are only relevant for the results
established in Sec. 4.9. We emphasise once again that all these parameters are to be regarded as
fixed once and for all, and their choice depends solely on the exponent s∈(3/4,1) of the fractional
Laplacian.

4.5 Classification of cumulants
Given the bounds on the parameters from the previous section, we can now examine the class
of cumulants that are relevant or marginal, i.e., those satisfying [a]�0. Recalling that

ϱ=2θ , and θ =ϱ−3β,

observe that the condition [a]�0 can be written as

[a]=θ (n(a)−2)+βK(a)+δL(a)=β (3n(a)−6+K(a))+δL(a)�0.
Then

a) if n(a)>2, there are no relevant/marginal cumulants;
b) if n(a)=2, the only relevant/marginal cumulant is the one with L(a)=K(a)=0, that is the

covariance of the noise: ℱ a=𝔎2(Fσ[0](0),Fσ[0](0)).
c) if n(a)=1, the only relevant/marginal cumulants are (at most) those with K(a)�3.

Summarising, the only relevant/marginal cumulants are

𝔎2(Fσ[0](0),Fσ[0](0)), 𝔎1(Fσ[ℓ](k))=𝔼Fσ[ℓ](k), k=0,1, 2, 3.

We can further restrict the set of cumulants to be analysed. Indeed, the flow equation for the
cumulants with L(a) = 0 is trivial and there is no evolution, so they coincide with their initial
values. This applies to 𝔎2(Fσ[0](0),Fσ[0](0)) and 𝔎1(Fσ[0](3)). Moreover 𝔎1(Fσ[ℓ](3)) for ℓ �1 is irrelevant.
As for the others, by Remark 4.14, we know that the cumulants 𝔎1(Fσ[ℓ](0)) and 𝔎1(Fσ[ℓ](2)) vanish
due to symmetry arguments. Thus the only remaining cumulants that we have to consider in
detail are

𝔎1(Fσ[ℓ](1))=𝔼Fσ[ℓ](1), ℓ ∈ {1, . . . , ℓ̂ }, (4.38)
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where by definition ℓ̂ ∈ℕ+ is the smallest natural number such that δ (ℓ̂ +1)−2β >0. Since the
paramter ℓ̂ appears only in this and following section, it is not included in the list (1.22). Note
that there are no marginal cumulants ℱ a with L(a)>0.

4.6 Inductive procedure
The aim of this section is to derive bounds for the cumulants ℱσ

a using an induction on L(a),
based on the flow equation (4.23). More precisely, Lemma 4.13 shows that the flow equation
defines a triangular system with respect to L(a). For irrelevant cumulants, we have ℱσ=1

a = 0,
and the desired bounds follow by directly integrating the flow equation from σ =1. For relevant
cumulants ℱσ

a, which for L(a) > 0 coincide with (4.38), the bound for ∂σℱσ
a is not integrable

at σ = 1. To overcome this, we decompose relevant cumulants into a local relevant part and
a nonlocal irrelevant part, using the procedure detailed in Appendix B.2. The irrelevant part can
again be integrated from σ =1 with zero boundary condition. For the relevant part, we instead
impose the boundary condition at σ =1/2, which acts as the renormalisation condition fixing the
mass counterterm r(ε ,M ). This allows the integration of the flow equation from σ =1/2, thereby
avoiding the non-integrable singularity at σ =1.

Lemma 4.15. For any r̄ ∈ℝ there exist (nonunique) choice of constants (rε ,M[ℓ] )ℓ=1, . . . ,ℓ̂ such that the
solution

F𝔄 := (Fσ𝔞)𝔞∈𝔄,σ∈(1/2,1),

of the approximate flow equation with the final condition

F1
[0](ϕ) =−λϕ3+ r̄ ϕ+ ξ (ε ,M ),

F1
[ℓ](ϕ) =rε ,M

[ℓ] ϕ, ℓ ∈ {1, . . . , ℓ̂ },
F1
[ℓ](ϕ) =0, ℓ ∈ {ℓ̂ +1, . . . , ℓ̄ },

(4.39)

satisfies

|||ℱA||| = sup
a∈A [[[[[[[[[ sup

σ∈(1/2,1)
⟦σ⟧−[a] |||ℱσ

a|||σ]]]]]]]]]
1/n(a)

<∞.

Remark 4.16. Note that

F (ϕ)=∑
ℓ=1

ℓ̄

F1
[ℓ](ϕ), rε ,M =∑

ℓ=1

ℓ̂

rε ,M
[ℓ] ,

where F = F (ε ,M ) is the force (2.1) and rε ,M is the mass renormalisation, which appears in the
expression (1.2) for the action. The parameter ℓ̂ ∈ℕ+ was fixed at the end of Sec. 4.5, whereas
the parameter ℓ̄ � ℓ̂ will be fixed in Sec. 4.9.

Proof. For ℓ ∈ {0, . . . , 2ℓ̄ }, define

Mℓ :=1+ sup
a|L(a)�ℓ[[[[[[[ sup

σ∈(1/2,1)
⟦σ⟧−[a] |||ℱσ

a|||σ]]]]]]]
1/n(a)

.

We will prove by induction on ℓ that

Mℓ <∞, and ℱσ
a=0, for all a such that L(a)� ℓ and n(a)>2ℓ+1, (4.40)

for any ℓ ∈ {0, . . . , 2ℓ̄ }.
Let us remark that the second part of the above statement implies that there are only finitely

many nonzero cumulants ℱσ
a such that L(a)� ℓ . We first note that the case ℓ = 0 was already

discussed in Sec. 4.4, where it was proved that M0<∞.
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Let us now consider the induction step. Assume that the conditions expressed by (4.40) hold
true at the order ℓ −1, for a fixed ℓ ∈ℕ+. We shall prove that then the same is true at the order ℓ .
The proof is based on the flow equation (4.23). We first note that, by Lemma 4.13, we have

|||𝒜b
a(Ġσ,ℱσ

b)|||σ <∼ ⟦σ⟧[a]−1Mℓ−1
n(b),

|||ℬb,c
a (Ġσ,ℱσ

b,ℱσ
c)|||σ <∼ ⟦σ⟧[a]−1Mℓ−1

n(b)Mℓ−1
n(c),

for all a∈A such that L(a)= ℓ . Recall that n(a)=n(b)−1 and L(b)=L(a)−1= ℓ −1 in the first line
and n(a) =n(b) +n(c) − 1 and L(b) +L(c) =L(a) − 1 = ℓ −1 in the second line above. Hence, using
the induction hypothesis we conclude that

𝒜b
a(Ġσ,ℱσ

b)=0, ℬb,c
a (Ġσ,ℱσ

b,ℱσ
c)=0,

if n(a)>2ℓ+1, and

|||𝒜b
a(Ġσ,ℱσ

b)|||σ <∼⟦σ⟧[a]−1, |||ℬb,c
a (Ġσ,ℱσ

b,ℱσ
c)|||σ <∼⟦σ⟧[a]−1. (4.41)

In the rest of the proof of the induction step we treat separately two cases: ℱσ
a is irrelevant, i.e.

[a] >0, or ℱσ
a is relevant, i.e., [a] <0. Note that, according to the analysis in Sec. 4.5, there are

no marginal cumulants at level ℓ >0.
If ℱ a is irrelevant, i.e. [a] >0, then we can bound it by integrating the flow equation (4.23)

backward from the final condition at σ =1. We stress that for any irrelevant cumulant this final
condition is vanishing, namelyℱ1

a=0. To see this fact, note thatℱ1
a is a cumulant of kernels F1

[ℓ]

of the force (4.39). Since for ℓ >0 these kernels are

F1
[ℓ](z,z1)= rε ,M

[ℓ] δ(z,z1)

which are deterministic, for L(a) > 0 every non-vanishing cumulant ℱ1
a coincides with the

expected value of F1
[ℓ], which is relevant. As a consequence, for [a] > 0 and L(a) > 0, ℱ1

a = 0.
Using (4.23), Remark 4.12 and (4.41) we show easily that

|||ℱμ
a|||μ<∼∫μ

1
⟦σ⟧[a]−1dσ <∼⟦μ⟧[a].

On the other hand, if ℱ a is relevant, i.e. [a] < 0, then on account of the discussion of Sec. 4.5
ℱ a is of the form F̄μ

[ℓ],(1)=𝔎1(Fσ[ℓ](1)) with ℓ ∈ {1, . . . , ℓ̂ }. The treatment of the relevant cumulant
proceeds via a localisation procedure, which shows that only the local part of the cumulant
requires renormalisation. However, in our fractional setting, where the kernels exhibit only lim-
ited polynomial decay, this must be done with care. Specifically, we first introduce a preliminary
truncation before performing a Taylor expansion to localise the fields. Consequently, to bound
F̄μ
[ℓ],(1), we shall use the following decomposition

F̄μ
[ℓ],(1) = F̄1

[ℓ],(1)−∫
μ

1
[(1−Kσ

1,1)F̄̇σ
[ℓ],(1)]dσ −∫

μ

1
[Kσ

1,1F̄̇σ
[ℓ],(1)] ⋅ (1−hμ) dσ

+L∫
μ

1
[Kσ

1,1F̄̇σ
[ℓ],(1)] ⋅ (1−hμ) dσ −L∫

μ

1
[Kσ

1,1F̄̇σ
[ℓ],(1)]dσ

−R∫
μ

1
[Kσ

1,1F̄̇σ
[ℓ],(1)] ⋅hμ dσ .

(4.42)

Here
F̄̇σ
[ℓ],(1) :=∂σF̄1

[ℓ],(1),

the operators L andR are suitable localisation and remainder operators defined in Appendix B.2
and the polynomial weight hμ was introduced in Def. 4.3. Recall that, by Def. 4.5, in the present
case Kσ

a=Kσ
1,1=1⊗Kσ. We impose the following renormalisation condition

F̄1
[ℓ],(1)=−L∫1/2

1
[Kσ

1,1F̄̇σ
[ℓ],(1)]dσ .
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Since F̄1
[ℓ],(1)(z, z1) =δ(z− z1) rε ,M

[ℓ] the above condition fixes uniquely the counter-term rε ,M
[ℓ] . Note

that the above integral is finite for all ε∈(0,1) since on account of (4.23), the estimates (4.41) and
Remark B.3 we have

|||Kσ
1,1F̄̇σ

[ℓ],(1)|||=kKσ
1,1F̄̇σ

[ℓ],(1)k<∼⟦σ⟧[a]−1∧ ε−♭⟦σ⟧[a]+♭−1. (4.43)

Actually, the above bound implies that

|r1ℓ ,ε| <∼kK1/2
1,1F̄1

[ℓ],(1)k<∼∫0

ε
kKσ

1,1F̄̇σ
[ℓ],(1)kd⟦σ⟧<∼∫0

ε
ε−♭⟦σ⟧[a]+♭−1d⟦σ⟧+∫

ε

1/2
⟦σ⟧[a]−1d⟦σ⟧<∼ ε[a],

where we used the fact that
[a]+♭�♭−ϱ+θ +δ +β =♭−2β +δ =♭−2s+2δ +κ>0 (4.44)

by (4.19), (4.32) and (4.37). Taking into account the renormalisation condition, we obtain

|||F̄μ[ℓ],(1)|||μ � ∫
μ

1
|||(1−Kσ

1,1)F̄̇σ
[ℓ],(1)|||μdσ +∫μ

1
|||[Kσ

1,1F̄̇σ
[ℓ],(1)] ⋅ (1−hμ)|||μdσ

+∫
μ

1
|||L([Kσ

1,1F̄̇σ
[ℓ],(1)] ⋅ (1−hμ))|||μdσ +∫1/2

μ
|||L(Kσ

1,1F̄̇σ
[ℓ],(1))|||μdσ

+∫
μ

1
|||R([Kσ

1,1F̄̇σ
[ℓ],(1)] ⋅hμ)|||μdσ .

Finally, applying Lemmas A.13, A.18, B.5 and B.6, we arrive at

|||F̄μ[ℓ],(1)|||μ <∼ ⟦μ⟧−2s∫
μ

1
⟦σ⟧[a]+2s−1dσ +⟦μ⟧−♭∫

μ

1
⟦σ⟧[a]+♭−1dσ

+⟦μ⟧−♭∫
μ

1
⟦σ⟧[a]+♭−1dσ +∫1/2

μ
⟦σ⟧[a]−1dσ

+⟦μ⟧−2∫
μ

1
⟦σ⟧[a]+2dσ

<∼ ⟦μ⟧[a],

where we used again (4.44). This concludes the proof of the induction step. □

4.7 Local estimates for the flow of kernels
In this section, we prove an auxiliary result showing that the norms of the effective force kernels
Fμ𝔞 can be controlled in terms of the norms of the localised kernels Fμ𝔞 ⋅vμ𝔞 restricted to a neigh-
bourhood of the diagonal, where vμ𝔞 is the weight introduced in Def. 4.3. We use the notation

kX kLℙN := (𝔼|X |N)1/N .

Lemma 4.17. For all ℓ ∈ℕ0,N ∈ℕ+it holds,

sup
𝔞|ℓ (𝔞)=ℓ

sup
μ∈(1/2,1)









⟦μ⟧−[𝔞]−κkFμ𝔞kμ








Lℙ
N
<∼ℓ 1+ sup

𝔞|ℓ (𝔞)�ℓ ,[𝔞]<0
sup

μ∈(1/2,1)









⟦μ⟧−[𝔞]−κ kFμ𝔞 ⋅vμ𝔞kμ








Lℙ
2ℓN

2ℓ

, (4.45)

and

sup
𝔞|ℓ (𝔞)=ℓ

sup
μ∈(1/2,1)









⟦μ⟧−[𝔞]−κ+1k∂μFμ𝔞kμ








Lℙ
N
<∼ℓ 1+ sup

𝔞|ℓ (𝔞)�ℓ ,[𝔞]<0
sup

μ∈(1/2,1)









⟦μ⟧−[𝔞]−κkFμ𝔞 ⋅vμ𝔞kμ








Lℙ
2ℓN

2ℓ

. (4.46)

Proof. We shall prove the lemma by induction on ℓ ∈ℕ0. First, we discuss the case ℓ = 0 for
which we have ∂μFμ𝔞=0 and thus Fμ𝔞=F1𝔞 for all μ ∈ (1/2, 1). Observe that the kernels F1𝔞 are local,
that is supported on the diagonal, as can be seen from (2.1). Hence,

Fμ𝔞 ⋅vμ𝔞=F1𝔞 ⋅vμ𝔞=F1𝔞=Fμ𝔞, ℓ(𝔞)=0,
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for all μ ∈ (1/2, 1) since vμ𝔞=1 on the diagonal. Moreover, for the irrelevant kernels, that is the
kernels Fμ𝔞 such that [𝔞]>0, we have Fμ𝔞=0 for all μ∈(1/2,1) since F1𝔞=0 for 𝔞∈𝔄 such that ℓ(𝔞)=0
and [𝔞]>0. This proves the bounds (4.45) and (4.46) for ℓ =0.

Let ℓ0∈ℕ0 and suppose that the bounds (4.45) and (4.46) are true for all ℓ � ℓ0. We shall prove
the bounds for ℓ = ℓ0+1. It follows from (4.13) and Lemma 4.9 that

⟦μ⟧−[𝔞]−κ+1k∂μFμ𝔞kμ<∼∑
𝔟,𝔠

⟦μ⟧−[𝔞]−2κ+1kB𝔟,𝔠
𝔞 (Ġμ,Fμ𝔟,Fμ𝔠)kμ<∼∑

𝔟,𝔠
⟦μ⟧−[𝔟]−κkFμ𝔟kμ ⟦μ⟧−[𝔠]−κkFμ𝔠kμ.

Consequently, by Hölder's inequality







⟦μ⟧−[𝔞]−κ+1k∂μFμ𝔞kμ








Lℙ
N
<∼∑

𝔟,𝔠
k⟦μ⟧−[𝔟]−κkFμ𝔟kμkLℙ2N k⟦μ⟧

−[𝔠]−κkFμ𝔠kμkLℙ2N .

Since ℓ(𝔟) ∨ ℓ(𝔠) � ℓ(𝔞) − 1 � ℓ0 and ℓ = ℓ(𝔞) = ℓ0 + 1 the above bound together with the induction
hypothesis imply the bound (4.46). The dependence on ℓ in the bound (4.46) comes from the
estimate on the (finite) number of terms in the sum over 𝔟, 𝔠.

Let Fμ𝔞 be an irrelevant kernel, for which [𝔞]>0. Then F1𝔞=0, Fμ𝔞=−∫μ
1∂ηFη𝔞dη and

kFμ𝔞kμ<∼∫μ

1
k∂ηFη𝔞kμ dη<∼∫μ

1
k∂ηFη𝔞kηdη

where we replaced the norm k∂ηFη𝔞kμ with k∂ηFη𝔞kη for η>μ using (4.10). Hence, by theMinkowski
inequality 





kFμ𝔞kμ







Lℙ
N
<∼∫μ

1





k∂ηFη𝔞kη






Lℙ
N
dη.

Consequently, for the irrelevant kernels the bound (4.45) follows from the bound (4.46).
Let us now consider relevant kernels F 𝔞, for which [𝔞]<0. If k(𝔞)=0, then vμ𝔞Fμ𝔞=Fμ𝔞 and the

bound (4.45) is trivial. For k(𝔞)>0 we shall use the following decomposition

Fμ𝔞 ⋅ (1−vμ𝔞) = F1𝔞 ⋅ (1−vμ𝔞)−∫
μ

1
∂ηFη𝔞 ⋅ (1−vμ𝔞) dη

= −∫
μ

1
[(1− K̃η

𝔞)∂ηFη𝔞] ⋅ (1−vμ𝔞) dη−∫
μ

1
[K̃η

𝔞∂ηFη𝔞] ⋅ (1−vμ𝔞) dη.
(4.47)

Note that F1𝔞 ⋅ (1 − vμ𝔞) = 0, which follows from the fact that the kernels F1𝔞 are local, that is sup-
ported on the diagonal, and vμ𝔞=1 on the diagonal. Then

kFμ𝔞−Fμ𝔞 ⋅vμ𝔞kμ�∫
μ

1
k[(1− K̃η

𝔞)∂ηFη𝔞] ⋅ (1−vμ𝔞)kμ dη+∫
μ

1
k[K̃η

𝔞∂ηFη𝔞] ⋅ (1−vμ𝔞)kμ dη.

We observe now that on account of Lemma A.14 and Lemma A.17, it holds that

kFμ𝔞−Fμ𝔞 ⋅vμ𝔞kμ�∫
μ

1

(((((((((((⟦η⟧
2s

⟦μ⟧2s +
⟦η⟧♭−ℓ (𝔞)κ𝔬

⟦μ⟧♭−ℓ (𝔞)κ𝔬)))))))))))k∂ηFη𝔞kμ dη<∼∫μ

1⟦η⟧♭−ℓ (𝔞)κ𝔬

⟦μ⟧♭−ℓ (𝔞)κ𝔬
k∂ηFη𝔞kμ dη.

Consequently, by Minkowski's inequality





kFμ𝔞−Fμ𝔞 ⋅vμ𝔞kμ






Lℙ
N
<∼∫μ

1⟦η⟧♭−ℓ (𝔞)κ𝔬

⟦μ⟧♭−ℓ (𝔞)κ𝔬







k∂ηFη𝔞kμ






Lℙ
N
dη.

Note that by (4.2), (4.32), (4.37) and (4.36),

[𝔞]+♭− ℓ(𝔞)κ𝔬�♭−α +(δ −κ𝔬)ℓ(𝔞)+β =♭+(δ −κ𝔬)ℓ(𝔞)−2β −κ=(δ −κ𝔬)ℓ(𝔞)+δ +♭−2s>0,

for k(𝔞)>0 and ℓ(𝔞)>0. Thus, the previous estimate and the bound (4.46) imply the bound (4.45)
for the relevant kernels. This concludes the proof. □
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4.8 From cumulants to random kernels
The bound (2.29) stated in Theorem 2.7 is proved by combining the cumulant estimates from
Lemma 4.15 with the auxiliary bounds established in Lemma 4.17, via the following lemma,
which shows how estimates on the cumulants translate into estimates on the effective force
kernels. The remaining part of Theorem 2.7, namely, the proof that the estimates (2.17) hold
with CF =1+kF𝔄k2, is presented in Sec. 4.9.

Our analysis relies on the decomposition of the effective force kernels into mean and fluc-
tuation parts:

Fμ𝔞= F̄μ𝔞+ F̃μ𝔞, F̄μ𝔞 :=𝔼Fμ𝔞, F̃μ𝔞 :=Fμ𝔞−𝔼Fμ𝔞.

Lemma 4.18. Let (Fμε)μ∈(1/2,1) be the solution of the approximate flow equation with initial condi-
tion (4.39) with rε ,M as in Lemma 4.15. For every N ∈ℕ+, we have

𝔼kF𝔄kN =






kF𝔄k








Lℙ
N

N
<∞, (4.48)

where kF𝔄k was defined in (4.9).

Proof. If the kernel Fμ𝔞 is irrelevant, that is [𝔞]>0, then F1𝔞=0, Fμ𝔞=−∫μ
1∂ηFη𝔞dη and

⟦μ⟧−[𝔞]kFμ𝔞kμ<∼⟦μ⟧−[𝔞]∫μ

1
k∂ηFη𝔞kμ dη<∼∫μ

1
⟦η⟧−[𝔞]k∂ηFη𝔞kηdη<∼∫1/2

1
⟦η⟧−[𝔞]k∂ηFη𝔞kηdη.

On the other hand, if the kernel Fμ𝔞 is relevant, that is [𝔞]<0, then Fμ𝔞=F1𝔞 and ⟦μ⟧−[𝔞]=0 at μ =1.
Consequently, we have ⟦μ⟧−[𝔞]Fμ𝔞=0 at μ =1. From

∂μ(⟦μ⟧−[𝔞]Fμ𝔞)=⟦μ⟧−[𝔞]∂μFμ𝔞−[𝔞] ⟦μ⟧−[𝔞]−1Fμ𝔞, (4.49)
we deduce that

⟦μ⟧−[𝔞]kFμ𝔞kμ<∼∫μ

1
(⟦η⟧−[𝔞]k∂ηFη𝔞kμ+⟦η⟧−[𝔞]−1kFη𝔞kμ) dη<∼∫1/2

1
(⟦η⟧−[𝔞]k∂ηFη𝔞kη+⟦η⟧−[𝔞]−1kFη𝔞kη) dη.

Next, Minkowski inequality gives







 sup
μ∈(1/2,1)

⟦μ⟧−[𝔞]kFμ𝔞kμ









Lℙ
N

<∼∫1/2

1
(k⟦η⟧−[𝔞]k∂ηFη𝔞kηkLℙN +k⟦η⟧

−[𝔞]−1kFη𝔞kηkLℙN) dη,

for both relevant and irrelevant kernels. Since ∫1/2
1 ⟦η⟧κ−1dη<∞, we arrive at







 sup

μ∈(1/2,1)
⟦μ⟧−[𝔞]kFμ𝔞kμ










Lℙ
N

<∼ sup
μ∈(1/2,1)

k⟦μ⟧−[𝔞]+1−κk∂μFμ𝔞kμkLℙN + sup
μ∈(1/2,1)

k⟦μ⟧−[𝔞]−κkFμ𝔞kμkLℙN .

Using Lemma 4.17 and the decomposition Fμ𝔞= F̄μ𝔞+ F̃μ𝔞 we obtain







 sup
μ∈(1/2,1)

⟦μ⟧−[𝔞]kFμ𝔞kμ









Lℙ
N

<∼ 1+ sup
𝔞|ℓ (𝔞)�ℓ ,[𝔞]<0

sup
μ∈(1/2,1)









⟦μ⟧−[𝔞]−κkvμ𝔞 Fμ𝔞kμ








Lℙ
2ℓN

2ℓ

<∼ 1+ sup
𝔞|ℓ (𝔞)�ℓ ,[𝔞]<0

sup
μ∈(1/2,1)(((((((((









⟦μ⟧−[𝔞]−κkvμ𝔞 F̃μ𝔞kμ








Lℙ
2ℓN

2ℓ

+ (⟦μ⟧−[𝔞]−κkvμ𝔞 F̄μ𝔞kμ)2ℓ))))))))).
Applying Lemmas 4.19 and 4.21 and recalling that |||ℱA||| <∞, on account of Lemma 4.15, we
conclude that 







 sup

σ∈(1/2,1)
⟦σ⟧−[𝔞]kFσ𝔞kσ










Lℙ
N

<∞.
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Finally, to establish the slightly stronger bound







 sup
σ∈(1/2,1)

⟦σ⟧d/2+s+2κ kFσ
[0],(0)kσ










Lℙ
N

<∞

for Fσ
[0],(0)= ξ (ε ,M ), we proceed as before, replacing [𝔞] by − d /2 − s −2κ and invoke the second

bound stated in Lemma 4.19. □

Lemma 4.19. For all 𝔞∈𝔄 and N ∈ℕ+, we have

sup
μ∈(1/2,1)











⟦μ⟧−[𝔞]−κkF̃μ𝔞 ⋅vμ𝔞kμ











Lℙ
2N

<∼N |||ℱA|||1/2,

sup
μ∈(1/2,1)











⟦μ⟧d/2+s+κkFμ[0],(0)kμ











Lℙ
2N

<∼N1.

Proof. Let k = k(𝔞). By Lemma A.15, there exists is a weight ṽμ𝔞 with support properties ana-
logous to those of vμ𝔞 such that

kF̃μ
𝔞 ⋅vμ𝔞kμ=k𝔬𝔞 ⋅ [K̃μ

𝔞(F̃μ
𝔞 ⋅vμ𝔞)] ⋅ w̃μ

𝔞kμ<∼k𝔬𝔞 ⋅ [K̃μ
𝔞F̃μ𝔞] ⋅ ṽμ𝔞w̃μ

𝔞k.

Moreover, it holds that

sup
z∈Λ
∫Λk

w̃μ
𝔞(z,Z𝔞)ṽμ𝔞(z,Z𝔞) dZ𝔞<∼⟦μ⟧2sk (ε ∨⟦μ⟧)dk, Z𝔞=(z1, . . . ,zk) ∈Λk.

Thus, we have
kF̃μ

𝔞 ⋅vμ𝔞kμ<∼k𝔬𝔞 ⋅ [K̃μ
𝔞F̃μ𝔞] ⋅ ṽμ𝔞w̃μ

𝔞k<∼⟦μ⟧2sk (ε ∨⟦μ⟧)dk k𝔬𝔞 ⋅ [K̃μ
𝔞F̃μ𝔞]kL∞,

where, here and below, k•kL∞ denotes the supremum norm in all the variables. Hence,







kF̃μ𝔞 ⋅vμ𝔞kμ








Lℙ
2N
<∼⟦μ⟧2sk (ε ∨⟦μ⟧)dk









k𝔬𝔞 ⋅ [K̃μ
𝔞F̃μ𝔞]kL∞










Lℙ
2N
. (4.50)

To analyse the last term, we decompose the operator Kμ as

Kμ= Ǩμ K̂μ,
where

K̂μ := (1+⟦μ⟧2s∂t)κ̂−1(1−⟦μ⟧2Δ)κ̂−2, Ǩμ := (1+⟦μ⟧2s∂t)−κ̂(1−⟦μ⟧2Δ)−κ̂, (4.51)

and κ̂>0 is a small constant to be fixed later. By Lemma A.5,

kǨμkL2N /(2N−1)(1/𝔬𝔞)<∼⟦μ⟧
−(d+2s)/2N , (4.52)

provided 4Nκ̂>3. In what follows, we choose κ̂ ∈ (0, 1/(2+2k̄)) and assume that N > κ̄−1>2+2k̄.
Recall that

K̃μ
𝔞= Ǩμ

⊗(1+k)K̂μ
⊗(1+k)Kμ

1,k

by Def. 1.13 and 4.5. Hence, by weighted Young's inequality, Fubini's theorem and (4.52), it holds
that

𝔼[k𝔬𝔞 ⋅ [K̃μ
𝔞F̃μ𝔞]kL∞2N]<∼

<∼⟦μ⟧−(d+2s)(1+k)∫Λ1+k
𝔼[(𝔬𝔞(z) (K̂μ

⊗(1+k)Kμ
1,kF̃μ𝔞)(z;Z𝔞))2N]dzdZ𝔞

<∼⟦μ⟧−(d+2s)(1+k)∫Λ1+k
𝔼[((K̂μ

⊗(1+k)Kμ
1,kF̃μ𝔞)(z;Z𝔞)wμ

𝔞(z,Z𝔞))2N] ((((((((( 𝔬𝔞(z)
wμ

𝔞(z,Z𝔞))))))))))
2N
dzdZ𝔞

<∼⟦μ⟧−(d+2s)(1+k)






𝔼[([K̂μ

⊗(1+k)Kμ
1,kF̃μ𝔞] ⋅wμ

𝔞)2N]







L∞
,
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where we used that,

∫Λ1+k((((((((( 𝔬𝔞(z)
wμ

𝔞(z,Z𝔞))))))))))
2N
dzdZ𝔞<∼1,

for N ∈ℕ+ large enough. Thus,





k𝔬𝔞 ⋅ [K̃μ
𝔞F̃μ𝔞]kL∞








Lℙ
2N
<∼⟦μ⟧

− (d+2s)(1+k)
2N









𝔼[([K̂μ
⊗(1+k)Kμ

1,kF̃μ𝔞] ⋅wμ
𝔞)2N]










L∞

1/2N
. (4.53)

We need to control the Lℙ2N norm of the centred random variable

(K̂μ
⊗(1+k)Kμ

1,kF̃μ𝔞)(z;Z𝔞)wμ
𝔞(z,Z𝔞).

To this end, we observe that, by induction it is easy to show that F̃μ𝔞 is a polynomial of the
Gaussian random field ξ (ε ,M ). Consequently, by Nelson's hypercontractivity estimate, all higher
moments can be controlled by the second one. In particular, the 2N -th moment can be bounded
in terms of the second-order cumulant

𝔼(F̃μ𝔞⊗ F̃μ𝔞)=𝔎2(Fμ𝔞,Fμ𝔞)=ℱ (𝔞𝔞).
Using the notation

wμ
(𝔞𝔞) :=wμ

𝔞⊗wμ
𝔞, Kμ

(𝔞𝔞) :=Kμ
1,k⊗Kμ

1,k,
we have 







𝔼[([K̂μ

⊗(1+k)Kμ
1,kF̃μ𝔞] ⋅wμ

𝔞)2N]









L∞

<∼N






𝔼[([K̂μ

⊗(1+k)Kμ
1,kF̃μ𝔞] ⋅wμ

𝔞)2]







L∞

N

<∼






𝔎2([K̂μ

⊗(1+k)Kμ
1,kFμ𝔞] ⋅wμ

𝔞, [K̂μ
⊗(1+k)Kμ

1,kFμ𝔞] ⋅wμ
𝔞)







L∞

N
.

(4.54)

Since
|||ℱμ

(𝔞𝔞)|||μ= |||[Kμ
(𝔞𝔞)ℱμ

(𝔞𝔞)] ⋅wμ
(𝔞𝔞)|||,

by Lemma 4.20 below, we obtain





𝔎2([K̂μ
⊗(1+k)Kμ

1,kFμ𝔞] ⋅wμ
𝔞, [K̂μ

⊗(1+k)Kμ
1,kFμ𝔞] ⋅wμ

𝔞)







L∞
<∼⟦μ⟧−2s(1+2k) (ε ∨⟦μ⟧)−d (1+2k) |||ℱμ

(𝔞𝔞)|||μ.

Hence, by (4.54),







𝔼([K̂μ
⊗(1+k)Kμ

1,kF̃μ𝔞] ⋅wμ
𝔞)2N










L∞

1
2N <∼⟦μ⟧−s(1+2k) (ε ∨⟦μ⟧)−d (1+2k)/2 |||ℱμ

(𝔞𝔞)|||μ1/2.

Overall, using (4.50), (4.53) together with the definition (4.22) of |||ℱA||| and the fact that

[(𝔞𝔞)]=−ϱ+2(θ +α)+2[𝔞],
we arrive at

sup
μ











⟦μ⟧−[𝔞]−κkvμ𝔞F̃μ𝔞kμ











Lℙ
2N

<∼N |||ℱA|||1/2 sup
μ

⟦μ⟧−
ϱ
2+θ+α−

d+2s
2 − (d+2s)(1+k)

2N −κ. (4.55)

In order to conclude, we need the right-hand side above to be finite, that is, we require

θ +α − ϱ
2 −

d +2s
2 − (d +2s)(1+ k̄)

2N −κ�0. (4.56)

Given our choices of parameters (4.32) this bounds has the form

3
4δ⋆−

(d +2s)(1+ k̄)
2N − 3

2κ�0. (4.57)
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Since κ ∈ (0, δ⋆/2) by (4.35), it suffices to take N ∈ℕ+ large enough to satisfy this inequality
and conclude our bound. The bound for smaller values of N ∈ℕ+ follows then immediately by
Jensen's inequality.

The second of the stated bounds, namely the estimate for the noise F [0],(0)= ξ (ε ,M ), is proved
by the same argument as for (4.55), except that we now use the precise estimate

kℱσ
(𝔞,𝔞)kσ =1

for the covariance of the noise

ℱσ
(𝔞,𝔞)=𝔎2(ξ (ε ,M ), ξ (ε ,M )), 𝔞=(0, 0),

which follows from (4.27), instead of the weaker bound

kℱσ
(𝔞,𝔞)kσ � |||ℱA||| ⟦σ⟧[(𝔞𝔞)].

Specifically, in place of (4.55) we obtain

sup
μ





⟦μ⟧d/2+s+κkF [0],(0)kμ





Lℙ
2N =sup

μ





⟦μ⟧d/2+s+κk𝔬KμF [0],(0)k





Lℙ
2N <∼sup

μ
⟦μ⟧−

(d+2s)
2N +κ <∼1,

for N ∈ℕ+ large enough, depending on κ>0. □

Lemma 4.20. Let F ∈C(Λ1+k) be a random field whose law is invariant under spacetime transla-
tions and such that

Λ∋z↦F (z,z+z1, . . . ,z+zk) ∈ℝ (4.58)

is a.s. periodic in space with period M for all z1, . . . ,zk ∈Λ. Define

ℱ(z,z1, . . . ,z2k)=𝔎2(F (0,z1, . . . ,zk),F (z,zk+1 . . . ,z2k)), z,z1, . . . ,z2k ∈Λ.

For all ω�0 and κ̂ ∈[0, 1/(2k+1)), we have

k𝔎2((K̂μ
⊗(1+k)F ), (K̂μ

⊗(1+k)F )) ⋅ (wμ
(1+k),ω⊗wμ

(1+k),ω)kL∞<∼⟦μ⟧−2s (1+2k) (ε ∨⟦μ⟧)−d (1+2k)

×∫ΛM×Λ2k
wμ

(1+k),ω(0,z1, . . . ,zk)wμ
(1+k),ω(z,zk+1, . . . ,z2k) |ℱ(z,z1, . . . ,z2k)| dzdz1. . .dz2k,

uniformly over F and μ ∈[1/2, 1), where

K̂μ := (1+⟦μ⟧2s∂t)κ̂−1(1−⟦μ⟧2Δ)κ̂−2.

Proof. We claim that

𝔎2((K̂μ
⊗(1+k)F )(0,z1, . . . ,zk), (K̂μ

⊗(1+k)F )(z,zk+1, . . . ,z2k))=(𝒦μ ∗ℱ)(z,z1, . . . ,z2k)

for all z,z1, . . . ,z2k ∈Λ, where ∗ stands for the convolution on Λ1+2k and

𝒦μ(z,z1, . . . ,z2k) :=∫Λ
K̂μ(zʹʹ) K̂μ(z+zʹʹ) K̂μ(z1+zʹʹ). . . K̂μ(z2k+zʹʹ)dzʹʹ.

Indeed, we have

(𝒦μ ∗ℱ)(z,z1, . . . ,z2k)

=∫Λ2+2k
K̂μ(zʹʹ) K̂μ(zʹ +zʹʹ) K̂μ(z1́+zʹʹ). . . K̂μ(z2kʹ +zʹʹ)

×ℱ(z−zʹ,z1−z1́, . . . ,z2k−z2kʹ ) dzʹdzʹʹdz1́. . .dz2kʹ

=∫Λ2+2k
K̂μ(zʹʹ) K̂μ(zʹ) K̂μ(z1́). . . K̂μ(z2kʹ )

×𝔎2(F (0−zʹʹ,z1−z1́, . . . ,zk−zḱ),F (z−zʹ,zk+1−zk+1ʹ , . . . ,z2k−z2kʹ )) dzʹdzʹʹdz1́. . .dz2kʹ
=𝔎2((K̂μ

⊗(1+k)F )(0,z1, . . . ,zk), (K̂μ
⊗(1+k)F )(z,zk+1, . . . ,z2k)),
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where the second equality above follows from the translation invariance of the law of F .
It remains to show that

|(𝒦μ ∗ℱ)(z,z1, . . . ,z2k)|wμ
(1+k),ω(0,z1, . . . ,zk)wμ

(1+k),ω(z,zk+1, . . . ,z2k)
<∼⟦μ⟧−2s (1+2k) (ε ∨⟦μ⟧)−d (1+2k)∫ΛM×Λ2k

wμ
(1+k),ω(0,z1, . . . ,zk)wμ

(1+k),ω(z,zk+1, . . . ,z2k)

× |ℱ(z,z1, . . . ,z2k)| dzdz1. . .dz2k.

We have

|(𝒦μ ∗ℱ)(z,z1, . . . ,z2k)|�∑
n∈ℤd
∫ΛM×Λ2k

|𝒦μ(zʹ +Mn,z1́, . . . ,z2kʹ )|

× |ℱ(z−zʹ +Mn,z1−z1́, . . . ,z2k−z2kʹ )| dzʹdz1́. . .dz2kʹ .

Thus, by (4.6) we obtain

|(𝒦μ ∗ℱ)(z,z1, . . . ,z2k)|wμ
(1+k),ω(0,z1, . . . ,zk)wμ

(1+k),ω(z,zk+1, . . . ,z2k)
<∼∑
n∈ℤd
∫ΛM×Λ2k

wμ
ω(zʹ +Mn)wμ

ω(z1́)⋅ ⋅ ⋅wμ
ω(z2kʹ ) |𝒦μ(zʹ +Mn,z1́, . . . ,z2kʹ )|

×wμ
(1+k),ω(0,z1−z1́, . . . ,zk−zḱ)wμ

(1+k),ω(z−zʹ +Mn,zk+1−zk+1ʹ , . . . ,z2k−z2kʹ )
× |ℱ(z−zʹ +Mn,z1−z1́, . . . ,z2k−z2kʹ )| dzʹdz1́. . .dz2kʹ ,

where for z=(t ,x) ∈Λ and n ∈ℤd we write z+Mn=(t ,x +Mn) ∈Λ. Using Def. 4.3 we arrive at

∫ΛM×Λ2k
wμ

(1+k),ω(0,z1−z1́, . . . ,zk−zḱ)wμ
(1+k),ω(z−zʹ +Mn,zk+1−zk+1ʹ , . . . ,z2k−z2kʹ )

× |ℱ(z−zʹ +Mn,z1−z1́, . . . ,z2k−z2kʹ )| dzʹdz1́. . .dz2kʹ

=∫ΛM×Λ2k
wμ

(1+k),ω(0,z1́, . . . ,zḱ)wμ
(1+k),ω(0,zk+1ʹ , . . . ,z2kʹ )

× |ℱ(z−zʹ +Mn,z1́, . . .zḱ,z−zʹ +Mn+zk+1ʹ , . . . ,z−zʹ +Mn+z2kʹ )| dzʹdz1́. . .dz2kʹ .

Note that by (4.58), the above expression can be rewritten as

∫ΛM×Λ2k
wμ

(1+k),ω(0,z1́, . . . ,zḱ)wμ
(1+k),ω(0,zk+1ʹ , . . . ,z2kʹ )

× |ℱ(zʹ,z1́, . . .zḱ,zʹ +zk+1ʹ , . . . ,zʹ +z2kʹ )| dzʹdz1́. . .dz2kʹ

=∫ΛM×Λ2k
wμ

(1+k),ω(0,z1́, . . . ,zḱ)wμ
(1+k),ω(zʹ,zk+1ʹ , . . . ,z2kʹ )

× |ℱ(zʹ,z1́, . . .zḱ,zk+1ʹ , . . . ,z2kʹ )| dzʹdz1́. . .dz2kʹ .
Consequently,

|(𝒦μ ∗ℱ)(z,z1, . . . ,z2k)|wμ
(1+k),ω(0,z1, . . . ,zk)wμ

(1+k),ω(z,zk+1, . . . ,z2k)
<∼ sup
zʹ,z1́, . . . ,z2kʹ ∈Λ

∑
n∈ℤd

wμ
ω(zʹ +Mn)wμ

ω(z1́)⋅ ⋅ ⋅wμ
ω(z2kʹ ) |𝒦μ(zʹ +Mn,z1́, . . . ,z2kʹ )|

×∫ΛM×Λ2k
wμ

(1+k),ω(0,z1́, . . . ,zḱ)wμ
(1+k),ω(zʹ,zk+1ʹ , . . . ,z2kʹ ) |ℱ(zʹ,z1́, . . . ,z2kʹ )| dzʹdz1́. . .dz2kʹ .

The statement follows now from the estimate

sup
zʹ,z1́, . . . ,z2kʹ ∈Λ

∑
n∈ℤd

wμ
ω(zʹ +Mn)wμ

ω(z1́)⋅ ⋅ ⋅wμ
ω(z2kʹ ) |𝒦μ(zʹ +Mn,z1́, . . . ,z2kʹ )| <∼⟦μ⟧−2s (1+2k) (ε ∨⟦μ⟧)−d (1+2k),

which is a consequence of Lemma A.6. □

Lemma 4.21. We have

⟦μ⟧−[𝔞]−κ kF̄μ𝔞 ⋅vμ𝔞kμ<∼ |||ℱA|||,
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uniformly in μ ∈[1/2, 1).

Proof. By Lemma A.15, we have

kF̄μ𝔞 ⋅vμ𝔞kμ<∼kF̄μ𝔞kμ=k[K̃μ
𝔞F̄μ𝔞] ⋅ w̃μ

𝔞k.
Moreover, by Def. 4.3,

𝔬𝔞w̃μ
𝔞
�wμ

𝔞.

Thus, by Lemma 1.17, (4.2) and (4.19) we obtain

⟦μ⟧−[𝔞]−κ kF̄μ𝔞 ⋅vμ𝔞kμ <∼ ⟦μ⟧−[𝔞]−κ k[K̃μ
𝔞F̄μ𝔞] ⋅wμ

𝔞k
= ⟦μ⟧−[𝔞]−κ k[Kμ

⊗(1+k(𝔞))Kμ
1,k(𝔞)F̄μ𝔞] ⋅wμ

𝔞k
<∼ ⟦μ⟧−[𝔞]−κ kKμkTV(wμ

♭)
1+k(𝔞) k[Kμ

1,k(𝔞)F̄μ𝔞] ⋅wμ
𝔞k

<∼ |||ℱA||| ⟦μ⟧[a]−[𝔞]−κ
<∼ |||ℱA||| ⟦μ⟧α−ϱ+θ−κ.

To conclude we use the inequality
α −ϱ+θ −κ�0, (4.59)

which coincides with the constraint [F̄ ] stated in (4.30). □

4.9 Post-processing
To complete the proof of Theorem 2.7, it remains to exhibit the bounds (2.17) with CF =1+kF𝔄k2,
based on the analysis of the flow equation carried out so far. This is the content of Lemmas 4.22,
4.25 and 4.26 below.

Before continuing with the specific computations leading to (2.17) it will be useful to discuss
how to fix the values of the parameters

γ ,ϑ , κ̄, ℓ̄ , k̄,a,ν,κ𝔬,κ.

The validity of the Lemmas 4.22–4.27 below, which together yield (2.17), depends on a series of
conditions on these parameters, namely (4.67), (4.71), (4.74), (4.75), (4.77) and (4.78) as well as
the constraints (2.16) in Theorem 2.5. The parameters κ, κ𝔬 are further constrained by condi-
tions (4.35) and (4.36).

For the reader's convenience, these conditions are summarised in the following table:

[𝔸] ϑ �3(γ −β)+δ −aκ𝔬(1+ ℓ̄ )−κ

[𝔹] ϑ �2γ ∧(((((3γ − d +2s
2 −2κ−aκ𝔬)))))

[ℂ] ϑ �δ ℓ̄ −α −aκ𝔬(1+2ℓ̄ )

[𝔻] κ̄� k̄ν +(1+ ℓ̄ )κ𝔬

[𝔼] ϑ �γ ∧ (2s−γ)

[𝔽] ϑ �
4(s+γ) κ̄
1− κ̄

[𝔾] κ ∈ (0,δ⋆/2)

[ℍ] κ𝔬�δ ∧♭/(1+ ℓ̄ )
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In order to satisfy all these constraints, together with the basic bounds ϑ >0 and δ>0, we proceed
as follows. First, we set

γ =β −ϑ , ϑ = 1
16δ⋆. (4.60)

Next, we fix κ̄>0 small enough so that

4(s+β) κ̄
1− κ̄ �

1
16δ⋆,

which allows to satisfy [𝔽]. The constraint [𝔸] is satisfied provided

aκ𝔬(1+ ℓ̄ )+κ�
1
4δ⋆. (4.61)

Since from (4.32) we have

3γ − d +2s
2 −2κ−aκ𝔬=3(γ −β)+3β −

d +2s
2 −2κ−aκ𝔬=3(γ −β)+

3
4δ⋆−

7
2κ−aκ𝔬,

the condition [𝔹] is satisfied provided

4ϑ � 3
4δ⋆−

7
2κ−aκ𝔬,

and

3ϑ �2β =2s−δ −κ=2s− δ⋆
2 −κ,

that is, whenever
7
2κ+aκ𝔬�

δ⋆
2 , κ�2s− 11

16δ⋆. (4.62)
Note that

2s− 11
16δ⋆�2s−δ⋆�2s−

4s−d
3 = 2s+d

3 >0,

so the second condition in (4.62) can be indeed satisfied. To meet condition [ℂ], we require

2aκ𝔬�
δ⋆
4 , (4.63)

and choose ℓ̄ large enough so that

α + 1
16δ⋆�

δ⋆
4 ℓ̄ − δ⋆

8 �(((((δ⋆
2 −2aκ𝔬))))) ℓ̄ −aκ𝔬.

Given ℓ̄ as above, we fix k̄ large enough as discussed in Sec. 4.1. Then we fix a sufficiently large
so that

a� k̄(2s−δ)/κ̄�2k̄β /κ̄�2k̄γ /κ̄,

Consequently, relation (1.6) compels us to set ν = γ /a. To ensure condition [𝔻] we introduce
a constraint

(1+ ℓ̄ )κ𝔬� κ̄ /2. (4.64)
Condition [𝔼] is met if

κ�
8s+d
6 , (4.65)

since then

ϑ =2ϑ −ϑ = 1
16δ⋆−ϑ �((((( s2 − δ⋆

16 −
κ
4)))))−ϑ =β −ϑ =γ

and

ϑ =β −γ = s− δ⋆
4 − κ

2 −γ �2s−γ .
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To conclude, we fix κ𝔬 and κ small enough to satisfy the remaining constraints, namely [𝔾], [ℍ]
as well as (4.61), (4.62), (4.63), (4.64), (4.65).

Let us now detail the analysis. As a first step, we extract the coercive contribution from the
effective force by defining

Qσ(ψ ) := JσFσ(ψσ)− (−λψσ3)
= JσFσ(ψσ)−Jσ(−λψσ3)− (1−Jσ)(λψσ3)
= JσFσ

[>0](ψσ)+JσF [0],(1)ψσ +JσF [0],(0)−(1−Jσ)(λψσ3),
(4.66)

where ψ is a generic field,
ψσ :=Jσψ

and
F [0],0= ξ (ε ,M ), F [0],1(ψ )= r̄ ψ , Fσ

[>0](ψ ) := ∑
𝔞|ℓ (𝔞)>0

Fσ𝔞(ψ⊗k(𝔞)).

Recall that the norms ⫴•⫴=⫴•⫴μ̄ and ⫴•⫴#=⫴•⫴#,μ̄ depending on the terminal scale μ̄ ∈[1/2,1)
were introduced in Def. 2.2.

Lemma 4.22. Assume (4.71), (4.74), (4.78) and

k̄�5, κ̄� k̄ν +(1+ ℓ̄ )κ𝔬. (4.67)
Then the bounds

kζμκ̄Qσ(ψσ)k <∼ ⟦σ⟧−3γ+ϑ [kF𝔄k (1+⫴ψ⫴)k̄+(1+⫴ψ⫴)2⫴ℒψ⫴#] (4.68)
and

kζμκ̄KσFσ(ψσ)k <∼ ⟦σ⟧−3γ kF𝔄k (1+⫴ψ⫴)k̄, (4.69)

hold uniformly in μ̄,μ ∈[1/2, 1), σ ∈[μ ∨ μ̄, 1)and ψ ∈𝒮 ʹ(Λ).

Proof. First, observe that by the triangular inequality applied to the decomposition (4.66), we
have

kζμκ̄Qσ(ψσ)k � kζμκ̄ JσFσ
[>0](ψσ)k+kζμκ̄ Jσ(F [0],(1)ψσ +F [0],(0))k+kζμκ̄ (1−Jσ)(λψσ3)k

<∼ kζμκ̄KσFσ
[>0](ψσ)k+kζμκ̄Kσ(F [0],(1)ψσ +F [0],(0))k+kζμ5ν (1−Jσ)(λψσ3)k.

To obtain the second estimate, we used that κ̄ �5ν, which is a consequence of (4.67), together
with the identity Jσ =LσJσKσ and the bound kLσJσkTV(ζ −1)<∼1, the latter being a consequence of
Lemma 1.17. The bound (4.68) follows now from Lemmas 4.23, 4.24 and 4.27. Since κ̄ �3ν and
kKσkTV(ζ −1)<∼1 by Lemma 1.17, we have

kζμκ̄Kσψσ3k<∼kζμ3νKσψσ3k<∼kKσkTV(ζ −1)kζμ3νψσ3k<∼kζμ3νψσ3k<∼⟦σ⟧−3γ ⫴ψ⫴3.

The bound (4.69) follows now from the estimate

kζμκ̄KσFσ(ψσ)k<∼kζμκ̄KσFσ
[>0](ψσ)k+kζμκ̄Kσ(F [0],(1)ψσ +F [0],(0))k+kζμκ̄Kσψσ3k

and Lemmas 4.23 and 4.24. □

Lemma 4.23. Assume (4.67). Then for every 𝔞∈𝔄 such that ℓ(𝔞)>0, the bound

kζμκ̄KσFσ𝔞(ψσ⊗k(𝔞))k<∼⟦σ⟧−α+(β−γ )k(𝔞)+δℓ (𝔞)−aκ𝔬(1+ℓ̄ )kF𝔄k⫴ψ⫴k(𝔞) (4.70)

holds uniformly in μ̄,μ ∈[1/2, 1), σ ∈[μ ∨ μ̄, 1)and ψ ∈𝒮 ʹ(Λ). Moreover, provided

ϑ �3(γ −β)+δ −aκ𝔬(1+ ℓ̄ )−κ, (4.71)
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the following bound

kζμκ̄KσFσ
[>0](ψσ)k<∼⟦σ⟧−3γ+ϑ kF𝔄k (1+⫴ψ⫴)k̄.

holds uniformly in μ̄,μ ∈[1/2, 1), σ ∈[μ ∨ μ̄, 1) and ψ ∈𝒮 ʹ(Λ).

Proof. We first observe that by J̃σJσ =Jσ and KσLσ =1, it holds that

ψσ = J̃σψσ =Kσ
2Lσ2J̃σψσ.

Consequently, it follows from K̃μ
𝔞=Kμ⊗(Kμ

2)⊗k(𝔞) and Def. 4.6 of the kernel norm that

kζμκ̄KσFσ𝔞(ψσ⊗k(𝔞))k<∼k𝔴μ,σkk𝔬𝔞 ⋅ [K̃σ
𝔞Fσ𝔞] ⋅ w̃σ

𝔞kkρμLσ2J̃σψσkk(𝔞),
where

𝔴μ,σ(z,z1, . . . ,zk(𝔞)) :=
ζμκ̄(z)

𝔬𝔞(z) w̃σ
𝔞(z,z1, . . . ,zk(𝔞))ρμ(z1) . . .ρμ(zk(𝔞))

, k𝔴μ,σk=k𝔴μ,σkL∞(Λ1+k(𝔞)).

Using that the weight 𝔬 is at scale 1 (cf. Def. 4.3) and that the weight ζμ is at scale ⟦μ⟧−a (cf.
Def. 1.5), we deduce

𝔬(z)−1=⟨z⟩sκ𝔬
�⟦μ⟧−aκ𝔬⟨⟦μ⟧a.z⟩sκ𝔬=⟦μ⟧−aκ𝔬ζμ

−κ𝔬(z). (4.72)

Noting that the Steiner diameter of a collection of points is always at least as large as the dis-
tance between any two points, we exploit the weight (w̃σ

a)−1 to propagate the weights ρμ−1 to
the output variable. Using furthermore that ρμ = ζμν and 𝔬𝔞 = 𝔬1+ℓ (𝔞) as well as ℓ(𝔞)� ℓ̄ , k(𝔞)� k̄
and (4.67), we obtain

k𝔴μ,σk <∼ kζμκ̄ (𝔬𝔞ρμ
k(𝔞))−1kL∞(Λ)

<∼ ⟦μ⟧−aκ𝔬(1+ℓ (𝔞))kζμ
κ̄−κ𝔬(1+ℓ (𝔞))−νk(𝔞)kL∞(Λ)

<∼ ⟦μ⟧−aκ𝔬(1+ℓ̄ )

(4.73)

We also observe that, by Lemmas 1.17 and 2.3,

kρμLσ2J̃σψσk<∼kLσ2J̃σkTV(ζ −1)kρμψσkL∞<∼⟦σ⟧−γ ⫴ψ⫴.
Moreover, by Def. 4.6,

k𝔬𝔞 ⋅ [K̃σ
𝔞Fσ𝔞] ⋅ w̃σ

𝔞k=kFσ𝔞kσ <∼⟦σ⟧[𝔞]kF𝔄k.

Combining the above estimates and using (4.2), we conclude that

kζμκ̄KσFσ𝔞(ψσ⊗k(𝔞))k<∼⟦σ⟧−α+(β−γ )k(𝔞)+δℓ (𝔞)−aκ𝔬(1+ℓ̄ )kF𝔄k⫴ψ⫴k(𝔞),

which proves (4.70).
To prove the second part, we observe that

kζμκ̄KσFσ
[>0](ψσ)k � ∑

𝔞|ℓ (𝔞)>0,k(𝔞)�k̄
kζμκ̄KσFσ𝔞(ψσ)k

<∼ ∑
𝔞|ℓ (𝔞)>0,k(𝔞)�k̄

⟦σ⟧−α+(β−γ )k(𝔞)+δℓ (𝔞)−aκ𝔬(1+ℓ̄ )kF𝔄k⫴ψ⫴k(𝔞)

<∼ ⟦σ⟧−α+δ−aκ𝔬(1+ℓ̄ )kF𝔄k (1+⫴ψ⫴)k̄,

where we used that β �γ , 1� ℓ(𝔞)� ℓ̄ and k(𝔞)� k̄. Since, by α =3β +κ and (4.71), we have

3γ −α +δ −aκ𝔬(1+ ℓ̄ )=3(γ −β)+δ −aκ𝔬(1+ ℓ̄ )−κ�ϑ ,
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the proof is complete. □

Lemma 4.24. Assume (4.67) and

ϑ �2γ ∧(((((3γ − d +2s
2 −2κ−aκ𝔬))))). (4.74)

Then the bound

kζμκ̄KσFσ
[0],(0)k∨kζμκ̄KσFσ

[0],(1)(ψσ)k<∼⟦σ⟧−3γ+ϑ kF𝔄k (1+⫴ψ⫴),

holds uniformly in μ̄,μ ∈[1/2, 1),σ ∈[μ ∨ μ̄, 1) and ψ ∈𝒮 ʹ(Λ).

Proof. On account of (4.13) and (4.14), ∂σFσ
[0]=0. Thus,

Fσ
[0],(0)(z)=F1

[0],(0)(z)= ξ (ε ,M )(z), Fσ
[0],(1)(z,z1)=F1

[0],(1)(z,z1)= r̄ δ(z,z1).

Recall the definition (4.9) of kF𝔄k. By Lemmas 1.17 and 2.3, κ̄�ν and ϑ �2γ , we obtain

kζμκ̄KσFσ
[0],(1)(ψσ)k = |r̄ |kζμκ̄Kσψσk<∼kF𝔄kkKσkTV(ζ −1)kζμκ̄ψσk

<∼ ⟦σ⟧−γ kF𝔄k⫴ψ⫴<∼⟦σ⟧
−3γ+ϑ kF𝔄k⫴ψ⫴.

Moreover, by (4.74), we have

kζμκ̄KσFσ
[0],(0)k<∼kζμκ̄𝔬−1kk𝔬KσF [0],(0)k<∼⟦μ⟧−aκ𝔬⟦σ⟧−(d+2s)/2−2κ kF𝔄k<∼⟦σ⟧−3γ+ϑ kF𝔄k,

where the bound kζμκ̄𝔬−1k<∼⟦μ⟧−aκ𝔬 follows from (4.72), since κ̄�κ𝔬 by (4.67). □

Lemma 4.25. Assume (4.67) and
ϑ �δ −aκ𝔬(1+ ℓ̄ ). (4.75)

Then the bound

kζμKσ(DFσ(ψσ)(Ġσψ̂ ))k<∼⟦σ⟧ϑ−1kF𝔄k (1+⫴ψ⫴)k̄ kζμ1−κ̄J̃σ
2ψ̂ k,

holds uniformly in μ̄ ∈[1/2, 1), μ ∈[1/2, 1), σ ∈[μ ∨ μ̄, 1) and ψ , ψ̂ ∈𝒮 ʹ(Λ).

Proof. We have
kζμKσ(DFσ(ψσ)(Ġσψ̂ ))k<∼ ∑

𝔞|k(𝔞)>0
kζμKσFσ𝔞(ψσ⊗(k(𝔞)−1)⊗ Ġσψ̂ )k.

Observe that since Ġσ :=ℒ ε
−1J̇σ, J̃σ2J̇σ = J̇σ, J̃σJσ =Jσ and KσLσ =1,

ψσ =Kσ
2Lσ2J̃σψσ, Ġσψ̂ = J̃σ2Ġσψ̂ =Kσ

2Lσ2Ġσψ̃ , ψ̃ = J̃σ
2ψ̂ .

Using Def. 4.6 of the kernel norm, we obtain

kζμKσFσ𝔞(ψσ⊗(k(𝔞)−1)⊗ Ġσψ̃ )k<∼k𝔴μ,σkk𝔬𝔞 ⋅ [K̃σ
𝔞Fσ𝔞] ⋅ w̃σ

𝔞kkρμLσ2J̃σψσkk(𝔞)−1kζμ1−κ̄Lσ2Ġσψ̃ k,

where

𝔴μ,σ(z,z1, . . . ,zk(𝔞)) :=
ζμ(z)

𝔬𝔞(z) w̃σ
𝔞(z,z1, . . . ,zk(𝔞)) ζμ1−κ̄(z1)ρμ(z2) . . .ρμ(zk(𝔞))

, k𝔴μ,σk=k𝔴μ,σkL∞(Λ1+k(𝔞)).

Using furthermore that ρμ= ζμν and 𝔬𝔞=𝔬1+ℓ (𝔞) as well as ℓ(𝔞)� ℓ̄ , k(𝔞)� k̄ and (4.67), we obtain

k𝔴μ,σkL∞ <∼ kζμ(𝔬𝔞 ζμ1−κ̄ρμ
(k(𝔞)−1))−1kL∞(Λ)

<∼ ⟦μ⟧−aκ𝔬(1+ℓ (𝔞))kζμ
κ̄−κ𝔬(1+ℓ (𝔞))−ν(k(𝔞)−1)kL∞(Λ)

<∼ ⟦μ⟧−aκ𝔬(1+ℓ̄ ).

(4.76)
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We also observe that, by Lemmas 1.17 and 2.3,

kρμLσ2J̃σψσk<∼kLσ2J̃σkTV(ζ −1)kρμψσkL∞<∼⟦σ⟧−γ ⫴ψ⫴

and
kζμ1−κ̄Lσ2Ġσψ̃ k<∼kLσ2ĠσkTV(ζ −1) kζμ1−κ̄ψ̃ k<∼⟦σ⟧2s−1kζμ1−κ̄ψ̃ k.

Moreover, by Def. 4.6,
k𝔬𝔞 ⋅ [K̃σ

𝔞Fσ𝔞] ⋅ w̃σ
𝔞k=kFσ𝔞kσ <∼⟦σ⟧[𝔞]kF𝔄k.

Combining the above estimates and using (4.2), we conclude that

kζμKσFσ𝔞(ψσ⊗(k(𝔞)−1)⊗ Ġσψ̃ )k <∼ ⟦σ⟧2s−α+β+(β−γ )(k(𝔞)−1)−aκ𝔬(1+ℓ̄ )−1kF𝔄k (1+⫴ψ⫴)k̄ kζμ1−κ̄ψ̃ k
<∼ ⟦σ⟧δ−aκ𝔬(1+ℓ̄ )−1kF𝔄k (1+⫴ψ⫴)k̄ kζμ1−κ̄ψ̃ k,

where in the last step we used 2s−α +β =δ and that β �γ . This finishes the proof. □

Lemma 4.26. Assume that

ϑ �δ ℓ̄ −α −aκ𝔬(1+2ℓ̄ ). (4.77)
Then

Hσ(ψ ) :=∂σFσ(ψ )+DFσ(ψ ) (ĠσFσ(ψ )), ψ ∈𝒮 ʹ(Λ),
satisfies the bound

kζμKσHσ(ψσ)k<∼⟦σ⟧ϑ−1kF𝔄k2 (1+⫴ψ⫴)2k̄.

uniformly in μ̄,μ ∈[1/2, 1), σ ∈[μ ∨ μ̄, 1) and ψ ∈𝒮 ʹ(Λ).

Proof. We observe that on account of the perturbative flow equation, it holds

Hσ(ψσ)= ∑
𝔞∈𝔄(ℓ̄ )

∑
𝔟,𝔠∈𝔄(ℓ̄ )

B𝔟,𝔠
𝔞 (Ġσ,Fσ𝔟,Fσ𝔠)(ψσ⊗k(𝔞)),

where 𝔄(ℓ̄ ) := {𝔞∈𝔄|ℓ(𝔞)� ℓ̄ }. Then, working as in the proof of Lemma 4.23 and using Lemma 4.9
as well as k(𝔞)=k(𝔟)+k(𝔠)−1�2k̄, we obtain

kζμKσHσ(ψσ)k � ∑
𝔞∈𝔄(ℓ̄ )

∑
𝔟,𝔠∈𝔄(ℓ̄ )

kζμKσB𝔟,𝔠
𝔞 (Ġσ,Fσ𝔟,Fσ𝔠)(ψσ⊗k(𝔞))k

<∼ ∑
𝔞∈𝔄(ℓ̄ )

∑
𝔟,𝔠∈𝔄(ℓ̄ )

⟦μ⟧−aκ𝔬(1+ℓ (𝔞))⟦σ⟧−γk(𝔞)kB𝔟,𝔠
𝔞 (Ġσ,Fσ𝔟,Fσ𝔠)kσ ⫴ψ⫴k(𝔞)

<∼ ∑
𝔞∈𝔄(ℓ̄ )

∑
𝔟,𝔠∈𝔄(ℓ̄ )

⟦μ⟧−aκ𝔬(1+ℓ (𝔞))⟦σ⟧[𝔞]−[𝔟]−[𝔠]−γk(𝔞)kFσ𝔟kσ kFσ𝔠kσ ⫴ψ⫴k(𝔞)

<∼ ∑
𝔞∈𝔄(ℓ̄ )

∑
𝔟,𝔠∈𝔄(ℓ̄ )

⟦σ⟧[𝔞]−γk(𝔞)−aκ𝔬(1+ℓ (𝔞))−1kF𝔄k2 (1+⫴ψ⫴)2k̄.

The factor ⟦μ⟧−aκ𝔬(1+ℓ (𝔞)) appearing in the second line arises due to the estimate (4.72) by a bound
similar to (4.73). Now since β �γ and ℓ(𝔞) ∈ [ℓ̄ , 2ℓ̄ ], we have

[𝔞]−γk(𝔞)−aκ𝔬(1+ ℓ(𝔞))=−α +(β −γ)k(𝔞)+δℓ(𝔞)−aκ𝔬(1+ ℓ(𝔞))�−α +δ ℓ̄ −aκ𝔬(1+2ℓ̄ )>0,

where we exploited (4.2) and (4.77). This proves the claim. □

Lemma 4.27. For all
ϑ �2s−2γ (4.78)
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the following bound

kζμ5ν (1−Jσ)(ψσ3)k<∼⟦σ⟧−3γ+ϑ ⫴ψ⫴2⫴ℒψ•⫴#.

holds uniformly in μ̄,μ ∈[1/2, 1), σ ∈[μ ∨ μ̄, 1) and ψ ∈𝒮 ʹ(Λ).

Proof. Let J>η :=1−Jη. Then

(1−Jσ)(ψσ3)= (1−Jσ)[(Jηψσ)3+(J>ηψσ)3+3(Jηψσ)2 (J>ηψσ)+3(Jηψσ) (J>ηψσ)2].
Choosing η = σ

6−5σ , which implies 6η(1 − η)−1 = σ(1 − σ)−1, the first contribution (1 − Jσ)(Jηψσ)3

vanishes by the Fourier space support property of the product. As for the other contributions,
we have, for example,

kζμ5ν (1−Jσ)(J>ηψσ)3k=kρμ5 (1−Jσ)(J>ηψσ)3k<∼kρμ5 (J>ηψσ)3k<∼kρμψσk2kρμ3 (J>ηψσ)k.

Since σ �μ and ⟦η⟧≈⟦σ⟧, by Lemmas 2.3 and A.22, we have

kζμ5ν (1−Jσ)(J>ηψσ)3k<∼⟦η⟧2s ⟦σ⟧−5γ ⫴ψ⫴2⫴ℒψ•⫴#<∼⟦σ⟧
2s−5γ ⫴ψ⫴2⫴ℒψ•⫴#.

The contributions coming from the terms (Jηψσ)2 (J>ηψσ) and (Jηψσ) (J>ηψσ)2 satisfy the same
bound. Since ϑ �2s−2γ , this finishes the proof. □

Appendix A Auxiliary estimates
We collect in this appendix various technical estimates of general character.

A.1 Kernel estimates

Definition A.1. For A∈ℕ0
{0,1±, . . . ,d±} and (k0, k̃) ∈ℝ×ℝd , we define

|Ā| :=∑
i=1

d

(|Ai+| + |Ai−|), |A| :=2s |A0| + |Ā|, ∂A :=∂0A0∏
i=1

d

(∂i+)Ai+(∂i−)Ai−

and

dε
i,±(k̃) :=±(e±iεk̃ei−1)/ε, dεA(k0, k̃) := (ik0)A0∏

i=1

d

(dεi,+(k̃))Ai,+(dεi,−(k̃))Ai,−.

Lemma A.2. Let ǰσ ,ℓ be the kernel of J̃σ ,ℓ. For all n, ℓ ∈ℕ+and A∈ℕ0
{0,1±, . . . ,d±} it holds

|∂Aǰσ ,ℓ(t ,x)| <∼⟦σ⟧−d−2s−|A| (1+ |t ,x |s/⟦σ⟧)−n,
|∂A∂σ ǰσ ,ℓ(t ,x)| <∼⟦σ⟧−d−2s−|A|−1 (1+ |t ,x |s/⟦σ⟧)−n,

uniformly in (t ,x) ∈Λ and σ ∈[1/2, 1).

Proof. Recall that

∂A ǰσ ,ℓ(t ,x)=∫Λε
∗
jσ ,ℓ(|k0́|1/2s) jσ ,ℓ(qε(k̃ʹ))dεA(k0́, k̃ʹ) e i(k0́t+k̃ʹx)

dk0́dk̃ʹ
(2π)d+1

.

We start with the proof of the bound for ∂σ ǰσ ,ℓ . Let h :ℝ→ℝ+ be defined by h(ω) :=−ω∂ωj(ω) for
ω∈ℝ. It holds

∂σ[ jσ ,ℓ(|k0́|1/2s) jσ ,ℓ(qε(k̃ʹ))]= (⟦σ⟧σ)−1[h(τ |k0́|1/2s) j(τqε(k̃ʹ))+ j(τ |k0́|1/2s)h(τqε(k̃ʹ))]|τ=2−ℓσ −1⟦σ⟧.
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By the change of variables k0=τ 2sk0́ and k̃=τ k̃ʹ with τ ≡2−ℓσ −1⟦σ⟧, we get

(∂A∂σ ǰσ ,ℓ)(t ,x)=

=τ
−d−2s−|A|−1

2ℓσ 2 ∫Λε/τ
∗
(h(|k0|1/2s) j(qε/τ(k̃))+ j(|k0|1/2s)h(qε/τ(k̃)))dε/τA (k0, k̃)e i(k0t/τ

2s+k̃x /τ ) dk0dk̃
(2π)d+1

.

Recall that qε(k) := [∑i=1
d (sin(εki)/ε)2]1/2. Using the bound

|∂k0
a0∂k̃

ã([h(|k0|1/2s) j(qε/τ(k̃))+ j(|k0|1/2s)h(qε/τ(k̃))]dε/τA (k0, k̃))|<∼1[0,2](|k0|1/2s) 1[0,2](qε/τ(k̃)),

for all (a0, ã) ∈ℕ0
1+d uniform in (k0, k̃) ∈Λε/τ

∗ , we show that, for all p,q ∈ℕ+,

(τ −2s|t |)p(τ −1|x |)q|∂σ ǰσ ,ℓ(t ,x)| <∼
τ −d−2s−|A|−1

2ℓσ 2 ∫Λε /τ
∗
1[0,2](|k0|1/2s)1[0,2](qε/τ(k̃))

dk0dk̃
(2π)d+1

<∼ τ −d−2s−|A|−1.

This proves the second of the stated bounds. The first follows by an analogous argument. □

Lemma A.3. Let k ∈ℕ0 and A ∈ℕ0
{0,1±, . . . ,d±} be such that A0 ∈ {0, 1} and |Ā|� 2. The following

bounds

k∂AKμkTV(wμ
2)<∼⟦μ⟧−|A|, kKμ,ηkTV(wμ

2)<∼1,

k(Lσ −1)KμkTV(wμ
2)∨k(L̃σ1,k−1)K̃μ

1,kkTV((wμ
2)⊗(1+k))<∼⟦μ⟧

−2s⟦σ⟧2s,

hold uniformly in μ ∈[0, 1) and η∈[μ, 1).

Proof. The lemma follows from Lemma A.4, Def. 1.16, 1.13 and 4.5 and the bound

wμ
2(t ,x)<∼ (1+ |t |2/⟦μ⟧4s) (1+ |x |2/⟦μ⟧2),

which is a consequence of (1.23). □

Lemma A.4. For τ ∈[0, 1] and η∈[τ , 1] define

L̂τ := (1+τ 2s∂t), L̄τ := (1−τ 2Δ), K̂τ := L̂τ−1, K̄τ := L̄τ−1, K̂η,τ := L̂τK̂η, K̄η,τ := L̄τK̄η

and

ŵτ(t) :=1+ |t |2/τ 4s, w̄τ(x) :=1+ |x |2/τ 2.

Recall that we identify operators with their integral kernels. The following statements are true.

a) The bounds

kK̂τkTV(ŵτ)∨ τ 2s k∂tK̂τkTV(ŵτ)<∼1, kK̄τkTV(w̄τ)∨ τ k∂i,±K̄τkTV(w̄τ)∨ τ 2kΔK̄τkTV(w̄τ)<∼1,

hold uniformly in τ ∈ (0, 1].

b) The bounds

k(1− L̂τ)K̂ηkTV(ŵη)<∼τ 2sη−2s, k(1− L̄τ)K̄ηkTV(w̄η)<∼τ 2η−2�τ 2sη−2s,

hold uniformly in τ ,η∈ (0, 1].

c) The bounds

kK̂η,τkTV(ŵη)<∼1, kK̄η,τkTV(w̄η)<∼1,
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hold uniformly in τ ∈ (0, 1] and η∈[τ , 1].

Proof. The first of the bounds stated in Item a) is an immediate consequence of the fact that

K̂τ(t)=τ −2s
1t�0exp(−t /τ 2s).

Let us proceed to the proof of the second of the bounds stated in Item a). First, recall that the
heat kernel

G (ε)(t , •)= e−(m2−Δε)t

satisfies the following standard estimate

(∂AG (ε))(t ,x)<∼1t�0 t−d/2−|A|/2 e−m
2t−c |x |2/t, A∈ℕ0

{1±, . . . ,d±}.
Note that

K̄τ =∫0

∞
e−(1−τ

2Δ)λdλ.
Consequently, we have

|(∂AK̄τ)(x)| <∼ τ −d−|A|/2∫0

∞
λ−d/2−|A|/2 e−λ−c(|x |/τ )

2/λdλ

� τ −d−|A|/2e−c
1/2(|x |/τ )∫0

∞
λ−d/2−|A|/2 e−λ/2−c(|x |/τ )

2/λ/2dλ

= τ −d−|A|/2(|x |/τ )2−d−|A|e−c1/2(|x |/τ )∫0

∞
λ−d/2−|A|/2 e−λ(|x |/τ )

2−c/λdλ

� τ −d−|A|/2(|x |/τ )2−d−|A|e−c1/2(|x |/τ )∫0

∞
λ−d/2−|A|/2 e−c/λdλ

<∼ τ −d−|A|/2(|x |/τ )2−d−|A|(1+ |x |2/τ 2)−2,

uniformly in x ∈Rε
d ∖{0} and τ ∈(0,1]. We also have |∂AK̄τ(0)|<∼ε2−d−|A|. As a result, since d =3, for

all A∈ℕ0
{1±, . . . ,d±} such that |A|�1, we obtain

∑
x∈ℝε

d

εd( 1+ |x |2/τ 2) |∂AK̄τ(x)| <∼ ε2−|A|+τ −|A| ∑
x∈ℝε /τ

d ∖{0}

(ε /τ )d (|x |2+ |x |4)−1<∼τ −|A|,

which implies kK̄τkTV(w̄τ)∨ τ k∂i,±K̄τkTV(w̄τ)<∼1. The bound τ 2kΔK̄τkTV(w̄τ)<∼1 follows now from
the identity τ 2ΔK̄τ = K̄τ −1. This finishes the proof of Item a).

To prove Item b) observe that

(1− L̂τ)K̂η= K̂η− K̂η,τ =τ 2sη−2s(K̂η−1)
and

(1− L̄τ)K̄η= K̄η− K̄η,τ =τ 2η−2(K̄η−1).

Consequently, by Item a) we have

k(1− L̂τ)K̂ηkTV(ŵη)<∼τ 2sη−2s(k1kTV(ŵη)+kK̂ηkTV(ŵη))<∼τ 2sη−2s

and
k(1− L̄τ)K̄ηkTV(w̄τ)<∼τ 2η−2(k1kTV(w̄τ)+kK̄ηkTV(w̄τ))<∼τ 2η−2 .

This proves Item b). Item c) follows from Items a) and b). □

Lemma A.5. Let Ǩμ := (1+⟦μ⟧2s∂t)−κ̂(1−⟦μ⟧2Δ)−κ̂ . For N ∈ℕ+, κ̂>3/(4N ) the following bound

kǨμkL2N /(2N−1)(ζ −1)<∼⟦μ⟧
−(d+2s)/2N ,

holds uniformly in μ ∈ (0, 1).
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Proof. We have Ǩμ= K̆μ⊗K̄μ, where K̆μ and K̄μ are the kernels of the operators (1+⟦μ⟧2s∂t)−κ̂ and
(1−⟦μ⟧2Δ)−κ̂, respectively. Note that

|K̆μ=0(t)| <∼ω |t |κ̂−1(1+ |t |)−ω,

uniformly in t ∈ℝ for all ω∈ℕ+. Hence,

k(1+ |•|)ωK̆μ(•)kL2N /(2N−1)�⟦μ⟧−2s/2N k(1+ |•|)ωK̆0(•)kL2N /(2N −1)<∼ω ⟦μ⟧−2s/2N ,

uniformly in μ ∈ (0, 1) for all ω∈ℕ+ provided 2Nκ̂>1. Observe that

(1−⟦μ⟧2Δ)−κ̂ =Cκ̂∫0

∞
e−(1−⟦μ⟧

2Δ)λλκ̂−1dλ,

where Cκ̂>0 is some constant. Consequently, by the standard estimate for the heat kernel (1.21),
the kernel K̄μ satisfies the bound

|K̄μ(x)| <∼ ⟦μ⟧−d∫0

∞
λ−d/2 e−λ−c (|x |/⟦μ⟧)

2/λλκ̂−1dλ

� ⟦μ⟧−de−c
1/2(|x |/⟦μ⟧)∫0

∞
λ−d/2 e−λ/2−c (|x |/⟦μ⟧)

2/λ/2λκ̂−1dλ

= ⟦μ⟧−d(|x |/⟦μ⟧)2κ̂−de−c
1/2(|x |/⟦μ⟧)∫0

∞
λ−d/2 e−λ/(|x |/⟦μ⟧)

2−c/λλκ̂−1dλ

� ⟦μ⟧−d(|x |/⟦μ⟧)2κ̂−de−c
1/2(|x |/⟦μ⟧)∫0

∞
λ−d/2 e−c/λλκ̂−1dλ

<∼ω ⟦μ⟧−d(|x |/⟦μ⟧)2κ̂−d(1+ |x |/⟦μ⟧)−ω,

where we used
e−λ−c(|x |/⟦μ⟧)

2/λ
�e−λ/2−c(|x |/⟦μ⟧)

2/λ/2 e−c
1/2(|x |/⟦μ⟧).

We also have |K̄τ(0)| <∼ ε2κ̂−d. Hence, for all ω∈ℕ+

k(1+ |•|)ωK̄μ(•)kL2N /(2N−1)<∼ω ⟦μ⟧−d/2N ,

uniformly in μ ∈ (0, 1), provided 4Nκ̂ >d =3. Using the bounds for K̆μ, K̄μ one easily deduces the
desired bound for K̆μ. □

Lemma A.6. Let m∈ℕ+ and K̂μ := (1+⟦μ⟧2s∂t)κ̂−1(1−⟦μ⟧2Δ)κ̂−2 and

𝒦μ(z1, . . . ,zm) :=∫Λε
K̂μ(z) K̂μ(z1+z) ⋅ ⋅ ⋅K̂μ(zm+z)dz.

For κ̂ ∈ [0, 1/(m+1)), the function 𝒦μ ∈C(Λε
m) is Hölder continuous and satisfies, for all ω �0, the

bound

k(wμ
ω)⊗m𝒦μkL∞<∼⟦μ⟧−2sm (ε ∨⟦μ⟧)−dm,

uniformly in μ ∈ (0, 1).

Proof. We have
K̂μ= K̆μ⊗ K̄μ, 𝒦μ=𝒦̆μ⊗ 𝒦̄μ,

where K̆μ, K̄μ are the kernels of the operators (1+⟦μ⟧2s∂t)1−κ̂ and (1−⟦μ⟧2Δ)2−κ̂ and

𝒦̆μ(t1, . . . , tm) :=∫ℝ
K̆μ(t)K̆μ(t1+ t)⋅ ⋅ ⋅K̆μ(tm+ t) dt ,

𝒦̄μ(x1, . . . ,xm) :=∫
ℝε
d
K̄μ(x)K̄μ(x1+x)⋅ ⋅ ⋅K̄μ(xm+x) dx .

62 APPENDIX A



Since κ̂<1/2 and d =3 the symbol of the operator (1−⟦μ⟧2Δ)κ̂−2 and its derivates are absolutely
integrable. As a result, one easily shows that for all ω∈ℕ+,

|K̄μ(x)| <∼ω (ε ∨⟦μ⟧)−d (1+ |x |/⟦μ⟧)−ω,

uniformly in μ ∈ (0, 1). This implies that for all ω∈ℕ+,

k((1+ |•|/⟦μ⟧)ω)⊗m𝒦̄μk∞<∼(ε ∨⟦μ⟧)−dm ,

uniformly in μ ∈ (0, 1). Note that

K̆0(t)=∫ exp(ipt)
(1+ ip)1−κ̂

dp
2π ,

and

𝒦̆0(t1, . . . , tm)=∫ℝm

exp(ip1t1+ ⋅ ⋅ ⋅ + ipm tm)
(1− i(p1+ ⋅ ⋅ ⋅ +pm))1−κ̂ (1+ ip1)1−κ̂ ⋅ ⋅ ⋅(1+ ipm)1−κ̂

dp1⋅ ⋅ ⋅dpm
(2π)m .

Observe that for all α ,β ∈ (0, 1) such that 1<α +β there exists C ∈ (0,∞) such that

∫ℝ

dp
(1+ (p+q)2)α/2(1+p2)β/2

�
C

(1+q2)α/2∧β/2
,

for all q ∈ℝ. Applying the above observation recursively, one shows that

k((1+ |•|/⟦μ⟧2s)ω)⊗m𝒦̆μkL∞=⟦μ⟧−2sm k((1+ |•|)ω)⊗m𝒦̆0kL∞<∼⟦μ⟧−2sm,

where the factor ⟦μ⟧−2sm in the first step comes from the rescaling

𝒦̆μ(t1, . . . , tm)=⟦μ⟧−2sm𝒦̆0(t1/⟦μ⟧2s, . . . , tm/⟦μ⟧2s).

Using the bounds for 𝒦̆μ, 𝒦̄μ one easily deduces the bound stated in the lemma. □

Lemma A.7. For every α ∈[0, 2s) and A∈ℕ0
{0,1±, . . . ,d±}, it holds

|∂AG1/2(t ,x)| <∼(1+ |t ,x |s)−d−α (A.1)
and

|∂AĠσ(t ,x)| <∼ ⟦σ⟧−d−1−|A| (1+ (ε ∨ |t ,x |s)/⟦σ⟧)−d (1+ |t ,x |s/⟦σ⟧)−α, (A.2)

uniformly in (t ,x) ∈Λ and σ ∈[1/2, 1).

Remark A.8. The above lemma implies that for any α ∈[0, 2s), β ∈[0,d] and A∈ℕ0
{0,1±, . . . ,d±},

|∂AĠσ(t ,x)| <∼ ε
−β ⟦σ⟧β−d−1−|A| (1+ |t ,x |s/⟦σ⟧)−d−α+β,

uniformly in (t ,x) ∈Λ and σ ∈ (1/2, 1).

Proof. We only prove (A.2) since the proof of (A.1) follows the same lines. Observe that

∂AĠσ(t ,x)=∫Λε
∗

∂σ( jσ(|k0́|1/2s) jσ(qε(kʹ)))dεA(k0́, k̃ʹ)
ik0́+qε2s(k̃ʹ)

e i(k0́t+k̃ʹx)
dk0́dk̃ʹ
(2π)d+1

.

To prove a bound for the L∞-norm of

(t ,x)↦ ta0x ã ∂AĠσ(t ,x),

it suffices to control the L1-norm of

(k0́,kʹ)↦∂k0
a0∂k̃ ʹ

ã (((((((((((∂σ( jσ(|k0́|
1/2s) jσ(qε(kʹ)))dεA(k0́, k̃ʹ)
ik0́+qε2s(k̃ʹ) ))))))))))). (A.3)
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Since for noninteger parameters s the bound

|∂k̃ʹ
ãqε2s(k̃ʹ)| <∼ |k̃ʹ|2s−|ã|,

uniform in ε∈(0,1), is optimal, the L1-norm of the function (A.3) is bounded uniformly in ε∈(0,1)
only if |ã|<d +2s. As a result, the above simple strategy can only be used to prove the lemma for
α ∈ [0, [[2s]]]. To establish the claim for every α ∈ [0, 2s) a more refined argument is needed. To
this end, let h :ℝ→ℝ+ be

h(ω) :=−ω∂ωj(ω)

for ω∈ℝ. Moreover, let the families of kernels (G̃τ)τ ∈(0,∞), (Ǧτ)τ∈(0,∞), (Ĝτ ,η)τ ,η∈(0,∞) be defined by

G̃τ(t ,x) :=τ −1∫Λε
∗

j(τ |k0́|1/2s)h(τqε(k̃ʹ))+h(τ |k0́|1/2s) j(τqε(k̃ʹ))
ik0́+m2s+qε2s(k̃ʹ)

e i(k0́t+k̃ ʹx)
dk0́dk̃ʹ
(2π)d+1

,

Ĝτ ,η(t ,x) :=τ −1η−1∫Λε
∗

qε2s(k̃ʹ)h(τ |k0́|1/2s) j(τqε(k̃ʹ))h(τηqε(k̃ʹ))
(k0́− im2s)2+qε4s(k̃ʹ)

e i(k0́t+k̃ ʹx)
dk0́dkʹ˜
(2π)d+1

,

Ǧτ(t ,x) :=τ −1∫Λε
∗ ((((((((((( j(τ |k0́|

1/2s)h(τqε(k̃ʹ))
ik0́+m2s+qε2s(k̃ʹ)

− (ik0́+m2s)h(τ |k0́|1/2s) j(τqε(k̃ʹ))
(k0́− im2s)2+qε4s(k̃ʹ) )))))))))))e i(k0́t+k̃ ʹx) dk0́dkʹ

˜
(2π)d+1

.

We claim that
Ġσ(t ,x)=σ −2G̃⟦σ⟧/σ (t ,x), G̃τ = Ǧτ +∫1/2

∞
Ĝτ ,ηdη. (A.4)

The first identity follows from
∂σjσ(ω)=⟦σ⟧−1σ −1h(⟦σ⟧σ −1ω).

To verify the second, we use the identities

h(τ |k0́|1/2s) j(τqε(k̃ʹ))
ik0́+m2s+qε2s(k̃ʹ)

= qε2s(k̃ʹ)h(τ |k0́|1/2s) j(τqε(k̃ʹ))
(k0́− im2s)2+qε4s(k̃ʹ)

− (ik0́+m2s)h(τ |k0́|1/2s) j(τqε(k̃ʹ))
(k0́− im2s)2+qε4s(k̃ʹ)

as well as

∫1/2

∞
η−1h(τηqε(k̃ʹ)) dη=−∫1/2

∞
∂η j(τηqε(k̃ʹ)) dη= j(τqε(k̃ʹ)/2)

and
j(τqε(k̃ʹ)) j(τqε(k̃ʹ)/2)= j(τqε(k̃ʹ)).

Let us motivate the usefulness of the representation of Ġσ given by (A.4). First, note that if
|ã| <d +4s, then the L1-norm of the function

(k0́, k̃ʹ)↦∂k0́
a0∂k̃ʹ

ã (((((((((((((((((((((( j(τ |k0́|
1/2s)h(τqε(k̃ʹ))

ik0́+m2s+qε2s(k̃ʹ)
− (ik0́+m2s)h(τ |k0́|1/2s) j(τqε(k̃ʹ))

(k0́− im2s)2+qε4s(k̃ʹ) )))))))))))dεA(k0́, k̃ʹ)))))))))))),
is bounded uniformly in ε∈(0,1). This stands in contrast to the function in (A.3), whose L1-norm
remains uniformly bounded in ε ∈(0,1) only if |ã| <d +2s. As a result, it is possible to control the
L∞-norm of the function

(t ,x)↦ t a0x ã∂AǦτ(t ,x)

for |ã| <d +4s. Since [[4s]]�3>2s>α this indicates that ∂AǦτ indeed exhibits the desired decay at
infinity. On the other hand, the L1-norm of the function

(k0́, k̃ʹ)↦∂k0
a0∂k̃ʹ

ã (((((((((((qε
2s(k̃ʹ)h(τ |k0́|1/2s) j(τ qε(k̃ʹ))h(τ η qε(k̃ʹ))

(k0́− im2s)2+qε4s(k̃ʹ)
dεA(k0́, k̃ʹ))))))))))))
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is bounded uniformly in ε∈(0,1) for all a0, ã and consequently ∂AĜτ ,η has good decay properties.
However, the bound for the L∞-norm of the function

(t ,x)↦ ta0x ã ∂AĜτ ,η(t ,x)

depends on η. To complete the argument, we must therefore control the above norms uniformly
in ε ∈ (0, 1), τ ∈ (0, 1) and η∈ (1/2,∞).

We claim that the following bounds imply (A.2),

|∂AG̃τ(t , 0)| <∼ τ −1−|A|ε−d(1+ |t |/τ 2s)−d−4,
|∂AǦτ(t ,x)| <∼ τ −d−1−|A|(1+ |x |/τ )−d−3(1+ |t |/τ 2s)−d−4,
|∂AĜτ ,η(t ,x)| <∼ η−2s−1τ −d−1−|A| (1+ |x |/τ )−d (1+ |t |/τ 2s)−d−4,
|∂AĜτ ,η(t ,x)| <∼ η1−2sτ −d−1−|A| (1+ |x |/τ )−d−2 (1+ |t |/τ 2s)−d−4.

(A.5)

To prove this claim, first use the last two bounds to conclude that for all α ∈[0, 2] it holds

|∂AĜτ ,η(t ,x)| <∼ηα−1−2sτ −d−1−|A| (1+ |x |/τ )−d−α (1+ |t |/τ 2s)−d−4.

Consequently, the second identity in (A.4) and the above bound yield

|∂AG̃τ(t ,x)| <∼α τ −d−1−|A| (1+ |t ,x |s/τ )−d (1+ |t ,x |s/τ )−α

for α ∈[0, 2s). Combining the above estimate with the first estimate in (A.5) we obtain

|∂AG̃τ(t ,x)| <∼α τ −d−1−|A| (1+ (ε ∨ |t ,x |s)/τ )−d (1+ |t ,x |s/τ )−α.

The bound (A.2) follows now from the first identity in (A.4).
It remains to prove (A.5). Starting from the bound for ∂AĜτ ,η(t ,x), we have

(∂AĜτ ,η)(t ,x)=

=τ −1∫Λε
∗

qε2s(k̃ʹ)h(τ |k0́|1/2s) j(τqε(k̃ʹ))h(τηqε(k̃ʹ))
(k0́− im2s)2+qε4s(k̃ʹ)

dεA(k0́, k̃ʹ) e i(k0́t+k̃ ʹx)
dk0́dk̃ʹ
(2π)d+1

=τ −d−1−|A|η−1∫Λε/τ
∗

qε /τ2s (k̃)h(|k0|1/2s) j(qε/τ(k̃))h(ηqε /τ(k̃))dε/τA (k0, k̃)
(k0− iτ 2sm2s)2+qε/τ4s (k̃)

e i(k0t/τ
2s+k̃x /τ ) dk0dk̃

(2π)d+1
,

where we set k0=τ 2sk0́ and k̃=τk̃ʹ. It follows that

(τ −2s|t |)a0(τ −1|x |)ã|(∂AĜτ ,η)(t ,x)|

<∼τ −d−1−|A|η−1∫Λε /τ
∗ |||||||||||∂k0a0∂k̃ã[[[[[[[[[[[qε/τ

2s (k̃)h(|k0|1/2s) j(qε/τ(k̃))h(ηqε/τ(k̃))dε/τA (k0, k̃)
(k0− iτ 2sm2s)2+qε/τ4s (k̃) ]]]]]]]]]]]||||||||||| dk0dk̃(2π)d+1

.
(A.6)

Observe the following:

• In (A.6), the factor h(|k0|1/2s) restricts the integration domain to |k0|1/2s ∈ [1, 2]. In this
region, the denominator is never vanishing. More precisely

|(k0− iτ 2sm2s)2+qε/τ4s (k̃)|2�1.

• Similarly, the factor h(ηqε /τ(k̃)) restricts the integration domain to those k̃ such that
qε/τ(k̃) ∈ [η−1, 2η−1]. Thus, on the integration domain

|∂k̃
ãqε/τ2s (k̃)| <∼qε/τ

2s−|ã|(k̃)≈η |ã|−2s.
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On account of these comments, we have the following bound for the integrand

|||||||||||∂k0a0∂k̃ã(((((((((((qε/τ
2s (k̃)h(|k0|1/2s) j(qε/τ(k̃))h(ηqε/τ(k̃))dε/τA (k0, k̃)

(k0− iτ 2sm2s)2+qε/τ4s (k̃) )))))))))))|||||||||||<∼η |ã|−2s1[0,2](|k0|1/2s)1[1,2](ηqε/τ(k̃)),
for all (a0, ã) ∈ℕ0

1+d. This implies that

(τ −2s|t |)p(τ −1|x |)q|(∂AĜτ ,η)(t ,x)| <∼ τ −d−|A|−1ηq−2s−1∫Λε /τ
∗
1[0,2](|k0|1/2s)1[1,2](ηqε/τ(k̃))

dk0dk̃
(2π)d+1

<∼ τ −d−|A|−1ηq−2s−d−1∫Λε/(τη)
∗

1[0,2](|k0|1/2s) 1[1,2](qε/(τη)(k̃))
dk0dk̃
(2π)d+1

<∼ τ −d−|A|−1ηq−2s−d−1,

for any p,q ∈ℕ+. The proof for ∂AǦτ(t ,x) is similar. Working as in the previous case, we have

(τ −2s|t |)p(τ −1|x |)q|∂AǦτ(t ,x)| <∼τ −d−1−|A|×

×∫Λε/τ
∗ |||||||||||∂k0a0∂k̃ã[[[[[[[[[[[((((((((((( j(|k0|1/2s)h(qε /τ(k̃))

ik0+τ 2sm2s+qε/τ2s (k̃)
+ (ik0́+τ 2sm2s)h(|k0|1/2s) j(qε /τ(k̃))

(k0− iτ 2sm2s)2+qε/τ4s (k̃) )))))))))))dε/τA (k0, k̃)]]]]]]]]]]]||||||||||| dk0dk̃(2π)d+1
.

As above, also here the denominators are non-vanishing on the integration domain, more pre-
cisely,

|ik0+τ 2sm2s+qε/τ2s (k̃)|�1 and |(k0− iτ 2sm2s)2+qε/τ4s (k̃)|�1.

In the first term, this is due to the factor h(qε/τ2s (k̃)), which restricts the integration domain to
qε/τ2s (k̃) ∈ [1, 2], while in the second one this is due to the factor h(|k0|1/2s), which restricts the
integration domain to |k0|1/2s∈[1, 2]. Since |∂k̃

ãqε /τ4s (k̃)| <∼qε/τ
4s−|ã|(k̃), we get

|||||||||||∂k0a0∂k̃ã[[[[[[[[[[[((((((((((( j(|k0|1/2s)h(qε/τ(k̃))
ik0+τ 2sm2s+qε/τ2s (k̃)

+ (ik0́+τ 2sm2s)h(|k0|1/2s) j(qε/τ(k̃))
(k0− iτ 2sm2s)2+qε/τ4s (k̃) )))))))))))dε/τA (k0, k̃)]]]]]]]]]]]|||||||||||<∼

<∼1[0,2](|k0|1/2s) 1[0,2](qε /τ(k̃)) (1∨qε/τ4s−|ã|(k̃)).

This implies that, for q<d +4s,

(τ −2s|t |)p(τ −1|x |)q|∂AǦτ(t ,x)| <∼ τ −d−|A|−1∫Λε /τ
∗
1[0,2](|k0|1/2s)1[0,2](qε/τ(k̃))(1 ∨qε /τ

4s−q(k̃))dk0dk̃

<∼ τ −d−|A|−1.

Since d +4s >d +3 the bound for ∂AǦτ follows. Finally, we discuss the first bound in (A.5). By
changing the variables as above, we arrive at

(τ −2s |t |)p|∂AG̃τ(t , 0)|�

�τ −1−d−|A|∫Λε /τ
∗ |||||||||||∂k0p [[[[[[[[[[[ j(|k0|

1/2s)h(qε/τ(k̃))+h(|k0|1/2s) j(qε/τ(k̃))
ik0+τ 2sm2s+qε/τ2s (k̃)

dε/τA (k0, k̃)]]]]]]]]]]]|||||||||||dk0dk̃.
We use the same argument as for ∂AǦτ : indeed both terms in the integrand have non-vanishing
denominators due to the factors h(qε/τ(k̃)) and h(|k0|1/2s), respectively. Analogously, we obtain

|||||||||||∂k0p [[[[[[[[[[[ j(|k0|
1/2s)h(qε/τ(k̃))+h(|k0|1/2s) j(qε/τ(k̃))

ik0+τ 2sm2s+qε/τ2s (k̃)
dε/τA (k0, k̃)]]]]]]]]]]]|||||||||||<∼1[0,2](|k0|1/2s),

and thus

(τ −2s |t |)p|∂AG̃τ(t ,x)| <∼τ −1−d−|A|∫Λε/τ
∗
1[0,2](|k0|1/2s)

dk0dk̃
(2π)d+1

<∼τ −1−d−|A|(ετ −1)−d =τ −1−|A|ε−d.
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This concludes the proof. □

A.2 Properties of the weights
We collect here some important properties of the various weights introduced throughout the
paper.

Lemma A.9. For α �0,we have
k(−Δε)s ζσαk<∼⟦σ⟧2sa

uniformly in σ ∈ (0, 1).

Proof. Let f ∈C2(ℝd). Recall that, by (1.14), we have

(−Δε)s f (x)=∫
ℝε
d
Hs

(ε)(y) (f (x)− f (x −y)) dy, x ∈ℝε
d,

where the kernel Hs
(ε):ℝε

d→ℝ is positive and such that Hs
(ε)(0)=0, Hs

(ε)(x)=Hs
(ε)(−x) and

|Hs
(ε)(x)|<∼ |x |−d−2s, x ∈ℝε

d.

Let B(δ) the ball in ℝε
d of radius δ >0 centred at the origin and Bc(δ) :=ℝε

d ∖B(δ). For any δ >0,
we have

|(−Δε)s f (x)|�
1
2∫B(δ)

Hs
(ε)(y) (2f (x)− f (x +y)− f (x −y)) dy +∫

Bc(δ)
Hs

(ε)(y) (f (x)− f (x −y)) dy.

To bound the first term observe that

|2f (x)− f (x +y)− f (x −y)| <∼k∇∇ f k |y|2,

by Taylor's theorem, where k∇∇ f k denotes the supremum norm of the Hessian of f in the
continuum. As a result, we obtain

|∫
B(δ)

Hs
(ε)(y) (2f (x)− f (x +y)− f (x −y)) dy|<∼k∇∇ f k∫B(δ)

|y|2−d−2sdy <∼k∇∇ f kδ2−2s.

Moreover, we have

|∫
Bc(δ)

Hs
(ε)(y) (f (x)− f (x −y)) dy|<∼kf k∫Bc(δ)

|y|−d−2sdy <∼kf kδ−2s.

To conclude, we apply the above estimates with f (x)= ζμα(t ,x) and choose δ =⟦μ⟧−as. □

Lemma A.10. We have

kζσ1/3𝔇s(ζσ−1/3)k2<∼⟦σ⟧2sa,
uniformly in σ ∈ (0, 1).

Proof. Recall that μs denotes the kernel defined by (1.15), which is local in time. Let B(z,δ) the
ball of radius δ >0 centred at z ∈Λ. By (1.17), we have

[ζσ1/3𝔇s(ζσ−1/3)(z)]2 = ζσ2/3(z)∫[ζσ−1/3(zʹ) − ζσ−1/3(z)]2μs(z, dzʹ)
= ζσ2/3(z)∫

Bc(z,δ)
[ζσ−1/3(zʹ) − ζσ−1/3(z)]2μs(z, dzʹ)

+ζσ2/3(z)∫
B(z,δ)

[ζσ−1/3(zʹ) − ζσ−1/3(z)]2μs(z, dzʹ)

= 𝕀+𝕀𝕀.
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On Bc(z,δ) :=Λε ∖B(z,δ) we have

𝕀=∫
Bc(z,δ)

[ζσ1/3(z)ζσ−1/3(zʹ) −1]2μs(z, dzʹ) <∼ ∫Bc(z,δ)
[ζσ2/3(z)ζσ−2/3(zʹ) +1]μs(z, dzʹ)

<∼ ∫Bc(z,δ)
ζσ2/3(z)ζσ−2/3(zʹ)μs(z, dzʹ) +δ−2s.

Recall that
ζσ2/3(z)ζσ−2/3(zʹ) <∼ζσ

−2/3(z−zʹ) = ⟨⟦σ⟧a.(z−zʹ)⟩s2/3=(1+⟦σ⟧2a|z̄− z̄ʹ|2)1/3,

uniformly in z=(z0, z̄) ∈Λ and zʹ = (z0, z̄ʹ) ∈Λ. Since 2s>2/3,

∫
Bc(z,δ)

ζσ2/3(z)ζσ−2/3(zʹ)μs(z, dzʹ) <∼ ∫Bc(z,δ)
(1+⟦σ⟧2a|z̄− z̄ʹ|2)1/3μs(z, dzʹ)

<∼ δ−2s+⟦σ⟧2a/3δ−2s+2/3.

Let us bound the second term. Thanks to the smoothness of ζσ−1/3 in space, by Taylor's theorem

𝕀𝕀�ζσ2/3(z)∫
B(z,δ)

k∇ζσ−1/3k2 |z̄ʹ −z|s2μs(z, dzʹ).

Since k∇ζσ−1/3k2<∼⟦σ⟧2a and kζσ2/3k<∼1, we conclude

𝕀𝕀<∼⟦σ⟧2a∫B(z,δ)
|z̄ʹ − z̄|s2μs(z, dzʹ) <∼δ2−2s⟦σ⟧2a=⟦σ⟧2sa.

Choosing now δ =⟦σ⟧−a, we get

𝕀<∼⟦σ⟧2as+⟦σ⟧2a/3⟦σ⟧2sa−2a/3<∼⟦σ⟧2as, 𝕀𝕀<∼δ2−2s⟦σ⟧2a=⟦σ⟧2sa.

This finishes the proof. □

Lemma A.11. The bound
(1−hμ)wμ

(2),♭

wσ
(2),♭

<∼⟦σ⟧♭⟦μ⟧−♭

holds uniformly in μ,σ ∈ (0, 1).

Proof. We have

(1−hμ(z,z1))wμ
(2),♭(z,z1)

wσ
(2),♭(z,z1)

=
wμ

(2),♭(z,z1)
wσ

(2),♭(z,z1)
⟦μ⟧−2|z−z1|s2

1+⟦μ⟧−2|z−z1|s2

=
wμ

(2),♭(z,z1)
wσ

(2),♭(z,z1)
(⟦μ⟧−1|z−z1|s)♭(⟦μ⟧−1|z−z1|s)2−♭

1+⟦μ⟧−2|z−z1|s2

= ⟦σ⟧♭⟦μ⟧−♭ (1+⟦μ⟧
−1|z−z1|s)♭

(1+⟦σ⟧−1|z−z1|s)♭
(⟦σ⟧−1|z−z1|s)♭(⟦μ⟧−1|z−z1|s)2−♭

1+⟦μ⟧−2|z−z1|s2

� ⟦σ⟧♭⟦μ⟧−♭ (1+⟦μ⟧
−1|z−z1|s)♭(⟦μ⟧−1|z−z1|s)2−♭

1+⟦μ⟧−2|z−z1|s2

� ⟦σ⟧♭⟦μ⟧−♭ (1+⟦μ⟧
−1|z−z1|s)2

1+⟦μ⟧−2|z−z1|s2
<∼⟦σ⟧♭⟦μ⟧−♭,

which proves the claim. □

Lemma A.12. For all ω>0, the following bound

(1−vμ(1+m))wμ
(1+m),ω

wσ
(1+m),ω

<∼⟦σ⟧ω⟦μ⟧−ω
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holds uniformly in μ,σ ∈ (0, 1).

Proof. By Def. 4.3, 1−vμ
(m+1)=0 if ⟦μ⟧−1St(z,y1, . . . ,ym)�1. As a consequence,

(1−vμ(1+m))wμ
(1+m),ω

wσ
(1+m),ω = (1+⟦μ⟧−1St(z,y1, . . . ,ym))ω

(1+⟦σ⟧−1St(z,y1, . . . ,ym))ω
(1−vμ(1+m))

= ⟦μ⟧−ω⟦σ⟧ω (⟦μ⟧+St(z,y1, . . . ,ym))
ω

(⟦σ⟧+St(z,y1, . . . ,ym))ω
(1−vμ(1+m)),

is non-vanishing only if St(z,y1, . . . ,ym)>⟦μ⟧. Hence

(1−vμ(1+m))wμ
(1+m),ω

wσ
(1+m),ω �⟦μ⟧−ω⟦σ⟧ω (2St(z,y1, . . . ,ym))

ω

(St(z,y1, . . . ,ym))ω
(1−vμ(m+1))<∼⟦μ⟧−ω⟦σ⟧ω,

which proves the claim. □

A.3 Norm estimates

Lemma A.13. The cumulant norms introduced in Def. 4.11 satisfy the bound

|||[Kσ
1,1F̄̇σ

[ℓ],(1)] ⋅ (1−hμ)|||μ<∼⟦μ⟧−♭⟦σ⟧♭ |||F̄̇σ
[ℓ],(1)|||σ,

uniformly over σ ,μ ∈[1/2, 1) and F̄̇σ
[ℓ],(1).

Proof. By (4.6), Young's inequality and Lemma A.11 we obtain

|||[Kσ
1,1F̄̇σ

[ℓ],(1)] ⋅ (1−hμ)|||μ = |||[Kμ
1,1([Kσ

1,1F̄̇σ
[ℓ],(1)] ⋅ (1−hμ))] ⋅wμ

(2),♭|||
<∼ kKμ

1,1kTV((wμ
♭)⊗2) |||[Kσ

1,1F̄̇σ
[ℓ],(1)] ⋅ (1−hμ)wμ

(2),♭|||
<∼ kwμ

(2),♭(1−hμ) (wσ
(2),♭)−1kL∞ |||F̄̇σ[ℓ],(1)|||σ

<∼ ⟦μ⟧−♭⟦σ⟧♭|||F̄̇σ[ℓ],(1)|||σ.

This proves the statement. □

Lemma A.14. The kernel norms introduced in Def. 4.6 satisfy the bound

k[K̃σ
𝔞Ḟσ𝔞] ⋅ (1−vμ𝔞)kμ<∼⟦μ⟧ℓ (𝔞)κ𝔬−♭⟦σ⟧♭−ℓ (𝔞)κ𝔬kḞσ𝔞kσ,

uniformly over σ ,μ ∈[1/2, 1) and Ḟσ𝔞.

Proof. By (4.7), Young's inequality, Lemma A.12 and w̃μ
𝔞 :=wμ

(1+k(𝔞)),♭−ℓ (𝔞)κ𝔬 we obtain

k[K̃σ
𝔞Ḟσ𝔞] ⋅ (1−vμ𝔞)kμ = k𝔬𝔞 ⋅ [K̃μ

𝔞([K̃σ
𝔞Ḟσ𝔞] ⋅ (1−vμ𝔞))] ⋅ w̃μ

𝔞k
<∼ kK̃μ

𝔞kTV(w�)k𝔬𝔞 ⋅ [K̃σ
𝔞Ḟσ𝔞] ⋅ (1−vμ𝔞)w̃μ

𝔞k
<∼ k(1−vμ𝔞)w̃μ

𝔞 (w̃σ
𝔞)−1kL∞kḞσ𝔞kσ

<∼ ⟦μ⟧ℓ (𝔞)κ𝔬−♭⟦σ⟧♭−ℓ (𝔞)κ𝔬kḞσ𝔞kσ,
where

w�(z,z1, . . . ,zk(𝔞))=wμ
2(z)wμ

♭(z1)⋅ ⋅ ⋅wμ
♭(zk(𝔞)).

This proves the statement. □
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Lemma A.15. The kernel norms introduced in Def. 4.6 satisfy the bound

kF 𝔞 ⋅vμ𝔞kμ<∼k𝔬𝔞 ⋅ [K̃μ
𝔞F𝔞] ⋅ ṽμ𝔞w̃μ

𝔞k<∼kF
𝔞kμ,

uniformly over μ ∈ [1/2, 1) and F 𝔞, where ṽμ𝔞 is a smooth weight on Λ0
1+k(𝔞) such that kṽμ𝔞k <∼ 1

uniformly in μ ∈[1/2, 1) and

supp ṽμ𝔞⊂ {(z,z1, . . . ,zk(𝔞)) | ∀i |z0−zi,0|�c ⟦μ⟧, ∀i |z̄− z̄i|�c (ε ∨⟦μ⟧)}
for some c >0 independent of μ and ε.

Remark A.16. Note that for ⟦μ⟧ � ε the weight ṽμ𝔞 has comparable support property to the
weight vμ𝔞.

Proof. Let k=k(𝔞). Since F𝔞= L̃μ𝔞K̃μ
𝔞F𝔞 by Def. 1.13 and 4.5, we have

K̃μ
𝔞(F𝔞 ⋅vμ𝔞) = K̃μ

𝔞([L̃μ𝔞K̃μ
𝔞F 𝔞] ⋅vμ𝔞)= K̃μ

𝔞([(Lμ⊗(Lμ2)⊗k)(K̃μ
𝔞F 𝔞)] ⋅vμ𝔞),

where Lμ = (1 + ⟦μ⟧2s∂t)(1 − ⟦μ⟧2Δ)2. Integrating by parts each of the differential operators
appearing in the tensor product Lμ⊗(Lμ2)⊗k, we obtain

K̃μ
𝔞(F 𝔞 ⋅vμ𝔞)= ∑

A,B∈I
cA,B (Dμ

AK̃μ
𝔞)( [K̃μ

𝔞F 𝔞] ⋅Dμ
Bvμ𝔞).

Here I is a finite index set, (cA,B)A,B∈I is a family of real constants and (DA)A∈I is a family of
differential operators on Λ1+k. Each DA has the form

Dμ
A= (Dt ,μ

(0)⊗Dx ,μ
(0) )⊗ ⋅ ⋅ ⋅ ⊗ (Dt ,μ

(k)⊗Dx ,μ
(k)),

with temporal operators
Dt ,μ

(0), . . . ,Dt ,μ
(k)∈ {1, (1+⟦μ⟧2s∂t)}

and spatial operators

Dx ,μ
(0) , . . .Dx ,μ

(k) ∈D (2)∪ (1−⟦μ⟧2Δ)2D (1)∪ (1−⟦μ⟧2Δ)2D (0),
where

D (l)= {⟦μ⟧|A|Tx ∂A |A∈ℕ0
{1±, . . . ,d±}, |A|� l,x ∈ℝε

d}.

The symbol ∂A denotes the derivative operator on ℝε
d introduced in Def. A.1, and Tx stands

for the translation by x ∈ℝε
d. The highest-order operator is either (1 + ⟦μ⟧2s∂t) or (1 − ⟦μ⟧2Δ)2;

all lower-order operators are included as well. Since we are on a lattice, applying the Leibniz
rule requires considering spatial operators that shist the spatial variable by multiples of lattice
spacings in certain directions.

With this decomposition, it is straightforward to see that

Dμ
AK̃μ

𝔞=⊗
i=0

k

(Dt ,μ
(i) (1+⟦μ⟧2s∂t)−1⊗Dx ,μ

(i) (1−⟦μ⟧2Δ)−2).
By Lemma A.4, we have

kDμ
AK̃μ

𝔞kTV(𝔴μ)<∼1,
where

w�(z,z1, . . . ,zk)=wμ
2(z)wμ

♭(z1)⋅ ⋅ ⋅wμ
♭(zk).
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Therefore, by (4.7) and Young's inequality, we conclude

kF𝔞 ⋅vμ𝔞kμ <∼ ∑
A,B
k𝔬𝔞 ⋅ [(Dμ

AK̃μ
𝔞)( [K̃μ

𝔞F𝔞] ⋅Dμ
Bvμ𝔞) ] ⋅ w̃μ

𝔞k

<∼ ∑
A,B
kDμ

AK̃μ
𝔞kTV(𝔴μ)k𝔬𝔞 ⋅ [K̃μ

𝔞F 𝔞] ⋅ (Dμ
Bvμ𝔞)w̃μ

𝔞k

<∼ k𝔬𝔞 ⋅ [K̃μ
𝔞F 𝔞] ⋅ ṽμ𝔞w̃μ

𝔞k,

(A.7)

where in the last step we introduced the weight

ṽμ𝔞 := sup
B∈I

|Dμ
Bvμ𝔞|.

This proves the first of the stated bounds, while the second one is trivial. □

Lemma A.17. The kernel norms introduced in Def. 4.6 satisfy the bound

k[(1− K̃σ
𝔞)Ḟσ𝔞] ⋅ (1−vμ𝔞)kμ<∼⟦μ⟧−2s ⟦σ⟧2s kḞσ

𝔞kσ,

uniformly over μ ∈[1/2, 1), σ ∈[μ, 1) and Ḟσ𝔞.

Proof. By Lemma A.15 we have

k[(1− K̃σ
𝔞)Ḟσ𝔞] ⋅ (1−vμ𝔞)kμ<∼k(1− K̃σ

𝔞)Ḟσ𝔞kμ=k𝔬𝔞 ⋅ [(L̃σ𝔞 −1)K̃μ
𝔞K̃σ

𝔞Ḟσ𝔞] ⋅ w̃μ
𝔞kμ.

By (4.4), Young's inequality, Lemma A.3 and w̃μ
𝔞
� w̃σ

𝔞 we obtain

k𝔬𝔞 ⋅ [(L̃σ𝔞 −1)K̃μ
𝔞K̃σ

𝔞Ḟσ𝔞] ⋅ w̃μ
𝔞k <∼ k(L̃σ

𝔞 −1)K̃μ
𝔞kTV(w�)k𝔬𝔞 ⋅ [K̃σ

𝔞Ḟσ𝔞] ⋅ w̃μ
𝔞k

<∼ ⟦μ⟧−2s⟦σ⟧2s kḞσ𝔞kσ,

where 𝔴μ(z,z1, . . . ,zk(𝔞))=wμ
2(z)wμ

♭(z1)⋅ ⋅ ⋅wμ
♭(zk(𝔞)). □

Lemma A.18. The cumulant norms introduced in Def. 4.11 satisfy the bound

|||(1−Kσ
1,1)F̄̇σ

[ℓ],(1)|||μ<∼⟦μ⟧−2s⟦σ⟧2s |||F̄̇σ[ℓ],(1)|||σ,

uniformly over μ ∈[1/2, 1) and σ ∈[μ, 1).

Proof. By Young's inequality, Lemma A.3 and wμ
𝔞
�wσ

𝔞 we obtain

|||(1−Kσ
1,1)F̄̇σ

[ℓ],(1)|||μ = |||[(1⊗ (Lσ −1)Kμ)Kσ
1,1F̄̇σ

[ℓ],(1)] ⋅wμ
(2),♭|||

<∼ k(Lσ −1)KμkTV(wμ
♭) |||[Kσ

1,1F̄̇σ
[ℓ],(1)] ⋅wμ

(2),♭|||
<∼ ⟦μ⟧−2s⟦σ⟧2s |||F̄̇σ[ℓ],(1)|||σ,

as claimed. □

A.4 Schauder estimates
In this section, we establish estimates that characterise the spacetime regularity of distributions
ϕ in terms of the size of ℒϕ.

Lemma A.19. For all A∈ℕ0
{0,1±, . . . ,d±} the following bounds

k∂AΔ̄ikTV(ζ −1)<∼⟦μi⟧−|A|, k(1−Δε)−1Δ̄ikTV(ζ −1)<∼⟦μi⟧2, k(−Δε)sΔ̄ikTV(ζ −1)<∼⟦μi⟧−2s
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hold uniformly in i�−1.

Proof. The estimates follows from the identity ⟦μi⟧ = 2−i−2 and Def. 1.14 of the spatial Little-
wood-Paley blocks. □

Lemma A.20. For all A∈ℕ0
{0,1±, . . . ,d±} the following bounds

kΔ̄iGkTV(ζ −1)<∼⟦μi⟧
2s, k∂AĠηkTV(ζ −1)<∼⟦η⟧2s−1−|A|s, k(G −Gη)kTV(ζ −1)<∼⟦η⟧2s,

hold uniformly in i�−1 and η∈ (1/2, 1).

Proof. Recall that Δ̄i is the spatial Littlewood-Paley block, ζ (z) := (1+ |z|s2)−1/2 and note that

G =∫
μi

1
Ġμ dμ +∫1/2

μi
Ġμ dμ +G1/2.

Taking into account Remark 1.8 a), we obtain

kΔ̄iGkTV(ζ −1) <∼ kΔ̄ikTV(ζ −1)∫
μi

1
kĠμkTV(ζ −1)dμ

+k(1−Δε)−1Δ̄ikTV(ζ −1)∫1/2

μi
k(1−Δε)ĠμkTV(ζ −1)dμ

+k(1−Δε)−1Δ̄ikTV(ζ −1)k(1−Δε)G1/2kTV(ζ −1) .

Consequently, using Lemma A.7 we arrive at

kΔ̄iGkTV(ζ −1) <∼ ∫μi

1
⟦μ⟧2s−1dμ +⟦μi⟧2∫1/2

μi
⟦μ⟧2s−3dμ +⟦μi⟧2×1

<∼ ⟦μi⟧2s+⟦μi⟧2⟦μi⟧2s−2+⟦μi⟧2<∼⟦μi⟧
2s.

This proves the first bound. The second bound follows directly from Lemma A.7. To show the
third bound notice that

k(G −Gη)kTV(ζ −1)�∫
η

1
kĠσkTV(ζ −1)dσ <∼∫η

1
⟦σ⟧2s−1dσ <∼⟦η⟧2s.

This completes the proof. □

Lemma A.21. It holds

kρηΔ̄iϕk<∼⟦η⟧−γ⟦μ̄⟧γ⟦μi∨ μ̄⟧−γ[⫴ϕ⫴+⟦μ̄⟧2s−2γ⫴K•ℒϕ⫴♯], (A.8)

uniformly in ϕ ∈𝒮 ʹ(Λ), i �−1 and η ∈ [μ̄, 1), where the norms ⫴•⫴ =⫴•⫴μ̄ and ⫴•⫴♯=⫴•⫴♯,μ̄ are
defined by (2.11) and (2.12). In particular, for γ̂ >γ, it holds

∑
i

2−γ̂i kρηΔ̄iϕk<∼⟦η⟧−γ[⫴ϕ⫴+⟦μ̄⟧2s−2γ⫴K•ℒϕ⫴♯],

uniformly in μ̄ ∈[1/2, 1), η∈[μ̄, 1) and ϕ ∈𝒮 ʹ(Λ).

Proof. First observe that

kρη Δ̄iϕk<∼sup
j
kρηχj Δ̄iϕk<∼sup

j
kρηχj ζμj∨μ̄−1 kkζμj∨μ̄ Δ̄iϕk<∼⟦η⟧−γsup

j
⟦μj ∨ μ̄⟧γkζμj∨μ̄ Δ̄iϕk, (A.9)

uniformly in i�−1 and η� μ̄. To obtain the last estimate we used the fact that

sup
j
kρηχj ζμj∨μ̄−1 k<∼sup

j
kρηχj ζμj−1k<∼⟦η⟧−γ⟦μj ∨ μ̄⟧γ . (A.10)
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Indeed note that if μ̄�η�μj, we have

kρηχj ζμj−1k� (1+⟦η⟧a⟦μj⟧−a)−ν <∼⟦η⟧−γ⟦μj⟧γ =⟦η⟧−γ⟦μj ∨ μ̄⟧γ .

On the other hand, if η�μj ∨ μ̄, then kρηχjζμj−1k�1 and 1�⟦η⟧−γ⟦μj ∨ μ̄⟧γ . Hence, the bound (A.10)
follows. By the estimate (A.9) it suffices to establish the bound (A.8) with the weight ρη replaced
by ζη. To prove the latter bound note that

sup
η�μ̄

⟦η⟧γ kζηΔ̄iϕk = sup
μ̄�η�μi

⟦η⟧γ kζηΔ̄iϕk∨ sup
η�μi∨μ̄

⟦η⟧γ kζηΔ̄iϕk

� ⟦μ̄⟧γkζμi∨μ̄Δ̄iϕk∨⟦μ̄⟧γ⟦μi∨ μ̄⟧−γ sup
η�μi∨μ̄

⟦η⟧γ kζηΔ̄iϕk

� ⟦μ̄⟧γ⟦μi∨ μ̄⟧−γ sup
η�μi∨μ̄

⟦η⟧γ kζηΔ̄iϕk.

In order to bound the supremum in the last line above we shall use the following decomposition

ϕ=ϕη+(G −Gη)ℒϕ, η�μi∨ μ̄.
Note that

sup
η�μi∨μ̄

⟦η⟧γ kζηΔ̄iϕk<∼ sup
η�μi∨μ̄

⟦η⟧γ kζηΔ̄iϕηk+ sup
η�μi∨μ̄

⟦η⟧γ kζηΔ̄i(G −Gη)ℒϕk,
and

sup
η�μi∨μ̄

⟦η⟧γ kζηΔ̄iϕηk<∼ sup
η�μi∨μ̄

⟦η⟧γ kζηϕηk<∼ sup
η�μi∨μ̄

⟦η⟧γ kζη1/3ϕηk�⫴ϕ⫴.

To complete the proof it is now enough to show that

kζηΔ̄i(G −Gη)ℒϕk<∼⟦η⟧2s−3γ ⫴K•ℒϕ⫴♯, (A.11)

uniformly in η�μi∨ μ̄. To this end, recall that Lμ=(1+⟦μ⟧2s∂t)L̄μ, where L̄μ := (1−⟦μ⟧2Δ)2. Now

Δ̄i(G −Gη)ϕ = Δ̄i(G −Gη)LηKηℒϕ
= L̄ηΔ̄i(G −Gη)(1+⟦η⟧2s∂t)(Kηℒϕ)
= L̄ηΔ̄i(G −Gη)Kηℒϕ+⟦η⟧2sL̄ηΔ̄i∂tG (1−Jη)Kηℒϕ
= 𝕀+𝕀𝕀.

We have the following bound for the first term

kζη 𝕀k=kζηL̄ηΔ̄i(G −Gη)Kηℒϕk <∼ kL̄ηΔ̄ikTV(ζ −1)k(G −Gη)kTV(ζ −1)kζηKηℒϕk
<∼ ⟦η⟧2skζηKηℒϕk.

The above estimates follow from Remark 1.8 a), Lemma A.20 and the bound

kL̄ηΔ̄ikTV(ζ −1)<∼1,

which is a consequence of Lemma A.19. In order to bound kζη 𝕀𝕀kL∞ we first note that

∂tG =1−(m2+(−Δε)s)G
and write

𝕀𝕀 = ⟦η⟧2sL̄ηΔ̄i∂tG (1−Jη)Kηℒϕ
= ⟦η⟧2sL̄ηΔ̄i(1−Jη)Kηℒϕ−⟦η⟧2s(m2+(−Δε)s)L̄ηΔ̄iG (1−Jη)Kηℒϕ
= 𝕀𝕀1+𝕀𝕀2.

We have the following bound for kζη 𝕀𝕀1kL∞:

kζη 𝕀𝕀1k=⟦η⟧2s kζηL̄ηΔ̄i(1−Jη)Kηℒϕk <∼ ⟦η⟧2s kL̄ηΔ̄ikTV(ζ −1)k(1−Jη)kTV(ζ −1)kζηKηℒϕk
<∼ ⟦η⟧2skζηKηℒϕk.
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For kζη𝕀𝕀2k we have, exploiting Lemma A.20,

kζη 𝕀𝕀2k � ⟦η⟧2s kζη(m2+(−Δε)s)L̄η(Δ̄i−1+Δ̄i+Δ̄i+1)ΔiG (1−Jη)Kηℒϕk
<∼ ⟦η⟧2s k(m2+(−Δε)s)L̄η(Δ̄i−1+Δ̄i+Δ̄i+1)kTV(ζ −1)kΔ̄iGkTV(ζ −1)k(1−Jη)kTV(ζ −1) kζηKηℒϕk
<∼ ⟦η⟧2s⟦μi⟧−2s⟦μi⟧2s kζηKηℒϕk
= ⟦η⟧2s kζηKηℒϕk,

where we used that
kζ̄ −1(m2+(−Δε)s)L̄η(Δ̄i−1+Δ̄i+Δ̄i+1)kTV(ζ −1)<∼⟦μi⟧−2s,

which follows from Lemma A.19. Summing up, we have

kζη(G −Gη)ℒϕk<∼⟦η⟧2s kζηKηℒϕk<∼⟦η⟧2s−3γ ⟦η⟧3γ kζηKηℒϕk<∼⟦η⟧2s−3γ ⫴K•ℒϕ⫴♯.

This proves the bound (A.11) and completes the proof of the lemma. □

Lemma A.22. Let J>η :=1−Jη. We have

kρμ3 J>ηϕσk<∼⟦η⟧2s ⟦σ⟧−3γ ⫴ℒϕ•⫴#,

uniformly in μ̄, μ,η∈ [1/2, 1), σ ∈ [μ ∨ μ̄, 1) and ϕ ∈𝒮 ʹ(Λ), where the norm ⫴•⫴♯=⫴•⫴♯,μ̄ is defined
by (2.12).

Proof. Using Remark 1.8 a) and Lemma A.20, we obtain

kρμ3 (G −Gη)ℒϕσk<∼kG −GηkTV(ζ −1)kρμ3ℒϕσk<∼⟦η⟧2s kρμ3ℒϕσk.

Next, we note that

kρμ3 J>ηϕσk=kρμ3 (G −Gη)ℒϕσk<∼⟦η⟧2s kρμ3ℒϕσk<∼⟦η⟧2skρσ3ℒϕσk<∼⟦η⟧2s ⟦σ⟧−3γ ⫴ℒϕ•⫴#,

on account of Lemma 2.3 and the identity ρσ = ζσν. This finishes the proof. □

Appendix B Flow equation estimates

B.1 Estimates for 𝒜𝒜𝒜𝒜𝒜𝒜𝒜𝒜𝒜 and ℬℬℬℬℬℬℬℬℬ
Goal of this section is to prove the bounds for the operators 𝒜b

a and ℬb,c
a appearing in the flow

equation for cumulants (4.23), thereby proving Lemma 4.13. We begin with the definition of the
first operator:

∑
b

𝒜b
a(Ġσ,ℱσ

b) :=∑
i=1

n(a)

∑
b

𝒜b
a,(i)(Ġσ,ℱσ

b),

where

∑
b

𝒜b
a,(i)(Ġσ,ℱσ

b) := ∑
ℓ ʹ=0

ℓ (𝔞i)−1

∑
k ʹ=0

k(𝔞i)

(kʹ +1)

×Ci(Ġσ)𝔎n(a)+1(Fσ𝔞1, . . . ,Fσ𝔞i−1,Fσ[ℓ (𝔞i)−1−ℓ ʹ],(kʹ+1),Fσ[ℓ ʹ],(k(𝔞i)−k ʹ),Fσ𝔞i+1, . . . ,Fσ𝔞n(a)).
(B.1)

The summation index b is constrained by the allowed values of (ℓ ʹ,kʹ) appearing on the right-
hand side. The operator Ci(Ġσ) acts by applying Ġσ to the output variable of the (i+1)-th kernel,
and by inserting the resulting function into the last input variable of the i-th kernel. This oper-
ator generalises C(Ġσ) defined in (4.11), which appears in the flow equation for the effective
force kernels (4.13).
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We now proceed with the definition of the second operator:

∑
b,c

ℬb,c
a (Ġσ,ℱσ

b,ℱσ
c) :=∑

i=1

n(a)

∑
b,c

ℬb,c
a,(i)(Ġσ,ℱσ

b,ℱσ
c),

where

∑
b,c

ℬb,c
a,(i)(Ġσ,ℱσ

b,ℱσ
c) :=∑

I1,I2
∑
ℓ ʹ=0

ℓ (𝔞i)−1

∑
kʹ=0

k(𝔞i)

(kʹ +1)×

×C|I1|+1(Ġσ) (𝔎|I1|+1((Fσ𝔞j)j∈I1,Fσ(ℓ (𝔞i)−1−ℓ ʹ,k ʹ+1))𝔎|I2|+1(Fσ(ℓ ʹ,k(𝔞i)−kʹ), (Fσ𝔞j)j∈I2)).
(B.2)

Here, for a fixed i∈ {1, . . . ,n(a)}, the sum∑I1,I2 runs over all the partitions of the set

I1

− −

− I2={1, . . . , i−1, i+1, . . . ,n(a)}.

The summation index b is now constrained by the allowed values of (I1, I2, ℓ ʹ, kʹ) on the right-
hand side of (B.2). For precise definitions of the operators 𝒜b

a and ℬb,c
a , see [Duc25a].

Lemma B.1. For all a∈A and i�n(a), the following bound

⟦σ⟧−[a] |||𝒜b
a,(i)(Ġσ,ℱσ

b)|||σ <∼⟦σ⟧−[b]−1|||ℱσ
b|||σ

holds uniformly in ℱσ
b and σ ∈[1/2, 1).

Proof. Recalling (B.1), our task is to analyse the expression

Ci(Ġσ)𝔎n(a)+1(Fσ𝔞1, . . . ,Fσ[ℓ (𝔞i)−1−ℓ ʹ],(k ʹ+1),Fσ[ℓ ʹ],(k(𝔞i)−k ʹ), . . . ,Fσ
𝔞n(a)).

Using LσKσ =1 and Def. 4.5, we obtain

Kσ
n(a),K (a)(Ci(Ġσ)𝔎n(a)+1(Fσ𝔞1, . . . ,Fσ[ℓ (𝔞i)−1−ℓ ʹ],(kʹ+1),Fσ[ℓ ʹ],(k(𝔞i)−k ʹ), . . . ,Fσ

𝔞n(a)))
=Ci(LσĠσ)Kσ

n(a)+1,K (a)+1𝔎n(a)+1(Fσ𝔞1, . . . ,Fσ[ℓ (𝔞i)−1−ℓ ʹ],(k ʹ+1),Fσ[ℓ ʹ],(k(𝔞i)−k ʹ), . . . ,Fσ
𝔞n(a)).

As a consequence,
Kσ

a𝒜b
a,(i)(Ġσ,ℱσ

b)=𝒜b
a,(i)(LσĠσ,Kσ

bℱσ
b).

Hence, by Def. 4.11 of the cumulant norm,

|||𝒜b
a,(i)(Ġσ,ℱσ

b)|||σ = |||[Kσ
a𝒜b

a,(i)(Ġσ,ℱσ
b)] ⋅wσ

a|||
= |||𝒜b

a,(i)(LσĠσ,Kσ
bℱσ

b) ⋅wσ
a|||

� |||𝒜b
a,(i)(|LσĠσ|, |Kσ

bℱσ
b|) ⋅wσ

a|||
<∼ |||𝒜b

a,(i)(|LσĠσ| ⋅wσ
♭, |Kσ

bℱσ
b| ⋅wσ

b)|||,

where the last estimate follows from (4.3) and |LσĠσ| ⋅wσ
♭ denotes the function

z↦|(LσĠσ)(z)|wσ
♭(z). (B.3)

As a result, using Def. 4.11 one proves along the lines of Lemma 5.29 in [Duc25a] that

|||𝒜b
a,(i)(Ġσ,ℱσ

b)|||σ <∼k|(LσĠσ) ⋅wσ
♭|MkL∞ |||[Kσ

bℱσ
b] ⋅wσ

b||| =k|(LσĠσ) ⋅wσ
♭|MkL∞ |||ℱσ

b|||σ,

where |(LσĠσ) ⋅wσ
♭|M denotes the periodisation in space of the function (B.3) with period M .

Thus, since by Lemma A.7
k|(LσĠσ) ⋅wσ

♭|MkL∞<∼⟦σ⟧−1−d,
we obtain

|||𝒜b
a,(i)(Ġσ,ℱσ

b)|||σ <∼ ⟦σ⟧−1−d |||ℱσ
b|||σ .
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It follows that
⟦σ⟧−[a] |||𝒜b

a,(i)(Ġσ,ℱσ
b)|||σ <∼⟦σ⟧−[a]−1−d |||ℱσ

b|||σ <∼⟦σ⟧−[b]−1 |||ℱσ
b|||σ.

In the last step, we used (4.19) and (4.26), which imply

−[a]−1−d =−[b]−1+θ +β −δ −d �−[b]−1.
This finishes the proof. □

Lemma B.2. For all a∈A and i�n(a) the following bound

⟦σ⟧−[a] |||ℬb,c
a,(i)(Ġσ,ℱσ

b,ℱσ
c)|||σ <∼⟦σ⟧−[b]−[c]−1 |||ℱσ

b|||σ |||ℱσ
c|||σ

holds uniformly in ℱσ
b, ℱσ

c and σ ∈[1/2, 1).

Proof. The proof proceeds along the same lines as the previous one. Recalling (B.2), we now
need to analyse the expression

C|I1|+1(Ġσ) (𝔎|I1|+1((Fσ𝔞j)j∈I1,Fσ(ℓ (𝔞i)−1−ℓ ʹ,k ʹ+1))𝔎|I2|+1(Fσ(ℓ ʹ,k(𝔞i)−k ʹ), (Fσ𝔞j)j∈I2)).
Using LσKσ =1 and Def. 4.5, we obtain

Kσ
a(C|I1|+1(Ġσ) (𝔎|I1|+1((Fσ𝔞j)j∈I1,Fσ(ℓ (𝔞i)−1−ℓ ʹ,k ʹ+1))𝔎|I2|+1(Fσ(ℓ ʹ,k(𝔞i)−kʹ), (Fσ𝔞j)j∈I2)))

=C|I1|+1(LσĠσ)([Kσ
|I1|+1,k1𝔎|I1|+1((Fσ𝔞j)j∈I1,Fσ(ℓ (𝔞i)−1−ℓ ʹ,k ʹ+1))]

[Kσ
|I2|+1,k2𝔎|I1|+1(Fσ(ℓ ʹ,k(𝔞i)−kʹ), (Fσ𝔞j)j∈I2)]),

where k1=∑j=1
i−1k(𝔞j)+kʹ +1 and k2=∑j=i+1

n(a) k(𝔞j)+k(𝔞i)−kʹ. As a consequence,

Kσ
aℬb,c

a,(i)(Ġσ,ℱσ
b,ℱσ

c)=ℬb,c
a,(i)(LσĠσ,Kσ

bℱσ
b,Kσ

cℱσ
c).

Hence, by Def. 4.11 of the cumulant norm,

|||ℬb,c
a,(i)(Ġσ,ℱσ

b,ℱσ
c)|||σ = |||[Kσ

aℬb,c
a,(i)(Ġσ,ℱσ

b,ℱσ
c)] ⋅wσ

a|||
= |||ℬb,c

a,(i)(LσĠσ,Kσ
bℱσ

b,Kσ
cℱσ

c) ⋅wσ
a|||

� |||ℬb,c
a,(i)(|LσĠσ|, |Kσ

bℱσ
b|, |Kσ

cℱσ
c|) ⋅wσ

a|||
<∼ |||ℬb,c

a,(i)(|LσĠσ| ⋅wσ
♭, |Kσ

bℱσ
b| ⋅wσ

b, |Kσ
cℱσ

c| ⋅wσ
c)|||,

where the last estimate follows from (4.3). As a result, by Def. 4.11 and Lemma 1.17, we have

|||ℬb,c
a,(i)(Ġσ,ℱσ

b,ℱσ
c)|||σ <∼ kLσĠσkTV(wσ

♭) |||Kσ
bℱσ

b ⋅wσ
b||| |||Kσ

cℱσ
c ⋅wσ

c|||
= kLσĠσkTV(wσ

♭) |||ℱσ
b|||σ |||ℱσ

c|||σ
<∼ ⟦σ⟧2s−1|||ℱσ

b|||σ |||ℱσ
c|||σ.

Consequently, we arrive at

⟦σ⟧−[a] |||ℬb,c
a,(i)(Ġσ,ℱσ

b,ℱσ
c)|||σ <∼ ⟦σ⟧−[a] ⟦σ⟧2s−1 |||ℱσ

b|||σ |||ℱσ
c|||σ,

= ⟦σ⟧−[b]−[c]−1 |||ℱσ
b|||σ |||ℱσ

c|||σ.

In the last step we used (4.19) and (4.26), which imply

−[a]+2s−1=−[b]−[c]−ϱ+θ +β −δ +2s−1�−[b]−[c]−1.

This finishes the proof. □

Remark B.3. Note that Lemma A.7 implies that

k|(LσĠσ)|MkL∞<∼ ε−♭⟦σ⟧♭−1−d, kLσĠσkTV<∼ ε−♭⟦σ⟧♭+2s−1,
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where |LσĠσ|M denotes the periodisation in space of the function z↦|(LσĠσ)(z)| with periodM .
Using the above bounds one shows, along the lines of the proofs of Lemmas B.1 and B.2, that

|||Kσ
a𝒜b

a,(i)(Ġσ,ℱσ
b)||| <∼ ε−♭⟦σ⟧♭+2s−1 |||ℱσ

b|||σ,

|||Kσ
aℬb,c

a,(i)(Ġσ,ℱσ
b,ℱσ

c)||| <∼ ε−♭⟦σ⟧♭+2s−1 |||ℱσ
b|||σ |||ℱσ

c|||σ.

These bounds are used to prove the estimate (4.43). Note that the norms appearing on the lest-
hand sides of the above bounds, as well as the norm in (4.43), do not involve weights.

B.2 Localisation
In this section, we introduce the Taylor expansion on the (semi)-discrete lattice Λ=Λε. At first
order, we have

ψ (z1) = ψ (z)+ ∑
i∈{0,1±,2±, . . . ,d±}

∫0

1
[dρz1−z(t)]i (∂iψ )(z+ρz1−z(t)),

where ∂0 denotes the time derivative,

∂k±ψ (z) :=±ε−1[ψ (z± ek)−ψ (z)],

denote the discrete forward (k + ) and backward (k − ) derivatives in the k-th spatial direction
and for h∈Λ the function ρh: [0,1]→Λ is a bounded variation path such that ρh(0)=0 and ρh(1)=
h. We use the notation [dρz1−z(t)]0 := dρz1−z

0 (t) and [dρz1−z(t)]k± := (dρz1−z
k (t))±, where (dρz1−z

k (t))±
denote the positive and negative parts of the signed measure dρz1−z

k (t). Note that the path ρh is
piecewise constant in space, so that the signed measure dρhi is well defined and given by a sum of
delta functions multiplied by the corresponding increments. We choose it so that its total mass
is bounded by |h| and

∫0

1
[dρh(t)]k±=[h]k± :=hk1±hk�0.

Remark B.4. Note that in the continuum we could choose
ρz1−z(t)= (z1−z) t .

Moreover, since in the continuum both the right and lest derivatives ∂k± coincide with ∂k, we
have

ψ (z1)=ψ (z)+ ∑
k∈{0, . . . ,d}

∫0

1
(∂kψ )(z+ρz1−z(t)) (z1−z)k dt .

Since we intend to use the second-order Taylor expansion, it is convenient to choose the
path such that ρz1−z

0 (u)=0 for u∈[0, 1/2] and

ρz1−z
i (u)=ρz1−z

i (1/2)+1i=0 (z1−z)0 (2u−1)

for u ∈[1/2, 1]. This allows to avoid second order terms with one derivative in time and one in
space. Note also that

∫0

1/2
|dρz1−z(u)|�∫0

1/2
|[dρz1−z(u)] j|� |z̄1− z̄|, ∫1/2

1
|dρz1−z(u)|�∫1/2

1
|[dρz1−z(u)]0|� |(z1)0−z0|.

We have

ψ (z1) = ψ (z)+∑
i
∫0

1
[dρz1−z(t)]i∂iψ (z+ρz1−z(t))

= ψ (z)+∑
i≠0
∫0

1/2
[dρz1−z(t)]i∂iψ (z+ρz1−z(t))+∫1/2

1
dρz1−z

0 (t) ∂0ψ (z+ρz1−z(t)).
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Expanding once more the spatial derivatives, we have

ψ (z1) = ψ (z)+∑
i≠0

∂iψ (z) [z1−z]i+∑
i, j≠0,
∫0

1/2
[dρz1−z(t)]i∫0

t
[dρz1−z(u)] j ∂i∂jψ (z+ρz1−z(u))+

+∫1/2

1
dρz1−z

0 (t) ∂0ψ (z+ρz1−z(t)).

As a consequence, for a generic kernel V (z, z1), and symmetrising the factor ∂iψ (z) using the
relation ∂i−ψ (z)−∂i+ψ (z)= ε(∂i+∂i−ψ )(z) we obtain

V (ψ )(z) = ∫Λ
dz1V (z,z1)ψ (z1)

= ψ (z)∫Λ
dz1V (z,z1)+∑

k≠0

∂k+ψ (z)+∂k−ψ (z)
2 ∫Λ

dz1(z1−z)kV (z,z1)

+∫Λ
dz1∫1/2

1
dρz1−z

0 (t)V (z,z1)∂0ψ (z+ρz1−z(t))

−∑
k

ε(∂k+∂k−ψ )(z)
2 ∫Λ

|z1−z|kV (z,z1)dz1

+∑
i, j≠0
∫Λ

dz1∫0

1/2∫0

t
[dρz1−z(u)] j[dρz1−z(t)]iV (z,z1)∂i∂jψ (z+ρz1−z(u)).

(B.4)

By duality, we can write this Taylor expansion as an operation over the kernel V via the oper-
ators L and

R :=R(0)+∑
i, j≠0

R(i, j)+∑
k

Rε
(k), (B.5)

of the form

(LV )(z,z1) := ∫Λ
dz̃ V (z, z̃) dz̃ δ(z1−z)+∑

i≠0

1
2∫Λ

(z̃−z)iV (z, z̃ ) (∂i++∂i−)δ(z1−z),

(R(0)V )(z,z1) := ∫Λ∫1/2

1
dρz̃−z0 (t)V (z, z̃)∂0δ(z1−z−ρz̃−z(t)) dz̃,

(R(i, j)V )(z,z1) := ∫Λ∫0

1/2∫0

t
[dρz̃−z(u)] j[dρz̃−z(t)]iV (z, z̃)∂i∂jδ(z1−z−ρz̃−z(u)) dz̃,

(Rε
(k)V )(z,z1) := − ε2∫Λ

|z̃−z|kV (z, z̃) dz̃ (∂k+∂k−)δ(z1−z).

(B.6)

When tested with a smooth function this gives the identity

V (ψ )= (LV )(ψ )+ (RV )(ψ ),

as seen in (B.4). We use this expansion for the analysis of relevant cumulants, namely

ℱμ
a= F̄μ

[ℓ],(1)=𝔼Fμ
[ℓ],(1), ℓ ∈ {1, . . . , ℓ̂ }.

Recall that we have the following decomposition (4.42),

F̄μ
[ℓ],(1) = F̄1

[ℓ],(1)−∫
μ

1
[(1−Kσ

1,1)F̄̇σ
[ℓ],(1)]dσ −∫

μ

1
[Kσ

1,1F̄̇σ
[ℓ],(1)] ⋅ (1−hμ)dσ

−L∫
μ

1
[Kσ

1,1F̄̇σ
[ℓ],(1)] ⋅ (1−hμ) dσ −L∫

μ

1
[Kσ

1,1F̄̇σ
[ℓ],(1)]dσ

−R∫
μ

1
[Kσ

1,1F̄̇σ
[ℓ],(1)] ⋅hμ dσ ,

where F̄̇σ
[ℓ],(1) :=∂σF̄1

[ℓ],(1).
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Lemma B.5. The following bounds hold uniformly in σ ,μ ∈[1/2, 1).

|||L(Kσ
1,1F̄̇σ

[ℓ],(1))|||μ <∼ |||F̄̇σ[ℓ],(1)|||σ,
|||L([Kσ

1,1F̄̇σ
[ℓ],(1)] ⋅ (1−hμ))|||μ <∼ ⟦μ⟧−♭⟦σ⟧♭ |||F̄̇σ[ℓ],(1)|||σ.

Proof. As we arged in Remark 4.14 the cumulants are invariant under spatial reflections. As a
result, we conclude that

(∂i++∂i−)δ(z1−z)∫Λ
dz̃ (z̃−z)i(Kσ

1,1F̄̇σ
[ℓ],(1))(z, z̃)=0.

Hence, the following identity

(L(Kσ
1,1F̄̇σ

[ℓ],(1)))(z,z1)=δ(z1−z)∫Λ
(Kσ

1,1F̄̇σ
[ℓ],(1))(z, z̃) dz̃

holds true. Similarly,

(L([Kσ
1,1F̄̇σ

[ℓ],(1)] ⋅ (1−hμ)))(z,z1)=δ(z1−z)∫Λ
(Kσ

1,1F̄̇σ
[ℓ],(1))(z, z̃) (1−hμ(z, z̃)) dz̃.

In order to prove the first of the bounds stated in the lemma, we observe that

(L(Kσ
1,1F̄̇σ

[ℓ],(1)))(z,z1)=δ(z1−z)∫Λ
(Kσ

1,1F̄̇σ
[ℓ],(1))(z, z̃) dz̃.

Thus, we obtain

wμ
(2),♭(z,z1) (Kμ

1,1L[Kσ
1,1F̄̇σ

[ℓ],(1)])(z,z1)=wμ
(2),♭(z,z1)Kμ(z1−z)∫Λ

(Kσ
1,1F̄̇σ

[ℓ],(1))(z, z̃) dz̃.
and

|||L(Kσ
1,1F̄̇σ

[ℓ],(1))|||μ <∼ sup
z
∫Λ

|Kμ(z1−z)|wμ
♭(z−z1) dz1∫Λ

|(Kσ
1,1F̄̇σ

[ℓ],(1))(z, z̃)|dz̃

<∼ kKμkTV(wμ
♭) sup

z
∫Λ

|(Kσ
1,1F̄̇σ

[ℓ],(1))(z, z̃)|dz̃

<∼ sup
z
∫Λ

|(Kσ
1,1F̄̇σ

[ℓ],(1))(z, z̃)|dz̃,

by Lemma 1.17. Since

sup
z
∫Λ

|Kσ
1,1F̄̇σ

[ℓ],(1)(z, z̃)|dz̃<∼sup
z
∫Λ

|Kσ
1,1F̄̇σ

[ℓ],(1)(z, z̃)|wμ
(2),♭(z, z̃) dz̃= |||F̄̇σ[ℓ],(1)|||σ,

this proves the first of the bounds stated in the lemma. By a similar argument, we get

|||L([Kσ
1,1F̄̇σ

[ℓ],(1)] ⋅ (1−hμ))|||μ<∼∫Λ
|(Kσ

1,1F̄̇σ
[ℓ],(1))(z, z̃)| (1−hμ(z, z̃)) dz̃.

Consequently, by Lemma A.11, we obtain

|||L([Kσ
1,1F̄̇σ

[ℓ],(1)] ⋅ (1−hμ))|||μ<∼kwμ
(2),♭(1−hμ) (wμ

(2),♭)−1kL∞ |||F̄̇σ[ℓ],(1)|||σ <∼⟦μ⟧−♭⟦σ⟧♭|||F̄̇σ[ℓ],(1)|||σ.

This proves the second of the bounds stated in the lemma. □

Lemma B.6. The following bound

|||R([Kσ
1,1F̄̇σ

[ℓ],(1)] ⋅hμ)|||μ<∼⟦μ⟧−♭⟦σ⟧♭ |||F̄̇σ[ℓ],(1)|||σ
holds uniformly in μ ∈[1/2, 1),σ ∈[μ, 1).
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Proof. By applying the triangular inequality to (B.5), we arrive at

|||R([Kσ
1,1F̄̇σ

[ℓ],(1)] ⋅hμ)|||μ <∼ |||R(0)([Kσ
1,1F̄̇σ

[ℓ],(1)] ⋅hμ)|||μ
+∑
i, j≠0

|||R(i, j)([Kσ
1,1F̄̇σ

[ℓ],(1)] ⋅hμ)|||μ

+∑
k

|||Rε
(k)([Kσ

1,1F̄̇σ
[ℓ],(1)] ⋅hμ)|||μ.

We have

(R(i, j)([Kσ
1,1F̄̇σ

[ℓ],(1)] ⋅hμ))(z,z1)=

=∫Λ∫0

1
2∫0

t
[dρz̃−z(u)] j[dρz̃−z(t)]ihμ(z, z̃)(Kσ

1,1F̄̇σ
[ℓ],(1))(z, z̃) ∂i∂jδ(z1−z−ρz̃−z(u)) dz̃.

Thus,

|wμ
(2),♭(z,z1) (R(i, j)([Kσ

1,1F̄̇σ
[ℓ],(1)] ⋅hμ))(z,z1)|

�∫Λ∫0

1
2∫0

t
|dρz̃−z(u)| |dρz̃−z(t)|wμ

(2),♭(z,z1)hμ(z, z̃) |Kσ
1,1F̄̇σ

[ℓ],(1)(z,z1)| | ∂i∂jKμ(z1−z−ρz̃−z(u))| dz̃.

Recall that

wμ
(2),♭(z,z1)=wμ

♭(z−z1)= (1+⟦μ⟧−1|z−z1|s)♭.

Introduce the point z̃(z,u) :=z+ρz̃−z(u) and note that

wμ
♭(z−z1)<∼wμ

♭(z− z̃(z,u))wμ
♭(z̃(z,u)−z1)�wμ

♭(z− z̃)wμ
♭(z̃(z,u)−z1).

The second inequality above follows from

wμ
♭(z− z̃(z,u))<∼wμ

♭(z− z̃),

which holds because, by construction, z̃(z,u) lies on the path connecting z and z̃. Overall, this
yields

|wμ
♭(z−z1) (R(i, j)([Kσ

1,1F̄̇σ
[ℓ],(1)] ⋅hμ))(z,z1)|

<∼∫Λ∫0

1
2∫0

t
|dρz̃−z(u)||dρz̃−z(t)|wμ

♭(z− z̃)hμ(z, z̃) (wσ
♭(z− z̃))−1

×wσ
♭(z− z̃) |(Kσ

1,1F̄̇σ
[ℓ],(1))(z, z̃)|wμ

♭(z̃(z,u)−z1) | ∂i∂jKμ(z1− z̃(z,u))| dz̃.

As a consequence, we obtain

|||R(i, j)([Kσ
1,1F̄̇σ

[ℓ],(1)] ⋅hμ)|||μ <∼ sup
z,z̃∈Λ
∫0

1
2∫0

t
|dρz̃−z(u)| |dρz̃−z(t)|wμ

♭(z− z̃)hμ(z, z̃)(wσ
♭(z− z̃))−1

×|||F̄̇σ[ℓ],(1)|||σ sup
z,z̃∈Λ
∫Λ

wμ
♭(z̃(z,u)−z1) | ∂i∂jKμ(z1− z̃(z,u))| dz1.

Using

∫0

1
2∫0

t
|dρz̃−z(u)| |dρz̃−z(t)| <∼ |z̃̄− z̄|2, (B.7)

and

∫Λ
wμ

♭(z)| ∂i∂jKμ(z)| dz<∼⟦μ⟧−2, (B.8)

as well as

80 APPENDIX B



|z̃̄− z̄|2wμ
♭(z− z̃)hμ(z, z̃)

wσ
♭(z− z̃) = ⟦μ⟧2−♭⟦σ⟧♭ (1+⟦μ⟧

−1|z− z̃|s)♭
(1+⟦σ⟧−1|z− z̃|s)♭

⟦μ⟧−(2−♭)⟦σ⟧−♭|z− z̃|s2

1+ (⟦μ⟧−1|z− z̃|s)2

� ⟦μ⟧2−♭⟦σ⟧♭ (1+⟦μ⟧
−1|z− z̃|s)♭(⟦μ⟧−1|z− z̃|s)2−♭
1+ (⟦μ⟧−1|z− z̃|s)2

<∼ ⟦μ⟧2−♭⟦σ⟧♭,

(B.9)

we conclude that
|||R(i, j)([Kσ

1,1F̄̇σ
[ℓ],(1)] ⋅hμ)|||μ<∼⟦σ⟧♭⟦μ⟧−♭ |||F̄̇σ

[ℓ],(1)|||σ.
Next, note that

(R(0)([Kσ
1,1F̄̇σ

[ℓ],(1)] ⋅hμ))(z,z1)=∫Λ∫1/2

1
dρz̃−z0 (t)(hμKσ

1,1F̄̇σ
[ℓ],(1))(z, z̃) ∂0δ(z1−z−ρz̃−z(t)) dz̃.

Proceeding as above we get

|||R(0)([Kσ
1,1F̄̇σ

[ℓ],(1)] ⋅hμ)|||μ <∼ sup
z,z̃∈Λ
∫1/2

1
|dρz̃−z(t)|wμ

♭(z− z̃)hμ(z, z̃)(wσ
♭(z− z̃))−1×

×|||F̄̇σ[ℓ],(1)|||σ sup
z,z̃∈Λ
∫Λ

wμ
♭(z̃(z,u)−z1) | ∂0Kμ(z1− z̃(z,u))| dz1.

Using

∫1/2

1
dρz̃−z0 (t)� |z̃0−z0|,

and

∫Λ
wμ

♭(z−zʹ) |∂0Kμ(z−zʹ)| dz<∼⟦μ⟧−2s,
as well as

|z̃0−z0|
wμ

♭(z− z̃)
wμ

♭(z− z̃)hμ(z, z̃) � ⟦μ⟧2s−♭⟦σ⟧♭ (1+⟦μ⟧
−1|z− z̃|s)♭

(1+⟦σ⟧−1|z− z̃|s)♭
⟦μ⟧−(2s−♭)⟦σ⟧−♭|z− z̃|s2s

1+ (⟦μ⟧−1|z− z̃|s)2

� ⟦μ⟧2s−♭⟦σ⟧♭ (1+⟦μ⟧
−1|z− z̃|s)♭(⟦μ⟧−1|z− z̃|)s2s−♭

1+ (⟦μ⟧−1|z− z̃|s)2

<∼ ⟦μ⟧2s−♭⟦σ⟧♭ 1
1+ (⟦μ⟧−1|z− z̃|s)2−2s

<∼ ⟦μ⟧2s−♭⟦σ⟧♭,

we arrive at
|||R(0)([Kσ

1,1F̄̇σ
[ℓ],(1)] ⋅hμ)|||μ<∼⟦σ⟧♭⟦μ⟧−♭ |||F̄̇σ

[ℓ],(1)|||σ .
Finally, we discuss the term

(Rε
(k)([Kσ

1,1F̄̇σ
[ℓ],(1)] ⋅hμ))(z,z1)= ε

2∫Λ
|z̃−z|k(hμKσ

1,1F̄̇σ
[ℓ],(1))(z, z̃) dz̃ (∂k+∂k−)δ(z1−z) .

Also in this case the proof follows the same lines. We obtain

|||Rε
(k)([Kσ

1,1F̄̇σ
[ℓ],(1)] ⋅hμ)|||μ <∼ ε sup

z,z̃∈Λ
|z̃̄− z̄|wμ

2(z− z̃)hμ(z, z̃) (wσ
♭(z− z̃))−1

×|||F̄̇σ[ℓ],(1)|||σ∫Λ
wμ

♭(z−z1) | ∂k+∂k−Kμ(z1−z)| dz1.
Note that

|z̃̄− z̄|wμ
♭(z− z̃)hμ(z, z̃)
wσ

♭(z− z̃) = ⟦σ⟧ (1+⟦μ⟧
−1|z− z̃|s)♭

(1+⟦σ⟧−1|z− z̃|s)♭
⟦σ⟧−1|z̃−z|s

(1+ (⟦μ⟧−1|z− z̃|s)2)
<∼ ⟦σ⟧ 1

(1+⟦σ⟧−1|z̃−z|s)♭−1
1

(1+⟦μ⟧−1|z− z̃|s)2−♭
,
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Since |z̃̄− z̄|≠0 implies |z̃−z|s� ε we have

|z̃̄− z̄|wμ
♭(z− z̃)hμ(z, z̃)
wσ

♭(z− z̃)
<∼ ⟦σ⟧ 1

(1+⟦σ⟧−1/ε)♭−1
1

(1+⟦μ⟧−1/ε)2−♭

� ⟦σ⟧⟦σ⟧♭−1ε1−♭⟦μ⟧2−♭ε♭−2

= ⟦σ⟧♭⟦μ⟧2−♭ε−1.

Hence, using again (B.8) with i=k+ and j =k− we get

|||Rε
(k)([Kσ

1,1F̄̇σ
[ℓ],(1)] ⋅hμ)|||μ<∼ ε⟦μ⟧−2⟦σ⟧♭⟦μ⟧2−♭ε−1 |||F̄̇σ

[ℓ],(1)|||σ =⟦μ⟧−♭⟦σ⟧♭ |||F̄̇σ
[ℓ],(1)|||σ.

This finishes the proof. □
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