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Abstract. We present a construction of the measure of the fractional ®* Euclidean quantum field
theory on R? in the full subcritical regime via parabolic stochastic quantisation. OQur approach is
based on a truncated flow equation for the effective description of the model at sufficiently small
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1. Introduction
For ¢ € 270 and M € N, let
RE:=(e2)?, T, =)/ (MZD)?,  Qemi={¢: T, - R}

Define a probability measure v, ps on Q¢ ps by

-S.
Ve (dg) :=w [] de), (1.1)
& XET‘;’M
where
1 2 A e
Sean(p) =26 [iso(x)(—As)ssa(xH%¢<x>2+zw<x>4—%¢<x>2 .

xeTd

1.2)
The normalisation constant Z, as > 0 is chosen so that the total mass of v as equals one.
The parameters m > 0,4 > 0,7 ps € R are referred to as mass, coupling constant and mass
renormalisation, respectively. The operator (—A)* is the discrete fractional Laplacian of
order s € (0, 1] defined via functional calculus as the s-th power of the discrete nearest-
neighbour Laplacian —A,. In order to pass to the limit, we define a probability measure
Ve on S’ (R?) by embedding sample paths of v, 5 in S’(R?) via a suitable Fourier
multiplier, see (2.37) below.

For the sake of clarity, we restrict our considerations to d = 3. Then s = 1 corresponds to
the standard CD‘; model, while for fractional exponents s > s. := 3/4 the model is subcritical,
meaning that the nonlinear part can be treated as a perturbation of the Gaussian measure
at small scales. Since reflection positivity is expected to hold only for s < 1, we restrict our
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analysis to s € (s, 1]. For further discussion of the measure constructed in Theorem 1.1,
we refer to [24]. In what follows, we present a detailed analysis of the fractional regime
s € (3/4,1). The case s = 1, corresponding to the classical Laplacian, can be handled
by the same strategy with substantial simplifications. The main result of this paper is the
following theorem.

Theorem 1.1. Let d =3 and fix s € (3/4,1], m > 0, A > 0. There exists a choice of mass
renormalisation (r e, m) cep-vo prep, SUChthat (Ve m) cex-vo pren, i atight family of prob-
ability measures on S'(R®). Any accumulation point v of this family is non-Gaussian,
invariant under translations, reflection positive, and satisfies

/een<1+|-|>-b<1—A>-"¢||4LzV(d¢) < o, (1.3)

for sufficiently large a, b > 0 and sufficiently small > 0.

Proof. Tightness is established in Section 2.4 and the bound (1.3) is proved in Section 2.5.
The reflection positivity and translation invariance of any accumulation point follow as
in [24], since these properties are inherited from the corresponding properties of the approx-
imate measures (Vg a)e,m- Non-Gaussianity follows from (1.3), as Gaussian measures
cannot integrate functions exhibiting super-exponential growth. ]

We expect that any accumulation point is invariant under all Euclidean transformations.
Unfortunately, a direct characterisation of the limiting measures remains unavailable. As
a result, we must deduce the properties of the accumulation points indirectly, relying on
certain features of the approximating measures. Notably, since the measures on lattices
are not rotation invariant, establishing rotation invariance of the continuum limit poses a
particularly challenging problem. It is conceivable that this issue could be addressed using
the technique developed in [14] in the context of the P, (®) model. However, pursuing this
direction lies beyond the scope of the present paper.

Let us also mention the recent work [15], where uniqueness of the limiting measure
is established in the small-coupling regime for the standard d)g model. A similar strategy
might extend to the fractional variant, providing a potential route toward a full verification
of the OS axioms, at least in the regime of small coupling.

Our proof strategy introduces a novel combination of renormalisation group ideas and
PDE techniques which we believe may be useful more broadly in the context of the theory
of subcritical singular SPDEs. The proof also applies to the vector version of the model
where the field takes values in R” for n > 1 and the functional S s (¢) depends on ¢ in
an O(n)-symmetric way. We briefly discuss how to adapt the proof to the vector case in
Section 2.6.

Theorem 1.1 gives a construction of a model of Euclidean quantum field theory (EQFT)
commonly referred to in the literature as the fractional <I>‘3‘ model. This terminology stems
from the form of the density appearing in the formula for the measure (1.1) and the fact
that the underlying space is three-dimensional. In the case s = 1, the model reduces to the
classical CI);1 theory, which has long been regarded as a crucial benchmark in constructive
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quantum field theory. Foundational results by Glimm and Jaffe [19], Feldman and Oster-
walder [17, 18] and other pioneers of EQFT laid the groundwork for demonstrating the
existence of models satisfying the Wightman axioms for local relativistic QFT through
probabilistic methods based on the Euclidean framework [20]. In the fractional regime,
that is, for s € (s¢, 1), the model we consider was introduced by Brydges, Mitter, and
Scoppola [4] as a rigorous foundation for proving the existence of a nontrivial infrared
fixed point via an e-expansion for sufficiently small € = s — 5. > 0. See also [3] for an
analogous result concerning a related four-dimensional model.

Our proof also extends to the cases d = 1 ord =2 and s € (d /4, 1] without requiring any
substantial modifications. We stress that we crucially need the condition of subcriticality
(i.e. super-renormalisability), which translates into s > d/4, where s is the power of the
fractional Laplacian. In particular, if d > 4 this would require s > 1. However, it is known
that the fractional Laplacian (—A)® with s > 1 does not satisfy the maximum principle,
and as a result, our a priori estimate does not apply in this regime. Moreover, for s > 1 the
measure is not expected to be reflection positive—since the Gaussian part itself lacks this
property—and is therefore of limited interest from the perspective of constructive quantum
field theory. Finally, we note that for d < 4 it was shown in [37] that at criticality s = d/4
as well as in the supercritical regime s < d/4, any possible continuum limit is trivial, in
the sense that it is Gaussian.

In recent years there has been a renewed interest in EQFTs due to the development of
an alternative approach to proving theorems such as Theorem 1.1. This new approach is
grounded in the basic ideas of stochastic calculus and it is usually called stochastic quant-
isation. This term was introduced by Parisi and Wu [38] to describe the quantisation of
gauge theories via the construction of a stochastic process that evolves in fictitious time
and whose stationary distribution is the target Euclidean QFT. This stochastic evolution is
a nonlinear stochastic partial differential equation of a singular kind, for which a partic-
ular procedure of renormalisation is needed to give it a precise meaning. The analysis of
such equations requires a mix of probabilistic and analytic arguments that go beyond the
usual framework of Itd’s stochastic differential equations. For this reason it took some time
before the SPDE community learned how to handle such singular equations and discovered
methods such as regularity structures [27], paracontrolled calculus [5,25], and the renorm-
alisation group [30], which finally made it possible to tackle the problem of the stochastic
quantisation of the @;‘ model. Gubinelli and Hofmanova [24] obtained the analogue of
Theorem 1.1 with s = 1 and a small range of values below that using a mix of paracon-
trolled calculus for the small scale singularities of the equation and coercive estimates to
tame the large-scale fluctuations. We refer the reader to the introduction to [24] for a deeper
review of the literature and the history of constructive QFT, and also to contextualise the
meaning and consequences of Theorem 1.1.

The probability measure v, s in (1.1) is the equilibrium distribution of the Langevin
dynamics governed by the finite system of SDEs

LM 1 A(pEMN (e M) = gleM) (1.4)
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onAg py =R X Ti,M, where
Lo =0, + (-A,)* + m?
and £(®M) is a spacetime white noise satisfying
B[ (1,0) M (5,0)] = 6(1 = 8) & amy, (1,),(5,)) € Ao

The constants m > 0,4 > 0,7 » € R coincide with the parameters appearing in (1.2). By
standard stochastic analysis arguments, there exists a unique stationary solution ¢(&-M)
of (1.4) and we have Law(¢'®M) (1)) = v,y for all ¢ € R. In what follows, we identify
¢@M) and £(5-M) with periodic functions on A, := R x R4,

The nontrivial step is now to control the solutions to the stochastic quantisation equa-
tion (1.4) uniformly as € — 0 and M — co. At small scales, it is expected that the nonlinear
term in the dynamics is a perturbation of the linearised equation driven by spacetime white
noise. Consequently, in the continuum limit, the solutions ¢‘©™) are expected to con-
verge to random distributions belonging to Besov spaces of negative regularity slightly
worse than s — d/2, which is the regularity of the Gaussian free field. This low regularity
presents a major analytical challenge, as it complicates the control of the nonlinear term.

Inspired by the works of Wilson [41,42] and Polchinski [39] on the continuous renorm-
alisation group and by the more recent approach introduced by one of the authorsin [11,13],
we use a flow equation to effectively describe the solution ¢(%-™) of the SPDE at some
spatial scale much larger than & (see Kupiainen [30] for a discrete counterpart). Let ¢5,‘.9’M)
denote a description of the solution at a scale of order

[c]:=(1-0)>&e>0

for some o € (0, 1). The flow equation approach consists in deriving a parabolic equation
(e.M)
for ¢ of the form

LM = FeM (97M). (15)

Here, Y — F é.g’M) () is an analytic functional depending on the noise £(%M) | called the
effective force, such that

) 16

(&,M)

) = ¢(&M) The func-

In particular, (1.4) can be recovered from (1.5) for o = 1 and ¢

tional F’ ((,S’M) can be obtained by solving a flow equation
O FSEM) = B, (FLoM) Fle-M)y, (1.7)

backwards for o € (u, 1] with the final condition (1.6) and where B is an appropriate
bilinear operator. The parameter o € [0, 1] does not have any specific physical meaning
and the spatial scale of the decomposition is fixed conventionally to be of order [o], that is

Sf’M) is expected to fluctuate at spatial scales of order [o"] or larger, and in particular to be

a locally bounded function on Ag := R x R4, when extended in some reasonable way from
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the lattice A to the continuum. A key ingredient is the control of the stochastic process
(F ((,.‘9’M))(r solving the flow equation (1.7). Following a simple but crucial observation
of [11, 13], this control can be obtained by studying the evolution in the scale parameter
of the cumulants (Té‘c”M) )o of the process (F, ég’M))g, which themselves satisfy a kind
of higher-order deterministic flow equation

Ao Fot™M) = A (FLEM) 4+ B (FioM  F LMy, (1.8)

with prescribed final condition 7’1(8’M). Upon choosing this initial condition appropriately
by tuning the parameter r . s in (1.6), one can prove estimates uniform in € and M for the
cumulants (Tés’M))a and therefore, by a Kolmogorov-type argument, suitable bounds on
the effective force (F&*)), uniform as & — 0 and M — co.

The flow equation (1.7) is bilinear and therefore solvable in general only in a perturb-
ative regime, e.g. in a small interval I = [, 1] around the initial condition at o = 1 or
for small data (or small time). The size of this perturbative region depends crucially on
the noise £(©M) | Although this dependence can be controlled uniformly in & and M, large
noise fluctuations can make the region arbitrarily small and restrict the resulting existence
theory to local results. A similar limitation is present in the work of Kupiainen [30] who,
instead, uses a discrete renormalisation group (RG) iteration, and more generally in all the
other approaches which use an expansion of solutions in order to resolve the singular terms
and control the limit as € — 0, e.g. in regularity structures and also in paracontrolled cal-
culus. This difficulty is the signal of the “large field problem”, well known in constructive
EQFT.

From the point of view of the stochastic quantisation equation, the large-field problem
can be addressed by exploiting the coercivity of the nonlinear term which pulls the solu-
tion back from infinity. While this observation is standard in PDE theory, it still requires
some nontrivial adaptation to be effective for singular SPDEs. Mourrat and Weber [35]
were the first to solve this problem in their proof of global existence for the @g dynam-
ics on the full space with the usual Laplacian diffusion term and subsequently Gubinelli
and Hofmanov4 in the context of paracontrolled analysis of ®* models [23, 24] includ-
ing the three-dimensional parabolic setting. Moinat and Weber [34] proved the so-called
spacetime localisation property for the dynamical 613‘3‘ model in the framework of regularity
structures. This result was further extended by Chandra, Moinat, and Weber [7] to cover
the full subcritical regime. In the latter work, the authors modify the covariance of the
noise, rather than the diffusion term, in order to explore regularities arbitrarily close to the
critical threshold. Although their estimates suffice to establish tightness of the invariant
measures associated with their SPDE, these measures are not explicit, and it is not clear
whether they are reflection positive. Consequently, their role in the stochastic quantisation
of Euclidean QFTs is, at present, not fully understood.

In the broader context of global solutions for singular SPDEs, we also mention recent
work of Chandra, Feltes, and Weber [6], which establishes results for the stochastic quant-
isation of the two-dimensional sine-Gordon model on a periodic domain for parameter
values slightly above the first threshold. This has since been extended up to the second
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threshold in [2]. Moreover, [1] proves long-time well-posedness of the two-dimensional
Abelian Higgs model.

During the revision of the present paper, a new preprint [ 16] appeared in which a priori
bounds for the fractional @g model on the three-dimensional torus were established in the
full subcritical regime. The main distinctions between our results and those of [16] are
that we employ the flow-equation framework and work on an infinite lattice, whereas the
authors of [16] use the regularity structures approach and study the continuum model on
a torus with mollified noise. As far as we know, mollification of the noise is not a feasible
strategy for establishing stochastic quantisation of an EQFT, in particular with respect to
reflection positivity.

The main contribution of our work is the identification of a framework in which the flow
equation method is combined with PDE estimates for the dynamics. This hybrid approach
yields a powerful variant of the renormalisation group (RG). Instead of requiring an exact
solution to the flow equation (1.7), it suffices to construct a suitable approximate solution
(Fo)o = (FS&M)) . satisfying (1.6) for which the quantity

Hy :=05Fs +Bo(Fo, Fo), (1.9)

is small enough in an appropriate sense. The price to pay for this approximation is a

)

remainder term R E,'S’M in the SPDE which now reads as a system of two equations:

{ Lepo =Jo[Fo(do) + Rol, (1.10)

0oRy = _Ha'(¢0') - DFO'(¢0’)((60'GU)R0')» R; =0,

for the pair of scale-dependent functions

($os Ro)or = (p55M) REEM) .

Here G := £ is the fractional heat kernel, with £_! denoting the inverse of £ as defined
in (1.19) below, (J, ) is a family of smoothing operators (see Definition 1.13) and

(G(r)a'e(O,l) = (J(TG)O'E(O,I)7

is a scale decomposition of G. Moreover, DF (¢ )y denotes the functional derivative of a
functional F at y in the direction of iJ.
One can prove that the term F,- (¢ ) retains the coercive structure of (1.6), that is,

JoFo(po) = =293 + Qo (o),

where Q- (¢) is “smaller” than the cubic contribution provided [o] <« 1. This, together
with the linearity in R,™™)
to standard PDE techniques: by choosing [o-] < 1 one can control the noncoercive part
Q. (¢, ) of the effective force using the coercive part —1¢> , thereby resolving the large-
field problem. At the same time, for [o] > 0, we have uniform estimates for Q ,, DF -, H»
as & — 0and M — oo, provided the renormalisation constant r o s appearing in the bound-
ary condition (1.6) for the effective force is chosen appropriately. This allows full control

of the second equation of (1.10), makes this system amenable
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of (1.4) and the proof of tightness of the laws of the processes (¢(#M)) £.M, and therefore
of the family of measures (Ve ar) e m-
The implementation of this plan has to deal with two main technical difficulties:

(a) We decompose the fractional heat kernel G scale by scale (cf. (1.20)), using
(aO'G(J')U"

This produces kernels with limited spacetime decay (see Lemma A.11), reflecting
the restricted smoothness of G away from the origin. This algebraic decay of 0, G
propagates to the kernels of the effective force, necessitating a careful choice of
weighted spaces for both the solutions and the kernels. To handle this limited decay,
we localise the relevant operators and kernels at several points in the proof. The main
instance is the localisation procedure for the relevant cumulants, which governs the
flow of the renormalisation constants; see Appendix B.2. It would be interesting to
devise an alternative strategy to bypass this problem with some other scale decom-
position (or an additional localisation procedure).

(b) The natural setting of the analysis provides only negative spacetime regularity for the
solutions of the SPDE. Such regularity is insufficient for stochastic quantisation, since
one must be able to compute the marginal of the solution at a given time. To address
this, it is necessary to work with distributional norms defined via smoothing operators
(K, ), that provide only limited time regularisation. Suitable Schauder estimates for
these operators can be established (see Lemma A.24). These smoothing operators
also influence the definition of the norms for the kernels of the effective force (cf.
Definition 4.6) and require a careful adaptation of the Kolmogorov-type argument
used in Lemma 4.21.

Comparison with other approaches. The possibility of working with an approximate
flow equation makes it easier to compare the RG approach advocated in this paper (and
originally proposed in [30] and [11, 13]) with regularity structures [27] and paracontrolled
distributions [25]. There is a clear parallel among the various approaches. The flow equa-
tion constructs a random object F’ é.g’M) — the scale-dependent effective force — which
encapsulates the influence of the noise and takes the form of a finite polynomial built from
the noise and the linear part of the equation. This object corresponds respectively to the
model in the theory of regularity structures, the enhanced noise in paracontrolled calculus,
or the rough path in rough path theory.

While F ((,E’M) is obtained through a probabilistic construction, the remainder term
R ,(TE’M) is defined analytically in terms of F’ ((TE’M) . This deterministic component mirrors
the analytic machinery of regularity structures, the paracontrolled operators in the para-
controlled calculus, and the sewing lemma in rough path analysis.

When the parameter s is near its critical value of s, = 3/4 the number of terms which
have to be accounted for in the approximation F ff’M) of the solution of the flow equa-
tion grows in an unbounded manner. A notable advantage of the flow equation approach,
however, lies in its relative insensitivity to this increasing complexity: the analysis remains
compact and largely independent of the distance to criticality. This analytical efficiency —
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the ability to capture the nonlinear propagation of randomness with minimal combinatorial
overhead — was first observed by Polchinski [39] in his proof of perturbative renormal-
isability of the Euclidean ¢i QFT. For a modern account of this approach to perturbation
theory of QFTs, the reader can consult the book of Salmhofer [40] or Kopper [29].

As we already noted, the application of RG ideas to SPDEs is made efficient by the
observation of one of the authors [11, 13] that flow equations can also be used to estim-
ate cumulants directly, thereby avoiding explicit and cumbersome inductive arguments on
trees — much as Polchinski’s method circumvents the inductive structure of BPHZ renor-
malisation. There are further conceptual similarities with recent developments by Otto,
Weber, and collaborators [32,36], who use PDE-based arguments to derive probabilistic
estimates for the modes in regularity structures. The flow equation framework, however,
offers an additional advantage: renormalisation conditions naturally appear as boundary
conditions for the corresponding flow equation.

The combination of the flow equation approach with stochastic quantisation in the

context of the construction of EQFT has recently been exploited by Meyer and one of the
authors in [26] to study the sine-Gordon model in the full space up to the second threshold
and, by De Vecchi, Fresta and one of the authors, in [9], to develop a new approach to Euc-
lidean Fermionic theories. In both papers the stochastic quantisation is obtained by using
a forward-backward stochastic differential equation together with an approximate analysis
of Polchinski’s flow equation. Finally, we mention the work [10], where the Polchinski
equation was employed to construct the Gross—Neveu model, a critical fermionic model of
Euclidean quantum field theory.
Conclusions. Despite the technical difficulties due to the analysis of the fractional heat
equation, we would like to stress that the present paper is self-contained and presents com-
plete arguments for all proofs. Compared with the few existing works on singular SPDEs
in the full subcritical regime, we believe our work is the first to address, in a unified frame-
work, several intricate aspects of the problem:

(a) we present the entire argument — both analytic and probabilistic — in full detail;

(b) we work with an extremely nonlocal SPDE posed on a (semi-)discrete space;

(c) we establish an a priori bound in the full subcritical regime, valid globally in space-
time;

(d) we obtain optimal tail estimates for the solutions.

We hope that this work illustrates the strength and flexibility of the stochastic quantisation
approach in tackling, in a genuinely nonperturbative manner, the construction of Euclidean
quantum field models in the subcritical regime.

Plan of the paper. In Section 2 we introduce the main objects of our analysis: the scale
decomposition, the spacetime weighted norms which will be used to control the large
fields and all the intermediate results which are needed in the proof of Theorem 1.1. The
coercive estimates will be proven in Section 3, while the approximate flow equation for
the effective force will be analysed in Section 4 via the flow equation for the cumulants.
Appendix A contains some technical lemmas and Schauder estimates tailored to our setting
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while Appendix B contains the detailed definition of the various contributions to the flow
equations for the cumulants and their analytic estimates.

1.1. Preliminaries and notation

In this section we introduce the main notation that we are going to use throughout the
paper.

WeletRg :=R,R. :=¢Z, T p := (€2)/(MZ) and define the corresponding spacetime
domains

As :=RxRY, Aerr =RXTE . d=3, ege2™  MeN,.

The assumption that & € 27 ensures that MZ C £Z for every M € N,. These domains are
continuous in the time direction and discrete in the d spatial dimensions. For a measurable
function f : A — R", we write

1A= N e an) -

Given a nonnegative weight w € C(Ag) we denote by C(A,, w) the space of continuous
functions f : Az — R such that

11l w) = sup |w(z)f ()] < co.
z€A,
We always identify functions f : A. » — R with their spatially periodic extensions f :
Ag — R. In particular, we write C(A ar, w) for the subspace of C(Ag, w) consisting
of functions that are periodic in space with period M. We denote by S(A) the space
of smooth rapidly decreasing functions over A .. The Fourier transform of f € S(A.) is
defined as

flw, k) :=/A e H@HkX) p(r xydedy,  (w, k) € AL = R x (RY)”,

where
(RY)* = (-n/e,n/e]?

is the dual of the group R‘é. The integral over R‘é is understood with respect to the counting
measure (still written as dx) with normalisation

[, fwdr=et 3 oo,

XER‘é

which ensures weak convergence to the Lebesgue measure as € — 0. As usual, the Fourier
transform extends to S’ (A ) by duality. The inverse Fourier transform is given by

i(wr+k-x) dwdk

2 (t,x) € Ag.

1= [ flonbe
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For € > 0, we define the Laplacian A as the Fourier multiplier on S’ (A ;) with symbol
(R9)* 5 k > - (k) €R,
where

P k2]
qo(k) = |k|, qe(k) = [Z (g sin(%)) l , g>0. (1.11)

i=1
Note that for € > 0, the operator A coincides with the standard nearest-neighbour discrete
Laplacian.

The fractional Laplacian. For s € (0, 1) the fractional Laplacian (—A)* is defined as
the Fourier multiplier with symbol (R%)* > k + ¢% (k). In particular it is self-adjoint
and positive in L2(R%) and for s € (0, 1) it has the (discrete, when & > 0) heat-kernel
representation [31]

(A0’ f = C /R (f — e )15 de, (1.12)

with the constant Cy = |T'(—s)|~!. In the continuum, the fractional Laplacian has, for s €
(0, 1), the integral representation [31]:

S - f)

d
e Wdy, x € RY, (1.13)

(=A0)° f(x) = Cq PV

where Cg4 ¢ is a universal constant. In the discrete setting a similar formula holds [8]:

(A f) =&t Y HT x-)(f@) - f(),  xeRE,  (1L14)

yeR%|y#x

where the kernel H{®) : R — R is positive and such that H{*’ (0) =0, H® (x)=H'® (=x)
and
H (] < € 677, xeRY,

uniformly in & > 0 for some constant C/, = > 0. Note that in our notation (1.14) can be
equivalently written as

(800 = [ HE =0 = 70 .

For € > 0, we can encode the representation (1.14) of the fractional Laplacian, via a positive

measure 1) on A, X A, for which

(f, (~Ae)'g) = /A R F(2)(g(2) - g(2))us® (dzd?’).

We also define the kernel yﬁs) (z,dz’) arising from the disintegration of y‘g‘s) with respect
to the measure dz on A .. Specifically, we have

18 (dzdz) = 6(r - w)HL® (x - ) dzd?,

(1.15)
1 (z,dz’) = 6(r —w)H (x - y) dz,
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where z = (¢,x) and 2’ = (u, y). The kernel ;1§5) is symmetric, that is,

18 (z,dz") dz = p{ (2, dz) dz.
With this notation in place, the following Leibniz-type formula with remainder holds:

I (f.8) i= f(=Ae) g + 8(=A) f = (=A:)*(f)

(e) (1.16)
= /A (f () = F(@)(8(*) = g(2)ps™" (o, dz).
Let us also introduce the fractional difference operator
1/2
DN = L7 (D) = [ /A F() = f@PuT @) . (1D

which behaves like a derivative of order s. In particular, using that, for all 6 > 0, one has
the estimates

/ () = FOTU (2.d2) < IV FI26%2,
B(z,6)

[ - f@Pa ) < P
B(z,6)¢

where
B(z,0) :={z' € Agllz =2l < 6}
denotes the ball of radius 6 > 0. The discrete gradient is defined as
Vef =05 f,0, f.... 08 £,027 ),
where, fori € {1,...,d},
f(x+ee) - f(x),

&

AFf(x) =+ x e R4,

For a spacetime multi-index
{0,14,...,d+}
A€ NO ,

we write its spatial part as

and set

d
Al= D (Ais + Ai), 1Al 1= 2540 + |A].

i=1

We then define J
of = J@ih @)%, 0=
i=1
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Whenever the lattice spacing ¢ is fixed and no confusion can arise, we suppress the subscript
£ and write 0'*, 94, and 9. Finally, ||V, f|| denotes the supremum norm. Choosing § =

I71/19 &£ yields
D (1)@ S IVFI8" + 1167 < VIR, (1.18)

Remark 1.2. Although the kernel representation of the fractional Laplacian in the con-
tinuum case & = 0 requires the presence of the principal value, the above considerations
and the results presented below extend to the continuum with only minor modifications in
the proofs, or simply by taking the &€ — 0 limit in the relevant inequalities. We emphas-
ise, however, that the main results of the paper do not rely on these continuum extensions.
In particular, the limit & — 0 in Theorem 1.1 is obtained via tightness, using the a priori
estimates established uniformly for & € 271,

Remark 1.3. A basic observation is that the fractional Laplacian (whether in the con-
tinuum or on the lattice) satisfies an inequality under the action of convex functions. Let
s € (0,1], @ : R — R be a convex function and @’ one of its sub-differentials, then, for
any € > 0 and u € C(A.), we have

(=A)*@(u) < D' (u)(-A,) u.
Indeed, let @ : R — R be a convex function, then
®(a) - ®(b) < D' (a)(a -b), a,b eR,
soif u : A, — Ris a continuous and bounded function, we have
D (u) — e d(u) < ' (u)(u — e’ u),

since ¢+ has a positive definite probability kernel. The claimed inequality now follows
from (1.12) in the case s € (0, 1). The case s = 1 is elementary. For s > 1 the result is
not true. It is clear that the same proof works for £ = 0 with some additional regularity
assumption. We will incorporate this idea in the proof of the key Lemma 3.3, below.

The operator G = G'®) = £ is defined as

t
(L;lf)(h o) = / e_(mz‘f(_AS)“)(’_”)f(u, o) du, teR, (1.19)
and will be applied to continuous functions on A . with at most a limited polynomial growth
in spacetime. Indeed, on account of Lemma 5.4 of [21] together with the argument of
Section 1 of [22], the kernel G (¢, x) of G satisfies

2
Iisote™™!

G(1,%) S Lisoe Lumg e 71" 4 w020

(1129 + & + |x|
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uniformly in € > 0. Here 1,590 = 0if# <Oand 1 if ¢ > 0. If s = 1, then the above estimate
is not optimal and the following bound

2 . 2
G(t,x) S L5081 ymge ™70t 4

1 t -m?t 2
1207¢ (— il ) 1.21)

(t1/2 + g)d+2 1+ glx|
holds true uniformly in & > 0.

Parameters. During the subsequent analysis, we shall introduce several parameters
@,fB,y,6,0,%, 0,v,k K, ko, L, k,a,b. (1.22)

Although their precise values are not specified at this stage, all these parameters are to be
regarded as fixed once and for all. Their choice depends solely on the power s € (3/4,1)
of the fractional Laplacian. Since the specific constraints determining these values will
emerge later in the analysis, we postpone their detailed specification to Sections 4.4 and 4.9
below.

Space-time weights.
Definition 1.4. We define the fractional parabolic norm by
1/2s

lzls := lzol"* + 12, z=(20,2) € Ag = RxR?, (1.23)

where || denotes the usual Euclidean norm on R and R3. For x > 0 and z = (z0,2) € Ag
we denote by
x.z:= (#*520,%#2) € Ao

the fractional parabolic rescaling, satisfying

] zls = [u]“lzls.

Definition 1.5. We introduce the following Japanese brackets:
@s = L+ ol + 1292 and (@)= (1+ 12DV (1.24)

for z = (z0,Z) € Ag, where, as in the previous definition, |¢| denotes the usual Euclidean
norm on R and R3.
(a) Leta>1landv e (0,1/3).

(b) Let (x;: Ag — Ry);>—1 be a dyadic partition of unity on Ay with y; supported on an
annulus of radius ~ 24! fori > 0, y_; supported in a ball of radius ~ 1 and 35 _; x; = 1.

(¢) Define (1;)i>—1 € [1/2,1) by [u] =272, i > -1.
(d) Let{ : Ag — R be a weight defined by
L(z) = ()5 7€ Ag.

For u € [0, 1], we also introduce the associated rescaled weights

Gu(@) = (15 pu= g = (1], z€ Ao
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Remark 1.6. Concerning the parameters v and a introduced above, we impose the relation
av =1, (1.25)

where the parameter y € (0, s) will be fixed in Section 4.9. In particular, throughout our
analysis we shall be concerned with very small values of v > 0 and with a > 1.

Remark 1.7. The form of the Japanese bracket (1.24) is motivated by the requirement
that the weight function ¢ (and its powers) be C! in the time variable and C? in the spa-
tial variables. This regularity is essential in the a priori estimates established below (see
Section 3). Indeed, one readily verifies that

|t|(l—s)/sat|t|

a t, == >
4 (5:) 2s(1 + [e]1/s + |x]2)3/2

(t,x) € Ao,

which is continuous for s < 1. An analogous argument applies to all spatial derivatives.

Remark 1.8. Our weights satisfy the following properties.

(a) We have
(N z) s TNz =),

uniformly over z, z; € Ag. Consequently,
(D8 () < & -a) < -2,
pu(2)p; ' (21) € pp'(z—21) € pg' (2= 20),
uniformly over z,z; € Ag and u € [0, 1].
(b) We have
xiy' s (U4 (] Tm] 9DV < 1,

uniformly ini > —1 and u > ;.

Scale decomposition. Let us introduce a scale decomposition of spacetime functions para-
metrised by o € [0, 1], where we set

[o] :=(1-0)

for convenience. The value o = 1 corresponds to allowing fluctuations at all scales, whereas
o € (1/2,1) corresponds to allowing fluctuations only at spatial scales > [o-] or equival-
ently at Fourier scales < [or] ™.

Definition 1.9. Consider a smooth and compactly supported function j : R — R, such

that
. 1 if Inl
j(m) = {0 it ]

>

1
2.

VoA

For ¢ =0,1,2,...denote
Joem) =i o),  neR,

and let j, = jo0and jo 1= jo1.
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Remark 1.10. Note that j, ¢(7)jo.er(7) = jo.e(n) for0 < € < €.
Definition 1.11. The family (/) ge(0,1) = (J 5,.8)) oe(0,1) of Fourier multipliers acting on
distributions is defined as

i(wt+k-x) dwdk

T (1.26)

It (05 i= [ ool )e (o) f . e

for (t,x) € Ag and f € 8’(Ag), where g% (k) is the symbol of the Laplacian introduced
in (1.11). In addition, we define (J},g)ge(o,lmzo,l,z,_“ by (1.26) with the function j,
replaced by j ¢. In particular, J, = J, o. Moreover, we let - := J, 1 and Jo := 0y J .

Notethat J,f — faso 7 1inS'(Ag). We let go(k) := |k|, so that g . (k) — go(k)
pointwise for k € R? as £ — 0. We observe that, on account of the above definitions, for
any £ € N, and o € (0, 1), we have

Ja',(«]o' = JO" Jo‘,€+1j0',{? = Jo‘,t’~ (127)

Furthermore, since J, J o.¢ as well as L are Fourier multipliers, they all commute. The
operators (Jo ) are used to define the scale decomposition

o Gy :=J,G

of the Green function G. The operators (J, ), play an auxiliary role and will be used
frequently in the estimates. We extend the notation continuously to the endpoint by setting

Ji=Ji=1, G =G.

Remark 1.12. We shall use the fact that if o < y;, where y; is as in Definition 1.5, then
JoJ .y = Jo. This is a consequence of the definitions of J and y;, and of the fact that,
for o < y;,

20 o] < 2]t =227 = 1) < (27 - 1) = i i ]

which implies j (1) j,, (1) = jo () foralln € R.

Smoothing operators. To establish a suitable Schauder estimate, we will employ smoothing
operators (K ) that possess only limited regularising effects in time. It is convenient to
choose these operators as inverses of differential operators.

Definition 1.13. For 0,5 € (0, 1) let
Lo = (1+[c]*8,)(1 - [o]*AL)%,
Ky =L = (1+[c]*8)7'(1 = [o]*A:) 72,
Ky.o = LoK,.

In the tightness argument, we will also employ a Littlewood—Paley decomposition act-
ing solely on the spatial variables.
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Definition 1.14. (Spatial LP blocks) Let (A, : [0, ) — R,);>—1 be a dyadic partition
of unity on [0, o), where A_; is supported in [0, 1], Ag is supported in [1/2,3/2] and
Ai(¢) := Ag(27e) for i > 1. We define spatial Littlewood-Paley blocks (A;);>_; as the
Fourier multipliers on S’ (R%) associated with the symbols k > Ai(ge(k)).

Remark 1.15. By extension, we identify the fractional Laplacian (—A.)* and the spatial
Littlewood-Paley blocks (A;);>_; with the corresponding operators on C(A,, /) acting
trivially on the time variable.

Convolution operators. We call T a convolution operator on C(A., w) if there exists a
signed measure m(dz) such that

(TH)() = /A m(d)f(z - 7).

By slight abuse of notation, we usually denote the measure m(dz) associated to 7' by 7'(dz).
We call T'(dz) the kernel of the operator 7. We denote by |T(dz)| the variation of the
measure 7'(dz). Given a nonnegative weight w € C(Ag) we write

1Tl o= /A w()|T(d2)]

for the weighted total variation norm of the kernel of 7. If 7' (dz) is absolutely continuous
with respect to the measure dz on A, we write T'(z) for its density, i.e. T(dz) = T(z) dz.
For p € [1, 0], we denote by [|T'||1r () the weighted L” norm of the density of the kernel
of T, i.e.

1T () 2= llz = w(@DT@)lze

where ||¢||Lr is the usual L? norm on A, with respect to the measure dz. Given a weight
w, a convolution operator 7" and a function f we write

(T f)(2) = w(z)(Tf)(z). (1.28)
Note that the operators
G.Go, Ko Ky o Jors Ty (“Ag)° A

introduced above are all convolution operators on C(A, %) for every a € [0, 2s). The
kernels of the operators G, J, J have smooth densities. The kernels of G, K, have
densities of limited regularity. The kernels of K, -, (—Az)*, A; do not possess densities.
In particular, the kernels of (—A,)*, A; are proportional to the Dirac delta in time.

The following lemmas collect the fundamental properties of these convolution operat-
ors, which will be used repeatedly throughout our analysis.

Definition 1.16. For w € R and u € [0, 1), we write
w(2) == (1+[u] Mzl z€ Ao

Lemma 1.17. For allb € (0,2s), we have
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@ Kollrywz) vV IKeplltywz) s 1.

®) Wollrvwe) V Wellrvws) V ILeIoltyw) VLS Tollrvwz) < 1,
© 10Jollrviz-1) s [o]7> and |V.J ”TV(Z < o]

@ 1IGllyup) S Tand |G ollrywh) VIILE G ollryw, ) S [[rrﬂz“l,

uniformly over € € 270 and 1/2 < o <y < 1.

Remark 1.18. The kernels of the operators K, K 5, Jo and J exhibit rapid decay in
spacetime. In particular, these operators have finite total variation norms ||¢ ||ty ye) for all
w = 0. In contrast, for fractional Laplacians of order s € (0, 1), the kernels of the operators
G and G, decay much more slowly. Their total variation norms || *|ITv(we) are finite only
for w € [0, 2s). This slow decay of G and G constitutes a major analytical difficulty
and is one of the main reasons why PDEs involving fractional Laplacians are particularly
challenging to study.

Remark 1.19. Note that all of the above bounds remain valid if one replaces the weights

by {" or £, “ withany p € (0,1) and @ € [0, 1], since 1 <2s <2 and

50 < s wh<wg,

for all u,o € (0,1).

Proof. Ttem a) is proved in Lemma A 4. Items b) and c) follow from Lemma A.9. Item d)
follows from the estimates for G- established in Lemma A.10. [

Lemma 1.20. We have
[P ||Tv(g S [o]” >

uniformly over e € 27" and 1/2 < o < 1.

Proof. First note that

1=A0) Tolltvi-1y < D 1A Ao llry).

iz-1

Next, observe that A;J,, = 0, unless [u;] > 27!°[o]. Consequently, we have

A Tolivey < D0 1A Billryien o llve,
il[ui]>27"0[ o]
D DR 17 el 5

illn]>2-0o]

where the second estimate follows from Lemmas 1.17 and A.22. Since ||f(,||TV( s
and |0, Jo llrv(¢-1) < [0]7* by Lemma 1.17, the proof is complete. "

The following lemma combines the estimates from the preceding lemmas with Young’s
convolution inequality. The resulting bounds will be used frequently in the subsequent
analysis, often without explicit reference.
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Lemma 1.21. For all a € [0, 1], the following estimates hold:

(a)
i Ko £l < llg K £l < i £
(b)
127 £l s 12T £ 5 I Ko 1] < N1 £

©
e LT f| < ToT 2122 £
2070 £1| < Tl 12 £l
2 Vedo £l < Tel ™l £l

@)

gz arll < llgg 11
I G ol v I L5 G s s Lol [l 11l

The estimates are uniform over
1
2

Here ||+|| denotes the L™ norm over A, and we use the notation introduced in (1.28).

ge2™  0<pu<l, <osp<l feS (A

Proof. The stated bounds are consequences of the previous lemmas, together with Young’s
inequality for convolution, the identities

Ko =KopKy,  Jo=Jode, Jo=L%JsKoKo

and Remarks 1.8 a) and 1.19. For example, to prove the first bound, we note that

1Ko £ < sup /A £ NK f) (= 21K (1)

ssup [ G- 20l = 2l @)K (@)
z JA.
< ||§:(K77f)|| “KO'J]”Tv({—I)
< 112211l
The proof of the remaining bounds proceeds analogously. ]

2. Stochastic quantisation

In this section we lay out the main steps in the proof of Theorem 1.1, starting from the effect-
ive equation at (fractional, parabolic) spacetime scale o] := 1 — o, o € [0, 1], obtained
through a scale decomposition and the introduction of the approximate effective force.
Since our analysis primarily concerns scales close to 1, we shall restrict all scale paramet-
ers, such as o, to the interval [1/2,1].
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2.1. Scale decomposition

Let ¢(¢-M) be a stationary solution to the finite system of SDEs (1.4) and define the scale-

dependent field
(5M) .y y(e.M)

localised at (fractional, parabolic) spacetime scales > [o]. Then we have
Leps™M = I FEM (g e (172,10,
where
FEM (gy:= Q¢ + 1oy + £5M), 2.1)

We call F(&-M) the force. Let & := (40 C (Ae.m, £ @) be the space of continuous functions
on A, that are periodic in space and exhibit subpolynomial growth in time at infinity.
Denote by & € 8’(Ag_p) the sum of & and the image of & under §;, interpreted as the
time derivative operator on S’(A . a). Note that the white noise (™) on A s belongs
a.s. to & and the stochastic convolution G&(®>M) belongs a.s. to &. Consider a family of
functionals, referred to as the effective force,

(F(a’M) & - 8)
7 oel1/2,1]’

which is differentiable in o~ € (1/2, 1) and satisfies the final condition

Fi(y) = F&M (y). 2.2)

Using the identity ¢§‘9’M) = ¢(&M) we obtain

F(S,M) (¢(£,M)) — Fl(¢§8,M)) — Fy(‘ﬁ,(f’M)) + R/SS’M), (23)

forall u € [1/2, 1], where
1
R = / [0 FEM (957™) + DFEM (67M) (9705 dor
)i

Here DF (¢)y’ denotes the Fréchet derivative of a functional F in the direction of ¢’ € &
at the point € &. Moreover, we have

99 ™ = G (FM (65M) = G o (FM (957M) + REM)),

where G, = L;'J, and J, := 0,J,-. Consequently, we deduce that for any choice of
the effective force

(Fo)oelijan) = (F((rs’M))ae[l/z,l],
satisfying the conditions specified above, the pair

M M
(¢,uaR,u)ue[l/2,l]:(¢;(1£ ),R,(f ))ue[l/Z,l]
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satisfies the system of equations

£a¢y =1J;1(F;1(¢;1) + Ru? (2.4)
Ry = [, Ho(¢s)do + [ [DFs(¢0)(GoRo)]do, '
where
Ho () := 05F¢(¥) + DF o (¥)(G o For (). (2.5)

The first equation in (2.4) is the effective stochastic PDE at scale u, while the second
propagates the error made by replacing the original force by the scale-dependent effective
force. The term H, measures the error of F, in satisfying the exact flow equation. If
H = 0, the second equation generates no remainder and one recovers R, = 0.

Our main goal will be to show that this system allows for good a priori estimates for a
suitably chosen effective force (Fo)oeri/2,1]-

Remark 2.1. Except for Sections 2.4 and 2.5, we shall almost always suppress the explicit
dependence on & € 27" and M € N,. To avoid repetition, we will not restate this each
time, but all estimates should be understood as uniform in &£ € 270 and M € N,,
unless explicitly stated otherwise. In particular, we shall write A for Az and Ay for Az py.
Likewise, we write (—A)* for the discrete fractional Laplacian.

2.2. Overview of the strategy

The goal of this section is to provide a blueprint that guides the reader through the technical
aspects of the proofs and highlights the underlying heuristics. We will not present rigorous
arguments here. Our intention is instead to convey intuition and the global structure of the
analysis. Readers who find the informal reasoning confusing can safely skip this section
without loss of logical continuity.

Our approach to obtaining a priori global spacetime estimates for solutions to the sys-
tem (2.4) relies on several new conceptual and technical ideas:

(a) the introduction of a remainder term R, which circumvents the need to explicitly
solve the flow equation for F (unlike in the original approach of [11, 13]);

(b) the use of new weighted norms that control the solution across the entire space,
inspired by the spatial decomposition introduced in [23];

(c) astopping argument for the effective force, allowing us to close nonlinear estimates;

(d) acollection of technical innovations addressing the difficulties arising from the limited
spacetime decay of the fractional heat kernel.

In what follows, we focus primarily on the new ideas required to handle the large-field
problem. For a pedagogical overview of the flow equation approach, we refer the reader to
the lecture notes [12].
To keep the exposition clear, let us ignore the remainder R, and model the original
equation by
Loy =A%, = Fo(do) — 197, (2.6)
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where F (¢ ) is a polynomial in the field ¢ . To measure the spacetime growth of fields,
we use the weight

{o(2) ~ (1+ [o]lzls) 7", ZEAN,

where |z is the fractional parabolic norm on A and a > 1 is an exponent chosen to balance
the scale behaviour at large distances. Its precise value will later be crucial to closing our
nonlinear estimates.

Pathwise bounds for the random effective force (F ). are obtained by analysing the
flow equation for its probabilistic cumulants. The outcome is that F (¢ ) behaves as a
random nonlocal polynomial in ¢, whose coefficients are localised in regions of size ~ [o"]
and scale roughly as

[[O_H (k—3)B+6€,

where k € Ny is the monomial degree, 8 > y encodes the field scaling, § > 0 meas-
ures the distance to criticality, and ¢ is the perturbative order. Due to a Kolmogorov-type
argument needed to extract the almost sure behaviour of the force F, from its moments,
we also lose a bit in the spacetime growth, which will be modelled by a weight ¢ ;K“(“l),
where «, > 0 is an arbitrarily small exponent. Overall we have, schematically,
[
Folpo) 2 E+7¢y —Adh + )| 3 D [a] BP0l @7)
‘=

1 k=0

where the sums over k and ¢ are finite. The cutoffs k and £ are chosen so that the equation
for the remainder R, can be solved, a technical aspect we omit in this heuristic discussion.

To estimate the size of the solution to (2.6), we introduce a constant Cep = |¢] (cf.
Definition 2.2) such that

160 (2)] = |(Jod) ()] < Cal P()[o] ™,  zeA, 2.8)

valid for all o > fi, where [, chosen so that [[@] < 1, is a random scale to be chosen later.

For moderate distances |z| < [o-] ¢, the spatial weight £ ;1/ 3 (z) is of order one and we
are describing the distributional nature of the solution, growing like o] 7 as o] \, 0
for some y > 0. For large distances |z| > [o-] ¢, the spatial growth can be improved as
follows. Let [41] < [o] be such that |z| ~ [a]~¢. Observing that ¢, = J,¢, due to the

properties of the smoothing operators, we obtain

160 (2)] = |(Jodp)(2)] = |$a(2)]
< Co(1+ [A]*z)) ' PLa]™ 2.9)
~ Colz]""* ~ Co(1 + [o]2))Y*[o] .

This improved spatial growth replaces ¢, ;1/ 3 with e ;7/ ¢, and by taking a large we can make
the effective growth arbitrarily mild, an essential feature for closing nonlinear bounds.
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Since higher-order monomials (k > 3) in (2.7) are accompanied by small coefficients
[o] (k=3)B+5 « 1, a coercive bound for (2.6) yields, schematically,

R L O R e o o R T L A V)
k.
We estimated the spacetime growth by taking the worst possible weight ;(EH)K", where

 denotes the largest perturbative order that needs to be considered. Substituting (2.9)
in (2.10), and ignoring the mild nonlocality of the effective force, we obtain

(0o ® > 1Fo(po) + Agh| < £V | 3 [or]kp-krmot [Zlacky
k.t

The terms with £ = 0, namely the first two terms on the right-hand side of (2.7), are explicit
and yield improved estimates, so that in total we arrive at

6ol < [o] B0 DRk ) 4 co)F, @.11)

where k is the maximal degree of the monomials. Here we used the fact that 8 > y, which
allows the field amplitude to be compensated by the kernel size. The constant Cg can then
be estimated as

Co ~ sup[o] ¢ 1por| < sup[or]? #+OB{-DRTRIOS (1 4 cq)RP,

oz o[

Choosing y < B such thaty — 8+ ¢6/3 > & > 0 and then taking a large enough such that
1 -+ 1Dko—kyla>0,

we obtain the bound )
Co < []” (1 + Co)*P3.

It follows that, for sufficiently small [z] < 1, the nonlinear estimate closes (after selecting
a small branch with the use of a stopping-time argument) and yields Ce =~ 1.

Let us now address the treatment of the nonlocality of the effective force kernels. The
main technical challenges in this work stem from the limited decay of the slice propagator
G » associated with the fractional parabolic operator £. Roughly speaking, we only have
algebraic decay of the form (see Lemma A.11):

G ()] < [o]™ 7 (1 + |2l /[o]) 74727, zeA, (2.12)

where € > 0 is arbitrarily small. This behaviour contrasts sharply with the standard heat
kernel, which has stretched-exponential decay, and also with the fractional Laplacian case
appearing in the usual (“static”’) renormalisation group analysis of the fractional ®* model
[4]. The difference arises from the limited smoothness of the symbol of the fractional heat
operator L.
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The main consequence of (2.12) is that the effective force kernels, obtained by solving
a flow equation driven by G, inherit a similar algebraic decay. The monomials which
appear in F, (¢ ) take the schematic form

k
Fa@n@= Y, [ FO G [ ooz,
I j=1

where F([f 1) are random kernels. Ignoring their distributional nature and thinking of

them as bona fide functions, their spatial nonlocality and spatial growth can be modelled
as (cf. Definitions 4.3 and 4.6)

FYPYO (20 = G (L + [o] 7' Stz 2, za)) "),

where St(z, 71, . . ., zx) measures the diameter of the set {z, z1, . . . , Zx }. The initial decay
exponent b = 2s follows from (2.12), while the additional loss £k, reflects the growth at
spacetime infinity of the kernel in its output variable, induced by the similar growth of the
noise. It is now clear that, to proceed as in (2.11), we must be able to compensate for the
spatial growth of the fields ¢, by exploiting the limited decay of the kernels away from
the diagonal.

The remainder of this section makes this argument rigorous and establishes further
properties of the solution. Section 3 develops the coercive estimate required in (2.10),
while Section 4 contains the detailed analysis of the random force coefficients and the
derivation of the precise form of estimate (2.7).

2.3. Main estimate

In this section we introduce a family of weighted norms that will be used to measure the
size of fields over spacetime uniformly across scales. These norms depend on an exponent
v > 0, to be fixed in Section 4.9, and a terminal scale g € [1/2, 1), which will later be
tuned according to the noise amplitude.

Definition 2.2. For ¢ € S’(A) and f € C([1/2,1),C(A,{)), we set

W=l = sup []1¢6 bl (2.13)
U< o<
WAl = 0 lleq = sup l[[cT]]”IIéanII- (2.14)
U< o<

The powers in these norms are adapted to the cubic coercivity. Roughly, a bound of size

[o]~ for ¢ produces a bound of size [ 37 for its cubic force. Likewise, the weight
(17/ ? on the field becomes the full weight { after cubing.

The above “triple norms” exhibit a specific behaviour with respect to the weight. In

particular, the following lemma shows that changing the weight yields equivalent norms.
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Lemma 2.3. For a € [3v, 1] the following bounds

3 3
sup [ llgs ool s lola s sup  [o]7 1 ol (2.15)
opulozpuzj oulozp>j
sup  [o] NI Lol S o Loolwss  sup  [o]7NETLpoll, (2.16)
opulozp>p opulozpuzp

hold uniformly in g € [1/2,1) and ¢ € S8’ (A), where ¢ = Jo¢ for o € [1/2,1).
Proof. Let us prove the first inequality in (2.15). We start by observing that, on account of
the support properties of { y;};, we have the following decomposition

a/3

3 3
125 || < supug"/ O+ xi1 + xie)do < sup 17 xido

Let us consider separately the cases y; < o and y; > o. In the first case, we use the bound

125 i Pl < 1
to obtain
a/3 a/3 -1/3 1/3
sup [0 xidoll s sup [ 125 xid P MNEL bl
iljpi<o ilpi<o
1/3
< [o]” sup 1123 g0

ilui<o
1/3
<o 6 1l < gl
Let us turn to the case u; > o. Note that
3. .-1/3 —an— _
128 Xi i NS (1 [ L] ™)™ <[] 7P [aia 7.

Moreover, on account of Remarks 1.12, 1.8 and Lemma 1.17, we have

1/3 1/3 1/3
1282 8ol = 16a2 T b Il S W lrvi e 1Ea B | S NGRS B -

Combining the above estimates, we deduce that

sup [o] 13 xido|

ilui>o
3 -1/3 1/3
s sup [ol7 18 i MIEts B |
ilui>o
S o] [ul ™| sup [[ui+1]]"“/3[[ﬂi+1]]_7)( sup [[ﬂ;+1]]7||§y,+1¢u,+1||
iljpi>o ilui>o

< [o]*Plul el
< lgll,

where we used that @a/3 > va =y and o > u. This proves the first inequality in (2.15).
The second inequality in (2.15) is a direct consequence of the fact that £,/ < (‘TZ/ 3 The
inequalities (2.16) are proved similarly. ]
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The two norms just defined fix the analytical setting for the global analysis of the
SPDE (2.4). In Section 3, we will prove suitable coercive estimates for the fractional para-
bolic equation with cubic nonlinearity, which allow us to control the large values of the
fields. Below we state a direct consequence of this estimate.

Theorem 2.4. (Coercive estimate) For ¢ € S’(A) and o € [1/2, 1) define
fo=Los+A6%,  boi=Jod,  L:=0+(-A) +m’.
Then the following bound
lollz < A~ 1Al + 7'l
holds uniformly in ¢ € S"(A), g € [1/2,1) and A € (0, o).

Proof. We apply the a priori estimates from Theorem 3.1 to u = ¢, and p = [1,/ 3. The
constants A and B appearing in the theorem can be bounded as follows:

A= (=D 2PN+ 128 @0 eI < [o]7,
and

B =12 ull (125 @ PN+ 1257 8 21 + 16 2y (667) D))
+[[¢e" D2 D (g )|
< 0l boll + QoD (2 b0
Here we define
= 10,261+ 1 (=AY L+ 1D (2 IR + 1267 Do (85 DI 5 [,

The bound || (-A)*¢&| < [o]?*¢ is proved in Lemma A.12. To estimate || D ({1/3)||2 we
used (1.18), while the bound on ||§1/3DS (§o.l/3) ||? follows from Lemma A.13. Moreover,
using the bound (1.18), we obtain

1D (L2l < IV (b NP 015 2.17)

‘We note that
IVl < N1Vl ll + 1125 (Ve o).

Hence, using the fact that |V,¢/*| < ¢1/ and ¢ = T, ¢o as well as IVedollrye-1y <

[o]~!, we arrive at

IVe(Z b < N2 b0l + 12 (VT o)) ol
S 12 bl + [o] N2 P bl
< Lol N2 b0l
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Together with (2.17), this proves that
1/3

1Ds (20 o)ll < [0 2e ¢,
uniformly in o > ji. Therefore,
B < ([0 + [o]“[o] ™) ¢oll < [o]* 15 gl
By Theorem 3.1 and Young’s inequality, we obtain
1670l < 272CL])® + A7 P (Igo foll + CloT“ 1 601D
<[] + 47 PN foll'P 4 CAT P[] B e |
<A1 + 17PN fo Il + AT P[] L
As a result, we arrive at
165 ¢ orll s A7 Lo @ 4 A7 PlIgo £,
This allows us to deduce that

¢l = sup [o]7 125 dorll < sup [+ (@s=922712 4 4713 sup ([o]¥ 1< for I3

ozf ozl o>

Hence, provided y + (as — s)/2 > v > 0, which follows from a > 1, we conclude our
claim. |

The coercivity estimate derived above provides the key ingredient for deriving a priori
bounds for solutions to system (2.4), as stated in the following theorem.

Theorem 2.5. Let ¢ = (;)(S’M ) be a solution of the stochastic quantisation equation (1.4)
and

(F(Tz FEM g S)
oell/21]

be a family of functionals differentiable in o € (1/2, 1) and satisfying the final condi-
tion (2.2). For o € [1/2,1] define

bo = Jod, Ro = Fi(¢) - Fo(¢o).
Suppose that there exist constants S > 3,Cr > 1 and 9, k > 0 such that
K€ [v,1/3), P<yAQ2s—vy), (s +y)k/(1 - k) < /4, (2.18)
and (Fy ) satisfies the following estimates

1£u[JoFo (o) = (=22 )]l
< [o]™*21Cr (1 + I lla)S + (1 + Il 2N Le e 4],

I16uKoHo (o)l < Crlo]”~ (1 + w2, (2.19)
18K o Fo (W)l < Crlo] 27 (1 + Iwll2)°.

I1¢uK o (DF e (¥ o) (God)Il < CrLo]” (1 + Iglla) * 11, T,
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forall g e [1/2,1),u €[, 1),0 € [u,1) and y,§ € S’ (A), where we denote 5 = J sth
and (Ly) s := Lo, the functional H  is defined by (2.5).
Then there exists a universal constant C > 0 such that for all fi € [1/2,1) satisfying

[a]? < C((A~ '+ 1)Cp) 2, (2.20)
we have

gz <1, WLollvp < ALal"72  IK.R.llsz < A[a]”>.

Remark 2.6. By the elementary argument presented in Section 2.1, our assumptions on
¢ and (F,), imply that (¢,, R,), is a solution of (2.4). The four estimates in (2.19)
have distinct roles. The first extracts the coercive cubic part of the effective force, the
second controls the error H, in the flow equation, the third bounds the effective force in
the weaker weight required in the field equation, and the fourth is the Lipschitz estimate
used to propagate the remainder R, .

Proof. Define
Q=0 :=1+gllz+07 1L lsg + 05 IIK.R. Iz, (2.21)

for constants 8z, Og > 0 to be fixed later. These constants normalise the three quantities
entering the bootstrap so that the field equation and the remainder equation can be closed in
a single inequality. Our goal is to bound each term on the right-hand side by an increasing
function of @ itself and then apply a continuity argument to establish the uniform bounds
claimed. We omit the index g € [1/2, 1), as the estimates hold uniformly in this parameter.

Let Cq = Cr(1 + |¢])S. We first prove a bound for |K.R.]s. To this end, we use

Lemma 2.8 below, which shows that we can control ||, K+R || in terms of IIQ’jff,.RUII.
Note that
JoRo = Jo (Lo~ Fo($0)),

which follows from (1.4) and (2.3). Since < € [v, 1) and ¢ € (0,y], by Lemmas 1.20 and 2.3,
we have

125 T5 Lol = 125 (LTo) T ol
S 1L llrvien 125 Tooll
< [e1> (o177 lgl
s Calal”[o] 2.

Since ¥ € (0,2s — y], by Lemma 1.17 and the estimates (2.19), we have
IETEFo(d0)l S 15K o Fo(¢0)]l < Callo]™ < Cola]” [o] 2647,
Altogether, this yields

sup  [oPCTNEETE R || < Cola]”. (2.22)

o.ulozpzf
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Using (2.19), the factorisation K, = K, ,K,, forn > p, and Lemma 1.17 we also have

1 1
LK, / H, () dn| < / 1EuK nn K Hoy (6)]
o i

sup
o.ulozpzf

1
< / 1Koy Hoy (61l i 5 Calla]?
a
By Lemma 2.8, it then follows that

sup  [1{uKoRo |l < exp(CCaa]?'),

o.ulo>pu>p
possibly after adjusting the constant C. Hence, by (2.14),
IK.Rlls <[]’ exp(CCRIA]”>(1 +llgl)®) < Al exp(CCr[a]”*@%).  (2.23)
The control of || L. ||« is obtained from (2.19)
L. + 2025 < NJ.Fo(.) + 26D lls + 1. R.Nl#
< [a]”Ce (L +lIgl)® + [a]” (1 + gD N L-lls + IK.R. lls,
using in particular Lemma 1.17 to bound the contribution from R. From this it follows that
I£g. + 2670 < ([4]"Cr + 6 [A]" + 0r)®° (2.24)
and
1Ll < 12020 + 1L +Ag2s < (A + [2])"Cr + 6,[A])7 + 6)@%, (225

by the triangle inequality and

1463l = A sup [ ] 110631 < ALsup [ 12 00 113 = Al

ozu ozu

Next, the a priori estimates of Theorem 2.4 and (2.24) give

_ _ _ 3
gl < A72[a]” + a7 P Lo. + 2630

s ATPLa) + A7 (a] Cr + 0[] + r) PP, 220
Gathering (2.23), (2.25) and (2.26), we obtain
®; < 1+ Clr(a) + (D) P05 + (1)@ + () exp(CT (D)D) (2.27)
where
7() = A7 LAl + AN ([l Cr + 0[] + 6r)
+67 (A + [a]?Cr +0,[a]” +6r) + 05 [A]*” + Cpla]”>.
Choose

or = [A]?72A, 6, =[a] """ (2.28)
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Then g +— 7() is a decreasing function and
(@) < [al "2 PLa] P - @+ DCr 5+ AT AT
< 10[a]??(A7 ' + 1)Cr.

Fix 7. > 0 small enough such that

Clr. + 713455 + 7,45 + 1, exp(CT.45)] < 1, (2.29)
and define ., = f.(1,Cg) € (0, 1) as the (unique) solution to

10 [@.]?* (A7 + 1)CF = 1.
Then for all g € [, 1) we have 7(f1) < 7. and as a consequence of (2.27) and (2.29),
(Dﬁ < 4 = (Dﬂ < 2.
Define the set
A={a e [f. D|®s <4} C [f.,1).

Note that A # @ since for @ " 1 we have ®; “\, 1. As the map ji — @ is continuous, the
set A is closed in [, 1). Hence, to prove that A = [fi., 1), it is enough to show that A is
openin [fi., 1). If u € A, then ®,, < 2 and by continuity, there exists a neighbourhood of u
within [/, 1) on which the function ji — @ takes values not exceeding 4. We conclude

that A = [fi,, 1) and therefore that ®;, < 2. Using (2.28) this implies that for g > /., we
have

Igllz <1, NLgullw < ALE)"2 IK.Rlls.q < ALa]"",
with
[a.]" = @10~ + DEp)*? < (71 + DCp)P?,
uniformly in Cr and 4 > 0. ]

To apply the previous theorem to the analysis of (2.4), we need to construct a suitable
approximate solution to the flow equation

doFy +DF 4 (GyFy) =0, (2.30)
for the effective force
(Fo)oel1j2,1] = (Fc(rs’M))ae[l/z,l],

subject to the final condition (2.2). Section 4 will be devoted to the construction of such
an effective force (F ), as formulated in the following theorem.

Theorem 2.7. There exists a choice of the deterministic parameters

(re,m) g2 Mo MeN,

and a family of random, scale-dependent functionals

(F(,-: FleM . g S)
oel1/2,1]

such that:
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(@) The map o +— F, is differentiable for o € (1/2,1).
(b) The final condition (2.2) holds.
(c) The estimates (2.19) are satisfied with

Cr=1+]|F¥?

and ||F¥|| introduced in Definition 4.6.
(d) Forall N > 1, we have

sup  E[IIFYIV] < . (2.31)
ce2No MeN,
Proof. Choose 7 and (riqw)[:] ..... ¢ asin Lemma 4.15, set

and let ;
Fpi= ) Fy!
£=0

be the corresponding truncated solution of the perturbative flow equation (4.1) introduced
in Section 4.1. By construction, o — F\, is differentiable on (1/2, 1), and the final data
prescribed in (4.41) yield the final condition (2.2). Next, Lemmas 4.15 and 4.19 yield
Item d). Finally, Item c) follows from the post-processing estimates established later in the
paper: the first and third bounds in (2.19) are given by Lemmas 4.24, 4.25 and 4.26, the
fourth one by Lemma 4.27, and the bound on H, by Lemma 4.28. Thus all four items hold
with Cr = 1 + ||[F¥|2. "

We complete this section with the proof of the following auxiliary lemma, used in the
proof of Theorem 2.5.

Lemma 2.8. Suppose that there exist constants S € Ny, Cr > 1 and 9, k > 0 such that
K€ |[v,1/2), (s+y)k/(1-k) < v/4
and (F) o satisfies the following estimate
16K o (DF (4 0) (G o))l < Crle]” (1 + Wlla) 16, Todlles,  (232)
forall g e [1/2,1), u€[a,1), o € [u 1), and y,y € S’(A). Here we set o = Jsth.

Fix a function [1,1) 3 u — H,, € S8’(A) and consider the linear equation

1
R, =H, +/ DF,(¢5)(GoR)do, u>a. (2.33)
y2i
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Then there exists a constant C > 0 such that

14Ky Ryl < exp(CCo[a]”"?) | sup 1£,KoHo |l + sup [o? 1 Z8T5 Rl |

o>u ozu
(2.34)
for u>n > [i, where Cq = Cr(1 + ||¢]l)5.

Proof. Start by observing that, by interpolation, for any « € [0, 1] and 8 € R, we have by
Young’s inequality

- g(1—
[o]PU- g =2 R ||
< [P NG PR N TR

SN T5ReN + [0 TP IR TSR

Choose @ = (1 —2k)/(1 = k). Thena + k(1 —a) =1—-kand 1 —a = k/(1 — k). Con-
sequently,

[P 0N ToRa |l < 16y TRl + [0 1P 115 T5Ro |l (2.35)
Then, by (2.32), we have

167K (DF o (60)(G o Rl s [0]”7' Calldy ™ To Rerll
and by (2.35) with 8 = 2(s + ), and Lemma 1.17, we have

161K (D (¢5) (G o R
s Colo] "o e/ 0= (2:36)
X (164K o Ro |l + [P NE5 T R ).

At this point, to deduce the desired estimate, we apply Gronwall’s inequality to
1 KuRpull < 183 K Hyl
1
+ CCQ/ [[O_]]ﬂ—l—Z(s+7)l?/(1—l?)
M
X (1yKoRell + [P NZ8T5 R ) do,
which follows from (2.33) and (2.36), and use the inequality & — 2(s + y)k/(1 — k) >

7/2. [ ]

2.4. Tightness

In this section, we apply Theorem 2.5, together with the effective force constructed in
Theorem 2.7, to prove tightness of the sequence of measures (V. ar) - p. This constitutes
the first step in the proof of our main result, Theorem 1.1. In order to pass to the limit
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&£ — 0and M — oo, we embed all the random spatially periodic fields ¢ = ¢(#-) in the
same space by extending them from A, to Ay. Let

i(wr+k-x) dwdk
(Zﬂ.)dﬂ ?

pleM (1, x) = / d(elk) =M (w, k)e (t,x) € Ao, (2.37)
AL

where 4 : R, — R, is a smooth bump function such that 6(0) = 1 and §() = 0 for || > 1.
The random fields ¢!%™! now all live in the continuum domain Aq for any & € 270,
To extract information about the EQFT, we must evaluate the fixed-time marginal of the
SPDE solution. This is not possible when controlling only spacetime distributional norms
such as ||+]| z. The necessary temporal regularity can, however, be recovered by means of
a Schauder estimate adapted to our weighted norms. Set p = pg. Indeed, by Lemma A.24
and using p < pj, we obtain

sup2~7||pAigll < sup2™ 7 lpadigll < [A] 7 Nl + IK- Ll -

By Theorem 2.5 there exists @ € [1/2, 1) such that []~?/? is of order Cr = 1 + ||F¥|?
and
lollz < 1, IL.Mes < ALa] ™77, IK. Rl < A[]?/>.

Recalling that £¢ = F,,(¢,) + R,, we deduce from the above bounds that
IK. Lol < IKFo($)llt s + IKRllt i < Ce(1+llolla)® + L] < Cr. (2.38)
Combining this with the previous Schauder estimate yields

sup2™ 7 [|pAig M| L, = sup2 7 [lpAigl| < [a] TV Cr < . (239)
1 1

To derive a meaningful estimate, we need to control a suitable weighted Besov norm of
¢ [£:M] i terms of the left-hand side of the bound above. The argument of [33, Lemma 2.24]
gives, uniformly in & and M,

su]g llpl=M1 (1) llc-» (v p()) < sup 277 )1pAi g E M || Lo a, - (2.40)
te 1

Although the lattice blocks in that reference are obtained by restricting the continuum
dyadic partition, the same proof applies to the present blocks: on the support of the embed-
ding multiplier one has ¢ . (k) =< |k|, and Lemma A.2 provides the required uniform mul-
tiplier bounds. As a result, we have

2y /9+1
su]g||¢[”“<r>||cfy(Rd,p(t)) < CPIPT 14 | FY P02,
te

where C?(R¢, w) stands for the usual Holder-Besov norm with the weight w and the
regularity index @ and here p = pg, so that p(z) = p(z,). Let p(x) := p(0,x). Combining
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the above estimate with Theorem 2.7, we arrive at

N o
sup / eIy a5 90 ()
£€27No MeN, T (®LP)

< sup E
ge27 Mo MeN,

s sup  E[1+||FYPNIIN] <o,
ge2No MeN,

sup [0 (DG (ra o) 241
te

for all N € N,. The bound (2.41) implies the tightness of the family (V2,m) cco-%0 pren,
in S’ (R9). This proves the first part of Theorem 1.1.

2.5. Integrability

In order to complete the proof of Theorem 1.1 it remains to establish the integrability prop-
erty of the measures ¥y uniformly in & € 277 and M € N, and obtain the bound (1.3)
for any limit point. We aim to estimate quantities of the form

Zowsoi= [ exp(00Queltsny ) venn(do)
where 6 > 0 is a small parameter. Here
Q= (1-A,) 47 (2.42)
is a regularising kernel. For M > 1, let

|x|p7 ;= min |x + k|, h(x) == (1 + |x|p) 8. (2.43)
keMz4

Thus & is the M-periodic extension of x +— (1 + |x|)~8 from the centred fundamental
domain [~M /2, M /2)?. Whenever a non-periodic weight such as p, occurs inside an
integral over Ti _u» the integral is understood over this centred fundamental domain. The
constants A and B are chosen big enough according to Lemma 2.10 below.

The main tool for this purpose is the Hairer—Steele argument [28], which provides
optimal estimates with respect to the growth of the function. We introduce a new tilted
probability measure

xp(O1AQoel}, a ) Veni ()

Ve.m,o(de) := (2.44)

ZeM,o
To prove that this measure is well defined we take advantage of the presence of the coercive

term ||go||‘z s ) in the action functional (1.2) defining the original measure v s and use
&M

the inequality
1
O1hQeelyapa ) < Gl pa s
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for all € and M as soon as 6 > 0 is small enough and A, B are big enough. Observe that
Jensen’s inequality gives

1=/Vg,M(d<P)

= Zearo [ exp(-00Q ey ) vesrado)
> Zeowt0 exp [—e / ||thso||;(TiM)vg,Mﬁ(dso)] .
Hence,
tog [ explOIhQplLs g 1o (d)

~ 108 Zeoro < 0 [ 1hQults g | verolde), (2.45)

The problem of controlling the size of Z. s, ¢ is, by virtue of (2.45), reduced to estimating
certain polynomial moments of ¢ under the tilted measure v~ as, g (d¢). Through stochastic
quantisation, this measure can be identified with the marginal law of a stationary solution
to the SPDE

Lop+A¢" —romd = 0(¢) + €M, (2.46)

where the additional perturbation O (¢) is given by

1 ¢
O(¢)(t’ .) = §0£|th8¢(I’ .)“iz(TZ{M)

= 201hQ (1, )72 a ((Qeh? Q) (1,9).
We use the notation

Q:h*Qet = Q:e(H*Qc9), (h'Qe$)(1,x) = (h(x))'(Qed) (1, %), i€ {1,2}.

We exploited above the fact that the operator Q. is self-adjoint and bounded. Since Q.

has a uniformly rapidly decaying periodised lattice kernel, Q . ¢ is a well-defined periodic
. . . . . . . 2 d

lattice function with mild polynomial growth. Hence, hQ o ¢(t, ) isin L (Tg’ M-
Uniform estimates for this new equation in & € 2770 and M € N, can be obtained by

modifying our previous arguments. For u € [1/2, 1] set

R := Fi(¢) + O(¢) — Fu(4y).
As before we rewrite (2.46) as a system of equations

{ £E¢/J = Ju(Fu(¢u) + R,?)

. 2.47
R? = /ﬂ1 Ho(¢o)do +0(4) + fﬂ1 DFy(¢5)(G #RS) dor @40

for
M M),0
(s ROy = (95 RLEMO) .
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Applying estimate (2.34) with 7 = u to the equation for R?, we obtain

[l 14K RS
< exp(CCq[a]”?)

x| sup [u]*? 1L Ko Ho |l + []*7 sup [o]* 7 IZETZ RO

o> oz
with |
H,=0@)+ [ Hyloo)o.
u

The term with H, can be estimated as previously from (2.19), while to estimate O (¢) we
use the uniform boundedness of ||K ||ty (,-1) and Lemma 2.10 below. We obtain that

sup (14, KoHoll < CrL]” (1 + Iol)® + 0[] 7 [lgll + K- Llls],

olozp

uniformly in u > fi. We also observe that

sup [P NCRTERON < [a]? Cr (1 + 116ID°,

oplozpuzj

uniformly in g > f, by an argument analogous to the one leading to (2.22). Therefore,
combining the above estimates, we obtain

IK.Rlls < exp(CCo[a]**) [CrIAT*” (1 + llgl)® + 61Nl + IK. Loll41].

We need a good bound for ||K. L¢||4 in terms of @ = ®; defined by (2.21) with R replaced
by R?. Observe that, by (4.73) below, the decomposition of the force, and Lemma 1.17,

we have o
IK.Lolls < IK.F(p) s + KR |«

< AD° + [a]? Cr@S + || K.RO || (2.48)
< AD® + [a]? Cr@S + 6.

As aresult, for 6 € (0, 1], we obtain

IK.RC |4 < exp(CCr@S[a]”/?)
x [Cr®S[a]’™? + (1 + )@ + 0([a]” Cr@5)? + 063,@°]
< exp(CCr@5[a]*"?)
x [[A]?* + (1 + 1) + 663,105,

(2.49)

with possibly different constants C. In the last inequality we absorbed polynomial factors of
Cr[a]?/>®" into the exponential. Indeed, x + x> < exp(cx) forx > 0. Gathering (2.49), (2.25)
and (2.26) we arrive at

®; < 1+ C[r(a) + (D) PO + 1(2)@5 + (D)@ exp(CT(DP)].  (2.50)
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where
() =27 P[al " + a7 ([al? Cr + 6 [A]” + 6r)
+ 67 A+ [a]?Cr +6,[a]” + 6r)
"La]?"? +6(1 +2)° + 6631 + Cra]?/?
and

Or =202, 6, =[a] " (2.51)
Then i — () is non-increasing and, for 6 € (0, 1], we have
(@) < [aA]?PIB+ A7) + (14207 )Cr + 2710712 4+ 022+ 271 (1 + )3 + 7.
Fix 7, > 0 so that
Clr. + 7'*1/345/3 + 1,45 + 1,4 exp(C.4%)] < 1
Let 0, = 0.(A) be such that
02+ 27 (1 + ) + 2] = /2.

If needed we reduce . further, to ensure that 8, < 1 and that the tilted measure with 8 = 6.,
is well defined. Define . = fi.(4, 6., Cr) by

Hl,{ ]]ﬂ/2[(3+/l—1/2)+(1+2/l 1)CF+/l 10 1/2] T*/Z

Then, for 6 = 6, and g > fi., we have 7(f1) < 7., and the continuity argument from The-
orem 2.5 can be applied to obtain the desired estimates. We conclude that ®;, < 2.By (2.51)
this implies that for i = fi. and 6 = 6., we have

Iglla <1 WLllwg < L@l KRz < 26017,
with
[al ™' = 2071 (B + A7) + (14247 Cp + 27 0227
< [(1+ 27 N)Cr + 27167122,
uniformly in Cr = 1 + ||F¥||>. By Lemma 2.10, (2.48) and (2.51), we also have
supp(t 0)*17Q. ¢(8M)(t)IILz(Td )5 Lal~* Ll + IK. Llls]*

< [Al[®@ + A0 + [a]? Cr @S + 0r®]*
<a [a]™Cr < 1+ ||FY)16r/0+2,

As a consequence of Theorem 2.7, we obtain

sup [ 1hQepltY s Ve ()
£e2No, MeN,

sup  BIKQ.0 M (Y ]
ce2No MeN,

sup ]E[l + ”F‘ZI||16)/N/1_‘}+2N] < oo,
ge2No MeN,

A
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for all N € N, and ¢ € R. From this and (2.45), we deduce easily that any accumulation
point v of the sequence (V. ar)e. ar satisfies (1.3) provided 6 > 0 is small enough. This
proves the exponential integrability, required for the Osterwalder—Schrader reconstruction,
completing the proof of Theorem 1.1.

Remark 2.9. The choice of the norm used to verify exponential integrability is quite
arbitrary. Since the corresponding tilt must be incorporated into an SPDE, we choose a
differentiable norm. In general, we could replace the L? norm by any finite L>* norm and
similarly use a different spatial weight 4 and smoothing operator Q ., as long as they remain
compatible with our Schauder estimate.

Lemma 2.10. Suppose that the parameters A and B in (2.42) and (2.43) satisfy A >y and
B> d+ 1. Then

1£eO@) < 61T Tl + IK.Llls]?

and
Su]gpo(t,0)4||hQs¢(t)||iz(Td ) S LAl ol + K. Lolls1*.
te &M

Proof. Let us first observe that

10 0@ % 01(1,3) = L (1) 1(Q o) (1. s (Quh* Q) (1.0

= 6|5 = 105 (1,00 (1) (Qo0) (1:0)

X(gap;-]paQsthe¢)(t»x)|‘
S 01 = o3 (9 s (TN

X ||pa'Qs¢||2||po'Qsh2Qs¢”-
By Remark 1.8 (a) we have

2
d
214,

Py (t.x) < p5'(1.0)p, (0, x).

Hence, restricting to the centred fundamental domain, where /(x) = (1 + |x|) 2, and using
B > d + 1, we arrive at

o5 ()Mo ) S PG ONARG O sz ) < PT(1,0).
Since p32(1,0) < p;2(t,x) for any x € R and p,, = £ with v € (0, 1/3) we obtain
ll(2,%) = [lhp, (1, ')”iz(TiM)(é’o'pc_rl)(t’x)”
St = p (1.0 (Lapg ) (DN S 1opll S 1.
Since A > vy, Lemma A.24, together with ||po Q= fIl < llpo fl, yields

lpoQeh®Qedll < lpah*Qell < llpoQ el
S ZTiAIIpaAmII < [oI77 Tl + [a]> 27 UK. Llls ],
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uniformly over o > fi. Combining the above estimates we obtain

1£0@)l < 0[] [l + IK. L4’

Using Remark 1.8 a) and B > d + 1 we get

sup po (1,0 1hpg (1, M pa S W05 O, M ogga ) 5 1.
teR

Since

p0Q =9l < lpaQedll < ZZ“AHp,,A gl < [al 7 gl + [al* 7 K. Lols],

we obtain
Suppo(t 0)*1hQ. ¢(t)|IL2(Td )
< sup po(4,0) o5 ()1} g 100011
< [aA ™ ol + K. Lll#]*.
This finishes the proof. ]

2.6. The vector model

In this final subsection, we discuss the modifications required to extend our results to the
vector-valued model, where the field ¢ = ¢(#M) takes values in the Euclidean space R”
for some n > 1. We denote by (¢“)4e(1,....n} the components of the field ¢ in the canonical
basis. The dynamics reads

.....

Lo0% + AP —ropd® = &9, a=1,...,n, (2.52)
on Az p, where
917 := > (992
Here
E= (et = EEM Y ey (2.53)

is a vector-valued, spacetime white noise on A s such that

E[£%(t,x)E7 (5, 9)] = 6(t = $)0ap & ey, (t,x),(s5,) € Aeyss a,b=1,...,n.

As before, we identify ¢ and & with spatially periodic functions on A .

Our proof of the main result in the scalar-valued case extends straightforwardly to the
vector-valued case. The main subtlety lies in obtaining the analogue of Theorem 2.4 in
this setting, which, however, follows directly from Theorem 3.1 below. Beyond this adjust-
ment, the subsequent analysis carries over with minimal changes, as it does not depend
on the scalar nature of the equation until the classification of the relevant cumulants in
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Section 4.5. At that stage, one must exploit the O(n)-symmetry of the noise (2.53) to
deduce that the cumulants are likewise symmetric. Consequently, the only contribution to
the mass renormalisation is diagonal in the vector indices, and can therefore be absorbed
into a redefinition of the renormalisation constant 7 »s € R.

3. A priori estimates

This section is devoted to establishing weighted estimates for classical solutions of a frac-
tional parabolic equation with a cubic coercive term. To the best of our knowledge, this
result is new, although the proof closely follows the argument developed in the case of the
standard Laplacian (see, for instance, [23]). Furthermore, we present the estimates directly
in a vector-valued setting, as no additional difficulties arise in this more general formula-
tion.

Theorem 3.1. Letn e N, 1 >0, v<2sand u € C,] C)%(Ag, R™) be such that |V u| is
a bounded function, where the weight { was introduced in Definition 1.5. Then u belongs
to the domain of the operator 3; + (=A)®. Define f € C(Ag,R™) by

£ = 0u® + (=A) u® + m*u® + Au|*u®, ac{l,...,n}, (3.1)

where |u|? == ¥, (u?)>.
For any positive weight p € C}C2(No) such that for some v € (¥, 2s) the functions
7Vp, ¥ p~ ! are bounded we have

lloull < 247 2AY2 4 1713 (103 £1] + B) '3, (3.2)

where
A= 1(=A)*p* [ + llp(ap)l

and

B = llpull(lp(@:p)ll + o (=A) pll + 10> Ds (0~ ) Ds ()1 + 10D (0) Ds (pu) .

Remark 3.2. If the weight p were constant, both A and B would vanish and the estimate
would reduce to the usual maximum-principle bound with cubic damping. Here A measures
the cost of applying the time derivative and the fractional Laplacian to the weight, whereas
B contains the genuinely nonlocal commutator errors produced by the interaction of (—A)*
with p.

Proof. We assume that |03 f|| + A + B < oo as otherwise there is nothing to prove. For
N € Ny and L > 0, we define a convex function ® = ®; 5 € C(R) by

) :=m-L)Y, @m:=Nun-LY ' neR,
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where @’ denotes the derivative of @ and (7). := 1,,507. We fix the parameter N > 1 such
that 2N (¥ — V) > d + 2s. The parameter L will be fixed later. Let ii := pu. After testing (3.1)
with @’ (|ii|?)i¢p3 and summing over a € {1, ...,n}, we obtain

0= / @ ([a*) [P’ - By + P - (=A)*u+m>p?|a) + A([a]*)* — p* f - d].

Observe that

’ ~ A l 7 A A ’ A A
[ ol ou=3 [ ool - [ o Gapyoapiar

& &

1 . AN A
=5 [ Faeaal) - [ wape qapar

=—§ /A opH@(ar) - /A (pdip)@ (Jal)al’
. / (pdp)®(Jif?) - / (pdp)® (|aP)lif?
Ag Ae

> -lptapl [ @(aP) = [l p(@rp)] / @i
By Lemma 3.3 below,
D@ Py p* -8y > =310 p%) [ (il ~Bilal [ o/ (aP)
We also have

(@' (1a*), m*p?1al® + A(|a*)?) > (@' (1af*), A(|al*)*)
> AN((al? = DY ((alP = L)+ + L)L)

>/1L/ d>(|ﬁ|2)+/1L2/ @' (|al*)

£ £
and

@ (). -y > Il fllal / o (|af?).
Ag
We conclude that
_ 12 2.3 . a2
0> [AL - A] /Agcl><|u| )+ AL~ (lp f||+B)||u||]/A£<D(Iu| )

Taking
L> L. :=max(A~ A, 27 Pl £1| + B]' 2 1all'?),

/AE @' (laP) = /A ®(JiP) =0,

which implies that |7i|*> < L a.e. on A,. Thus,

we deduce that

Il < inf L =L.<a'A+27 (%Il + BIal .
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This implies that
lall < A7 2AVZ L ) A ed £l + BTV

By Young’s inequality, we have

14y laj 3 -
AT Hian e £+ B < - T4 Ve sl + B,

and hence
llall < 2271242+ 27151 £l + B,

as claimed. ]
The following lemma completes the proof.

Lemma 3.3. Suppose that u € C} C2(A¢,R") is such that |{"u| is a bounded function for
some ¥ < 2s and p € C}C(A.) is a positive weight such that for some v € (¥, 2s) the
functions {7 p, [ p~! are bounded. Let ® = ® n € C(R) with N > 1 fixed as in the
proof of the previous theorem and arbitrary L > 0. Then we have

AP VAV AP s, a 1 s 2 ~12 Rl A r1A12
D@ i -0y > =31l [ @af) - Blal [ o a),

a

where il 1= pu and

B = |l (llp(=8)pll + 110> Ds (0™ ) Ds (0)) + 110D (0) Ds ().

Proof. The following decomposition separates the favourable convexity contribution from
the terms in which the fractional operator interacts with the weight. Leaving the sum over
a implicit, we have

(@ ([a*)a®, p* (~A) u®)
=/A N ps(dzdz )@ (i (2) 1P (2)p° (2) (u (z) — u®(2"))
=/A R ps (dzdz" )@ (J(2)[H)a (2)p* (2) (2% (z) — 2% (2')) (=: ()

+/ ps(dzdz )@ (i (2)1P)a% (2)p* (2) (p(2)) = p(2))u(Z) (= (II))
AexAs

Let V; := 1ii(z") + (1 — 7)ii(z). Since 7 € [0, 1] — ®(|V,|?) is a convex function (as
a composition of a convex function with an affine one),

(Vi %) — @(|Vol?) = 8- (V|| =0,
that is,

o(|a()?) - (i) ) > 20’ (|a(2)*) Z a(2) (4 (z") - 4% (2)).
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Using the above inequality we obtain

153 / 1y (d2d2)p2 () [@([a(:)P) - Dl (=) P)]
AgXAg

! / s (dzd2) @ ()P [P2(2) - p2()]
AeXAg

2

\Y

1 s 2 ~12
Iy [ o)

where the equality in the second line follows by an integration by parts of the fractional
Laplacian, which is a symmetric operator in L. Let us now consider (II). We first split the
factor p~'(z’) as

p )= () -p ' (@) +p (@)

This gives
() = / 1s(d2d2) @ ()P (2)p*(2) (p(2) - p(2))p~ ()2 (')
AeXAg
=/A N s (dzdz’) @ (| (2)1)a% (2)p* (2) (0(2) = p(2)) (™' (') = p~(2)) 2" (2)

+ / s (dzd2) @ (1)) (22D (p(2) = p(2)p~ ()i ().
AeXAg

We call the first term (II,). In the second term we split
a(z') = i (z) + (2(2") - a“(2)).
Hence

(H)=/A R ps(dzdz’) @ (|6 (2)1H)1a(2)1*p(2) (0(2)) = p(2))
+/A K ps(dzdz") @ (|i(2)[H)a (2)p* (2) (p(2) = p(2)) (™' (') = p 7 (2))2*(2)

+ / ps(dz d2") @' (|a(2))a* (2)p(2) (p(2') = p(2)) (4% (') — 29 (2))
AeXAg
= (H]) + (Hz) + (Hg,)
For (I;) we have

(In) > —IIﬁIIZII/O(—A)SpII/A @' (|a(z) ).
Next,
(IL;) > —IIﬁII2/ @' (|a(z)|*)p*(2)
Ae
X(/ lp(2) = p@)llp~" (') = p1(2)| s (z,d2) | dz
Ae

> —lall*lp*Ds (0~ Ds (0) |l /A @' (|a]?).
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Finally, using the Cauchy—Schwarz inequality, we obtain
(I3) > ~llallllpDs (p) Ds (@)l /A @' (|af).

Combining the lower bounds for (I) and (II;), j = 1,2, 3, gives the desired estimate. m

4. Analysis of the flow equation

In this section, we establish the estimates used in the proof of Theorem 2.7. More precisely,
we analyse the existence of an approximate solution to the flow equation (2.30) for the
effective force (F )., with well-controlled bounds encoded by (2.19). These bounds are
achievable only because we can “tune” the boundary condition (2.2) using the - and M-
dependent renormalisation term 7. ps.

Conceptually, we are dealing with a random bilinear equation whose solution is ana-
lysed via the evolution equation for its cumulants. The flow equation for cumulants has
a similar structure to the flow equation for the effective force and propagates comparable
bounds backwards from the final condition at o = 1, except in a low-dimensional (so-called
relevant) subspace, where the bounds must be propagated forwards from small to large o.
This procedure requires tuning an appropriate final condition so that the solution lies on a
trajectory with controlled bounds. To simplify this tuning, we decompose the flow equation
to reduce the relevant subspace to one dimension.

Once bounds for the cumulants are established, a Kolmogorov-type argument allows us
to deduce pathwise bounds on the effective force. The section concludes with a technical
“post-processing” step, which extracts the coercive term essential for the global a priori
estimates and verifies the conditions (2.19).

4.1. Random flow equation

To study approximate solutions (F)e[1/2,1] of the flow equation (2.30) we need to set
up the appropriate spaces. Recall that
&= ﬂ C(Ap, %), &:=8+0,E.
a>0

As we shall argue, the flow equation can be approximately solved in the space P (&) of
polynomial functions on & with values in &. We say that a functional F belongs to P (&)

.....

k

k
F(g)=) FY(9) =), /A FO(dar L dz)d(z) - d(zi) € 8,
k=0

k=0
for all ¢ € &. In order to construct a suitable approximate solution of (2.30) we introduce
a formal parameter 7 and make the ansatz

"Fo =y nFYL
>0
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Moreover, we assume that the final condition is of the form

"F(g) = =20+ ro e +ESM . Tr = F Yl

We are led to look for solutions of the perturbative flow equation
05"Fy + lD"Fy(G,"Fy) =0,  "F ="F, .1

in the space P(&)[A] of formal power series in 7 with coefficients in P (&). This setup
has the advantage that now the flow equation has a unique global solution which can be
determined by induction on the order in 7. An approximate solution to (2.30) is obtained
by fixing an integer £ > 0 and letting

‘

l

F, ::ZF,[,].
=0

The choice of the value of £ will be discussed in Section 4.9 below. We observe that, thanks

to (4.1), this truncation implies the existence of a maximal polynomial order k € N, in the
fields for the kernels. We decompose the force as

d ¢ & £1,(k

Fu(@) =Y Fil(g) = > > F ),

£=0 -

l
=0 k=0

where £ measures the perturbative order in 7 while & is the polynomial degree in ¢.
Let us now introduce a condensed notation to manipulate these kernels. Let

W:={(L,k)0<L<L,0< k< k}, Wext ;= AU{(6, )| E+1< <20+ 1,0< k < 2k}
For a € Wy with a = (£, k) we let k(a) := k, £(a) := £ and write
[a] := —a + 6€(a) + Bk(a), 4.2)

for suitable positive parameters @, ¢ and 8 whose values will be fixed later. The set A
indexes the kernels retained in the truncated effective force, whereas the additional indices
in Wexe \ A will be used only to label the terms in its flow-equation error. For a € 2, we
say that a kernel

F(z;dzy, -+ ,dze) = FI 0 (z5dzy, - dze)

is relevant if [a] < 0, marginal if [ a] = 0 and irrelevant if [a] > 0. We refer to z as the output
variable, and to zy,. . ., zx as the input variables of the kernel F*(z;dzy, . . .,dzx). Through-
out, the kernels F¢1-(K) (z;dzy, ..., dzg) are taken to be symmetric in their k input vari-
ables. To simplify the notation, we usually ignore the fact that the kernel F*(z;dzy,. . .,dzx)
is generally not well-defined pointwise in the output variable z.
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4.2. Norms for kernels
To introduce suitable norms for the effective force kernels
(F3)acw,oe[1/2,1]5

we first need some notation and preliminary definitions for weights and smoothing oper-
ators.

Definition 4.1. We denote by St(zy, ..., z,) the Steiner diameter of the set {z;,...,2,}
with respect to the parabolic distance introduced in Definition 1.4, i.e. the minimum of the
lengths of trees with nodes at the points {zy, . . ., z, } and possibly other points {z], . ..,z }.

Remark 4.2. Our fractional parabolic distance (1.23) satisfies the triangle inequality

lz1 + z2ls < |z1ls + |22lss 21,22 € Ao.
Moreover, forne Ny,me {1,...n—1}and z,z1,. .., 2, € Ag, the Steiner diameter satisfies
St(zl, .. 7Zn) < St(Zl, e »st Z) + St(Z7 Zm+1, L ’Zn),

which, noting that St(z1, z2) = |z1 — z2|s, can be seen as a generalisation of the triangle
inequality for the fractional parabolic distance.

Definition 4.3. Letb € (1,2s) be a constant close to 2s and «, € (0, (2 —b)/(2¢ + 2)) be
a small constant, to be fixed later.

() Form €N, and w € R, the weight w), ™ € C(A{"*™) is defined by

wf,”m)’w(z,z], e zZm) = (1 + [[/1]]_1 St(z,z1,...52m)) %, 2,215~ -»2m € No.
We write w'f,l)’“' =1¢e C(Ay).
(b) Form € Ny, the weight vl(le)e C“(Aé“m)) is defined by
o™V (2 zn s zm) = 0" (] [ L (] ).

where v+ e C“(A(()Hm), [0, 1]) is a fixed function such that

1if St(z,z1,....2m) < 1,
U(m+l)(Z»le-~"ZWI) = . "
0 if St(z,z1,...,2m) > 2,
and
o (2,21, zm) =00, 21— 2 2 = D).

We write vl(tl) =1€ C(Ay).
(¢) The weight 0 € C(Ay) is defined by

0(z) :==4(2) =(2);®,  z€Ao.
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(d) For a € ey, We write

Wl = wl(ll+k(a)),b’ lZJZ = wLHk(a))’b_[(a)Ko,
a

e T©Te

= U/(11+k(a))’ — 01+t’(a).

v D!

(e) The weight i, € C(A}) is defined by
hu(z,2) == (L4 [u] e =2/ [H)7"

Recall that
(2)s = (14 |zol"/5 + 2112

The weights wfl and @y, will control the approximate localisation of the effective force
kernels F;(z;dzy, ..., dzx) near the diagonal {z = z; = --- = zx}. The weights 0® will
instead be used to control the growth at spacetime infinity of the kernels in the output
variable z, reflecting the corresponding growth inherited from the white noise. These three
families of weights are constructed to be compatible with the estimates for the bilinear terms
appearing in the flow equation, as detailed in the lemma below. The additional weights
vf,mﬂ) and h,, will be used only in intermediate estimates and play an auxiliary role. Some
of their useful properties are summarised in Appendix A.2. Finally, observe that

w " (2.7) = bz =) = (1+ [u] Mz = 2'1)",

where w; is the weight introduced in Definition 1.16. The exponent b — £(a)«, in the
definition of the weight @}, is designed in such a way that the bound (4.4) below holds
true.

Lemma 4.4. Forall a € Wexe and b, ¢ € W such that k(b) + k(c) = k(a) + 1 and £(b) +
£(¢) = €(a) — 1, the bounds

wh(2.21, - -2 Z(a) S W (221, - .,zk<b)_1,2)wf,(2 = Dw,(Z, 2k(0)> - > k(a))>  (43)
0% (B (2,21, - -+ 2k(a) S 0 (D221, - - s Zh(o) -1, D)W (£ = 2) .
X 09 (D)@, (Z, Zk(v)» - - - » 2k (a))5
hold uniformly in p € (0,1) and z,2,%,21, . . ., Zk(a) € No. For all a € Wey, the bounds
0%(2) $ (0°(z=2))"0%(2) S wy (2 - )% (D), (4.5)

w5 (2,215 5 Zk(a) S wZ(z - z’)wZ(zl -z7) ... wZ(zk(a) ~ Zp (o)) @6
Xwy (2 2], Zq))s '

0" (DB (2 215 - -5 Zk(a) S Wh(z = w21 = 21) - ) (Zaa) = Tp(a)) wn
X 0%(2) 0% (2, 2] - s (o)) '

hold uniformly in u € (0,1) and z,z1, ..., 2k(a), 2> z’l, el z}c(a) € Ay.
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Proof. To prove the claim we apply iteratively the inequalities from Remark 4.2 and use
the bounds

1+ > ar< ] (+a),  (+a)®<(+a)?,

ie{l,..., n} ie{l,..., n}
valid for all ay,...,a, > 0 and 0 < w < @. To prove (4.5) and (4.6), we use furthermore
that
(1+€(a))ky < (204 2)kpy <2 -,
which follows from the assumption k, € (0, (2 —b)/(2€ + 2)). |

Definition 4.5. For n,m € Ny and o, € (1/2, 1) we set

K™ :=1%" @ (K, )®", L™= 19" @ (Ly)®™, Ko o= Ly™ K™,
Rum =Ko (K2)®", Ly =L@ (L)%, Ry = LymRym,

where L, K, Ky o are introduced in Definition 1.13. Given a € ey and p € (1/2,1),
we write

sa . plk(a) _ po(l+k(a)) o 1,k(a)

KE =K, =K, K, .

Definition 4.6. The norm of a kernel F associated with an operator 2% — & is defined
by
171 = sup [ PGz dz) 49)
zeA J Ak

Given weights 0 € C(Ag) and w € C(A[*F), we write

(0-F-w)(z;dzy, -+ ,dzg) = 0(2)F(z;dzy, - -+, dzi)w(z, 21, -+ 5 2k)-

Let a € Wey;. The norm of a kernel F® of an operator K@) — & at scale o € (1/2,1) is
defined by
I1F o = llo® - [KGF®] - i,

where K ¢ F° denotes the convolution of F°, viewed as an element of S ’(A”k(a)), with
the kernel of K% . We further introduce a norm for the family of effective force kernels

F¥ .- (F(ar)ae‘ll,(re(l/z’l)’

defined by

IF¥) == | sup sup [[vﬂ[“]uF;ng)v( sup  [a] @2 FIOYO ) (4.9)
ae¥ oe(1/2,1) oe(1/2,1)

where [a] is defined by (4.2).

Remark 4.7. Inspecting the parameter choices discussed in Sections 4.4 and 4.9, and
using (4.2), shows that [(0,0)] < —d/2 — s — 2k. Consequently, the second term on the
right-hand side of (4.9) provides a stronger bound on F' ([TO 1.0) 2 £(&:M) than the first term.
For technical reasons, this stronger control will be required in Section 4.9 to establish the
estimates stated in (2.19).
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Remark 4.8. By Young’s inequality, (4.7) and Lemma 1.17, we have
o1,k -
I e = lo® - [Ry ™ Fe - wy |
o1,k(a) 1,k -
= [0 - (R0 R W Fe - g |

k 1.k ~
< ”K”’””TV(“%)”Kﬁz"””Ti;?w';,) lo® - [REF@ Fo . a2 (4.10)

1,k ~
< 0% [RFNVF] -0 |
= 1F,,

uniformly in u € [1/2,1) and o € [y, 1).

Given kernels F” and F” of operators E8% — & and £ — & respectively, we denote
by
F=C(Gy)(F' ®F") 4.11)

the kernel of the operator E® 5 & withk = k’ + k” — 1, defined by

1 4 ’
F(z;dzy, -+ ,dzg) = T Z / F'(z:dzx(1y, -+ »dzg(rr-1),d7)
Crepy N . (4.12)

XG (2 =2 VF" (" dzn(iys -+ »d2n(r))de’d2”,
where Py denotes the set of permutations of {1,. . ., k} and the integral is over the variables
7z’ and z”. Note that €(G ) applies G to the output variable of the kernel F”” and plugs
the result into the last input variable of the kernel . The above definition extends naturally
to kernels of operators £ — & and &% — &.

The flow equation (4.1) for the effective force can be rewritten as the following flow
equation for the kernels

9oFs == By (Go, F5.FS),  Fi=F° 4.13)
b,c

where the operators By  are implicitly defined by

£(a)-1k(a)

DB (G FoFG) = Y Y (K + DE(G o) (W7 g pllh 0=y,
b,c =0 k'=0
(4.14)

and in particular By = = 0 unless

C(a) = €(b) +£(c) + 1,
k(a) = k(®) + k(¢) -1, (4.15)
—[a] + [b] + [¢] =—a+B-6.
Lemma 4.9. Forall a € ey and b, ¢ € A, the following bound

[o] " NBE (G, Fi Fi) o < [ ] ES || o 1FS o
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holds uniformly in o € [1/2, 1), provided
2s—a+pB-020. (4.16)

Proof. By Definitions 4.6 and 4.5, together with (4.14), (4.12) and the identity LK » = 1,
we obtain

1By (G Fors FS)llor = 0% - [RGBy (Gor, oy FO) - 0|
= ll0® - [By (L3, G o, Ky Fo K F )] - 0 |
<o - [By (LG o |, RS FO |, RS FS] - @ -
Hence, by (4.4), (4.14), (4.12), Definition 4.6 and Lemma 1.17, we arrive at
1B (Gos For F)llr < 1By (L5, G rl - wly, 0 - [RGFo |- 0y, 0 - [RGFG | - 0]
S NG Gollry(u 10° - IR Fol - @ Illlo - |KE F | - @Gl
S ILY G o llpy b IFe Nl I FS o
s [ IF o I F5 o
Moreover, combining (4.15) and (4.16) yields
—la]+2s—-1=—=[b] = [¢]—a+B—-6+2s—1> —[b] — [¢] - 1.

This finishes the proof. ]

4.3. Norms for cumulants

In order to prove probabilistic bounds for the moments of the norm ||F¥||, we start by
establishing bounds for the cumulants of the family (F§)qcu, oe[1/2,1] Of the effective
force kernels. To this end, let us first introduce a useful notation. For

acA:={(ay,...,a,)|ar €A, L(a) < 2},
we write

n(a) :=n, L(a) :=¢€(ay) +---+£(a,), K(a) :=k(a)) +--- +k(a,).

For random variables X1, ..., X,,, we denote by &, (X, ..., X;,;) their n-th order joint
cumulant. For a = (ay,...,a,) € A and o € [1/2, 1], we use the following shorthand
notation

Tg—(zlvdzls e ,Znstn) = ﬁn(Fg-l (le le)s R Fg—" (Zns dZn))’

where
Zi= (2t Zik@)) €A ie{l,...n}, n=n(a), 4.17)
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are the input variables of the i-th effective force kernel involved in the joint cumulant.
Since FY is a kernel of an operator £2%(%) — & it is natural to view F& as a kernel of
an operator

gek@ _, genla@), (4.18)

We define the global homogeneity of the kernel £ as
[a] :=-0+n(a)(0+a)+[a]+ -+ [a,],

for suitable parameters o and # whose values will be fixed in Section 4.4. By (4.2), we
have
[a] = -0+ 6n(a) +6L(a) + BK(a). 4.19)

We say that a cumulant F¢ is relevant if [a] < 0, marginal if [a] = 0 and irrelevant if
[a] > 0.

Definition 4.10. Fora € A and o, u € (0, 1) we define

n(a) n(a) n(a)

u=@uir K= QKA L= QLS K, = LEKS,
i=1 i=1 i=1

where w,aj is introduced in Definition 4.3, and K lll’k and L 1g’k are introduced in Definition 4.5

The space of cumulants is endowed with the norm ||«|| defined by taking the L* norm
on the first output variable and the total variation norm in all other variables, with the
output variables restricted to the first period in space. The restriction of the integration of
the output variables to the first period is natural since cumulants are kernels of operators
acting between spaces of periodic functions, cf. (4.18).

Definition 4.11. Leta € A, n = n(a) and k = K(a). The norm of a kernel £¢ associated
with an operator &% — &®" is defined by

rerim s [ ([ iz izl dge, @20
M

z1€A
with the notation as in (4.17). Given a weight w € C(A(’)’”‘ ), we write
(F - w)(z1,dZy, ..., 20,d2Z,) := F (21,421, ..., 20, dZ)w(z1, Z1, -+ s 20y Zn).
The norm of F¢ at scale o~ € (1/2, 1) is defined by
17N = NKGF*T-we . (4.21)

where K¢ ¢ denotes the convolution of 74, viewed as an element of S’(A"(@*+K(@))
with the kernel of K% . We further introduce a norm for the family of cumulants of effective
force kernels

FA = (F e, oe(i/o)
defined by
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A\ 1/n(a)
IF40 == sup[ sup [o] N IFE : (4.22)
acA\oe(1/2,1)

Here A denotes the set of all finite tuples satisfying L(a) < 2£. Although this set is infinite,
the induction below shows that, at each level L < 2£, only finitely many cumulants are
nonzero. All suprema below may therefore be restricted to this finite set.

Remark 4.12. Analogously to Remark 4.8, by Ky, = Kj; . K7, Young’s inequality, (4.6)
and Lemma 1.17, we obtain

IF“ N = MKEF 1wl = WK o Ko 71wyl

K(a) aray . a
Ko NKSTuf

S MKGF ] -well
=17l

< 1Kol

uniformly in u € [1/2,1) and o € [y, 1).

In Section 4.8, we will pass from estimates on the norm [|#4 || for the family of cumu-
lants to estimates on the norm ||F¥|| for the corresponding family of kernels, using a
Kolmogorov-type argument. Following [11, 13], we introduce a flow equation for cumu-
lants, which will allow us to control the norm [|F4|.

Lemma 4.13. The cumulants satisfy the following flow equation:

0o Fo ==Y ANC o, T2 = D By (G, FE, T, (4.23)
b b.c

where the multilinear operators Ay and By,  are defined in Appendix B.1. We have Ay =0
unless

n(a) =n(b) -1,
L(a) =L(b) +1, 4.24)
K(a) =K(b) -1,
la]l = [b] -0 +0-p,
and BZ’C = 0 unless
n(a) =n(b) +n(c) -1,
L(a) = L(b) + L(c) + 1, 4.25)

K(a) =K(b)+K(c)-1,
[a] = [b]+[c]+0-0+6-p5.

Moreover, the operators Ay and By . satisfy the following bounds:

[o] " “NAG (G o T s L] NT o,
[o] N85 (G o 75 Fo < (o] P HFRN AN FS N o
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provided the following compatibility conditions hold:
06+B-6—-d=>0, —0+0+B-6+25>0. (4.26)

Proof. The derivation of the flow equation is a direct consequence of the definition of
cumulants, see [11,13]. The explicit form of the operators is not essential for the subsequent
discussion and is provided in Appendix B.1, where the stated bounds are also proved (see
Lemma B.2 and Lemma B.3). ]

This general structure of the flow equation (4.23) allows us to propagate estimates for
the cumulants of the form

sup  [o ] FL, < 1.
oe(1/2,1)

However, depending on the sign of [a], we shall handle the cumulants differently: in partic-
ular, for [a] > 0, namely for irrelevant cumulants, the flow equation can be solved backward
starting from the final condition at o = 1. On the other hand, this approach does not work
for cumulants for which [a] < 0 as in this case the flow equation cannot be integrated close
to o = 1. As we shall see in Section 4.6, we will solve the flow equation for this class of
cumulants, called relevant cumulants, by integrating it forward.

Remark 4.14. Before proceeding with the analysis of the flow equations for cumulants,
we record a few remarks about symmetries. First, we observe that the SPDE under consid-
eration, namely (1.4), is invariant under the transformation

¢H_¢7 é:'_)_é:a

which also preserves the law of the noise & = £¢(©>M) By the discussion in Section 4.4, this
invariance implies that 7% = 0 for all o € [1/2, 1] and @ € A such that L(a) = 0 and

n(a) + K(a) € 2Ny + 1.

To extend this property to higher levels L(a) > 0, we exploit the fact that it is preserved by
the flow equation (4.23) thanks to the compatibility conditions (4.24) and (4.25). Indeed,
fix an arbitrary ¢ € N, and assume inductively that

Fi=0, Voe[1/2,1],a€ A suchthat L(a)<¢ and n(a)+K(a)e€2Ny+1.
Then from the flow equation (4.23) and the conditions (4.24) and (4.25), it follows that
0-FeL =0, VYoe[l/2,1),ac A suchthat L(a)=¢ and n(a)+K(a) e 2Ny + 1.

Since by construction ¥ _, =0forall a € A suchthatn(a) + K(a) € 2Ny + 1, we conclude
that

FE=0, Vo €[1/2,1],a € A suchthat n(a)+ K(a) € 2Ng + 1.
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A further symmetry is given by spatial reflection, that is, the transformation

¢(t’x) — ¢(t7 _x)’ é:(t’x) = f(t’ —X),

which also leaves the law of ¢ invariant. By an argument analogous to the one above, we
infer that for any a € A, the cumulant #¢ is symmetric under spatial reflections. Finally,
the law of the noise and the deterministic kernels in the final condition are invariant under
spacetime translations, and the operators in the cumulant flow equation (4.23) preserve this
invariance; see also the explicit formulas (B.1) and (B.2). Consequently, all cuamulants are
invariant under simultaneous spacetime translations of their output and input variables. In
particular, if n(a) = K(a) = 1, then

Z*—>/T§(z,dzl) is constant. (4.27)
A

4.4. Bounds on parameters

We shall now fix the parameters
B.0,0,2,6,b

introduced in the analysis of the kernels. We have to choose these parameters so that (4.26)
is satisfied. Another constraint comes from the requirement that || 7| < [o]'¢! fora € A
with L(a) = 0. Note that for @ € A such that L(a) = 0, we have 0,75 = 0and 5 = F".
Using the equality

0 0 _
F&(e) = F*N(p) = —ag? + Fp + £
and the fact that the noise £(¢-*) is Gaussian, one shows that for @ € A such that L(a) =0

the cumulant ¢ is nonzero only if:

(a) itis the covariance of the noise, that is n(a) = 2, K(a) = 0 and
Fa(z,2) = Ko (FIOM O (o), FIL O () = B[£(&M) ()¢ =M ()] = 6M (2 - 2),

where 6™ is the periodisation in space of the Dirac delta with period M, or
(b) itisthe expected value of the (deterministic) kernel F' 1[0]’(3), thatisn(a) =1,K(a) =3
and
Folz,21,22,23) = —A6(z — 21)0(2 — 22)6(z — 23),
or

(c) itisthe expected value of the (deterministic) kernel F' 1[0]’(1), thatisn(a) =1,K(a) =1
and
Fa(z,z1) = 76(z— z1)-

In case (a), using the fact that w?. = 1, we conclude that

174 = /A M (dz) = 1. 4.28)
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As a consequence, we have to require that
[a] =—0+26 <0. (4.29)

In case (b), we observe that

3
(KeF&)(z:21,22,23) = =2 | Koz =20),
i=1

and thus |FZll < 1 uniformly in o € (1/2,1) by Lemma 1.17. Consequently, we have
to require that
[al] =-0+60+3B8<0. (4.30)

In case (c), we have
(KeFa)(z321) = FKo (2= 21),
and thus |2l < 1 uniformly in o= € (1/2, 1). Consequently, we have to require that
[al]=-0+60+B<0.

Note that since 8 > 0 the last condition is implied by the bound (4.30).
We collect all constraints here and fix the parameters once and for all, so that the later
arguments can refer directly to this table.

[B] Flow kernels (4.16) 2s—a+p-620

[A]  Flow cumulants A (4.26) 0+B-06-d=0

[B] Flow cumulants 8 (4.26) 2s—0+60+B-620

[E]  Initial condition FI°1-©) (429) | —p+20<0 4.31)
[@3] Initial condition FI°1-3) (4.30) | —o+6+38<0

[K] Kolmogorov (4.60) a-S+0-LE x>0

[F] Kolmogorov F  (4.63) a—0+0-k=20

The parameter « > 0 quantifies the loss of regularity in the Kolmogorov-type argu-
ment used to estimate the pathwise behaviour of the random kernels and will be chosen
sufficiently small.

From the constraints [®3] and [B] we have

B<s—46/2,
while from [Z], [B] and this last inequality we deduce that
0<B-0+2s<3s5s-36/2.
Using now [B] again we have

0<O0+B-06+2s<65—30.
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And [A] now gives

0<60+B-0-d<4ds—d—-36=3(0.-9), (4.32)
where the strict positivity of
_4s-d
K

defines the subcritical regime of this model. We now choose the remaining parameters so
as to saturate most of the inequalities above, namely:

Ox - >0,

B=s—-6/2—-«/2, 0=38, 0=20, a=3B+«k, 0O=07x/2. (4.33)

These choices are not intended to be optimal. Their purpose is to make the power counting
transparent while leaving positive margins, proportional to ¢, and «, that can absorb the
losses introduced by localisation and by the lattice-uniform Kolmogorov argument. By
substituting these values into the inequalities (4.31) above, we check the following.

[B] 0<2s—a+pB-6 =2s-2B-k-6 =0
[A] 0<60+B-6-d =48-6—-d :%5*_2K
[B] O0<-p0+0+B-6+2s =-2B-6+2s =K
[E] 0>-0+26 =0 =0 (4.34)
[@] 0>-0+6+38 =0 =0
(K] O<a-$+6-—42 — =354 =35, - 3k
[F] O0<a-o0+60-« =0 =0
We used that J42 65 35 ; ;
+2s S — 304
= =38~- (64 —6) + =k 435

All the inequalities are satisfied provided
k € (0,04/2). (4.36)

In addition, we choose « so that
2
?ﬁ ¢ N,. 4.37)
Equivalently,
ot -26+0 for every € € N,.

Since 28 = 25 — 6 — «, the excluded values are
k=2s—-6(L+1), {eNy.

They form a discrete set. Hence this condition is compatible with (4.36) and with choosing
k > 0 arbitrarily small subject to the remaining strict parameter inequalities. Moreover,
in Lemma 4.18 below we use the fact that the parameter of the weight o introduced in
Definition 4.3 satisfies

Ko <8 A (2-b)/(20 +2). (4.38)
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Finally, we explain how the value of the parameter b, introduced in Definition 4.3, is
fixed. The role of this parameter is to compensate for the loss of spatial weight arising in
the localisation procedure for the relevant cumulants discussed below, where the Taylor
expansion allows us to gain in homogeneity and establish that only a local renormalisation
is needed. In Lemma 4.15 and Lemma 4.18, we shall need b > 2s — §. On the other hand,
as argued in Remark 1.18, we must also impose b < 2s. Thus, we fix b such that

25 —6 <b < 2s. (4.39)

In Section 4.9, we shall introduce additional constraints on the parameters « and «,,
and we will fix all remaining parameters

v, ik, 0k, a,v, ke, K,

which play a role in our analysis. We postpone this discussion because, apart from « and
Ky, Which must satisfy conditions (4.36) and (4.38), these parameters are only relevant for
the results established in Section 4.9. We emphasise once again that all these parameters
are to be regarded as fixed once and for all, and their choice depends solely on the exponent
s € (3/4,1) of the fractional Laplacian.

4.5. Classification of cumulants

Given the bounds on the parameters from the previous section, we can now examine the
class of cumulants that are relevant or marginal, i.e., those satisfying [a] < 0. Recalling
that

0=20, and 0= p-38,

observe that the condition [a] < 0 can be written as
[a] = 6(n(a) —2) + BK(a) + 6L(a) = B(3n(a) — 6 + K(a)) + 6L(a) < 0.

Then
(a) ifn(a) > 2, then all cumulants are irrelevant;
(b) ifn(a) =2, then
[a] = BK(a) + 6L(a).
Hence the only non-positive case is L(a) = K(a) = 0, namely the covariance of the
noise
72 = ol FIMO, FILO),
This cumulant has homogeneity zero and is independent of o .
(¢) ifn(a) =1, then
[a] = B(K(a) —3) + 6L (a).
By Remark 4.14, the cumulants with K(a) = 0 and K (a) = 2 vanish. For K(a) = 3,

we have
[a] =6L(a).



58 P. Duch, M. Gubinelli, P. Rinaldi

Thus the only non-positive case is L(a) = 0, namely the deterministic cubic kernel
&, (FLOLO)
which is marginal and independent of o-. For K (a) = 1, we have
[a] =6L(a) - 28.

At L(a) =0, this is the deterministic linear kernel & (F’ ([TO 1. )) =76, which is relevant
and independent of 0. At L(a) = ¢ > 1, these are the cumulants

EFYID.

By (4.37), none of them is marginal.

Summarising, the only level-zero marginal cumulants are
R (F 1,(0) F (0)) Rl(Fl()J’(3))
o )
and the deterministic linear kernel
] (F[O]’(l))

is relevant. All three have trivial flow. By (4.37), there are no marginal cumulants with
L(a) > 0, so the only positive-level cumulants that must be analysed in detail are

K (FLAMDy = gpl D peqr, L0y, (4.40)

where
£ :=max{¢ eN, :60-2B8<0}.

By (4.37), we then have
66-28<0<68(f+1)-2p.

=[]

Thus the positive-level relevant cumulants are exactly

Equivalently,

P

EFMD <<l

Since the parameter £ appears only in this and the following section, it is not included in
the list (1.22). Note that ¢ is chosen so that £ < .

Thus, the renormalisation problem is purely of mass type: the only relevant components
are the one-point kernels that are linear in the field. All other positive-level cumulants are
irrelevant and can be reconstructed by integrating the flow from their terminal condition.



Fractional CD‘;' stochastic quantisation 59

4.6. Inductive procedure

The aim of this section is to derive bounds for the cumulants #£ using an induction on
L(a), based on the flow equation (4.23). More precisely, Lemma 4.13 shows that the flow
equation defines a triangular system with respect to L(a). For irrelevant cumulants, we
have F7_, = 0, and the desired bounds follow by directly integrating the flow equation
from o = 1. For relevant cumulants 72, which for L(a) > 0 coincide with (4.40), the
bound for d,F¢ is not integrable at o = 1. To overcome this, we decompose relevant
cumulants into a local relevant part and a nonlocal irrelevant part, using the procedure
detailed in Appendix B.2. The irrelevant part can again be integrated from o = 1 with zero
boundary condition. For the local relevant part, we instead impose the boundary condition
at o = 1/2, which acts as the renormalisation condition fixing the mass counterterm r o as.
This allows the integration of the flow equation from o = 1/2, thereby avoiding the non-
integrable singularity at o = 1.

.....

solution
F¥ = (F )eem.oc(1/2.1)s

of the approximate flow equation with the final condition

FIN(g) = -1¢° + 7 + £(5MD),

Fl'Y¢) =rl') 0. tefl,.... 0y, (4.41)
Fl'l(¢) =0, cel{f+1,...,0),
satisfies
1/n(a)
I7*1 = sup| sup [[a]]‘[“]|||5f(‘;|||(r] s L
acAloe(1/2,1)

Remark 4.16. Note that
7 4
4 - 4
F(g)= > Fl )., rem=7+)
£=0 =1

where F = F(#M) is the force (2.1) and r ..y is the mass renormalisation, which appears in
the expression (1.2) for the action. The parameter £ € N, was fixed at the end of Section 4.5,
whereas the parameter £ > £ will be fixed in Section 4.9.

Proof. For € € {0,...,2¢}, define
1/n(a)
Me:=1+ sup | sup [o] 7L,
a|L(a)<tloe(1/2,1)

We will prove by induction on ¢ that

My <co, and F2=0, for all @ such that L(a) < € and n(a) > 2*!, (4.42)
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for any ¢ € {0,...,2(}.

Let us remark that the second part of the above statement implies that there are only
finitely many nonzero cumulants ¢ such that L(a) < £. We first note that the case £ = 0
was already discussed in Section 4.4, where it was proved that M, < co.

Let us now consider the induction step. Assume that the conditions expressed by (4.42)
hold true at order ¢ — 1, for a fixed £ € N,. We shall prove that then the same is true at
order £. The proof is based on the flow equation (4.23). We first note that, by Lemma 4.13,
we have _

175 (G o Tl < o] MY,
I8 (G F2 T 5 Lo My 0y )

for all @ € A such that L(a) = €. Recall that n(a) =n(b) —land L(b) =L(a) - 1=¢(-1
in the first line and n(a) = n(b) + n(c¢) — 1 and L(b) + L(c¢) = L(a) — 1 = { — 1 in the
second line above. Hence, using the induction hypothesis we conclude that

ﬂZ(GOH?:(?—) ZO’ BZ’C(GO" 7:5,7:;—) =0
if n(a) > 2¢*', and
175 (G o, FM o < [0]' )Y, Bf (G FEFN o <[] (4.43)

In the rest of the proof of the induction step we treat separately two cases: ¥ is irrelevant,
i.e. [a] >0, or F¢ is relevant, i.e., [a] < 0. Note that, by (4.37), there are no marginal
cumulants at level £ > 0.

If ¥ is irrelevant, i.e. [a] > 0, then we can bound it by integrating the flow equa-
tion (4.23) backward from the final condition at oo = 1. We stress that for any irrelevant
cumulant this final condition is vanishing, namely #* = 0. Indeed, for 1 < £ < { the only
nonzero positive-level final kernel is

Fl[[]’(l)(z,m) = r‘[ﬂwé(z,m),
and its one-point cumulant has homogeneity
6t -2B<0.

For ¢ > ¢, the final kernel vanishes by (4.41). Moreover, any cumulant of order at least
two containing a deterministic positive-level final kernel vanishes. Therefore, for every
irrelevant cumulant with L(a) > 0, we have F* = 0. Using (4.23), Remark 4.12 and (4.43)
we show easily that

1
1720 < [ 1o o < ),
u

On the other hand, if ¢ is relevant, i.e. [a] < 0, then on account of the discussion of
Section 4.5 7 is of the form F[f ) = =K (Fm (])) with ¢ € {1,...,{}. The treatment of
the relevant cumulant proceeds via a localisation procedure, which shows that only the local
part of the cumulant requires renormalisation. However, in our fractional setting, where the
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kernels exhibit only limited polynomial decay, this must be done with care. Specifically, we
first introduce a preliminary truncation before performing a Taylor expansion to localise
the fields. Consequently, to bound F, l[,f]’(l), we shall use the following decomposition

1
oLe],(1 SLC1,(1 ~LC],(1
F,EJ()=F1”()—/ [(1 = KLY AL o
)7

1 B
- [EEEDO) - o
M
1 B
+L/ [KLUEY WY (1= hy) do (4.44)
i
I .
—L/ (KL FY D dor
i
1 KX
—R/ (KLFY MY hdo,
M

This decomposition implements the renormalisation procedure in stages. It separates the
part not captured by the regularising kernel, the contribution away from the diagonal, the
local Taylor component, the renormalised local coefficient, and the Taylor remainder near
the diagonal. The nonlocal and remainder terms gain either a power of the ratio of scales
or a power of the distance from the diagonal, while the purely local coefficient is fixed by
the renormalisation condition. Here

FLLO g pLOLO),

the operator L is a localisation operator and R is a remainder operator, both defined in
Appendix B.2. The polynomial weight i, was introduced in Definition 4.3. Recall that,
by Definition 4.5, in the present case K¢ = K(l;l =1 ® K. We impose the following
renormalisation condition

1 .
Flonm L//Z[Kf;lfc[f]’m] do-. (4.45)
1

Since

=[£1,(1 ¢

F1[ PW(z,2)) = r‘[sjwé(z -21),
the above condition fixes the counterterm r‘[f}w. The renormalisation condition is non-
circular. Indeed, by the triangular structure of the cumulant flow,

_f,
8, FLOD

depends only on cumulants of total level £ — 1. Hence, at the £-th step of the induction, it

depends only on the counterterms rtll . L1 Which have already been fixed, and is

eM> e M
independent of r‘[ﬁw. Consequently, the right-hand side of the renormalisation condition

(4]

is already known and uniquely determines the counterterm r_ , ,.
e,M
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Note that the integral in (4.45) is finite for every & € (0, 1). Indeed, let a be the
one-element tuple whose unique entry is (¢, 1). Applying LK (1,:1 to the cumulant flow
equation (4.23) and using Lemma B.7, we obtain

LKL FY Iy = -

KL Zﬂ‘b’(GU,Tg)).
b

The kernel on the right-hand side is invariant under spatial reflections. Consequently,
by (B.8), as in the proof of Lemma B.6, its local projection contains only the zeroth moment.
In particular, writing V}, for the summands,

IARAR PRAEPNIAT
b b b

Since n(a) = 1, the basic cumulant norm (4.20) coincides with the kernel norm (4.8).
Combining the ordinary estimate (4.43), the unweighted estimate (B.5), and the induction
hypothesis (4.42), we conclude that

<

A R o e o K (4.46)

Notice that (4.46) is asserted only for the local projection. Such an estimate may generally
be false for the full kernel K ,IJZIF }f ]’(l), because its B-contribution need not have a sub-
lattice total variation gain. Consequently, the renormalisation condition (4.45) and (4.46)
yield

1 .
i< [ L A0 o
1/2
& 1/2
< / e [o]le 1 d[o] +/ o] e=td[o]
0 &
s el
where we used
[al]+b>2b—p0+0+5+B=b-2B+6=b—-25+20+«k>0 4.47)

by (4.19), (4.33) and (4.39).
Taking into account the renormalisation condition (4.45), we obtain

1 1
=€],(1 =[€],(1 =[], (1
IFL ), < / (1= KL B )|||ﬂda+/ NKS ELO] (1= )] do
u u
1 . u .
1.1 21¢1,31
+ / NL(KEEY DT (1= )l dor + /1/2|||L(K};1FL’<>>|||Mda
u

1
=[],
" / IRAKL ELAD] ) dor
u
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Finally, applying Lemmas A.16, A.21, B.6 and B.8, we arrive at
1 1
LR R e e PR G
u u
1 H
+ [[/J]]_b/ [[0']][“]+b_1d0'+/ [o] ) -do
u 1/2

1l [ ol
u

< [u]',

where we used again (4.47). This concludes the proof of the induction step. ]

4.7. Local estimates for the flow of kernels

In this section, we prove an auxiliary result showing that the norms of the effective force
kernels F; can be controlled in terms of the norms of the localised kernels F; - vy, restricted
to a neighbourhood of the diagonal, where v, is the weight introduced in Definition 4.3.
We use the notation

Xl o= (BIX|™) VN,

Lemma 4.17. For every a € U,
[a] >0 = F[=0.

Proof. By (4.41), the only nonzero final kernels at level ¢ = 0 are those with k = 0, 1, 3.
Their homogeneities are

[0,0] = —a <0, [0,1]=-a+B=-28-k<0, [0,3] =—a+38=-k<0.
At positive level, the only nonzero final kernels are
Flm’“)(z,m) = r‘[ﬂwé(z -21), 1<t<?.
Their kernel homogeneity is
[, =—a+60+B=60-2B-k<-k<O.

For ¢ > ¢, the final datum is zero. Therefore every kernel with nonnegative homogeneity
has zero final datum. ]

Lemma 4.18. Forevery £ € {0,...,€} and N € N, we have

—[a]l-« a
sup sup [Tl gL
ale(a)=C pe(1/2.1) MLy

2¢ (4.48)

2N
LP

sot+ s sup || E -l
alt(a)<e pe(1/2,1)
[a]<0
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and

—la]—-k+1 a
sup  sup [l 3, FL
alt(a)=C ue(1/2,1) S U2

2t (4.49)
e

sel+ sup sup || A L
alf(a)<l pue(1/2,1)
[a]<0

Proof. We shall prove the lemma by induction on ¢ € Nj. First, we discuss the case £ = 0
for which we have 9, F;; = 0 and thus F; = F' forall u € (1/2,1). Observe that the kernels
F 1“ are local, that is, they are supported on the diagonal, as can be seen from (2.1). Hence,

F;-UZZFI(I'U?‘:FIIZF;;, £(a) =0,

for all u € (1/2,1) since vy, = 1 on the diagonal. Moreover, for kernels with [a] > 0,
Lemma4.17 gives F}' = 0, hence F; = 0 forall u € (1/2,1). This proves the bounds (4.48)
and (4.49) for £ = 0.

Let £y € Ny and suppose that the bounds (4.48) and (4.49) are true for all £ < €. We
shall prove the bounds for £ = £y + 1. It follows from (4.13) and Lemma 4.9 that

2 R 1 P 171 R TN (P R 9
b,c

< DMl I Ll T Y -
b,c

Consequently, by Holder’s inequality

(I T S 7% e T e 1% el 1
? b,c

N’
Since £(b) V €(¢) < €(a) =1 < £y and £ = £(a) = £y + 1 the above bound together with
the induction hypothesis imply the bound (4.49). The dependence on ¢ in the bound (4.49)

comes from the estimate on the (finite) number of terms in the sum over b, c.
Let F; be non-relevant, so that [a] > 0. Then Lemma 4.17 yields F' = 0 and therefore

1
Fo= - / 0, FS di.
u

Using the monotonicity of the kernel norms (4.10), we obtain
1
1780 < [ 1oy F3l, dn.
M
By Minkowski’s inequality, this gives
1
Wzl < [ Mol an
F u

1
< / [t tdy  sup [n] 110, Fllnll -
u ne(u,1) F
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Since [a] + k = k > 0, we have

1
/ [[n]][a]+:<—l d77 < [[ﬂ]][a]+:<.
i
Consequently,
[u]~tel=x “”Fﬁ”#“LN < sup [yl HHBUF;;”U“LN'

P ne(u,l) ®
Taking the supremum over u € (1/2, 1), the required bound for non-relevant kernels in (4.48)
follows from (4.49). This argument applies equally to marginal and irrelevant kernels in
the non-relevant branch.

Letus now consider relevant kernels £, for which [a] <0.1f k(a) =0, then v}, F); = F;
and the bound (4.48) is trivial. For k(a) > 0 we shall use the following decomposition

1
F,g.a-ug):F]a.a-vg)-/ﬂ 0, F% - (1) di

1 1
=~ [ 1a-&pa,E)- (- yan- [ 1Rso,E51 (1= an.
u u
Note that F' - (1 —v,) = 0, which follows from the fact that the kernels F}' are local, that

is, they are supported on the diagonal, and vft = 1 on the diagonal. Then

”F;}_F,‘;'U,a,”ﬂ

1
< [ -&a,F3- (-l
u

1
+ [ 1IR30, F51 (1= o)
M
We now observe that, on account of Lemma A.17 and Lemma A.20, we have

1Fg = Fi - vpllu

1 2s b—¢€(a)k,
n n
</ (” 4 Ll )Ilc"‘an;Iqun
u

[[M]]Zs [[/J]]b*f((l)Kn
1 [[n]]b—t’(a)/q)

T [u]Pt@s

Consequently, by Minkowski’s inequality

||(3,7F$||,]d7].

F% — F% . ¢ < lw 9., F¢ d
|||| u u U'u”Il“L]éV ~ B [[#]]b—l’(ﬂ)Ko ”” n 77”’7“L]{,V n.

Note that by (4.2), (4.33), (4.39) and (4.38),
[a] +b—C(a)ke = b—a+ (6 —ko)l(a) + B
=b+ (6 —«ko)l(a) —28B—«
=(6—kp)l(a)+5+b—-25 >0,
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for k(a) > 0 and ¢(a) > 0. Thus, the previous estimate and the bound (4.49) imply the
bound (4.48) for the relevant kernels. This concludes the proof. [

4.8. From cumulants to random kernels

The bound (2.31) stated in Theorem 2.7 is proved by combining the cumulant estimates
from Lemma 4.15 with the auxiliary bounds established in Lemma 4.18, via the follow-
ing lemma, which shows how estimates on the cumulants translate into estimates on the
effective force kernels. The remaining part of Theorem 2.7, namely, the proof that the
estimates (2.19) hold with Cr = 1 + ||[F¥||2, is presented in Section 4.9.

Our analysis relies on the decomposition of the effective force kernels into mean and
fluctuation parts:

Fi=F+Fy, F}:=FF,, F;:=F;-EF}.

Lemma 4.19. Let (F, l(,E’M) ue(1/2,1) be the solution of the approximate flow equation with
final condition (4.41) with r o pr as in Lemma 4.15. For every N € N, we have

BIFYY = 1R

< 4
:IPY ~ L ( )

where |F%|| was defined in (4.9).

Proof. If [a] > 0, then F}' = 0 by Lemma 4.17. Hence

1
Fz:—/ 6,7F,‘;dr]
u

and

1
[l S s ] 1) / 16, S ludn
u
1
< / [7]7 18, F2 1, dn
u

1
< /1 10,500

On the other hand, if the kernel F; is relevant, that is [a] < 0, then [u]~' =0atu=1.
Consequently, we have [[,u]]‘[“]Fl‘j =0atyu = 1. From

Ou (] FR) = [u] 18, FS + [a][u] 1 F, 451)

we deduce that

1
L]~ IE S/ ()" M0y Fgll + [n] ™' M IES 1 ,0) d
u

1
< /1 /z(ﬂnﬂ—[“lnanF;;n,, + )~ ER ) da.
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Next, Minkowski’s inequality gives

sup  [ul "I FL L
ue(1/2,1)

l‘IPN
1

< [ oo,
12

1
ans [ i, o
L{,\’ 12 [[ ]] nlin Lé\’

for every kernel. Since /1}2 [n]“~'dn < oo, we arrive at

sup [u] IS,

< sup |l FolL
ue(1/2,1) S V2

Ly ue(1/2,1)

+ sup H[[M]]’[“]’KIIF“II H .
ue(1/2,1) HM Ly

Using Lemma 4.18 and the decomposition Fj; = F ot F 4 We obtain

zf(ﬂ)
<1+  sup sup ”[[,u]}‘lbj‘Kllz)ZF}}II,,
N B¢ (6)<C(a) pe(1/2,1)

? [6]<0

sup  [ul "IIF L

£(a)
ue(1/2,1) Loy

2C(a)

— _ - 2€(a)
wa+WHMWWQM)).

<1+  sup sup (”[[u]]_[b]_KllvleEIIM
b|£(b)<l(a) ue(1/2,1)
[B]<0

Applying Lemmas 4.21 and 4.23 and recalling that || 74 || < 1, on account of Lemma 4.15,
we conclude that

sup  [o] FL | s 1.

ae(1/2,1)

L]PN
Finally, to establish the slightly stronger bound

0],(0
sup HO_Hd/2+s+2K”F([T] ( )”(r
oe(1)2,1)

<1

N
LlP

for the noise F' ‘[TO 1O _ 3 (M) e proceed as before, and invoke the second bound stated

in Lemma 4.21. u

The following factorisation is chosen to work uniformly above and below the lattice
scale. When [u] > &, both the temporal and spatial variables can be smoothed as in the
continuum. When [u] < &, the spatial structure is atomic and is therefore retained explicitly
in one factor.

Definition 4.20. Let £ € [0, 1]. For [u] > &, we set

K= (1+ [u]*0) (1 = [u]*As) 7%,

R ¢ 4.52
Ry = (L 0051 (1 - [u]PA)* 2 *2
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For [u] < &, we set
Ky = (1+ [u]*0) 7" (1 = [ul’A0) 2,

. . 4.53
Ky = (1+[u]*3) ' o1. 433)

Observe that in both regimes the product is exactly
KRy = (1+ [u]*0) ™ (1 = [1]*Ae) ™ = K, (4.54)

Lemma 4.21. Forall a € W and N € N,, we have

—la]-« | fa a A
sup (|l 1SS ol L v 1AL
pe(1/2.1) Ry
d/2+s+x ) [01,(0)
sup ||Ta] < NEY | L st
pe(1/2.1) oo iy

Proof. Let k = k(a). By Lemma A.18, there exists a weight \7’3 with support properties
analogous to those of v}, such that

IE5 - vl = llo® - [KG(F o)1 - @l < [0 - [KRFl - Vidgll.

Moreover, we have
~a a\y{7a a a 25k dk a _ k
sup/k W, (2, Z)Vy (2, Z)dZ® < [u]™" (e V [u])F, Z% = (z1,...,2k) € A~
Z€EN JAK

Thus, we have

IEp - oflly < o - [ReFa] - Vamhll < [u]** (e v [uD) ™ l0® - [KEFSIl Lo,

where, here and below, ||¢|| .~ denotes the supremum norm in all the variables. Hence,
75 - oglall o < Tl (o v T fllo® - [RE ARl o - (455)

To analyse the last term, we decompose the operator K, as

N

K, =K,.K,,

where the kernels K w and R 1 are introduced in Definition 4.20 and £ > 0 is a small constant
to be fixed such that

1
0<k< =.
242k
By Lemma A.7,
Kl L2vren-n 10y S [u] @22V, (4.56)
provided
4ANR > 3.
Note that

ga _ po(l+k) p®(1+k) £-1,k
Kﬁ =K, K, Kl,
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by Definitions 1.13 and 4.5. Hence, by weighted Young’s inequality, Fubini’s theorem
and (4.56), we have

E[[lo® - [KSF2IN]

< D0 [ B0 @ RE R A 520N oz

a 2N
< —(d+2s) (1+k) k®(1+k)K1,kﬁa L 70,0 (, 70))2N 0%(z) 70
< [l S BUEE R B sz e, 7)) e T | e

< [ul” (d+2s) (1+k) HE ®(1+k)K1 kFa] ) wz)zN]

5>

L

Oa(Z) 2N
/ (m) dzdZ® 5 1,
A JIARE

for N € N, large enough. Thus,

where we used that,

(<1+2,)<1+/\)

o - (REFET e 2 < Tl IBLCLRE K ERL g 2NN @57)
We need to control the L]%N norm of the centred random variable
A l k ~
(RO KLRED) (23 2wl (2, 2°).

To this end, we observe that, by induction, it is easy to show that F 4« 1s a polynomial of the
Gaussian random field £ (M) Consequently, by Nelson’s hypercontractivity estimate, all
higher moments can be controlled by the second one. In particular, the 2N-th moment can
be bounded in terms of the second-order cumulant

E(FS ® F) = $o(F FR) = 7.

Using the notation

Laa) —w ®w K(aa) K”C K:jk,
we have
IELCRES M KL* ] - wl) V]|l
<n IELRT TV KLEES] - wl) |1 (4.58)
< IS (R O KA FR - wp, (RO RG] - w1
Since

15 N, = KD FEOT - w1,
by Lemma 4.22 below, we obtain
1+k > (1+k
IR (RO RHAF - wp (R KR - wh)
< [[,U]] 2s(l+2k)(8V [[/v‘ﬂ) d(1+2k) |||7L(a’a)|||u-
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Hence, by (4.58),
IE([R ®(1+k)K1 kFa] ,w;ll)21v||]2d+;,o < [0 (s v [[#]])—d(l+2k)/2|”7_-ﬂ(a,a) |||,11/2~
Overall, using (4.55), (4.57) together with the Definition (4.22) of ||#4|| and the fact that
[(a,a)] = —0+2(0 + ) +2[a],

we arrive at

d+2s (d+25)(1+k)

—fal- ~ _e _dils _ —
sup (| [~ 1o Fllll v sv IFA I sup [ =20 £ @459
H u

In order to conclude, we need the right-hand side above to be finite, that is, we require

o d+2s (d+2s)(1+k)
-2 - — k> 0. 4.
0+a > 2 N k=20 (4.60)

Given our choices of parameters (4.33) this bound has the form

3 (d+2)(1+k) 3
S ——————— k> 0. .
10 N Sk>0 4.61)

Since k € (0, 65/2) by (4.36), it suffices to take N € N, large enough to satisfy this
inequality and conclude our bound. The bound for smaller values of N € N, then follows
immediately by Jensen’s inequality.

The second of the stated bounds, namely the estimate for the noise F [01.(0) — & (e.M)
is proved by the same argument as for (4.59), except that we now use the precise estimate

17 e =1, a=(0,0),
for the covariance of the noise
7'74(0’&) _ Rz(F,EO]’(O),F},O]’(O)) = Ry(£(8M) glaM)y,
which follows from (4.28), instead of the weaker bound
I e < [ S FAP
Specifically, in place of (4.59) we obtain

0],(0
sup H[[Iuﬂd/2+s+l<“Fl[l IN( )””
u

S sup [[#]] Pt

for N € N, large enough, depending on « > 0. ]
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Lemma 4.22. Let F be a random distributional field over A'™** admitting second moment.
Assume that the law of F is invariant under spacetime translations and such that

= F(zz+ 210,72+ 2k) (4.62)
is a.s. periodic in space with period M forall 7y, . ..,zx € A. For z,z1,...,20k € A, define
F(z.21,-. - 20k) = K2 (F(0,21, ..., 21)s F (2, Zhats - - -5 22k)).

Forallw > 0and g € [0,1/(2k +2)), we have

IR2((REOF), (RETOF)) - (w9 @ w9 |11
< Hluﬂ—2s(1+2k) (8 v Hﬂ]])_d(l+2k)

X / w0, 21, zw T (2 2k 220)
AMXAZk
X |F(z,215---520k)| dzdzy . . . dzog,
uniformly over F and p € [1/2, 1), where I%,, is the kernel defined in Definition 4.20.
Proof. We claim that
> (1+k) o®(1+k) _
S ((Ky F)(0,z1,...,2k), (K, F)(z,zk+15 - -5 226)) = (K = F) (221, - - -5 22k)

forall z,z1,. ..,z € A, where * stands for the convolution on A'*2* and
Kou(2,21, - .. 228) 1= /Aleﬂ(z”)ley(z +2)Ku(z1 +2") .. Ku(zak +27) d2”.
Indeed, we have
(K * F) (2,215 - - 22k)
= /AMk K (2)Ku(Z + 2Ky +27) o K2y +27)
XF(z=2 21 =20, ... 20k — 25 ) dZ'dZ"dz) .. .25,
= [ R R IR - K230

XK (F(0—-2",21 =2, s 2k — 2p)s
F(z =2/ 2k41 = Ly - -2 22k = Z31))
’ " ’ ’

xdz'dz"dz] . ..dz5,

= Qo ((RE"™F) 0,21, 20, (REIF) (22, o z20),s

where the second equality above follows from the translation invariance of the law of F.
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It remains to show that

14k), 14K),
(K * F) (2o 21s - s 220 |0 0,21, 20wl ™0 (2, ks - 20)

< ﬂﬂ]]_zs(HZk)(s Vi [[ﬂ]])_d(1+2k)
X/ w0, 20, 20w T (2 2k - zk)
AMXA2k
X |F(z,21,...,201)|dzdz . . . dzok.

We have
(K * F)(zo 215+ 220)
< Z/ 1K (2 +Mn, 2, 20
nezd Y Am XAk
X|F(z=2' =Mn,z1 = 2},..., 20k — ) |dZ'dz] . .. A2y
Thus, by the same argument as in (4.6), we obtain
1+k), 1+k),
(Ko * F) (2215 s 220w ™00, 21, 20wl ™0 (2, 2k - 220)
< / »w;;’(z’ + Mn)w, () - w (25 ) K (2 + Mn, 23, ..., 25
nezd Y A XAk
1+k),
X w0,z 2z - 2))

(1+k),

w /7 7’ 7
X wy, (z=2 = Mn,2es1 = Zpqs - - - 22k — Thp)

X|F(z—2' =Mn,z1 =2}, ..., 20k — 25 ) d2’dz] ... d2hy,

where for z = (f,x) € A and n € Z¢ we write z + Mn = (t,x + Mn) € A. Using Definition 4.3
we arrive at

1+k),w
/ w0,z =2z = 2))
/\MX/\Zk

(1+k),w

’ ’ ’
Xwy, (z-z2 —MnsZk+1_Zk+1,---,Z2k_sz)

X|F(z—2 = Mn,zi =2}, ....20k — 2hy)|d2'dz] .. dgh,
14k), 14K).
=/ wi 0,20, L Z) w0, 22y
AMXAZk

X|Fz=2 =Mn,z},....502-2 ~Mn+2,,....2— 2 — Mn+2y)|

’ ’ ’
x dz'dz} ... dz5,.
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Note that by (4.62), the above expression can be rewritten as

(1+k),w ’ ’ (1+k),w ’ ’
‘/A o wy, 0,2), ...,z )wy (0,2%410-+>258)
M X
X|F(Z 2y 2+ Zhys -0 2+ 2hp)1dZ'd2] L2,
_ (1+k),w ’ ’ (1+k),w, _r _» ’
—[\ A2k wy (07Z1’~~-,Zk)w” (Z ’Zk+1""’22k)
M X

XNF(Z 2]y Zh Tpggs - - - » 2o dZ7d2) L d2),
Consequently,

1+k), 1+k),
(K F) 2oz, 220wl ™0, 20, 2wl ™ (2 2k 220)

< sup Z wz)(z/ + Mn)wl‘f(z;) e wl‘f(zék)

’ ’ ’
252052 €A S 0a

’ ’ ’
X | K (2 + Mn, 23, ..., 25)]
(1+k),w ” ’” (1+k),w 11 _1r 7"
x/ Wy 0,2,.... 2w, (27, 2y > 28)
AMXA2k
X |F (2", 2y, ..., ) d"dy ... d2f.
To complete the proof it remains to show that

sup Z wy (2 + Mn)w, (2}) -+ wy; (25)

’ ’ ’
2520502 €A S 0a

X K (2 + Mn, 2y, ... 2] < [u] 7020 (e v [u]) ~40+20),

To this end, first note that by Lemma A.8,

2k
l_[ wlul)+d+1(zi) |7(;1(ZO’ o, Z2k)’ < [I/,t]]_zs(HZk)(S Vi [[#]])—d(1+2k)-
i=0

Consequently,

Z w/‘j’(z’ + Mn)w;’(z’l) ) ..w;'(z'Zk) |‘K,,(z’ +Mn,z,.. .,z’zk)|

nezd

< [u] 20 (g v [u])-40+2K) Z w7 (2 + Mn)

nezd

< [[Iu]]—Zs(1+2k) (8 v Hﬂ]])_d(1+2k)9

2k
i=

where we discarded the factors [];Z, w;ld’l (z;) < 1. This proves the required bound, and
finishes the proof. L]

Lemma 4.23. For every a € U, we have
[ I (Ve P T

uniformly in u € [1/2,1).
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Proof. By Lemma A.18, we have

IFS - vlle S NGl = N0 - [KRF] - @l
Moreover, by Definition 4.3,
a~a a
0w, S W,.
Thus, by Lemma 1.17, (4.2) and (4.19) we obtain
(17 I (VA S [[u]]‘[“]‘“ll [KSER] - whll
— [[/1]] K” ®(1+k(‘1))K1 k(a)Fa] wa ”

—fal- 1+k lk
S [l Ky KW T - wil

< NFAN[p]te)- ol
< IFAN[u] oo,

where a = (a). To conclude we use the inequality
a—-0+0—-k=20,

which coincides with the constraint [ F] stated in (4.31).

4.9. Post-processing

(4.63)

It remains to establish the bounds (2.19) with Cr = 1 + ||[F¥||? used above in the proof
of Theorem 2.7, based on the analysis of the flow equation carried out so far. This is the

content of Lemmas 4.24, 4.27 and 4.28 below.

Before continuing with the specific computations leading to (2.19) it will be useful to

discuss how to fix the values of the parameters

79 19’ Es g, ka as V’ KDs K.

The validity of the Lemmas 4.24-4.29 below, which together yield (2.19), depends on
a series of conditions on these parameters, namely (4.71), (4.76), (4.79), (4.80), (4.82)
and (4.83) as well as the constraints (2.18) in Theorem 2.5. The parameters «, «, are further

constrained by conditions (4.36) and (4.38).

For the reader’s convenience, these conditions are summarised in the following table:

[A] 9 <3(y—B)+6—are(1+0) —k
[B] 9<2yA (3y d+25 -2k — aKD)
[C] ﬁ\éé’—a—ako(25+2)

[D] B> kv+(1+0)k,

[E] P <yA(2s-2y)

[F] 9> 4(i+3/()K

[G]  xe(0,6,/2), %en,
[H] Ko < 8 A (2=b)/(20 +2)
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In order to satisfy all these constraints, together with the basic bounds ¢ > 0 and ¢ > 0, we
proceed as follows. First, recall that

_ 6* K _ 6* _ 4S — d
ﬁ =S 4 27 6 - 2 s 6* - 3 > 0,
and set 1
y:=B-1, 9= Eé*' (4.64)

Next, we fix £ € (0, 1/3) small enough so that

Bs+dx)k 1
———— < —Ox.
1-k 16
Since 4(s + y) < 8s + I, this allows us to satisfy [F]. The constraint [A] is satisfied
provided

ake(1+8) +k < %5*. (4.65)
Since
3y — d+2s — 2K — ak,
=3(y-pB)+38- d-;Zs — 2Kk — ak,

3 7
=3(y-p+ 25* — 5K~ aKe,
the condition [B] is satisfied provided

3 7
49 < 4_16* — EK — aky,

and
*

1)
319<2ﬁ=25—6—/<=2s—7—1<,

that is, whenever
11
K+ ay < 7* K< 25— Ré*' (4.66)
Note that
ds—d 2s+d

11
2s—ﬁ(5*>2s—6*>2s— 3 3 > 0,

so the second condition in (4.66) can indeed be satisfied. To meet condition [C], we shall
later impose

5
2ak, < I*' (4.67)

Under this constraint,
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We therefore choose £ large enough so that

Then [C] follows once (4.67) is imposed. Given £ as above, we fix k large enough as dis-
cussed in Section 4.1. Then we fix a sufficiently large so that

a>k(2s—0)/k > 2kB/k > 2ky/k.

Consequently, relation (1.25) compels us to set v = y/a. To ensure condition [D] we intro-
duce a constraint

(1+ €)ky < &/2. (4.68)
Condition [E] is met if
3 d
K<25—Z6*=S+Z. (4.69)

Indeed, the inequality ¥ < 2s — 2y is automatic, since
5
2s =2y =25 -23+29 = §5*+K>19.

It remains to ensure ¢ < y. Since y = § — ¥, this is equivalent to 2 < S, which follows
from s s
K
=< s———==
g ST 27F

provided (4.69) holds. To conclude, we fix «, and « small enough as follows. We fix k, > 0
and choose

ke (0,6,/2)\ {25 —6(L+1): L eN,}

sufficiently small so that the remaining constraints, namely [G] and [H], together with (4.65), (4.66),
(4.67), (4.68) and (4.69), as well as (4.38), are satisfied.

Let us now detail the analysis. As a first step, we extract the coercive contribution from
the effective force by defining

Qo’(‘ﬂu’) = JO'FO'('I’O') - (_/hp?f)
=JoFoWo) = Jo () + (1= J o) (Ay3) ., (4.70)
= o o) + I FM Vyo + T OO+ (1= Jo) (w3,

where ¥ is a generic field,

Yo :=Jo¥,
and
FOLO = gled o pO Oy =y, FP W)= ) L@@,
alé(@)>0
Recall that the norms |[¢[| = [|+[|z and [[[l# = l|[l+,z depending on the terminal scale ji €

[1/2, 1) were introduced in Definition 2.2.



Fractional CD‘3‘ stochastic quantisation 77

Lemma 4.24. Assume (4.76), (4.79), (4.83) and
k>5, B2 kv+ (1+0)k,. 4.71)
Then the bounds

12200 Wl < o] P LIFY I+ By + (1 + Ty ID2(Ly)-ls], (4.72)

125K o (Fo (o) + 203) || < [o ]2 2 IFMICL + Iyl )%, (4.73)
IZEK o Fo We)ll < [o ] IFM (L + Il IDF, (4.74)
hold uniformly in g,y € [1/2,1), 0 € [uV @, 1) and y € S’ (A).

Proof. First, observe that, by the triangle inequality applied to the decomposition (4.70),
we have

12500 W)l < 18 EE N W)l + 18576 (FIO1 Dy 4 FIOLO))
+ 1251 = To) ()|
S IGiKo P o)l + 15K (FO Dy FIOLO))
12 =T )l

To obtain the second estimate, we used that £ > S5v, which is a consequence of (4.71),
together with
Jo =LoJoKo, “L(J'J(T”Tv(g-l) <L

The latter bound is a consequence of Lemma 1.17. The bound (4.72) now follows from
Lemmas 4.25, 4.26 and 4.29.
Next, by the decomposition of the force,

Fo(Wo) + Ayl = FE Ny o) + FIOM Oy, 4 FIOLO.
Hence, by Lemmas 4.25 and 4.26,

65K (Fo(wo) +avs )|
kg pl>0l (%)H + o (FLORMy 4 F[O],(O))”

< [l 2 NFN L+ Ty ll)*.

This proves (4.73).
Since k > 3v and [|K ¢ |lpy(,-1) S 1 by Lemmas 1.17 and 2.3, we have

i Kool S 16 Kot Il S 1Ko iy - 15w L S 160w < [o ] vl
The bound (4.74) now follows from the estimate

165 Ko Fo o)l S |[{5Ke (Fo(Wo) + 0 )| + 15K |
and (4.73). [
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Lemma 4.25. Assume (4.71). Then for every a € W such that €(a) > 0, the bound

15K e Fa (5 )| s [or] -+ E-klrot@-anel) g2y k@ (4.75)
holds uniformly in g, u € [1/2,1), 0 € [uV @, 1) and y € 8’ (A). Moreover, provided

9 <3(y—Pp)+6—aky(1+0)—«, 4.76)
the following bound
165K Fo W)l s [ ] IF 1+ D"
holds uniformly in g, u € [1/2,1), 0 € [uV ,1) and y € S’ (A).
Proof. We first observe that, since JoJo =Jo and Ky L, = 1, we have
Vo =Jobo =K:L2 Jots.

Consequently, it follows from K% = K, ® (K2)®*(®) and Definition 4.6 of the kernel norm
that

) ) i ) i
1Ko FEWS I < lwy, o ll0® - [REFE] - 0% Ml pp L2 T ot o 1K),
where

£5(2)

08 (2) D% (2,21, - -+ Zk(a)) Pu(21) - - Pu(Zi(a))

Wy o (2,215 Zk()) =

”my,a'” = ”m,u,O'”Lm(Al*k(“))-

Using that the weight o is at scale 1 (cf. Definition 4.3) and that the weight {,, is at scale
[1]~ (cf. Definition 1.5), we deduce

0(2) 7" = (2)5" < [u] e (u] .28 = [u] " (2). 4.77)

Noting that the Steiner diameter of a collection of points is always at least as large as the
distance between any two points, we exploit the weight (#%)~! to propagate the weights
p;l to the output variable. Using furthermore that p,, = ¢{;; and 0% = 0'*0(® a5 well as
£(a) < ¢, k(a) < k and (4.71), we obtain

—
k(a
’yK (Dap ( ))

o, ol <
L(A)

< [[Iuﬂ—aku(lﬂ’(a))||§E—Ko(1+€(a))—vk(u)”Lw(A) 4.78)
N u

< [[Iuﬂ—akn(1+£7)

We also observe that, by Lemmas 1.17 and 2.3,

lpuLlsdotoll S ILeTollrv e lloptolle s [o]7 Iyl



Fractional CD‘3‘ stochastic quantisation 79

Moreover, by Definition 4.6,
o - [RSFS] - %)l = IF3llo < [o] ™ IFY.
Combining the above estimates and using (4.2), we conclude that
IZEK o Fo (we )| 5 [or]morBmnk@ot@aned | g2 jy k@
e l,l ~ 9’

which proves (4.75).
To prove the second part, we observe that

K FE ol < D iR FS (o)l

alf(a)>0,k(a)<k
s Y el @ s )
alt(a)>0,k(a)<k

s [o]mero e+ ONE |1 + Iy )k,

where we used that 8 > v, 1 < £(a) < £ and k(a) < k. Since, by @ = 38 + « and (4.76),
we have

3y—a+d—ake(1+0) =3(y=B)+6—ako(1+8) —k> 0,
the proof is complete. ]

Lemma 4.26. Assume (4.71) and

d+2
9 <2y A3y - s

— 2Kk — aky| . 4.79)

Then the bound
1K FE OV IR FRY D (o)l < [o] 37 NFYICL + v,
holds uniformly in g, u € [1/2,1),0 € [uV @, 1) andy € S’ (N).
Proof. On account of (4.13) and (4.14), 8, FI*! = 0. Thus,
FO@) = MO =M @), PP 20 = Az = oz ).
Recall the definition (4.9) of || F¥||. By Lemmas 1.17 and 2.3, > v and ¢ < 2, we obtain
] o, o )
122K P D Wl = FIIEEK oo |l < IF 1K o lly e 150 o |
< [T IFM Al s [T 2 IHF -
Moreover, by (4.79), we have
15K FY PN < 12807 [loK o FLOMO)
< [[#]] —ak, [[a_]]—(d+2s)/2—21< ”F‘l[ ”
< [o] 1P,

where the bound ||§l’§0’I I s ]~ 4 follows from (4.77), since & > k, by (4.71). [
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Lemma 4.27. Assume (4.71) and
9 < 8 —aky(1+7). (4.80)
Then the bound
1£uK o (DF o (00) (G oIl <[] IF¥I (1 + M D12, T2,
holds uniformly in fi € [1/2,1), p € [1/2,1), o € [uV 3, 1) and ¥,y € S’ (A).
Proof. We have

l¢uKo (DFe @) (God) s D NeuKaFaws™ @™ @ God)l.

alk(a)>0

Observe that since G := L o, 2y =Jg, JoJo =Ty and KoLy = 1,

o =KolyloVo,  Goll =T3Gol = KoLyGol, 4 =50,
Using Definition 4.6 of the kernel norm, we obtain
I6uK o P (0 ™ @ Go)
S wy o llllo® - [KGFol - a% |l
Xlpu Ly oo ML LG o,
where
Wy o (22150 Zh(a)) = _ 5”(?_ ,
08 ()@ (2210 - - -2 2k(0)) Lo (20)Pu(22) - - pp(Zi(a)

(RS I

Using furthermore that p,, = ¢} and 0" = 0! *(V) as well as £(a) < 7, k(a) < k and (4.71),
we obtain

k 1)\ —
o llize < 1800 EL S ™) Ml o)

< [[,U]] aKD(l+(,’(a)) ”é«lz—Ku(l‘*'f(a))—V(k(a)_l) ”L‘”(A) (4.81)
~ ﬂ .
< Hﬂ]]—ako(1+l7).
We also observe that, by Lemmas 1.17 and 2.3,
lopLoJovoll < ILoTolltvie-nllppbeliee < [o] v

and
1£7*LEG ol S IIL% G o llry -y 18501 < o] I, .

Moreover, by Definition 4.6,

lo® - [REFg ] - a5l = IFg o < o] NP
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Combining the above estimates and using (4.2), we conclude that
I6uK o P (w5 ™ & God)

S A [ (O8] N P

< [0 O EN 1+ D N2 g,
where in the last step we used 2s — @ + 8 = ¢ and that 8 > y. This finishes the proof. =
Lemma 4.28. Assume that

9 < 60— —aky(20 +2). (4.82)

Then .

He () := 0oFs(¥) + DFe (W) (GoFo (W), ¢ €S'(A),
satisfies the bound

1EuKoHo W)l <[]~ IFXIP (1 + lu i)

uniformly in @, u € [1/2,1), 0 € [uV f, 1) and ¢ € S"(A).

Proof. We observe that, on account of the perturbative flow equation, we have

HoWo)= Y. > Bt (Go Fo FO) (W5 ™).

A€Wy \ A b,ceA

Then, working as in the proof of Lemma 4.25 and using Lemma 4.9 as well as k(a) =
k() + k(c) — 1 < 2k, we obtain

" k
1Ko HeWolll < D > 14K By (Go, S, FS) e )]
A€Wk \ A b, ceA

Z Z [[#ﬂ_akg(l+[(a))

a€Wex \A b, ceVA
X [o] 7 WNBE (G Fors FO ol
Z Z [[#H—aku(1+f(a))
A€ Wex \A b, ceA
x [or LIty R @O~ ED ) I FS o <)

[o] [a]-yk(a)—aky(1+£(a)) -1

N

A

N

A€Wk \ A b, ceA
X NFYPA+ By D>
The factor [u] —axo(1+£(0)) appearing in the second line arises due to the estimate (4.77)
by a bound similar to (4.78). Now since 8 > y and £(a) € [€ + 1,27 + 1], we have
[a] = yk(a) —ako(1 + £(a))
=—a+ (B—7y)k(a) +6l(a) —ake(1 + £(a))
> —a+6f —ak,(20+2) > 0,



82 P. Duch, M. Gubinelli, P. Rinaldi

where we exploited (4.2) and (4.82). This proves the claim. [

Lemma 4.29. For all
¥ < 25 =2y (4.83)

the following bound

1627 (1=Jo) Wl < [o] P PN Ly lls-
holds uniformly in i, € [1/2,1), o € [uV f,1) and ¥ € S'(A).
Proof. LetJs,, := 1—J,). Then
(1=-Jo)Wy) = (1 =J) [(Tgo)’ + (Tspo)’
+3(pW o) (Usno) + 3T o) (st o).

Choosing 7 = &%, which implies 677(1 - 7)~' = o (1 - o)1, the first contribution (1 —

Jo)(J ,,1//(7)3 vanishes by the Fourier space support property of the product. As for the
other contributions, we have, for example,

127 (1= Jo) (T o)l = oy (1 = To) (To gt o)l
< oy (o o) Il S oo IPllop (Ts o)l

Since o > p and 5] = [o’], by Lemmas 2.3 and A.25, we have

1Y (1 =T sy o)1l < I o] NP NLe e < [T e I 1L s

The contributions coming from the terms (/¥ )* (J> p¥ o) and (J, ¥ ) (J5 ¥ ) * satisfy
the same bound. Since ¢ < 2s — 27, this finishes the proof. [

Lemmas 4.24 and 4.29 provide the first estimate in (2.19); Lemma 4.28 provides the
second; the second bound in Lemma 4.24 provides the third; and Lemma 4.27 provides
the fourth. Together with the random kernel estimates from Section 4.8, this completes the
proof of Theorem 2.7.

Appendix A. Auxiliary estimates
We collect in this appendix various technical estimates of general character. Recall that

d =3 and s € (3/4,1). As in the main text, all estimates are understood to hold uniformly
inee2 M and M e N,.
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A.l. Kernel estimates

Definition A.1. Recall from Section 1.1 that for a spacetime multi-index
Ac N({)O,li,...,di},

we denote its spatial part by

A= (A AL, e NfE ot

and write 4
A= Y (Aip +Ar D), AL = 2sA0 + |A].
i=1
For (ko, k) € R x R4, let
. eiib‘ki _ 1
dyr (k) = +—— |,
&
and
- d . A . A -
dd (k) = [ [(dir () (dim (), al(ko. k) = (iko)™d2 (k).
i=1
Thus

02 f (ko k) = d2 (ko, k) f (ko, k).
Lemma A.2. Recall that

qe(k)? = hd Zd:sin2 (&) -2 Zd:(l — cos(ek;)).
? = 2 & !

&
Jj=

The following bounds hold uniformly in €.

(a) Forevery k € (R%)",
qe(k) < |k|.
(b) Forevery > 0andd € Ng,

02 0)| spa a0, geth) > 0. (A1)
In the special case B = 2, one has the stronger estimate
0847 (k)] s £1972g 271D (k) (A2)

for every k € (R2)*, including the points at which q . (k) = 0. Equivalently,

qz(k), lal =0,

; q=(k), lal=1,
EAGIETR s

b |a| = 2’

glal=2 a3
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{1,...,d+}

(c) Forevery A N, and d € Ng,

ofad 0| saq a2 W0, gtk >0

{0,14,...,d+}

Consequently, if A € N , then, for ag € Ng and d € Ng,

3097 a2 (ko, )| Sa.dan ol g1 k), o) >0,

with the left-hand side equal to zero if ag > Ayp.
(d) Let y € C((0,00)). Forevery 3> 0, d € Ng, andn >z 1/2,

0 (200146 (kD)| Sp.an 19 Luugp (1.6 (K)).

More generally, for every A € N({)li,...,di}’

(e) ForeveryR>0andy <d,

/ gz (k)dk <, R4,
{‘IS<R}

In particular, for everyr < d + 4s,

/{qgsz} (1 vy r(k)) dk <

Proof. The comparison ¢ (k) =< |k| follows from
| sinx| < |x|, x| < /2.

We first prove the strengthened estimate (A.2). Since

d

3¢ (200 x e ()RR )| g0, 1A gy (1 (0)).

(A.3)

(A4)

(A.5)

(A.6)

(A7)

(A.8)

2
2
q3(k) = = (1 = cos(sky)),

&= o
one has

ak CIE -

whenever @ has nonzero components in at least two distinct coordinate directions. It there-
fore suffices to consider @ = ne; for some j € {1,...,d} and n > 1. Direct differentiation
gives

" _, | Isin(ek;)|, nodd,
o )| <2 2{ !

| cos(ek;)|, neven.

Skj
2 |sin (7)

For n = 1, using

| sin(ek ;)| < < gq¢(k),
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we obtain
|0k, 4% (K)| < g (k).

For n = 2, the derivative is uniformly bounded, while for n > 3,

02fqi(k)| <, &2

Together with the case n = 0, this proves (A.2).
We next derive the weaker estimate needed for arbitrary powers. Since

ge(k) s &',
estimate (A.2) implies, whenever g . (k) > 0,
08 a2 ()] <a 42 ' (k).
Indeed, this is immediate for |G| < 2, whereas for |@| > 3 one uses
e < g5 (k).

Now write
7 = (2P

By Faa di Bruno’s formula, every term in 6,fq§, with @ # 0, is of the form

m
C@P ot a+-ran=a al> 1.
i=1

Consequently,

m
(@) | | o5 a
i=1

m

_ 2-1d; —la

S (qPP | [ ar o = 4
i=1

This proves (A.1).
We next prove (A.3). Foreachi € {1,...,d}, each sign, and each 7 € N4,

|opdi= ()] <7 g (k) qelk) > 0.

For 7 = 0, this follows from
|d™ (k)| < qs(k).

For |F| = 1, it is immediate from the explicit formula for dfg’i. For || > 2, the derivative
vanishes unless 7 = ne;, in which case it is bounded by £/71=1. Since ¢.(k) < 7!, this
gives

glfl=1 < q};‘fl(k).

The product rule now yields (A.3). Estimate (A.4) follows by differentiating the factor
(iko)™.



86 P. Duch, M. Gubinelli, P. Rinaldi

Estimate (A.5) follows from (A.1) and the chain rule, since on supp y(7¢ ) one has

de < 77_1~

Combining the same argument with (A.3) gives (A.6).
Finally, (A.7) follows from g =< |k|. Taking y = (r — 4s)+ gives (A.8). ]

Lemma A.3 (Ordinary lattice heat-kernel estimates). Let p; be the kernel of e'de | with
respect to £%-counting measure. Then pf >0,

/ pi(x)dx =1, / [x|?p& (x) dx = 2d1,
RE R4

IpElls < (Vi +e)™ . (A.9)

and

For every g > 2,
/ Ix|9pE (x) dx <4 1977 + 18972 (A.10)
R¢

Moreover, for everyt € (0,1] andi € {1,...,d},

10 PNy (14 fef2/22)

< (Vi+e) l(1+

t+e ) Vi (A1)
+ -
T
Finally, for p € [1,0) and w > 0, there exists C = C(p, w, d) such that
1L+ 1D pfllee s (Vi+e) 07V (140 (A.12)

Proof. Positivity and conservation of mass follow from the Markov property. If X;* denotes
the continuous-time nearest-neighbour random walk with generator A ., then

2
Aglx|” =
Dynkin’s formula therefore gives E|X?|? =
The Fourier representation is

2dt, proving the exact second-moment identity.

- 2 ik-x dk
pf(x) = / e 1as k) pikex 2
’ (<o) ] (2m)
On the Brillouin zone, ¢ (k)? 2 |k|?. Integrating the Gaussian gives Ct~4/2, while bound-

ing the integrand by one gives Ce~¢. Taking the minimum proves (A.9).

Let N, be the number of jumps up to time ¢. It is Poisson with parameter 2dt/?, and
the quadratic variation of the martingale X satisfies [X®], = &> N,. By the Burkholder—
Davis—Gundy inequality and the standard Poisson moment estimate,

E|X18|q gq SQEN?/z $q tq/z + tgq_z.

This proves (A.10).
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We prove (A.11) for the forward difference. In one dimension let P, (n) be the probab-
ility that X = ne. The sequence P; (n) is symmetric and non-increasing for n > 0. Discrete
summation by parts gives

2.2 2 2
n‘e & &
Z (1 + T) |Pi(n+ 1) —P,(n)] < P (0) (1 + ﬁ) * Z,,“ |n| P (n).

nez

The on-diagonal estimate yields P;(0) < &/(Vf + &), and Cauchy—Schwarz yields
D nlPi(n) < Vi/e.
n

Dividing by &, as required by the discrete difference, proves the one-dimensional estimate.

In dimension d, the walk is a product of one-dimensional walks. The coordinates different

from i contribute their second moments, of total size O (¢/7%), multiplied by the unweighted

variation in the i-th coordinate. This gives (A.11). The backward difference is identical.
For (A.12), choose an even integer g > wp. Positivity gives, for 1 < p < oo,

-1
1+ B0 < P [ (14 1D27p (o)
< (Vi+&)74P=D (1 +1)C.
Taking the p-th root concludes the proof. ]

Lemma Ad4. Let k € Noand A € N{"" %) sarisfy Ag € {0,1} and |A| < 2. Then

N
~ P JAl=1
104K sy < W1 (14 255) A13)

Moreover, uniformly in u € [0,1) andn € [u, 1),

”K,u,r]”Tv(wi) < 1, (A.14)
Ly = DK ey < [l I, (A.15)
”(Z:;k - 1)12,14’k||TV((w,2‘)®(1+k)) < [[,U]]izs[[ﬂ]]zx (A.16)

Proof. Set T = [u]. Using the notation introduced in Lemma A.5 below, we write
K;l = Io{‘r ® (KT * KT)»

and observe that
w (1,x) < the (D) ().

The estimates with no spatial difference and with exactly one spatial difference follow from
weighted Young’s inequality and Lemma A.5. A time derivative costs 7725.

Consider now two spatial differences. Since difference operators commute with con-
volution, every such term can be written as a finite linear combination of kernels

(0"°K,) = (87°K>), o, A € {+,-}.
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The weight satisfies
Wr(x +y) S Wr(x) + e (y).

Weighted Young’s inequality therefore yields

(07K ;) * (072K lTv(an)
< 710" K litvan | [T107* Kelltv]
+ [T6" K llrv ] [T107“ Ko llrv (@) |-

By (A.19) and (A.20), each product on the right is bounded by
&g\ . T
(1 + ;) min {1, E} < 1.

This proves (A.13) for |A| = 2, including mixed spacetime derivatives.

We turn to the estimates involving two scales. Since 17 > u, one has 7] < [u]. Expand
Ku.n = LK, into temporal and spatial factors. Every nonidentity temporal factor is con-
trolled by (A.21), whereas every nonidentity spatial factor is a complete scaled Laplacian
block and is controlled by (A.22). This proves (A.14).

Similarly, every term in (L, — 1)K, contains either [7]**d; or [17]?As. The temporal
contribution is bounded by

> [u] .

The spatial contribution is bounded by

(710172 < [l [u] .

because s < 1 and [[]/[¢] < 1. Mixed terms are smaller. This proves (A.15).

Finally, expand Z};k — 1 as a finite sum of tensor products in which at least one factor
is L, — 1. Apply (A.15) to that factor and (A.14) to all remaining factors. This proves
(A.16). L]

Lemma A.5. Fort € (0,1] and n € [1, 1], define

Le=1+1%8, L.:=1-12A,
K. =17, K, :=L7,
Kyr o= Lok, Rypn = LKy,
and ) ,
(1) :=1+%, w4 (x) :=1+|f_—|2.

Then the following estimates hold uniformly in & € 27,
(a) Uniformly int € (0, 1],

IRy, + 710 KellTv (i, S 1o (A.17)
1.

IKelltviay) + T IAK lltv(a,) < (A.18)
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The first spatial differences satisfy

710" Rellry < min {1, 2}, (A.19)
&
i+ 5 g _&VT
710" Kellrviam,) S 1+ - < pt (A.20)
(b) Uniformly int € (0,1] andn € [7,1],
(1 = LoKylltva,) s 707, (A21)
(1= LKy llrvea,) < 2072 <7072, (A22)
(c) Uniformly in the same range,
”f(r],‘r”TV(zi),,) + 1Ky lltva,) s 1. (A.23)

Proof. The temporal kernel is explicit:
2s

Ko (1) = 77 1{120}€_t/T

The first term in (A.17) follows by the change of variables ¢ = 72u. The distributional
derivative is
o o 2s
6tKT — T—2S60 _ T—4A ]l{tZO}e_t/T ,

and the same change of variables proves the second term.
For the spatial kernel, the resolvent formula gives

g, = / e el d) Ro(x) = / e p® L (x)da. (A.24)
0 0

The kernel is nonnegative and has mass one. Using the exact second-moment identity from
Lemma A.3,

IR lltv(a,) = /0 e-‘(1+r‘2 / |x|2p;‘,z(x)dx) da
:/ e (1+2d)dag 1.
0

Since

(1-72A)K, =60,  T°A:K., =K, - 60,
the scaled-Laplacian estimate in (A.18) follows.
We prove the weighted first-difference estimate. If 7 > &, Minkowski’s inequality,
(A.24), and (A.11) give

0™ KellTv (@, )
dAa.
0

|
(o)
s/ et

&2
(1+/l+—2)+\/§
T

.
VAl+e
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On0 < A < (g/7)%, use
.

Vi+e

the length of this interval is (¢/7). On its complement, use

T
< —:
&

s

.
™WAl+e

Both integrals are bounded uniformly, so

<Az

710 Kelltvm,) S 1 when 7 > &.
Suppose now that 7 < . Positivity implies

|07 Ko (x)] < &' (Ke(x + g¢;) + K (x)).

Furthermore,
_ &\ _
5ely - e < 1+ 5 2r )
Consequently,
i+ T &%\ 5
10" Kelltvm,) S < (1 + = | IKelltv(a,)
£ T
<1+ E.
T

The backward difference is identical. This proves (A.20).
For the unweighted estimate, the preceding diffusive argument gives O (1) when 7 > €.
When 7 < ¢, positivity and mass one give

07K llry < 267"

Multiplication by T proves (A.19).
Finally,
(- LT)KI] = _T2S(9ZK17’

and the explicit temporal kernel at scale n gives (A.21). Similarly,
_ _ > _ 7'2 _
(1-L)K, =1°AK, = ?(K,7 - 60),
which proves (A.22). Since
I%n,‘r = I%n - (1 - Zr)kns Kr],‘r = Kr] - (1 - l_‘T)KTp

(A.23) follows from the preceding estimates. |
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Remark A.6. The factor 1 + £/7 in (A.20) is necessary. Indeed, when 7/ is small,
K. (0) = &7¢ (l + 0(‘1’2/82)) , K. (-ge;)) =0 (z-:_d‘rz/sz) .

Therefore
|0 Ko (—e)| 2 797"

Retaining this single nonnegative summand in the weighted total-variation norm gives
i+ 5 &
0" Kellrvan 2 —-

Lemma A.7. Let N € N, set

2N
P=aoN-T
and assume
cs 1 d
max{—, — .
: 2N’ 4N
Recall Definition 4.20 ofI?,u. Then
IKyllzp g1y s [u] (29 CN) (A.25)

uniformly in u € (0,1) and & € 270,
Proof. Put T = [u]. The temporal kernel of (1 + 7%59,) % is

o 1 o i .
Relt) = Lshe e = a2 R 1)),
For every w > 0,
I+ 1D “Kellir @) So 7720717,

provided p(k — 1) > —1, equivalently K > 1 —1/p = 1/(2N).
Suppose first that 7 > €. The spatial factor is

. 1 o N
(1-72A,) % = 0 / e~ AT e JR-1
K) Jo

By Minkowski’s inequality and (A.12),
I+ 1D (1 =72Ae) (1o

< / e (VA + ) 740-1P) (1 4 £22)€ da.
0

Since 7 < 1, the last polynomial factor is bounded by (1 + 1)€. Factoring out 74! ~1/7)
and setting 6 = /7 € (0, 1], it remains to control

/ e M1+ DA (Va + 6)~40-1/P) ga,
0
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Split the integral into (0, 62), (62, 1), and (1, c0). On the first interval the integral is bounded
by C*~4(1-1/P): on the second it is bounded by

1
C/ ﬂ.k_l_d(l_l/p)/zd/l;
9

2

the last interval is controlled by the exponential. All three terms are uniformly bounded
precisely when 28 > d(1 —1/p), i.e. K > d/(4N). Hence

1L+ 1D (1 =72 Ae) Fler S0 7YY,
Suppose now that 7 < &. The spatial factor is
(1-72A,)72

It is a positive probability kernel. Its L*-norm is bounded by C&~¢, because its Fourier
multiplier is bounded by one. Interpolation between L' and L™ gives

(1= 72Ae)Pllep < &7 4071P) < 7d(21P),
To include polynomial weights, use
(1-72A,)"2 = /O " e AeAT e .
By (A.10), for every fixed ¢,

Jasnnra-ra)macs,
uniformly when 7 < & < 1. Positivity therefore gives
1L+ 1D (1= 72A0) 117,

11— 228,210 /(1 +D“P (1 - 7A,)2(x) d

g~dp-1) < r=d(p=1)

IA

A

Thus the same spatial estimate holds below the lattice scale.
Choose w large enough that

L6907 s (L+ 1)@ (1 + [x) .
The temporal and spatial kernels factorise, so Fubini gives
=25/(2N) 1 =d/(2N) _ 1~(d+2s)/(2N)

||ky||L1>(§-l) ST

This finishes the proof. ]
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Lemma A.8. Recall that d = 3. Let m € N, and
Kozt zm) = / Ru@Ru(z1+2) - Rulom+2)dz. (A26)
Ag

where K 18 the kernel introduced in Definition 4.20. If

1

0<R< ——,
m+1

then K, is continuous in the time variables and, for every w > 0,
)" Kl < ] 7" (8 v [uD =", (A27)
uniformly in u € (0,1) and & € 270,
Proof. Put 7 := [u]. The kernel K . Tactorises into its temporal and spatial parts:
Ru(t,%) = He (1) o ().
Accordingly, the kernel in (A.26) factorises as
Ko (11,1, et Xm) = Koy (11, oo 1) K (X153 X))
The temporal kernel is the kernel of (1 + 7258;)~'=%), namely

{t>0}

R -t/ _ =251 (4/7%5).
-0 e T 1(t/77)

He(1) =
Since (m + 1)k < 1, one has H; € L"*!(R). Hence Holder’s inequality gives

sup /|H1(Z‘)H1(l‘+t1)"'H](l‘+tm)|dt<OO.
R

The exponential decay of H, together with the submultiplicativity of polynomial weights,
gives, for every w > 0,

m ( |t,|1/(2‘)
sup 1+

) |7< (st <0 T2

Continuity in t1, . . ., t,, follows from the continuity of translations in Lm+l (R).
We next estimate the spatial correlation kernel. Suppose first that 7 > €, and put

s:=2¢e(,1].
T

The spatial part of K Y
(1-72A,)" 30,
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Its kernel has the Fourier representation

Ao = [ (140,070 ab
T(

&

=T‘d/ ' as(g)dg,
TS
where

as(q) = (1+q5(g)*)~ 9.

By the strengthened 3 = 2 estimate in Lemma A2, for every multi-index A € N¢,

sup 02asll 1 ey < 0. (A.28)
s 4 OIS

Thus, for every w € Ny,
|)C|2 - - ig- =\ 45
(1 + | Hee) =1 d e T (1 - Az)“as(G) dg.

5

Using (A.28), we conclude that, for every w > 0,
|He,e(0)] S0 77 (1 + |;C—|)_w, T>e. (A.29)
Let
7_(,1(x1, X)) = /Rd He o(X)He o(x +x1) - He o (x + xp) dx.

For every @ > d, the discrete Riemann-sum estimate

-
/d(1 +@) dx <o 74, T>e, (A.30)
RS

holds uniformly in £ and 7. Moreover,

1+Ms (1+m)(1+—|x+xi|).
T T T

Choose @ > mw + d. Inserting (A.29), transferring the weights by the preceding inequality,
and then using (A.30), we obtain

]—[(1 +¥) K (1 s

i=1

|X| —w+mw
< T—d(m+1) 1+ =
R T i

|)C| —w+mw
< T_d(m+1)/ (l + —) dx g 779m,
RS

—

1l
—

(1 N |x+xi|)_d’+w &
T

T
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Hence
I+ [sl/D)) 2" Kyl < 779, 126 (A31)

Suppose now that T < . The spatial part of K 4 1s the identity, whose kernel is
o5 (x) = S_d]l{x:()}.

Its spatial correlation kernel is therefore
m
i -d
KK (x1, .o X)) =" 1_[ Lix;=0}-
Jj=1

The spatial weights equal one on its support, and consequently
I+ [/ D" Kl = ™™, T <e. (A32)

Finally, by Definition 1.16,
1129\ @ 1\
w;"(ti,xi) < (1 + L) (1 + m) .
T T

Combining the temporal estimate with (A.31) and (A.32) gives

—dm
1) Kl < 772 {:_dm: : i zj
This is precisely (A.27). |
Lemma A.9. Let € € Ny. Put
7 :=[o], p:=TVe.

The following estimates hold uniformly in & € 270, o € [1/2,1), and (t,x) € Ay.

(a) Forevery N e Ngyand A € N({)O,li,...,di},

-N
- by t
|6AJO-,g(t,x)| $A,N,{’ T*ZS(1+A())p*d*|A\ (] + % + |;CT|) s (A33)

-N
~ Y t
|aA(90-J0-’[([,.X)| $A,N,l’ [[0_]]—17_—25(1+A())p—d—|/4| (1 + -J—TL + %) . (A34)

(b) Leta € Ny, let A be a spatial finite-difference multi-index, and let w > 0. Define

e [ i=o,
Aalt) = (1+u)(@14Ds A 20,
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Then
10804 T o e 1ty (we) Sa i we [0]7297 Al , (ﬁ) , (A.35)
1680200 Tor Ty ws) Sadee [0]7 244714, ([[%]) : (A.36)

In particular, there is no sublattice loss when A = 0, nor when |A| > 1 and w < |A.

Consequently, for every fixed m € Ny,

”ngo'f”TV(w%,) $m,€ 17 (A~37)
10: T ety ) e [o] 7 (A.38)
”Vsjoxf”Tv(wlr) <e [[U'H_l~ (A~39)

Since {™' < w), the last estimate implies

IVedoellryie-1y <e [o] ™

Proof. Fix £ € Ny, and set

Cot = 27t 1,

Thus the symbol of J, ¢ is
j(coetlhol”®)) j(coetqs(K)).
Since o € [1/2, 1), one has

0o (CO',ZT)
Co—jT

=— ST . (A.40)

Coe = 1, CofT =¢ T,
oT

Denote by J. and J. e the temporal and spatial kernels whose Fourier multipliers are,
respectively,

ko > j(co.elkol ), k+— j(coetqe(k)).

Here and below, the fixed index £ is suppressed from the notation. With the usual convention
of denoting a convolution operator and its kernel by the same symbol, one then has

Joe(t,x) = Jr (t)J 7,0 (x). (A41)
The function
ko V> j(Ikol"/ )

is smooth and compactly supported, since it is constant in a neighbourhood of the origin.
Its inverse Fourier transform is therefore Schwartz. Using (A.40), we obtain, for every
a,N € No,

-N
o t
160 (D] Sauv.e 7720+ (1 + T'7|) : (A42)

-N
° t
|ataao']‘r(t)| sa,N,f T_ZS(HQ)_I (1 + 7|__2|3) : (A43)
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Indeed, differentiation with respect to o~ replaces j(u) by a constant multiple of uj’(u),
together with the logarithmic derivative appearing in (A.40).

We next consider the spatial factor. Suppose first that 7 > &, set
&

60:=—-<1,
T

and make the change of variables § = 7k in Fourier space. Then

M (x) = 7747 /

(RY)

_4g

. dé(é)j(c(r,t’q&(q))eiquﬁ‘r (272.)11 :

On the support of the integrand,
q5(4) <e 1,
and hence |G| <S¢ 1, uniformly in 6 < 1. The estimates of Lemma A.2, together with the

fact that j is constant near the origin, show that the Fourier derivatives of the integrand
have uniformly bounded L'-norms. Repeated integration by parts therefore gives

_ _ -N
04T o ()] S g ne T 471 (1 + @) ) (A.44)

Suppose next that 7 < g, set
1i=Ze(0,1),
&

and rescale § = k. This gives

_ _ o dg
9 — —d—\A|/ dA Y 1 ~\\ ,ig-x/&e .

-r,s(x) &€ (o] 1 (§)J (CO',[’ CII(CI))e (Zﬂ)d
As o € [1/2,1) and A € [0, 1], the multipliers in the last display form a bounded subset
of C*((R/2xZ)%). Integration by parts on the torus yields

_ _ -N
04T (X)) S5 50 & 971 (1 + M) ) (A.45)
v &

The same arguments after differentiation with respect to o~ give an additional factor 7!, by
(A.40). Combining (A.41)— (A.45), and recalling that p = 7 V &, proves (A.33) and (A.34).

It remains to establish the weighted total-variation estimates. The temporal bounds
imply, for every w > 0,

/@
/(1+ - ) 10T ()] df Sa.eo0 T2, (A.46)
R
|£]1/(29)\ . )
/(1+—) 107 0T (1) At Sa,co0 T2 (A47)
R T

We now distinguish the deep sublattice regime. Since

qe(k)y<2Vde™, ¢, <2,
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there exists ¢4 ¢ > 0 such that
j(cortqe(k)) =1 forevery k € (RY)*

whenever 7 < ¢4 ¢e. Consequently,

]‘r,s = 65;, (90-.]7-,8 =0 ifr < Cd,tE.

If |A| > 1, the kernel BAég is supported in a ball of radius C z¢&, and

046¢lITy <4 1AL

Hence, in the regime 7 < ¢4 ¢€,

- A Fo w
10468 v 141+l ) SA e & (1 + ;)

A (w—|A|)+
_ -I4] i
SA,w,(’ T (1 + ;) .
For |A| = 0, the corresponding weighted norm of 4 is exactly one.
In the complementary regime 7 > cq4 ¢€, one has
P=TVESGeT.

The pointwise bounds, with N sufficiently large, therefore imply

LAl

A
;]

||aAjT,£||TV((1+|'|/T)“)) »w,l

7-lAl=1

A
2

10400 Tz ellTv (14111

,w,l

Using the factorisation (A.41), the product rule for d,, and
11/ (2s)\ ¢ w

we(t,x) Sw (1+||—) (1+M) ,

T T

the preceding estimates prove (A.35) and (A.36).
Finally, since 7 = [o],

L7 = (1+770)" (1 -T°A.)™".
Every term in this expansion is a constant multiple of

Tlsa+2bata (_As)b~

(A.48)

If b = 0, apply (A.35) with |A] =0 and w = 2. If b > 1, write (-=A,)” as a finite linear
combination of spatial finite differences of order 2b, and apply the same estimate with

|A| = 2b and w = 2. Since 2 < 2b, no sublattice factor is lost. This proves (A.37).

The estimates (A.38) and (A.39) follow from (A.35) with
(a,]A],w) = (1,0,2) and (a,|A],w) = (0,1,1),

respectively.
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Lemma A.10. Assume d > 1 and s € (3/4,1]. Let A € Nf({)o’li """ di}, b € (0,2s), and let
p € Ny be fixed. Then, uniformly in & € 270, o € [1/2, 1), and every admissible spatial
period M > 1,

||3AG.0||TV(¢1) <A [[0']]23717‘/““‘, (A.49)
ILEG o llry (b, Spo [T, (A.50)
H|(L’;G'a)w"g|MHLm Spo L0174, (AS1)
LG oyl $p [o]H Ae™ o] " (A.52)
Moreover,
164Gipalrviey $a e IGlyyp o 1. (A.53)

Proof. Putr := [o]. Lemma A.11 implies, for every w € [0, 2s),

1G o lltvwe) Sw ™", (A.54)
NG cwelpll o S0 @ (A.55)
NG|yl s 777 Arle™ (A.56)

Indeed, for the first estimate choose @ € (w, 2s) and & sufficiently large in (A.59), and
integrate separately in time and space. The second estimate follows in the same way, since
@ > w makes the spatial translates summable. For the last estimate, fix @ € (0, 2s) and use
(A.59) separately in the regimes > € and r < &; in the latter regime the value at the origin

is bounded by 7 ~'¢~¢, and the same bound controls all the spatial translates.
The support properties of the cutoff imply
JoGy =Gy, Ji2G1j2 = G (A.57)
Consequently,
4Gy = (0%5) %Gy,  LHGo =(LhJy) Gy
By Lemma A.9,

[Als
9

||(9AJ~0-||TV(§71) Sar ||L€rju-||TV(wf;,) Spb 1.

Here the first estimate follows from (A.35) with w = 1: there is no sublattice loss when |A| =
0, nor when |A| > 1, since then 1 < |A|. Weighted Young inequalities, together with (A.54),
prove (A.49) and (A.50). The corresponding periodised Young inequality, combined with
(A.55) and (A.56), proves (A.51) and (A.52).

The first estimate in (A.53) follows in the same way from (A.58), the second identity
in (A.57), and Lemma A.9. Moreover, (A.58) gives ||G1/2||TV(wg) <p 1. Finally, using

1
G=G1/2+/ GUdO', wgSwE,,
12

and integrating (A.54) in o proves the second estimate in (A.53). ]
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Lemma A.11. Fixd > 1 and s € (3/4,1]. For every & > 0 and & € [0, 2s), we have
|G1/2(t.2)] Sga (L4127 (1 + )47 (A.58)

and

|G o (t.5)| 240 [o] 4! (1+ i )_d(1+8v|x|)_d(1+ﬂ)_a (A.59)
o] S ER o] - '

uniformly in (t,x) € Aand o € [1/2,1).

Proof. We only prove (A.59) since the proof of (A.58) follows the same lines. Observe
that

Gor(tx) _/ 60’(j0’(|k(,)|l/zs)j(r(CIs(];l)))ei(k(r)t_”;/x) dkdk’
7 A iky +m?+q% (k) (2m)d+1”

To prove a bound for the L*-norm of

&

(t,x) - 19%%G (1, x),
it suffices to control the L!-norm of

0o (o (k") jor (g5 (K')))
iky + m? + g% (k")

(ko k') a,fgag, ( (A.60)

Since for noninteger parameters s the bound
o g - oo ia
102.q2 (k") < [R'[»71,

uniform in € € (0, 1), is optimal, the L'-norm of the function (A.60) is bounded uniformly
ine € (0,1) only if |d| < d + 2s. As a result, the above simple strategy can only be used
to prove the lemma for @ € [0, |2s]]. To establish the claim for every @ € [0, 2s) a more
refined argument is needed. To this end, let 2 : R — R be defined by

hw) := —wd, j(w)

for w € R. Moreover, let the families of kernels (G ¢ )¢ (0,005 (GVT)TG(O’DO) , ((A;T‘,I)T,,]E(o,oo)
be defined by

Goltin) = T—I/ J(Tlkg)'25) h(rq e (k7)) + b (x|k)1M%) j(rqs (k"))
e AL ik} +m2 + g% (k')

 dkgdk’

(Zﬂ)dﬂ’

i(kjt+k' x

Xe

g% (k) h (t|kg|' ) j(rqe (k) h(tng (k"))
(kj = im?) + 2 (&)

dkjdk’

(zﬂ)dﬂ ’

GT,n(t,x) =117t /

&

w ol (Kt +E'x)
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1 7|1/2s =,
Ge(t.x) =17 / (] (rlkel =) a7
A

iky + m? + q% (k")

_Gikg +m2)h (elkg1 ) j(rqe (KD ety dkodK
(k= im?)? + g% (k') (2m)d+1
We claim that
Go(t,x) = 0-_2G~[[”]]/(T(t’x)’ G, =G, +/ éT,ndU- (A.61)
1/2

The first identity follows from
0o jo(w) = [[U]]’la’lh([[a]]aflw).
To verify the second, we use the identities
h(tlk)'?) j(rq:(k"))
ik6 +m? + q?gs(l;’)
AL (r1k)I %) j(rqe (k")) (kg +m?)h (tlk)|'?) j(rqe (k"))
(k= im?)? + g2 (K" (k= im?)? + 2 (k")

as well as
/1 g (E)an = - /1 g () dn = jrae()/2)
and

J(tqe(k))j(tq:(K')/2) = j(rq:(K)).

Let us motivate the usefulness of the representation of G, given by (A.61). First, note that
if |d| < d + 4s, then the L'-norm of the function

J (Tlk§1V2) h(rq s (k"))
ik +m?+ g% (k")
(kg +mPh (elkg ') j(rq-(K)
(kg = im2)? + g (k") ’

(ks B = 9207, ((

is bounded uniformly in & € (0, 1). This stands in contrast to the function in (A.60), whose
L'-norm remains uniformly bounded in & € (0, 1) only if |d| < d + 2s. As a result, it is
possible to control the L*-norm of the function

(t,x) — 19%%G . (1, x)

for |G| < d + 4s. Since |4s] > 3 > 2s > @ this indicates that G, indeed exhibits the desired
decay at infinity. On the other hand, the L'-norm of the function
a3 (k) (kg |M1) j(rqe (k) h(tng e (K))

(kj = im?)2 + g2 (1)

(ko k') — 6]?606;
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is bounded uniformly in & € (0, 1) for all ap, @ and consequently GAT,,I has good decay
properties. However, the bound for the L*-norm of the function

(t,%) > t9%G (1, %)

depends on 7. To complete the argument, we must therefore control the above norms uni-
formly ine € (0,1),7 € (0,1) and n € (1/2, ).
Fix an integer N > &. We claim that the following bounds imply (A.59),
G (1,0)] s 7 1&~ (1 + [¢]/7>) 7N,
G- (6,0 < T4 (1 + Ixl/0) ™ (1 + o] /7)) 7N,
G (0] < 727 N+ x| /)7 (0 + o] 72) 7N,
Gy (0] < 7" 2N+ xl /)72 (1 + o] /72) 7N,

(A.62)

To prove this claim, first use the last two bounds to conclude that for all @ € [0, 2] we have
G ey (12| < ™20 (L )7 (1 el f72) .
Consequently, the second identity in (A.61) and the above bound yield
G- (t,0)] sa 77 (1 + el /1) (1 + Jel 7)™V

for @ € [0,2s). If x # 0, then |x| > &, while for x = 0 we combine the above estimate with
the first estimate in (A.62). We obtain

G (1,0 s 777 A+ (o v D)/~ (1 + 3l /1) " (1 + 11l /7)™,

Since N > ¢ and [o]|/o < [o] for o € [1/2, 1), the bound (A.59) follows from the first
identity in (A.61).
It remains to prove (A.62). Starting from the bound for CA?T,,,(t, x), we have
(k)
Ay (kg - 11%2)2 + g% (k')
dkodk’
(2 )d+1

_T—d—ln—l/ s/r(k)
N (ko —it>m?)? + qis/r(l;)
h(|kol'*) j (/< (K))

~ '(k t/ 25 1k / ) dk()d];
X gy (e o/ keI S5

(G (t.x) =77 h(lkgl') g (K)

X h(tnq.s (K'))e! oK)

where we set kg = 72 k{, and k = tk’. It follows that

(21D ® (D (Gr,p) (2,0)]
ST_d_ln_I/ 5% 5a E/T(k)h (lkOII/ZS)](QS/T(k))h(TICIe/T(k))
SO (ko —it>m?)? +¢*, (k)

dkodk
(zﬂ)d+1 :
(A.63)
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Observe the following:

e In(A.63), the factor & (|ko|'/?%) restricts the integration domain to |ko|'/>* € [1,2]. In
this region, the denominator is never vanishing. More precisely

(ko = it m?)? + g2 ()] > e > 0.

e Similarly, the factor h(nq. /T(E)) restricts the integration domain to those k such that
qe/-(k) € [771,2771]. Thus, by (A.1), on the integration domain

027 (0 5 4 (R) = 7172,

8/7‘
On account of these comments and (A.5), we have the following bound for the integrand
2R (1kol' ) j(q ey (k) (11q 5 (k)
(kO —it®m 2)2 + qF/T(k)
< |a~|—251 k 1/2s 1
n 1021 (1kol ) 111,21 (g &2 (K)),

for all (ag, @) € N(l)‘“d. Taking ap = p and summing over all @ with |d| = g, this implies
that

o
a0l (

@D DG (2,3

< T_d_lflq_zs_l‘/* 110.21 (Ikol*)111.2) (0 e/« (K))

et

prd-lpaas—d-l /A 110.21 (1kol*) 11121 (@ /(o) (K))

&/(Tm)

dkodk
(27r)d+1
dkodk
(Zﬂ)d+l

N

< T—d—lrlq—Zs—d—l’

where the last estimate follows from (A.7). For any p, g € Ny, taking p € {0, N} and
g € {0,d, d + 2} proves the last two bounds in (A.62). The proof for G, (z, x) is similar.
Working as in the previous case, we have

TP (7 x| G- (2, x))|
Ca- (7 (koI ) h(q e (k)
<7 d 1/ Baoaa[( (

e ko Tk zko+72‘m2+q (k)
(iko+7'2Sm2)h(|k0|l/2s)]'(q,s/r(k)))
(ko —it2>m?)2 + %, (k)

As above, also here the denominators are non-vanishing on the integration domain, more
precisely,

dkodk
(Zﬂ)d+l :

e/t

liko + 7%m* + %5 (k)| > and (ko —itm?)* + ¢ ()| > 1

In the first term, this is due to the factor (g /- (k)), which restricts the integration domain
to g/ (k) € [1,2], while in the second one this is due to the factor & (|ko|'/?*), which
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restricts the integration domain to |ko| '/ € [1,2]. By (A.1), smce|6“ S/T(k)| < qi‘/Tlﬁl(lg),
we get

g [( J (ol ) (g (R)

ko "k (\iko + 725m2 + qg/T(k)
(ko + 3m?)h (|kol'*) j(qe/- (k) )H
(ko — i n)2 + g% (F)

< 10,21 (ko) ") 1021 (g s (B)) (1 v ¢*719 (%)),

e/t

Taking ag = p and summing over all @ with |d@| = g, this implies that, for ¢ < d + 4s,
@2 (7 DG (8, %)

r’dﬁl/A* To21(kol ) 1021 (g (R) (1 v ¢ (R)) dkodk

e/t

A

s 741

Here the last estimate is (A.8). Since d + 45 > d + 3, taking p € {0, N} and g € {0,d + 3}
proves the bound for G .. Finally, we discuss the first bound in (A.62). By changing the
variables as above, we arrive at

(T )P |G (2,0)] < 7'
x/ Py lj (Ikol'7?%) h(q sy (k) + h (|k0|l/2s) j(qf/f(lz))l

e iko + t2m2 + g% _(k)

dkodk.

{-‘/T

We use the same argument as for G : indeed both terms in the integrand have non-vanishing
denominators due to the factors (g - /+ (k)) and h (Ikol 12 ), respectively. Analogously, we
obtain

o [j (1kol"/5) h(g gy (R)) + h (1ol /) j(qgﬁ(lz))H

iko + T25m? + qs/T(k)

< 1jo.2y (Ikol'7*),
and thus

(T 21?16 (1,0)]

o - dkodk
<o [ ol T

elt

< T_l_d(s‘r_l)_d =7 lg™,

Taking p € {0, N} proves the first bound in (A.62). This concludes the proof. ]
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A.2. Properties of the weights

We collect here some important properties of the various weights introduced throughout
the paper.

Lemma A.12. For a > 0, we have

I(=As)* 2SN < [o ]
uniformly in o € (0, 1).
Proof. Let f € C?(R?). Recall that by (1.14), we have

(80 f0) = [ OO = Fx=)dy, e

where the kernel H'®) : R% — R is positive and such that H{*' (0) = 0, H* (x) = H{*) (~x)
and
HD ()] s 1177, xeRY

Let B(8) be the ball in R‘é of radius ¢ > 0 centred at the origin and B°(9) := R‘é \ B(6).
For any 6 > 0, we have

(A0 FOI < 53 / Hy () [2f (1) = fx +y) = fx = y)l dy
B(6)

v [ HPO@ - -l
B (6)
To bound the first term observe that

2f(x) = f(x+y) = fFlx =y s IVVFIllyP,

by Taylor’s theorem, where ||VV f|| denotes the supremum norm of the Hessian of f in the
continuum. As a result, we obtain

/ H® (3) 2 () = f(x+9) = F(x— )] dy
B(9)
< VYl / D42 dy < VY 622
B(6)
Moreover, we have
/ H™ () 1f (@) = fla =)l dy < IS / VI dy < 1187
B€(6) B€(6)

To conclude, we apply the above estimates with f(x) = £2(#,x) and choose 6 = o] 7. =

Lemma A.13. We have
123D (25 IR < [o]>e,

uniformly in o € (0, 1).
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Proof. Recall that ug denotes the kernel defined by (1.15), which is local in time. Let
B(z, 8) be the ball of radius § > 0 centred at z € A. By (1.17), we have

(2P D25 (21 = P (2) / 1257 (2) = 251 (2)1Pus (2, d2')

=) 1457 (2) - ' ()P (2. d2)
B¢ (z,6)
+ () (£ () - ' (P2 d2)
B(z,6)
=1+1L

On BC(Z7 6) = As \B(Z, 6) we have
I= / (2P (5P () - 12y (2. d2)
B<(z,6)
< / QG+ (2. 42)
B¢ (z,6
< / B3P s (z.d2) + 67,
B<(z,6)
Recall that

¢ @) 567 =) = (o] - = A+ [Pl - 2P,
uniformly in z = (z9,Z) € A and 7’ = (z9,Z’) € A. Since 2s > 2/3,
/ L) (@ s (z.d2) < / (1+ [0z - 21 Py (2, d2)
B¢(z,0) B¢ (z,0)
< 6—23 + [[O_H2a/36—2s+2/3.

Let us bound the second term. Thanks to the smoothness of ¢ ;l/ in space, by Taylor’s
theorem

2/3 -1/3 = = ’
L (2) / VG R o),
Z
Since ||[VZ5 2|12 < [0]2* and [|2?]] < 1, we conclude
s [o]* / |7 - 2Py (2,d2') < 672 [0]* = [o]>.
B(z,6)

Choosing now ¢ = o] ™%, we get
I< [[O_]]Zas + [[U]]Za/S[[O_HZva—ZaB < [[0_]]2as’ I < 62—2s[[0_]]2a — [[O_H%a.

This finishes the proof. |
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Lemma A.14. Recall that 1 < b < 2s < 2. The bound

b
(1- hu)w(z)’ _
s < [T ]
ws’

holds uniformly in u, o € (0, 1).

Proof. We have

2),b 2),b -
(U= hu(zz))w () w (@) [u] 2z -z

we (z.21) T W@ () T+ ]z - 2R
= wl(lz)’b(z’zl) ([[/‘l]]_llz — 21 |s)b([[:uﬂ_1|z - les)z_b
wP’(z2,21) L+ [u]2lz - 21l
= [[O—]]b[[#]]_b (1 * [['u]]—lk B les)b (HO’]]_IIZ - Zl|s)b([[:u]]_l|z - les)z_b
(1+[[0—]]71|Z_Zl|s)b 1+[[,u]]_2|z—zl|§

or ooy (L+ [z = 21l) ([u] 'z = zls) >0
< Lol T+ [l 2z -2l

2
< ﬂaﬂb[ﬂﬂ_b(lliﬂ[{;ﬂ]]gfz _Z;llls; < Lo [ul ™.

which proves the claim. ]

Lemma A.15. Forall w > 0 and m € Ny, the following bound

(l _ U(l+m))w(1+m),a)

u —
om0 S [o]“lkd™®
Wo

holds uniformly in u, o € (0, 1).

Proof. By Definition4.3, 1 — vLmH) =0if [u] ' St(z,y1, . -.,ym) < 1. As a consequence,

1+m I1+m), _
(1 _v/(l+ ))wl(fr ) B (1+ [l lSt(z,yl,...,ym))w(l_U(Hm))
wirm-e (1+[o] Stz y10 - ym)) g

ot o (Il + Stz y1s - ym)) (1+m)
— 1_ s
L™l ([e] +St(z,y1,.--,ym))w( w

is non-vanishing only if St(z, yi, ..., ym) > [u]. Hence

(1+m)y (1+m),
(1=vy ™ wy, " “’<[[M]]_w[[o]]w(25t(z,y1,---,ym))‘”

wi (Stzy1s- s ym)®

(1 =0y < [u]~“[o],

which proves the claim. |
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A.3. Norm estimates
Lemma A.16. The cumulant norms introduced in Definition 4.11 satisfy the bound
IKE EE DT (= hlle < [ [P IS Vo,
uniformly over o, u € [1/2,1) and Ij“([f]’(l).
Proof. By (4.6), Young’s inequality and Lemma A.14 we obtain
NEKE FET T (= )l = WK (K G EE T (= )] - w0
S K ey g NS FE VT (1= w2
< o (1= ) @) NVl
S T P
This proves the statement. ]

Lemma A.17. For every a € U, the kernel norms introduced in Definition 4.6 satisfy the
bound
IKEES) - (1= vl s [u] P[]~ F Lo,

uniformly over o, u € [1/2,1) and FX.

Proof. By (4.7), Young’s inequality, Lemma A.15 and @y, := wf,”k(a))’b*g(a)'(“ we obtain
IKGFg]- (1= vl = llo" - [KL([KGFG] - (1= vp)] - @,

S KTV () 10" - [KGFG] - (1= )@l

< (1= o) (@) Mz 1FS Il

< [P Lo W FL Lo,
where

Wy (2,21, - - Zk()= W (WD (21) - wh (2k(a))-

This proves the statement. ]

Lemma A.18 (Auxiliary localisation). Let a € Wand p € [1/2, 1), and set
k = k(a), 7 := [y, p:=TVe, 6:=£e(0,1].
There exist nonnegative smooth functions
5230, T)Z’l: A(I)J’k — [0, o)
such that, uniformly in u, &, and M,

155, ollzs + 1155, s s 1. (A.64)
u, i,
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Set po := T and py := p. Then, for j € {0, 1},

|20 — 21,0l < €T,
supp?® . C {(z,21,...,2k) : ’ , A.65
PP i {( R Y P SN (A0
where c is independent of u, €, and M.
Define
~a - 2.
Vi= UZ,O +6 vz’l. (A.66)
Then, for every kernel F*,
IF 08, < [0 - [RGFCT - Vadh|| < I1F - (A.67)
Moreover, for every w € [0,2],
sup / w2, 2V (2, 2°) dZ° 5 Tk pk, (A.68)
zeA J AR
In particular, taking w = b — £(a)k, in (A.68) gives the estimate with wf,“k)’w = Wy

Remark A.19 (Meaning of the auxiliary localisation). Lemma A.18 allows one to transfer
the original localisation vfl from the kernel F° to the regularised kernel I?;}F ¢, More pre-
cisely, (A.67) shows that, up to a uniform constant, multiplication by v;, before applying
the norm may be replaced by multiplication of I? 4 F% by the auxiliary localisation

_ ~a 2~a
=0, +0°D

The first term is localised at the natural scale 7 in space and 7%* in time. The second
term accounts for lattice translations generated by the spatial operator when 7 lies below
the lattice spacing. Its spatial support may therefore extend to the effective lattice scale
p =TV g, but it comes with the factor

*<(3)

In the regime 7 > &, one has p < 7 and ¢ < 1, so both terms are localised at the same scale.
In the sublattice regime 7 < &, the support of EZ is contained in the exact spatial diagonal,
whereas 7 Uu is supported on finitely many neighbouring lattice diagonals at distance O ().
The estimate (A.68) shows that this enlargement of the support does not change the
natural weighted volume of the localisation. Indeed, a spatial displacement of size O (&)

may cost at most
p w
() =0
T

in the Steiner weight, while the translated part carries the compensating factor 6. The
restriction w < 2 therefore yields

5257@ =69 < 1.

Thus \7’3 has, uniformly at and below the lattice scale, the same effective weighted volume
725k pdk ag a cutoff localised in k input variables at temporal scale 72% and spatial scale p.
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Proof. The case k = 0 is immediate: take
U0 =1, 7t . =0.
We henceforth assume & > 1.
We first record a weighted Young estimate used below. Set
w, = wlzl ® (wZ)®k.

By (4.7), whenever Q is a tensor-product convolution kernel satisfying

11TV (w,) S 1.
one has
[0 - (@ % G) - wi|| < [0 - G - w5|. (A.69)
Put
h = KEF“.

For the tensor variables (the output variable when j = 0, and the j-th input variable when
j=1,...,k),set

q0 =1, g;=2 (=1, Po =2, pi=4 (=1,
and define

k
Lo =QU+rma)U, K= L
j=0

LY=24.L., K.\=%KK.  F'=LL:h (A.70)

Temporal reduction. We first commute the temporal part of the regularising operator through
the cutoff. Let b = 7%%, g € {1,2}, and R+ 4 = (14 b0;)~4. For smooth compactly supported

8, u,

q
Reglg(1+bd)u] = )
m=0

m
m -
(") Z(—l)’( )[(ba»m "Req) * [u(bd) gl.  (ATD)
m) & r
Indeed, expand (1 + bd;)? and integrate by parts m times in the term containing 5" 0;"u.
Moreover,

n

(b8)" Ry 4 = Z(—l)"‘F(Z)(l +b6,)" 170 0<n<gq. (A.72)
=0
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The term with exponent zero is the identity kernel. The explicit exponential formula for
(1 + bo;)~" shows that every kernel on the right-hand side of (A.72) has uniformly bounded
weighted total variation at scale 7.

Iterating (A.71) over the tensor variables yields a finite set I", scaled time-derivative
operators

k
D?r/,[ = l_[(Tzsatj)Yjs O < ’)/j < QJ»
=0

and tensor-product temporal kernels O ,, such that

KelgLou] = ) Qry # [uD? g] (A73)
yell
and
197.yllTv(w,) S 1. (A.74)

Since the temporal and spatial operators commute, (A.70) and (A.73), applied with g = v,
and u = £ h, give the common identity

RE(F*0}) = )" KeQry % [(LH)DY 08 (A75)
yell

Thus the temporal part has been treated completely, and it remains only to handle the spatial
operator in (A.75).
Y

The finitely many functions D’ ,v

7 ¢V, are uniformly bounded and are supported where

|20 — zj.0] < CT%, Z-zl<Cr,  j=1,...,k (A.76)

We may therefore choose a nonnegative smooth function y ., uniformly bounded and sup-
ported in the same set up to increasing C, such that

IDY 0% S xen v €T, (A77)
By Lemma A.5 and weighted Young’s inequality,
1K v (w,) < 1. (A.78)

Fix a sufficiently small constant c¢g > 0, to be chosen below. We now treat the spatial
part of (A.75) in two regimes.

1. The regime T > coe. In this regime p < 7. We use the exact discrete product rule

d
Ag(ug) = gAgu +ul g + Z [((’)Hu)((')Hg) + (Bi_u)(ai_g)] . (A.79)

i=1
When a mixed first-difference term occurs, discrete summation by parts gives, for example,
K % [(8™u) (0™ g)]

- . _ o A.80
= [10" K] * [uT; (10" g)] = Ko x [ut9" 0" g, (A50
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where K, is the kernel introduced in Lemma A.5 and T;* denotes translation of the spatial
variable by +ee;. The backward-difference term is treated analogously. Thus every isol-
ated first spatial difference transferred to a regularising kernel is paired with a first spatial
difference of the cutoff.

Iterating these identities in all 1 + k spatial tensor variables in (A.75) yields a finite set
I, constants ¢ 4 g, and scaled spatial difference-translation operators DA DB such that

T,X°

Re(Fu) = > > calQey*(DE K]+ [hDE,DY 0% (A81)
yel' (A,B)eTl

Every spatial difference in DT . DB is multiplied by the corresponding power of 7.
Since T > cope, the kernel estimates in Lemmas A.4 and A.5, together with (A.74),
imply, for every term in the finite expansion,

”QT,y * (Df,x(]_(‘r)”TV(mﬂ) <co 1. (A.82)

Indeed, complete second-order spatial blocks are uniformly bounded, while an isolated first
difference costs at most 1 + &£/7 <, 1. Since v}, is obtained from a fixed smooth function
by parabolic rescaling at scale 7, all the scaled cutoff derivatives in (A.81) satisfy

IDZ DY 0%l <ep 1. (A.83)

T,t%u

Their supports are contained in a fixed enlargement of the support of vj,. We may therefore
choose a nonnegative smooth function o v satlsfymg
~ B
I8 gllze < 1. DDV, 0

Tt p /10’

for all terms occurring in (A.81), and supported in (A.65). Set
52’1 =0.
Combining (A.69), (A.81), (A.82), and (A.83) proves the first inequality in (A.67). The
second follows from (A.64).
On the support of #¢ | one has
M

w1 (wel0,2)),

because p =< 7. At fixed output point, the temporal support has volume O (72%), while its
spatial support has normalised lattice volume O (p¥). This proves (A.68) in the present
regime.

2. The regime T < coe. We now rewrite the discrete spatial derivatives as finite linear
combination of lattice translations and do not commute them through the cutoff. Since
p = ¢ in this regime,

L §* <1

g2 '
Put

A;l) = e?A, ).
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For a tensor point

Z=(2,215---52k) z = (20, 2), 7 =(2j,0.2j), Jj=1...,k,
and v = (v, ..., vi) € (Z4)'**, define the spatial translation of Z by
0,Z := ((20,Z + &v0), (21,0, 21 + €V1), -+, (2k,00 2k + EVE)).

Thus ©, leaves all time coordinates unchanged. We denote by 7, the induced translation
operator on functions,
(LN(Z) = f(6,2Z). (A.84)

We use the analogous notation ©; ,,, and T ,,, when only the spatial component of the j-th
tensor variable is translated.
For each j, the finite-range operator (1 — 62A§]))Pj admits an expansion

(1=82AP = 37 cj 3 (6D,

VjE/Vj
where N C 74 is finite and
|Cj’0(62)| s L |cj»Vj (62)| < 8 (Vj #0).
Tensorising gives
Lo= ) e, (A.85)
veN

where N c (Z%)!** is finite. With
r(v) =#{j €{0,...,k} :v; #0},

one has
ey (6%)] 5 62 ). (A.86)

Inserting (A.85) into the common temporal reduction (A.75) gives

Re(F08) = > 3" e, (69K Qe y * [(T) DY 8. (A87)

veN yel

Enlarge, if necessary, the constant C in (A.76) so that y. is supported where
lzo—zj0l < CT*,  |Z-Zj|<Cr,  j=1,...,k
Choose co > 0 so small that 2Ccq < 1. If 7 < ¢ge, then, on the support of y,
|Zi—Zjl < |zZi =zl +1Z2-Z;| < 2Ct < g,
where we use the convention Zj := Z. Since all spatial variables belong to £Z¢, this implies

Z=z21="" =7 (A.88)
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For v € N, define the translated cutoff
Xty =Ty xr. (A.89)
Equivalently, for a tensor point Y = (y, y1,...,Yk),
Xrv(¥) = x=(0,Y). (A.90)

We claim that
[0 - () DY oS || < [|0® - - xrw @ (A91)

Indeed, by (A.77), the left-hand side is bounded by the same norm with DZ’,vfI replaced
by x. Make the change of variables

Y =0,Z.

By (A.84),
(T,h)(Z) = h(Y), X<(Z) = x(0,Y) = x7,(Y).

The normalised lattice measure and the supremum in the output variable are translation
invariant. Writing Y = (y, y1,. .., Yx), the output variables z and y differ by one of finitely
many spatial shifts of size O(¢). Since € < 1,

0%(z) < 0%(y).

It remains to compare the Steiner weights. On the support of y,(Z), all spatial com-
ponents of Z coincide by (A.88). Let St;(zo, 21,0 - - - » Zk,0) denote the Steiner diameter of
the time coordinates for the metric | — #'|'/(?*). Since the time projection is 1-Lipschitz
for the parabolic metric and ®,, does not change the time coordinates,

St(Z) = St; (20, 21,05 - - - » 2k,0) < St(Y).

a

The exponent in @},

is nonnegative, and hence
111;(2) < lf)z(Y).

Together with the preceding observations, this proves (A.91).
Combining (A.69), (A.74), (A.78), (A.87), and (A.91), we obtain

IF2 )l < Z ley (8] [[0% - - xep |- (A.92)
veN
Define
o= > lev()xess
r(v)=0
5= ) 62e (60 xey

r(v)>1
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The coefficient estimate (A.86) and the finiteness of N imply (A.64). Their supports satisfy
(A.65), because all shifts have size O (&) = O(p) and (A.76) has spatial width O (7).

Since N is finite, after increasing the two majorants by a fixed multiplicative constant,
each norm in (A.92) is bounded by the norm with the corresponding sum of cutoffs. Con-
sequently, (A.92) proves the first inequality in (A.67). The second follows from (A.64) and
o< 1.

It remains to prove (A.68). Fix the output point z. For every v € N, the support of
X=.v(2, ) has temporal volume O(7%°%). By (A.88), each input spatial coordinate is fixed
relative to the output coordinate at one of finitely many lattice offsets. Its normalised spatial
volume is therefore O (&%%). Hence

sup / Xro(2,2)dZ 5 72Kk, (A.93)
z JAK

If r(v) =0, then v = 0 and w,(lHk)"” < 1 on the support. If r(v) > 1, the finite range of the
shifts and (A.76) imply
St(z,21,...,2k) S &.

Therefore, for every w € [0, 2],
g\w _
w5 (B) =0 (A.94)

Since p = ¢ in this regime, (A.93) and (A.94) yield

1+k ~
Supf w,(,+ ),wvz’o dZ < TZSkpdk,

z
2 (1+k),w ~a 25k dk $2-w
5sup/w,, U”’leST Pt oY,
z

Since w € [0,2] and ¢ € (0, 1], both right-hand sides are bounded by C7>**p¥. This
proves (A.68) and completes the proof. ]

Lemma A.20. Forevery a € U, the kernel norms introduced in Definition 4.6 satisfy the
bound

(1= ROFE] - (1= 0l s [] = [o]* N1FL o,
uniformly over u € [1/2,1), o € [u, 1) and F2.
Proof. By Lemma A.18 we have
(L= KGFG] - (1= vp)llu < (1= K Fglly = ll0® - [(Lg - DKRKGFG] - @l
By (4.7), Young’s inequality, Lemma A.4 and @, < g we obtain
0% - [(LG = DKLKGFG] - @pll < (LG = DR lltvw,) lI0® - [KGFo ] - @y |
< [ el 1FS o

where (2,21, - . - » Zi(a)) = WA ()W) (21)- - W (2k(a))- "
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Lemma A.21. The cumulant norms introduced in Definition 4.11 satisfy the bound
I = KEHES Ol < [ > [P IEE Vo,
uniformly over u € [1/2,1) and o € [u, 1).
Proof. By Young’s inequality, Lemma A.4 and w, < wg we obtain
(= KEHES DN, = 10 @ (Lo - DKKG DT w )
S (Lo = DRullpy o) IS FE 0T w0
S 17l il 2y P

as claimed. [

A.4. Schauder estimates

In this section, we establish estimates that characterise the spacetime regularity of distri-
butions ¢ in terms of the size of L¢.

10 Aillry -1y < [u] ™,
11 = A0 Allry ey < il
G L e 7

hold uniformly ini > —1.

Proof. The estimates follow from the identity [u;] = 2772 and Definition 1.14 of the
spatial Littlewood-Paley blocks. ]

1A:Gllry -1y S [u]™,
104G yllry -1y < >4k,
(G = Gllrvier) < ],
hold uniformly ini > -1 andn € (1/2,1).

Proof. Recall that A, is the spatial Littlewood-Paley block, Z(z) := (1 +|z|2)~!/? and note
that

[ Hi
G 2/ G,,d,u+/ G”d/.l+G1/2.
Hi 1/2
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Taking into account Remark 1.8 a), we obtain

1
1A Glirvie) < Waillrye / 1G llry -1 i
Hi

_ Hi .
10 = A Ay, /1 0= 200Gl

+11(1=20) " Adllrv e Il(1 = Ao Grpallrvg)-

Consequently, using Lemma A.10 we arrive at

- 1 . Hi ~
I18iGliry g1y s [ [ 'du+ [[ui]]z/l/2 [ du + [p]* x 1
Hi

S [wal® + Lol 72 + [wa]? < [wal™.

This proves the first bound. The second bound is precisely (A.49). To show the third bound
notice that

1

1
(G =Gty < / IGollrv(-1do < / [o]*'do < [n]*.
n

n

This completes the proof. u
Lemma A.24. Recall thaty € (0, s) and y = av. Then
lopAigll < [n] ™ 1) [ v A7 Tl + []** > IK. Loll4], (A.95)

uniformly in ¢ € S’(A), i > =1 and n € [fi, 1), where the norms ||+|| = ll*llz and ||*|l+ =
ll*ll+ z are defined by (2.13) and (2.14). In particular, for y > vy, we have

> 27Nyl s [l 7 gl + [~ UK. Lolls],

1
uniformly ing € [1/2,1),n € [, 1) and ¢ € S"(A).
Proof. First observe that

lonAigll < sup llpyx,Aigl
J

A

sup 105X &y vl uyvahid | (A.96)
J

A

[7)77 suplu; v Al 6 vadidll,
J
uniformly in 7 > —1 and n > ji. To obtain the last estimate we used the fact that

lonxi&ivall S lonxiga IN's [n] ™ [y v A7 (A.97)

Indeed note that if 7 < < u;, we have

lonx il Il < L+ [l Mui 1™ ™ < )™ s = [l ™7 [y v Al



118 P. Duch, M. Gubinelli, P. Rinaldi

On the other hand, if n > p; Vv f, then ||pn)(j§,7,-1|| < land 1 <[] [y, v @]”. Hence,
the bound (A.97) follows. By the estimate (A.96) it suffices to establish the bound (A.95)
with the weight p,, replaced by ¢;,. To prove the latter bound note that

sup[n]” ¢y Al = sup [n]” 11y Aill v sup [m]”11CnAill
nzp AST<p; nZpiVi

< (Al Nuvadigl v [A) [ v @17 sup [n]114, A0l
N> iV

<Al [wi v al™ sup [nl”l1&,A:8ll-
N>V

In order to bound the supremum in the last line above we shall use the following decom-
position
¢=¢7]+(G_G7])-£¢’ U)ﬂiVﬂ.

Note that

sup [y Aigll s sup ] IE, A5l + sup [n]711£,Ai(G — Gy LI,

nZpiVi nZpi Vi n>pi Vi
and
n 1/3
sup [1]71<nAidnll s sup [nl7 gyl < sup [n]7114 ¢yl < ol
n>pi Vi n>pi Vi nZpiVi
To complete the proof it is now enough to show that
1£58:(G = G L]l < [n]* >V IK. L s, (A.98)

uniformly inn > g; V fi. To this end, recall that L,, = (1 + [u]**8;)L,,, where L,:=(1 -
[u]?A)?. Now

Ai(G - Gn)-£¢ = Ai(G - Gn)LnKn-£¢
= L,Ai(G =G )(1+ [n]**0:) (K, L)
= L:]Ai(G - GU)K77-£¢ + [[n]]zsznﬁiatG(l - JU)K1]-£¢
=T+1L

We have the following bound for the first term

||§771[|| = ||§;]Z4,7Ai(G - G:])K7]-£¢|| < ”Z‘i}Ai”TV(g*')”(G - GII)HTV(g*‘)||§7]K7]-£¢”
< 1”14 Kn L.

The above estimates follow from Remark 1.8 a), Lemma A.23 and the bound
IL,Aillry -1y < 1,
which is a consequence of Lemma A.22. In order to bound ||£,1I|| .~ we first note that

3G =1-(m*+ (-A.)*)G
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and write

I = [7]*L,Ai0,G(1 - J,)K, L

= L, A1 = T)Ky L — [n]* (m* + (=A)*) Ly AiG (1 = J,)K,, Lo

=1I; +1I,.
We have the following bound for || £;,II; || :
1,100 = [ 16y LA (1 = T Ky Ll
s [[77]]25||Z4nAi||TV({4)”(1 =I)llrvie)
X |1 Kny Lol
< [ 11¢y Ky LII.

For ||{,1I>|| we have, exploiting Lemma A.23,

1l < [n]* 1140 (m* + (=A)*) Ly (Aiot + Ai + Ais)AG (1 = T, K, L

< [l 10m® + (=A2)*)Lyy(Aizt + A + A llpv o1y
X 1A Gllry -1 (L= T lrv -1 1£n K L]

< [l ] > [l N K Lol

= > 12, Kn LN,

where we used that

l(m* + (=A) )Ly (Aict + Ai + Apc)llpy -1y S [l ™

which follows from Lemma A.22. Summing up, we have

1£,8:(G = G Lg|| < [ ||, K, L
< > Il |2, Ky L8|
< I* 71K Ll

This proves the bound (A.98) and completes the proof of the lemma.
Lemma A.25. Let J.,; :=1—J,. We have
o>l < [ [ 1Ll

uniformly in i, u,n € [1/2,1), o € [uV f, 1) and ¢ € S’ (N), where the norm |||z =

Nlell4 7 is defined by (2.14).

Proof. Using Remark 1.8 a) and Lemma A.23, we obtain

103(G ~ G ) Lol < 1IG = Gyllrvie 1oy Lol < []* 10} Lol

Next, we note that

lo3dsndell = 103(G = Gy Lol < [M]*os Lol
< WZledLooll < 1= (o] 1L N4,

on account of Lemma 2.3 and the identity p, = £J,. This finishes the proof.
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Appendix B. Flow equation estimates

B.1. Estimates for A and B

The goal of this section is to prove the bounds for the operators Ay and B} . appearing in
the flow equation (4.23) for cumulants, thereby proving Lemma 4.13. We begin with the
definition of the first operator:

(@)
Zﬂ,‘j((}g,(ﬁi) = }i Zﬂg’(i)(Ga,Tgb),
b i=1 b

where

C(a;i)—1k(a;)

2 Ay Go T = Y, Y K +DE(G )
b

=0 k’=0

Nk (B.1)
i C(a;)=1-€"],(k"+1
X a1 (Fg!, ., Foot, FEOOTIOLERD,
RO pu e

The summation index b is constrained by the allowed values of (¢’, k’) appearing on the
right-hand side. For fixed a = (aj,...,a,) € Aandi € {1,...,n}, we say that b is (a,i)-
admissible for A if there exist

0<l <l(a)—-1, 0<Kk <k(q),
such that
b=1(ay,...,q;_1,l(a;))=1=C,k"+1), (', k(a;) = k'), a;41,...,0a,).

If b is not of this form, we set ﬂg’(i) = 0. The operator €;(G ) acts by applying G, to
the output variable of the (i + 1)-th kernel, and by inserting the resulting function into the
last input variable of the i-th kernel. This operator generalises €(G ) defined in (4.11),
which appears in the flow equation for the effective force kernels (4.13).

We now proceed with the definition of the second operator:

n(a)
DB (G ThTE) = ) Y Byl (G FETFE).
b,c i=1 b,c
where
€(a;)—1k(a;)

SN BV G FEFD =D > D K+ D1 (Go)
b,c

11,1, =0 k’=0

(Rlll [+1 ((Fg—j)jell , F([T[(af)_l“’/]’(k'+1)) (B.2)

1, (k(ar) =K’ A
R (£ )’(Fg’)felz))'
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Here, for a fixed i € {1,...,n(a)}, the sum ¥, , runs over all the partitions of the set
11L|12={1,...,i—1,i+1,...,11((1)}.

The summation indices b and ¢ are now constrained by the allowed values of (11, I, ¢, k")
on the right-hand side of (B.2). We say that (b, ¢) is (a, i)-admissible for B if there exist
a partition

LuL=A{1,...,i-1,i+1,...,n}

and integers ¢’, k’ in the above ranges such that, with the elements of /; and /I, ordered
increasingly,
b = ((aj)jer, (L(a;) =1 =0k +1)),

and
¢ = (' k(ar) =K, (a))jen)-

If (b, c¢) is not of this form, we set BZ’c(i) =0. The operator €7, |+ (G ) acts by applying G -

to the output variable of the kernel ([T[ ’]’(k(a")_k/), and by inserting the resulting function
into the last input variable of the kernel F, ([f(a" )7L D Ry precise definitions of the

operators 3{;,’ and Bg s see[11].

Remark B.1 (Periodicity and translation invariance). The estimates for the operators A
and B are applied to cumulant kernels which are spatially periodic and invariant under
simultaneous spacetime translations. These properties are preserved by the regularising
operators, since their kernels are translation invariant, and the weights w?. are likewise
invariant under simultaneous translations. Although the norm in Definition 4.11 distin-
guishes the first output variable, this choice is immaterial for the cumulants appearing
below. Indeed, let F' be simultaneously translation invariant in all its output and input vari-
ables and spatially periodic with period M. Then, for every r € {1,...,n},

s [ ([ Fazi.anaz) [ Taz, = 1e
AT \J AR

zr €A q#r

To see this, translate all variables simultaneously so that the fixed variable z,- is moved to
the position of the distinguished output. Lebesgue measure is translation invariant, while
a translated spatial fundamental domain may be replaced by Ay, by periodicity.

In the estimate for (A, spatial periodicity is used to decompose the integration over the
additional output variable into translates of the fundamental domain A,,. After translating
the corresponding output—input block by an element of the spatial period lattice, the cumu-
lant kernel and its weight are unchanged, while the sum over lattice translates is absorbed
into the periodisation

|(LUG(T)wEr|M.
This yields the factor
ool
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in Lemma B.2. Translation invariance also shows that the operators A and B preserve the
class of cumulants considered here. Moreover, in the estimate for B, it allows one to choose
any output variable as the distinguished variable in the cuamulant norm, while periodicity
permits the corresponding translated fundamental domain to be replaced by Ay;.

Lemma B.2. Leta € A and i < n(a). For every (a,i)-admissible b one has
[o] N, (G o FDo < [o] P I F 2o
uniformly in o € [1/2, 1) and in FL.
Proof. Recalling (B.1), our task is to analyse the expression
Ci(Go)Rn@y+1 (FY, .. .,Fc[f(a")_l_f,]’(k/”),F,[f/]’(k(a")_k/), L Fr@)y,

Using L,K, = 1 and Definition 4.5, we obtain

KY@K@ (§,(G o) Ryt (FY, .., FC@TI=CLED gL ka=k)  pluia))

= Ci(LaG ) KG W EOHR, (1 (FS

FL@=I=CL04) plE) (@)K plu)

As a consequence,
Ko Ay (G o FE) = AP (Lo G o KL FE).
Hence, by Definition 4.11 of the cumulant norm,
175 (G o, FOM o = WKEAT (G, FOI] - wh
= 1A (Lo G o KEFE) - ul |
< 1Ay (Lo Gl [KEFLD - ul ]
< 1AL D (Lo G ol - why, IKEFE| - wh),
where the last estimate follows from (4.3) and |L(rGa| . wl(’f denotes the function
2 [(LoG o) (D)W (2). (B.3)
As a result, using Definition 4.11 one proves along the lines of Lemma 5.29 in [11] that
1A (G o FE o
< m(LO'Ga') : wZ’lM

=lwoGo)-wil,,

o MKGFZ] - wir

b
N

where |(LyGo) - wE’TI M denotes the periodisation in space of the function (B.3) with
period M. Thus, since by Lemma A.10

Jcotor-02l < o1
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we obtain _
1AL (G o, FOor <[] UFL N

It follows that
[T “NA (G TN < [T T2 5 [o]7 " T2 o
In the last step, we used (4.19) and (4.26), which imply
—lal-1-d=-[b]-1+0+B-6—-d>-[b] - 1.
This finishes the proof. ]
Lemma B.3. Let a € A and i < n(a). For every (a,i)-admissible pair (b, c) one has
[o17 N85 (G o T2 T 5 [o] P NT L AN TSN o
uniformly in o € [1/2,1) and in F2, FE.

Proof. The proof proceeds along the same lines as the previous one. Recalling (B.2), we
now need to analyse the expression

' » £(ap)=1=],(k'+1 '], (k(a;) -k’ .
€ i1(G o) Ry 1 (F&)jery F ™) PN (PR (RO ).
Using LK, = 1 and Definition 4.5, we obtain

[£(ar)-1-L'], (K +1 o1 k(0 -k ,
((5|11|+1(G<r)5‘|11\+1((F N jer, FY@TIOLERD Qo (FLT (K )’(F;_,)J_elz))
hi+Lk [(a)~1-'],(K'+1
=G Lo G"')(Kl " ‘R ||+1((F Njen Fer L£C0:) = 1=, (k'+ ))

Klo{2|+l’k2R|12\+l (Fr[rg b (ke )’ (ng)jGIZ))’

where

kii= ) k(ap)+k +1,  kai= > k(aj) +k(a;) =K.

JEL JEDL
As a consequence,
KeBy (G F0.F5) = By (Lo G o, KO FUKEFS).
Hence, by Definition 4.11 of the cumulant norm,

185 (G o, FE.FN o = NKEBy ) (G o FEFEN - s
=185 (Lo G o Kb FEKEFE) - u ]
<185 (Lo G o, IKEFEIKEFED - wh |

<18y (Lo Gol - why, IR F2) - wh IKEFEL - wi),
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where the last estimate follows from (4.3). As aresult, by Definition 4.11 and Lemma A.10,
we have

185 (G o FE.F Mo S Lo G o llpy up IKEFE - wb MIKEFE - ]
= Lo Golly s IF2 NN FEN o
< [ NP ANFEN -

Consequently, we arrive at
[ “N8y (G o FE.F M < [o] o] NFLN N FEN o
3 G d P et P
In the last step we used (4.19) and (4.26), which imply
—la]+2s—1=—=[b]—[c]—0+0+B-6+2s—1>—[b] —[c] - 1.
This finishes the proof. ]

Remark B.4. The unweighted L™ estimate used in the proof of Lemma B.2 admits an
additional sublattice gain, whereas the corresponding total variation estimate used in the
proof of Lemma B.3 does not. More precisely, uniformly in o € [1/2, 1) and in every
admissible spatial period M > 1,

[/ < o] 4 Ae[o]Pd (B.4)

ol

Indeed, (A.52) with p = 1 gives

oGl < Il A o],

ol
Since d = 3 and b < 25 < 2 by (4.39), the second term is bounded by £ *[¢"]"~¢~! when
[o] < &. This proves (B.4).

The first part of the following estimate follows from Lemma B.2, since the weights are
bounded from below by one. Repeating its proof without an output weight and using (B.4)
gives the second part. Thus, for every (a, i)-admissible b,

[o] e keAe D (G o FO)I

B.5
3 (G R G i 4 P ©

Here we also used (4.24) and the first compatibility condition in (4.26), as in the last step
of the proof of Lemma B.2.

There is, in general, no analogue of (B.5) for the full 8-operator. Indeed, the atomic
sublattice part of L, G - has total variation of order [o-]>*~!
£7"[o]". For the relevant one-point cumulants, the required improvement will instead fol-
low from the exact cancellation of the local B-contribution established in Lemma B.7
below.

and does not gain the factor
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B.2. Localisation

In this section, we introduce the Taylor expansion on the (semi)-discrete lattice A = Ag.
At first order, we have

1
s =@+ Y [ a1 @0)G oo

i€{0,1£,2+,...,d+} 0

Here 8° denotes the time derivative, while

0"y (2) = e [Y(z + eex) — ¥ (2)],

denotes the discrete forward (k+) and backward (k—) derivatives in the k-th spatial direc-
tion. For h € A, the function py, : [0, 1] — A is a bounded variation path (left-continuous
at its spatial jump) such that p;(0) = 0 and pj, (1) = h. We use the notation

[dpz—- (01 = dp? _.(1).
We introduce the decomposition
dpk, . = (dpk ) + (dpf ),
where (dp’z‘1 _2)+ is nonnegative and (dp’z‘1 _,)- is non-positive. We write
[dpz, (D] = (dpf, (1))

Note that the path py, is piecewise constant in space, so that the signed measure dp;l is well
defined and given by a sum of delta functions multiplied by the corresponding increments.
We choose it so that its total variation is bounded by a constant times |/| and

1
[ on01 = 141 = L,
0
Remark B.5. Note that in the continuum we could choose

pz-z(1) = (21 - 2)t.

Moreover, since in the continuum both the right and left derivatives %* coincide with 9%,
we have

1
s =u@+ Y [ @0t pa )@ -0t
dy o

Since we intend to use the second-order Taylor expansion, it is convenient to choose
the path such that pgl_z(u) =0foru € [0,1/2] and

pL () =pL _.(1/2) + Lizg(z1 —2)°Qu — 1)
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for u € [1/2, 1]. This allows us to avoid second-order terms with one derivative in time

and one in space. Note also that

12 1
/ (dpay 2 ()] < |21 - 21, / (dpzy -2 ()] < |21.0 20,
0 12
We have

1
TOETEEDY [ s cru+po a0
SEEDY /0 [dpey—e (D10 + poy—2 (1)

+ / 00+ 120,
1
Expanding once more the spatial derivatives, we have

W(z) = () + ), 0@z -2

i#0

12
S I A R S PO e )

i,j#0

+ / 4p%, (08" (2 + pay = (1)
1/2

As a consequence, for a generic kernel V(z, z1), and symmetrising the factor 8"y (z) using
the relation 0™y (z) — 0"y (z) = (80" ") (z) we obtain

VW)(@) = / AV (e, 2w (z)
k+ k—
- l//(z)/d21V(Z Z1) +Z 07 (2) +6 ¥ (2) /dz (z1 —z) V(z,21)

k#0

. / az, / 4p? OV (2 208% (2 + pay—: (1))

+ 3 HEEE [ v g

. / a2 / " / [z, 2 () [dpe, - (1))

i,j#0
X V(z,21)0'0' (2 + pzy -2 ().

(B.6)
By duality, this Taylor expansion defines operators L and R acting on the kernel V, where
=R 4 Z RO 4 ZR“‘) (B.7)

i,j#0
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and these operators have the form

(LV)(z,z1) := /dZV(z, 2)6(z1 — 2)
(B.8)
323 [E-aVE@" £ 0 -2

i#0

and |
®ROVGa) = [ [ el oves
AJ1)2
x 8°6(z1 — 2 — ps_- (1)) dz,
o 12 pt ' '
®ROVGa = [ [ [ el gz (B.9)
XV(2,2)0'876(z1 — 2 — pz—- (1)) dz,
(REV)(z,21) = g / (2= 2"V (2, £)dz(8*7 0" )6 (21 - 2).
A
When tested with a smooth function this gives the identity
V() = (LV)(¥) + (RV)(¥),
as seen in (B.6). We use this expansion for the analysis of relevant cumulants, namely
Fo = FP W =gRY re (1 L8 a= (L)

Recall that we have the following decomposition (4.44),

1 .
Fl[‘[’],(l) — FI[[J,(I) _/ [(l —K#I)Fgfj,(l)]do-_/‘ [Kl lF (1)] (l h )d(T
u H

ro
/[K” P | —h,,)do-—L/ (KL FY D dor
H H
ro
—R/ (KR ES DT hy dor,
M

where F[ L. =0y F[f] W,

Lemma B.6. The following bounds hold uniformly in o, u € [1/2,1).
1 1
NL(KL EXY O, < 1EK D,
[€],(1 £],(1
ILAKE FYP O (= )l s ] Lo P IES M

Proof. As we argued in Remark 4.14, the cumulants are invariant under translations and
spatial reflections. As a result, we conclude that

(0™ +97)6(zy —z)/dz(z 2 (KLF MWy (g,7) =
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Hence, the following identity

(LK E O ez = 06— 2) [ (KEE ) @202
holds. Similarly,
(LK EY T 1 - ,J))(z,m—a(m—z)/(K” MY (2,2 (1 - hu(2.2)) dz.
Using the first identity, we obtain
wi " (20 (K LK FY 0T (2. 2)
= 0 @Ko -2 [(REFO) G2 ez

Consequently,

LKL FY O, < sup /A Ky (21 = 2wl (z — z1)dzy /A [(KLEYY D) (2,2) dz
z

A

~[€],(1 ~ ~
Kol sup [ 1G5 FYHO) @ 2)
z A

N

Z101,(1 | qs
sup [ I(KL A0z )l
z A
by Lemma 1.17. Since
sup/ |K1 lF[f] (l)(Z 7)|dz < sup/ |K1 lF[f] (U(Z Z)lw( )b(Z,Z) dz

1
= IFYX O,

this proves the first of the bounds stated in the lemma. By a similar argument, we get

ILKE FYP DT (= )l < sup /A I(KLTEE D) (2, 2)1(1 = hy(2,2)) dz.
Ve
Consequently, by Lemma A.14, we obtain

IL(KG FE T - (= )
= ||w,<3”’<1 DL P T2
S e
This proves the second of the bounds stated in the lemma. ]

Lemma B.7 (Cancellation of the local B-contribution). Let £ € {1, ..., ¢ } and let a be
the one-element tuple whose unique entry is (€, 1). Then, uniformly in o € [1/2,1),

L(K) 'ZBZC(GG,T(’;,TUE) = (B.10)
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Proof. Since n(a) =1, in (B.2) we have i = 1 and I} = I = @. Consider first the terms
with k” = 1. The two cumulants appearing in such a term are indexed by the one-element
tuples

b=((t-1-10,2)), c=((¢,0)).

They vanish by Remark 4.14, since respectively n(b) + K(b) =3 and n(c) + K(c) =1 are
odd.
It remains to consider £’ = 0. In this case

b=((¢-1-¢,1)), c=((¢, D).
As in the proof of Lemma B.3, we use L,K, = 1 to write
Ky' By (G o, T2 FS)
= By V(Lo G o KL FE KEFE).

Set
Wy = K2FE, U, :=KSFE.

By (4.27), and since convolution with K, preserves translation invariance, the quantity

my.,, 3=/Ucr(2";d21)
A

is independent of z”’. Hence, using the definition (4.12) of the contraction operator,
/ BZ’C(I)(LO'G-O-, We,Us)(z;dzy)
AP
B / Wo(2:d2) (LoGo)(2 = 2) (,/ U(r(z";dm)) dz”
A2 A\
=my, / WO'(Z;dZ/) /(LO-GO.)(Z’ _ Z”) dZ” -0.
A A

For the last identity, observe that

/L(,G(,(z) dz=0. (B.11)
A

Indeed, by Definition 1.9 and (1.26), the Fourier multiplier of d,J equals zero at the zero
spacetime frequency. Therefore the zero Fourier mode of LoGo=Ly0s (JoG) vanishes.

We have shown that the zeroth moment in the definition (B.8) of L vanishes. Moreover,
the kernel on the left-hand side of (B.10) is invariant under simultaneous translations and
spatial reflections, by Remark 4.14, the corresponding symmetries of K, and G -, and the
explicit formula (B.2). Translation invariance reduces it to a kernel of the relative variable,
and reflection invariance makes that relative kernel even in every spatial coordinate. Its
first spatial moments are therefore zero, exactly as in the expanded argument in the proof
of Lemma B.6. All coefficients in its local projection are zero, and (B.10) follows. ]
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Lemma B.8. The following bound
IR(KG F VT h) e < [ Lo NSVl
holds uniformly in u € [1/2,1),0 € [u, 1).
Proof. By applying the triangle inequality to (B.7), we arrive at
IRAKG F T )l s IR (K 0T )l
+ DR (K EE DT )l

i,j#0
+Z|"R(k)< EEOT B
We have
RV (KL FEI DY p)) (2, 20)
2 . .
- / / / [dp=—2 (W) [dps—z ()] Ry (2. 2)
A JO 0
x (KGEY W) (2,2)00'075(2) — 2 - pz— () dZ.
Thus,
lw? (2, z20) (RED (KL EST VY ) (2,20
% ! (2),b o~
< f f / 1dps—2 ()] [dpz—s (0 02 (2. 210y (2. 2)
X KL EY D (2,2 10707 K (21 — 2 — paez(u))| d2.
Recall that

w (z.21) = wh(z—z1) = (1 + [u] |z - 2ls)".

Introduce the point
Zy=27u(2,2) = 2+ pz—z(u).

Then
w)(z = 21) S W), (z =~ Zw)(Zu — 1)
M ~ M u u u
w';(z - Z)wi’,(Zu -z1).
The second inequality above follows from

wl (2 — Z4) S wh(z-32),
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which holds because, by construction, Z,, lies on the path connecting z and Z. Overall, this
yields

wh, (z = 20) (RS ([KEESP DT ) (2, 20)

S/A‘/Oi‘/o |dPZ—z(u)||d,02—z(t)|wZ(Z_Z)hﬂ(z’z)(w}fr(z_z))_]

xw? (z - 2) (KEESP D) (2,2)]
X wh (Zy —21) 100 K (21 — Zu)| d2.

As a consequence, we obtain

IR ([KLEY DT m)l

< sup / : /0 (dpz—2 ()] [dpz— ()] (2 — Dy D)y (2 = 2) !

z,ZeA J0

S ELD Y sup / W (Zu — 20) 100 K (21 — Zu)] da.

Z,ZEN
Using
3 pt B
/0 fo ldps—(@)lldps_2()] 5 17 - 2P, (B.12)
and
/Aw,'f,(Z)lﬁiﬁny(z)ldz < [ul ™% (B.13)
as well as

Eo o= D@D e (U D]z = 210" [ Vo] 1z — 27
Wb (z—2) = I+ o] e —21)" 1+ ([ul "z - 21)2
e o (U L]z = 21 (]2 = 216)2 0
<P T+ (=20
< [P [o],

we conclude that
IRED (K FE T )l s Tol el PHES Vo
Next, note that

RO(KLFYI DY n))(z,20)

1 .
-[/ OO RE P 2 00061~ pec(0)d
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Proceeding as above, we get

IR ([K L FY DT pyl,

1
< sup f 1dp2_ ()] (2 — Dy (2. 2) (why (z - )"
z,ZeANJ1/2

NEEM Ol sup [ w220 10K - 201
A

z,Z€A
Using
1
[t ol < lz0 - ol
1/2
and
/wb (z-2) 10K, (z - 2)|dz < [u] >
A H H S M 5
as well as
b, _ 5 -1 21 \P —(25-b -b 5|28
w?(z-3%2) 1+ -7 2s=0)[o]P|z - 2
|ZO_ZO| M hu(z,2)< [[/l]]h—b[[o_]]b( [[:u]] I |S) [[/1]] [[ ]] | |s

(4o =2l 1+ ([u] e =212
(1 + [[,U]]_1|Z - le)b ([Luﬂ_l|1 — Z|S)2s—b

L+ ([u] "z = 215)?
1

L+ (] Mz = 2l5)> 2

wh(z - )

< WPl

M

< [P

we arrive at
IR (KL EY YT )l < [0l [ PNES Pl
Finally, we discuss the term
(RY (KL FEY DY ) (z.2)

e .
= 2 1= DMk EY ) 2y 02 (07045t - 2.
A
In this case, the proof also proceeds along the same lines. We obtain
k s[1,01 = . - - -
IR ([K5FEM DY ml, <o sup |2 = 2] wl, (2 = )y (2. D (wly (2= 2)
Z,2€

=[], (1
x |EX O,

x /A wl, (2~ 21) 10404 K (1 - )| dy.
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Note that

2= 2w}, (2 = Dhu(z.2) A+ z-20"  [o] ™1 -2l
(1+ [oT e = 2l0% (1 + ([u] Tz = 219)2)
1 1

(1+ [o] 1z = 2l)P=" (1 + [u] Mz = 215>

< [o]

wh (z - 2)

s [o]

Since |Z — Z| # 0 implies |Z — z|s > & we have

IE—ZIwZ(z—Z)hH(Z,Z) 1 1
e G e
< [[O—H [[U'Hb_18l_b[[#ﬂ2_b€b_2

= [T [

wh(z - 2)

Hence, using again (B.13) withi = k+ and j = k— we get

IR ([KLFY T nyll,

- b _—1y &[€].
S 5 P Pl D S
(1 e Vil

A

This finishes the proof. |
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