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Abstract

We prove existence and uniqueness of martingale solutions to a (slightly) hyper-viscous stochastic
Navier—Stokes equation in 2d with initial conditions absolutely continuous with respect to the Gibbs
measure associated to the energy.

1 Introduction

Consider the following stochastic hyper-viscous Navier-Stokes equation on R, x T?

ou = —A%u—u-Vu—Vp—2VEAO-D/2¢ (1)
divue = 0,

where T? is the two dimensional torus, A = —A on T2, V+ := (02, —01), § > 1, and ¢ denotes a space-
time white noise. The initial condition for w will be taken distributed according to the white noise on
T2 or an absolute continuous perturbation thereof with density in L2. The white noise on T? is formally
invariant for the dynamics described by () and the existence theory for the corresponding stationary
process has been addressed by Gubinelli and Jara in [I2] using the concept of energy solutions for any
0 > 1. Uniqueness was left open in the aforementioned paper, and the main aim of the present work,
which can be thought of as a continuation of [I4], is to introduce a martingale problem formulation ()
for which we can prove uniqueness.

In order to properly formulate the martingale problem, we need to investigate the infinitesimal gener-
ator for eq. () and uniqueness will result from suitable solutions of the associated Kolmogorov backward
equation.

The variable u appearing in eq. () represents physically the velocity of a fluid. Rewriting the equation
for the vorticity w := V- - u yields

w = —A% —u- Vw +2A40+D/2¢, (2)
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We also have the relation u = K * w, for the Biot-Savart kernel K on T? given by

1 k+ 2mikt
K _ 2mkx _ 2mik-x
(x) 2me k§2 |k|2e k§2 |27Tk|2€ ,
0 0

where kt = (ko, —k;) and Z3 = Z*\{0}. It is more convenient to work with the scalar quantity w and
with eq. (@).

The standard stochastic Navier-Stokes equation corresponds to the case § = 1. However, this regime
is quite singular for the white noise initial condition and no results are known, not even existence of a
stationary solution, e.g. from limit of Galerkin approximations. While a bit unphysical, we will stick here
to the hyper-viscous regime, namely 6 > 1. Note that the noise has to be coloured accordingly in order to
preserve the white noise as invariant measure. Moreover, we call energy measure the law under which the
velocity field is a (vector-valued, incompressible) white noise. In terms of vorticity w, the kinetic energy
of the fluid configuration u is

2wkt 2

| B = (-2,

s = [ 1K s wP@ide = 3 IROPGOIE = 3

kez? kez?

where f : Z2 — C denotes the Fourier transform of f : T2 — R defined as to have f(z) = > ez e2mkeT £,
The energy measure is thus formally given by

p(dw) = L3170 g,
C 3

where dw denotes the “Lebesgue measure” on functions on T2?. Rigorously, this of course means the

product Gaussian measure
1 (k)Y .
dw) = — — dw(k
pw(dw) = 1 C exp< 22k w(k),

keZ?

with the restriction that ©(—k) = & (k). For f,g € C>°(T?), we have

/w(f)W(g)u(dW) = > 12kl f(k)g(k) = (A2 £, A2 g) 2 (ney = (f, 9) b 72

keZ?

We can use the right-hand side as the definition of the covariance of (w(f))fecse(r2), which determines
the law of w as a centred Gaussian process indexed by H'(T?). If  is a white noise on L?(T?), then u
has the same distribution as A'/2n and it is only supported on H 2~ (T?).

A different situation occurs if we consider initial conditions distributed according to the enstrophy
measure, namely the Gaussian measure for which the initial vorticity is a white noise. This measure
is more regular than the energy measure and more results are known, both for the Euler dynamics
(i.e., without dissipation and noise) and for the stochastic Navier-Stokes dynamics, see e.g. [1L 2, [3].

As we already remarked, the present paper present results obtained using the technique introduced
in [I4] and strongly rooted in the notion of energy solution of Gongalves and Jara [I1], extended in [12].
With respect to [14] we give a slightly different formulation which simplifies certain technical estimates.
The core of the argument however remains the same. The main point is to consider the well-posedness
problem for ([I]) as a problem of singular diffusion, i.e. diffusions with distributional drift. The papers [9]



10, 7, [4] all follow a similar strategy in order to identify a domain for the formal infinitesimal generator
L= %A + b -V of a finite dimensional diffusion. Then they show existence and uniqueness of solutions
for the corresponding martingale problem. The key difficulty is that for distributional b the domain does
not contain any smooth functions and instead one has to identify a class of non-smooth test functions
with a special structure, adapted to b. Roughly speaking they must be local perturbations of a linear
functional constructed from b. Recently other results of regularization by noise for SPDEs [5] [6] have
been obtained. An important difference is that our drift is unbounded and not even a function. The

connection between energy solutions and regularisation by noise was first observed in [12].
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Plan of the paper. In Section[2]we introduce a Galerkin approximation for the nonlinearity «-Vw and
study the infinitesimal generator of the approximating equation. The martingale problem for cylinder
function related to eq. ([2) is introduced in Section[3 In Section [ we prove uniqueness for the martingale
problem via existence of classical solutions to the backward Kolmogorov equation for the operator £
involved in the martingale problem. The construction of a domain to such an operator is the core
of the work and it will be tackled in Section Bl where we provide also existence and uniqueness for
the associated Kolmogorov equation. Finally, in Section [6] we prove some crucial bounds on the drift.
Appendix [A] contains some auxiliary results.

2 (Galerkin approximations

In order to rigorously study the eq. ([2), consider the solution (w}™)¢>o to its Galerkin approximation:
D™ = —A%W™ — By (w™) + V2ATO2¢, (3)

where
B (w) := divIL,, (K * IL,w)I,w),

and II,,, denotes the projection onto Fourier modes of size less than m, namely I1,, f (z) = Z|k|<m ke f(k),

Proposition 1 Eq. @) has a unique strong solution w™ € C(Ry, H 27 (T?)) for every deterministic
initial condition in H=27(T?). The solution is a strong Markov process and it is invariant under j.

Proof We can rewrite w™ in Fourier variables as w™ = w™ 4+ W™ := II,,w™ + (1 —1II,;, )w™, in such a way
that w™ and W™ solve respectively a finite-dimensional SDE with locally Lipschitz continuous coefficients
and an infinite-dimensional linear SDE. Global existence and invariance of u follow by Section 7 in [12].
Now, w™ has compact spectral support and therefore w™ € C(R4,C°(T)), while it can be proved that
W™ has trajectories in C'(Ry, H=27(T?)). Thus, w™ has trajectories in C'(R4, H =27 (T?)). O

We define the semigroup of w™ for all bounded and measurable functions ¢ as T{™¢(wo) := Eq, [p(wi™)],
where, under P, the process w™ solves (@) with initial condition wg € H 2~ (T?).



Lemma 1 For all p € [1,00], the family of operators (T]™)¢>0 can be uniquely extended to a contraction
semigroup on LP(u) which is continuous for p € [1,00].

Let C denote the set of cylinder functions on H _2_(T2), namely those functions ¢ : H=27(T?) — R
of the form p(w) = ®(w(f1),...,w(fr)) for some n > 1 where ® : R" — R is smooth and f1,...,f, €
C>°(T?). On such functions the generator of the semigroup 7™ has an explicit representation: Ito’s
formula gives

dp(wi") = LWt + D i@ (f1), -+ wf (fu) )My (f2), (4)

i=1
where L™ = Ly + G™ with

Lop(w Za D(w(f1),- - w(fa))w(—A%fi) + Z L w( ) AT £,
and .
=S 0B(f1)s () (Bn(), £
i=1
Here, (M¢(fi))t>0 is a continuous martingale with quadratic variation

(M(f:))e = 2t|| APV, 172 (r2)

and therefore [j 37" 1 9 ®(wi™(f1),...,w*(fn))dM;(fi) is a martingale. Consequently, we have
¢
T o(w) — p(w) = / T (L™ ) (w)ds, for allw € H2.
0

To extend this to more general functions ¢, we work via Fock space techniques. The Hilbert space L? ()
can be identified with the Fock space H = TH(T?) := @, ,(Hj (T?))®™ with Hg(T?) := {¢ € H*(T?) :

¥(0) = 0} and norm

Il = S nlllonlgs ey Zn' ) <H|2wk|>|sonk1n>|,
n=0 = ki €(Z3)™ \i=

by noting that any ¢ € L?(u1) can be written in chaos expansion ¢ = Y, <, Wy (), where W, is the n-th
order Wiener-It6 integral and ¢, € Hg(T?)®" for every n € N, see e.g. [15, [I7] for details. We will use
the convention that ,, is symmetric in its n arguments, that is, we identify it with its symmetrization.
Note that cylinder functions are dense in H. We denote by N the number operator, i.e. the self-adjoint
operator on H such that (N¢), := np,. It is well known that the semigroup generated by the number
operator satisfies an hypercontractivity estimate, see Theorem 1.4.1 in [I7]. We record it in the next
lemma.

Lemma 2 Forp > 2, let ¢, =+/p—1. Then

2112 < llep el for every p € H.

With these preparations we are ready to give expressions for the operators Ly and G™ in terms of the
Fock space representation of H.



Lemma 3 For sufficiently nice ¢ € H, the operator Ly is given by
f(EGSD)n(kln) = _(277)291/9(]{31:71)()571(1{31:71)
where Lo(k1.n) == |k1]?® + -+ + [kn|*®. Moreover, writing G™ = GT" 4+ G™ we have

(ki - (k1 + ko)) (k1 + k) - k) .

]:(gf(p)n(kln) = (n_ 1)]1|k1‘,‘k2|’|k1+k2|<m |k1|2|l€2|2 —1(k1 +k2’k35n)) (5)
m (ki -p)(k1 - q)
F(G"o)n(k1m) = (27)*(n+1)n Z Lk, 1pl gl <m P |21 Prt1(p, 4, k2in)- (6)
ptHg=k1 !
For all ¢,11 € (H3(T2))2(+Y) and for all ¢, € (HE(T?))®", we have
<§0n+13 gT‘Pn> = _<gr—ngon+1a (1071> (7)

Proof The computations are analogous to those of Lemma 3.7 of [I3] for £y and of Lemma 2.4 and
Lemma 2.7 in [14]. O

Remark 1 G7' and G are (unbounded) operators which increase and decrease, respectively, the “num-
ber of particles” by one. Moreover, we know from (@) that they are formally the adjoint of the other
(modulo a sign change).

A key result is given by the following bounds for GI* acting on weighted subspaces of H.

Lemma 4 Let w: Ny — Ry and p € H. The following m-dependent bound holds:

lwM)G™ ]| S mll(wW + 1) +wW = 1)L+ N)(1 = Lg)"?e]. (8)
Moreover, uniformly in m, we have
lwW) (1 = Lo) "Gl S wWN + 1)1+ N)(1 = Lo) VO 0|| for all v > 2%, (9)
and i
[N = L) 7G|l S (N = DN2(1 = Lo)HFVOETp||, - for ally < 3. (10)

These bounds will be proven later on in Section[dl In view of eq. (), it is natural to identify a dense
domain D(L™) for L™ as

DL™) ={p e H: (1 +N)(1 — Lo)pll < oo} = (1+N)"H (1~ Lo)™'H/

Note that (1, (Lo + G™)@) = ((Lg — G™)1, ) for ¢, € D(L™) and in particular that Ly is dissipative
since for all ¢ € D(L™) we have

(9, (Lo +G™)p) = (Lop, ) = —II(=La)/*¢]* <O.

A priori £™ is only the restriction to D(£™) of the generator £™ of the semigroup (7;");. However,
we will also prove in Lemma [T1] below that the operator £™ is closable and that its closure is indeed the
generator L.

In order to exploit these pieces of information, we have to work with solutions of Galerkin approxim-
ations having “near-stationary” fixed-time marginal.



Definition 1 We say that a stochastic process (wi)i>0 with values in S'(T?) is (L?~)incompressible if,
for all T > 0, there exists a constant C(T') such that we have

sup Elp(w:)| < C(T)lel, peC.
0<t<T

For an incompressible process (w¢)i>0 it makes sense, using a density argument involving cylinder
functions, to define s — ¢(w;) for all ¢ € H as a stochastic process continuous in L!.

Lemma 5 Let E,q, be the law of the solution w™ to the Galerkin approzimation @) starting from an
initial condition wi' ~ ndu with n € L*(u). Then, for any ¥ : C(R1;S’) — R,

Epapu| ¥ (w™)] < [0l Ep (¥ (@™)%)12.
In particular, any such process is incompressible uniformly in m.

Proof We get
Epayu| ¥ (@™)] = Epln(wo) | ¥(w™)[] < [0l (B, ¥ (™))",

Incompressibility easily follows from the fact that p is an invariant measure for the Galerkin approxima-
tions independently of m. a

Definition 2 A weight is a measurable increasing map w : Ry — (0,00) such that there exists C > 0
with w(x) < Cw(x+vy), for allx > 1 and for ly| < 1. We write as |w| the smallest such constant C. We
denote w(N) the self-adjoint operator on H defined as spectral multiplier.

Lemma 6 Let n € L*(u) and let w™ be a solution to @) with Law(wi') ~ ndu. Then this solution is
incompressible and, for any ¢ € D(L™), the process

WV
k=

t
M7 = gl — ) - [ rewr st
0
i a continuous martingale with quadratic variation
t o1
(MY, — / £ WM ds,  with  E(p) = 2/ AT Dyof2da. (11)
0 T2
For any weight w, we have

o (A (E(@) 21 S oW = 1)(1 — Lo) o). (12)

Moreover, for all p > 1, it holds

/0 (s

Proof If p is a cylinder function, then we have eq. (@) and in that case Doob’s inequality and Lemma
yield, for all T" > 0,

P
E sup S @V TP — Lo) T |7, (13)
te[0,T)

uniformly in m.

m, m,p\1/2 m,
Ets[lépﬂ M| SEAM™) ) < B (M™9)7) 2 S [Inl| T2/ (E@) 2 12
€10,



The norm appearing on the right-hand side can be estimated as follows:

lwN)(E@)22 = 2 / WA Dy dr

2

0+1
= — 1) —1)2p2 2 .
Q/I Z(n Dw(n —1)"n HAI on(z, )HHé(TZ)@’(n*l)

n>0

23" ntw(n - 1 (H 2k, |2> PO B ()
kl n

n>1 =2

= 2) nlwn-—1) nZ(

n>1 kln

= QZn!w(n Z (H |27k | ) Lo(k1:n)|&n (k1)

n>1 k1.n \i=1

S 20wV = 1)1~ Lo) ],

12

n

[ I2mk: |2> |2 @ (k1in) |

where we used a symmetrisation in the arguments of ¢, in the 5th line. Using the bounds (8) and (I2)),
one can extend formula (@) to all functions in D(L™) by a density argument.

As far as ([[3) is concerned, let us remark that, provided the process w™ is started from its stationary
measure pu, then the reversed process (@ = wr—_¢)i>0 is also stationary and with (martingale) generator
L™ = Ly — G™. The forward-backward It6 trick used in [12] allows us to represent additive functionals

of the form fo Lop(wT)ds as a sum of forward and backward martingales whose quadratic variations
satisfy (). Therefore

p
By [Supte[O,T] ’fg Kew(w?)ds’ } S TP2||(E())P/ 412

(14)
ST E(@) V2P < TP2||e) (1= Lg) 2P
Let ¢ = (1 — Lg) "y and exploit (4] to compute
p p
E, [SUPte[O,T] ’fot p(wi)ds } = E, [SUPte[O,T] fot(l — Lg)(w™)ds
p
S E, [SuPte 0,T] fot (—Lo)Y(w)ds } +E, {SuPte[O T) ’fo )ds }
S TR (1 - Ee)l/Ql/JHP + TP PP
< (TP/QVT” )l (1 - 1/2<P|\p+ e (1= Lo) " eo?)
S (TPRVTP)|e) (1 - 59) 2P,
which is uniform in m. O

3 The cylinder martingale problem

We want now to take limits of Galerkin approximations and have a characterisation of the limiting
dynamics. The main problem is that the formal limiting (martingale) generator £ does not send cylinder
functions to H, therefore we cannot properly formulate a martingale problem for incompressible solutions.
However, estimate (I3]) suggests that it is reasonable to ask that any limit process (w;):>o satisfies

/O t p(ws)ds

p
E sup S @2V TP ey, (1~ Lo) 72017, (15)
t€[0,T)




for all p > 1 and all cylinder functions ¢ € C. The proof of the next lemma is almost immediate.

Lemma 7 Assume that a process (we): satisfies [IB) and let I;(p) = fot w(ws)ds for all o € C. Then the

map ¢ — (I;(¢))iso0 can be extended to all ¢ € (1 — Lg)?*H. The process (It(p))iso is almost surely
continuous.

Proof Take (), C C such that 3 [|(1 — Lg)'/2p, — || < oo, then it is easy to see that (I(¢y))n is
a Cauchy sequence in C([0,T];R) a.s. with limit I(y) € C([0,T];R). It satisfies (IT) by Fatou’s lemma
and, therefore, depends only on ¢ and not on the particular approximating sequence. O

From this we deduce that for such processes we have

lim (Emgo)(ws)ds:/o (L) (ws)ds,

m—0o0 0

in probability and in LP for cylinder functions ¢ € C. Here, on the right-hand side the quantity Ly is
defined as Lo = Lo + lim,,—,o0 G™ ¢, that is an element of the space of distributions (1 — 59)1/27{. The
limit exists and is unique thanks to the uniform estimates on G™ in Lemma[dl As a consequence, we
have also a notion of martingale problem w.r.t. the operator £ involving only cylinder functions.

Definition 3 A process (wt)t>0 with trajectories in C(R4;S’) solves the cylinder martingale problem for
L with initial distribution v if wyg ~ v and if the following conditions are satisfied:

i. (wi)e is incompressible,
it. the Ité trick works: for all cylinder functions ¢ and all p > 1, we have eq. (I3).

. for any ¢ € C, the process
t
ME = gt~ pln) = [ Lolwdds, 30, (16)
0

is a continuous martingale with quadratic variation (M¥); = fgé’(tp)(ws)ds. The integral on the
right-hand side of eq. (IQ) is defined according to Lemma[7

Theorem 1 Let n € L*(n) and, for each m > 1, let (w™) be the solution to @) with wi* ~ ndu. Then
the family (W™)men s tight in C(Ry;S’) and any weak limit w solves the cylinder martingale problem
for L with initial distribution ndy according to Definition[3 and we have

Ellp(we) — p(ws)P] S ([t = 5P/ v [t = s|P) e (1 = Lo) |7 (17)
for anyp > 2 and p € C.
Proof The proof follows the one for Theorem 4.6 in [14].

Step 1. Consider p > 2 and ¢ € C. We want to derive an estimate for E[|lp(w]") — p(wl™)[P]. We
write then ¢(wj™) — p(wl*) = f: L™p(w™)dr + M™% — M™%, and get from Lemma [§ and eq. (I3) the
following bound

B

9p11/2
IN ﬁmso(w)dr‘p} | ’

[Eu f; L p(w™)dr
(It = s[P/2 v [t — s|P) ||y (1 — Lo) 20|,

AN N



The martingale term can be bounded by means of the Burkholder-Davis-Gundy inequality and ([I2]) as
follows:

E[|M]™% — M7 E {(f: 5(90)(00?)(17’)17/2] S []E# (f: 5(@)(60;”)(17")1)} i

<
S = sPRE)PRI| S Tt — sl (E(o) 2P
S =8P (1 = Lo) 2P,
Therefore,

Ellp(wp") — p(@)P] S ([t = s[>V [t = s]?)[[chp (1 — Lo) 2| |P.

The law of the initial condition @(w{") is independent of m, and by Kolmogorov’s continuity criterion
the sequence of real-valued processes (p(w™))m, is tight in C(R4;R) whenever p > 4 and ¢ € C is such
that ||cfl\j/9(1 — Ly)"?¢|| < co. Note that this space contains in particular all the functions of the form
o(w) = w(f) with f € C°°(T?), where by u(f) we mean the application of the distribution w € S’ to the
test function f. Hence, we can apply Mitoma’s criterion [16] to get the tightness of the sequence (W),
in C(Ry; 8.

Step 2. Since w(j" ~ ndy, any weak limit has initial distribution ndy. Incompressibility is also clear
since, for any ¢ € H, we have

Efl(w)]) < lminfEflo(@i)] < lnlllel.

Using cylinder functions, we can pass to the limit in eq. (I3) and prove that any accumulation point (w;):
satisfies eq. (). It remains to check the martingale characterisation (I6). Fix ¢ € C and let (¢,), CC
be such that 1, — Lo in (14 Lg)'/?*H. By convergence in law, incompressibility, eq. ([3) and eq. (),
we have that

E[ (i) — plws) = J! Low)dr) Gl(wn)rep )]
= limoo B [ (0(w0) = 9(ws) = JY Ya(wr)dr) G((@r)repo.)]
= T e B [ (0(08) = 0(@f) = [} dalw)dr) G|
= Timmooo B | (9(w) = @(@f) = [1 Lo(w)dr) GlwMrep.)]

where the exchange of limits in the last line is justified by the uniformity in m of the bound in eq. (I3).
By dominated convergence in the estimates leading to Lemma [6] one has

101~ £6)™V2(Lp — L) = (1 ~ £o) (G G™ @) S o1+ M/2(1 — £6) /2]
as m — oo. This is enough to conclude (again using eq. (I3)) that
limpy, o0 E | {@(w) — (W) — f; L(p(w;”)dr) G((“Z«")re[o,s])}

= limyo0E (P(w;fm) - (p(w;m) - fst me(w:n)dr) G((w:n)TG[O,s])} =0,

since (wj™); solves indeed the martingale problem for £™. This establishes that any accumulation point
(wt)¢ is a solution to the cylinder martingale problem for £. Similarly, one can pass to the limit on the
martingales (M,™?); to show that the limiting quadratic variation is as claimed. O



4 Uniqueness of solutions

Uniqueness of solutions to the cylinder martingale problem depends on the control of the associated
Kolmogorov equation.

The following standard fact on generators of semigroups that will be useful in our further considera-
tions. For the sake of the reader we provide also a proof to illustrate the relation between the Kolmogorov
equation for a concrete operator and abstract semigroup theory.

Lemma 8 Let A be a densely defined, dissipative operator on H and assume that we can solve the
Kolmogorov equation dyp(t) = Ap(t) in C(Ry;D(A)) N CHRy;H) with initial condition ¢(0) = ¢q in a
dense set Uy C D(A). Then A is closable and its closure B is the unique extension of A which generates
a strongly continuous semigroup of contractions (T;)i>0. Moreover, we have

ATt(pQ = Tt.A(pQ, (18)
for all oo € UL.

Proof Since A is dissipative, the solution to the Kolmogorov equation is unique and ||¢(t)]| < ||¢oll-
Then, if we let Typg = @(t) for o € Ua we can extend Ty by continuity to the whole space H as a
contraction. By uniqueness, we have then Ty 00 = T 50, since t — Tiy 0 solves the equation with
initial condition Tspg. Moreover, for ¢g € U4, we have that

t
Tipo — wo = / ATpods, (19)
0

which implies that ¢ — Typo is strongly continuous. Again by density, we deduce that (T})¢>0 is a
strongly continuous semigroup. Let now B be its Hille-Yosida generator. Then (3] implies that Bypy =
W Tipoli=0 = Ao for all pg € Uy, and therefore for all g € D(A) since B is closed. So B is an extension
of A and therefore A is closable. Assume now that there exists another extension B which is the generator
of another strongly continuous semigroup (S;)¢>o of contractions. Now, for all o € Uy € D(A) C D(B)
we have 0;Sypo = B’Stgpo, but also 0, Typg = ATipg = BTtgpo. Since B is dissipative (due to the fact that
its semigroup is contractive), the associated Kolmogorov equation must have a unique solution and, as a
consequence, Typg = Sypo, which by density implies that 7' = S and that B = B. Now observe that, if
o € Uy, then Tipg € D(A) and by standard results on contraction semigroups (see e.g. Proposition 1.1.5

in [8]) we have AT;po = BTipo = TiBBpo = Ty Ago. O

Theorem Bl below tells us that we can find a dense domain D(£) C H for L such that the Kolmogorov
equation
Opp(t) = Lp(t), 20, (20)

has a unique solution in C(Ry;D(L)) N CY(Ry;H) for any initial condition in a dense set & C H. As a
first consequence, Lemma [ tells us that £ is closable and its closure £ is the generator of a strongly
continuous semigroup (T3):>0 and (t) = Ty for all ¢ € U.

Lemma 9 Let p € C(Ry;D(L))NCHRy;H) and let w be a solution to the cylinder martingale problem
for L. Then

t
o(t,w) — (0, wp) — / (0s + L)p(s,ws)ds, t>0,
0

18 a martingale.

10



Proof By an approximation argument, is easy to see that for any ¢ € D(L) the process

(wr) — p(wo) - / Lo(w)ds, 130,

is a martingale, where the integral on the right-hand side is now understood as a standard Lebesgue
integral of the continuous process s — (L¢)(ws) (which is well defined a.s.). The proof of the extension
to time-dependent functions follows the same lines as that of Lemma A.3 in [14]. O

For an incompressible process we have that, for all ¢ > 0,
/ (Or + L)Tt—rp(w,)dr = 0, s €[0,t]
0

for all ¢ € D(L?), and therefore also that (T;—sp(ws))se(o, is a martingale for any solution of the cylinder
martingale problem for £. This easily implies the main result of the paper.

Theorem 2 There exists a unique solution w to the cylinder martingale problem for L with initial dis-
tribution wo ~ ndp with n € L*(n). Moreover, w is a homogeneous Markov process with transition kernel
(Ty)e>0 and with invariant measure (.

Proof Let us first prove that (w;);>0 is Markov. Let 0 < ¢ < s, let X be an Fi-measurable bounded
random variable, where F; = o(w, : 7 € [0,1]), and let ¢ € D(L?), then (Ts_4p(wt))ief0,¢] is @ martingale
and

EXows)] = E[XTi—sp(ws)] = E[XTs—p(w:)]

i.e., Elpo(ws)|Ft] = Ts—to(w) = E[pg(ws)|w:], and the Markov property is a consequence of another
density argument. Moreover, its transition kernel is given by the semigroup (7})¢>0. By an induction
argument, it is clear that any finite-dimensional marginal is determined by 7" and by the law of wy ~ ndpu.
As a consequence, the law of the process is unique. If wy ~ p, then the process is stationary. O

Remark 2 As a by-product note that the formula (T3 ) (wo) = E[p(wt)|wo] allows to extend the semig-
roup T to a bounded semigroup in LP for all p € [1, 00| since

(¥ Tep)| = [Bp[th(wo) (Trp) (wo)ll = [Epltb(wo)p(wi)]l < [[9][Lollll e
for all ¥, o € L°(u) and all p,q € [1,00] with 1/p+ 1/q = 1. Therefore | Ty¢|| L« < ||¢||La. Moreover for
all ¢ € C such that ||c‘4’1\£(1 — Lg)" %] < 0o we have

1Tip = pll e = W <1Eu[¢(wo)(@(%) — ¢(w0))] < (Epllp(we) = p(wo) PP — 0

as t — 0 by eq. (I). An approximation argument gives that (7});>¢ is strongly continuous in L? for all
1<p<oo.

5 The Kolmogorov equation

It remains to determine a suitable domain for £ and solve the Kolmogorov backward equation

dep(t) = Lo(t),

for a sufficiently large class of initial data. In order to do so, we consider the backward equation for the
Galerkin approximation with generator £ and derive uniform estimates. By compactness, this yields
the existence of strong solutions to the backward equation after removing the cutoff. Uniqueness follows
by the dissipativity of L.
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5.1 A priori estimates
Lemma 10 For any oo € V := (1 + N)72(1 — Ly) " H, there exists a solution
¢™ € C(R4, D(L™)) NCH(R1;H)

to the backward Kolmogorov equation
Oy (t) = L™ (t)
with ™ (0) = po and which satisfies the estimates

t
11+ N)Pe™ ()] +/ e CUTINIL + NP (L~ L6) 2™ (5)|IPds Sp e II(L + N)Pipol?,
0

11+ NP1 = Lo)e™ ()] Stomop 11+ NPT = Lo)goll,
forallt >0 andp>1

Proof Take h > 0 and let G™" = = JnG™MJy, where J, = e~ hN=Lo) The operator G™" is bounded on
H by the estimates in Lemma [dl Consider " € D(L™). Using the fact that Ly is the generator of a
contraction semigroup, we take (¢™(t));>0 to be the solution to the integral equation

t
N (L) = Pt +/0 efoltmgmhpmh(s)ds (21)

in C(Ry; (1 — Lg)H) and deduce easily that ¢™" solves the equation dyp™"(t) = (Lo + G™M) ™" (2).
Moreover

(1= Lo)(1 + NP ()| < Copmll(1 = Lo)(1 +N)*Ppo,
for any finite ¢ > 0 and p > 0 but not uniformly in & and m. Now
(L NPT (1), GO (1))
= ((L+N)PE™" (1), G1 "™ (1) — (G (14 N)*Po™ " (), ™" (1))
= ((L+N)PE™ (1), G @™ (1)) — (NZPG ™R (8), ™" (1))

= (L+ NP = NP)™ (1), G ™M (8)).

Using |(1 +N)?? — N?P| < (1 +N)?~! and the uniform estimates in Lemma B we have that, for some
o€(0,1/2),
(1 + NP = N2P) g™ (2), G o™ ()]

<A+ NPL = Lo)7 @™ O +NPH(L = Lo) "G 0™ (1))
<A +NP( = Lo)7™ (1))

Therefore,
(L + NP (1), G g™ ()] < (1 + NP (L= La)7 ™" ()2

and by interpolation we can bound this by
(1 +N)PE™ (1), G o™ M(1)] < Cs|(1+ NYPE™ (@) + 61| (1 + NP (1 = Lo) 2™ (1)1,

for some small § > 0. Therefore, we have

3t%|\(1+N)p<Pm’h(t)H2 = (1 +N)Pe™ (1), (Lo +G™")™" (1))

12



= (L + NP = Lo) 2™ () + 1L+ N)P™ M ()| + (1 + NP ™" (2), G ™" (£)
<=L =)+ NP (L= Lo) 2™ (B[ + C5lI(L + N)Pe™" (1))

uniformly in m and h. Integrating this inequality gives
t
(L + N)P™ " (2)]* + / e U1+ NP (1= Lo) 2™ ()P ds S e“!]|(1+ N)Pepol|?
0

for all p > 1 where the constants are uniform in m and h. Inserting this a priori bound in the mild
formulation in eq. (2I)) we obtain

11+ N)P(1 = Lo)p™ ()] < (1 +N)P(1 = Lo)e™ " (0)] +/0 1L+ N)PFHL = L£g) 2™ (s)|ds

Se [+ NP = Lo)goll + [|(1+ N ol

where we also used that
[+ NP1 = Lg)G™" ™" (s)]| < C(m)||(1 4+ N)PHIG™ ™ (s)||

S (L +NPHH(L = L) 2™ (s)|
by the presence of the Galerkin projectors and our (non-uniform) bounds. Indeed, note that
(1= Lo) Ly < [m[* (1 + N)IL,.
We conclude that
1L+ NP (L= Lo)o™ ()] St [|(1+NPH(L = Lo)ol,

uniformly in h. We can then pass to the limit (by subsequence) as h — 0 and obtain a function
™ € C(Ry, (14+N)7P(1 — L)~ 'H) satisfying the estimates
t
I+ NP (0)]1” + / A NP (1= L6) 2™ (5)]Pds < eI (1 + NP ool
0

and
[(1+ NP1 = Lo)e™ ()] Stom 11+ N)PFHL = Lo)goll,

for all t > 0 and p > 1. As a consequence, ™ € C(R4,D(L™)) for all ¢ > 0 as soon as |(1 +N)?*(1 —
Lo)po|| < co. By passing to the limit in the equation, ¢™ also satisfies

Opp™ (t) = (Lo +G™)™ (t) = L™ (2).
O

Recall that we write 7™ to indicate the semigroup generated by the Galerkin approximation w™.
Moreover, if we denote by £™ its Hille-Yosida generator, we have the following result.

Lemma 11 (£™,D(L™)) is closable and its closure is the generator £L™. In particular, if ¢ € V, then
™ (t) = T/™p solves
O™ (t) = L™ (1),

and we have
LT =T L.

13



Proof Let (wj™)¢>0 be a solution to the Galerkin approximation [3) with initial condition wg. If ¢ € C
is a cylinder function, then we have

T"¢(wo) — p(wo) = Eu, Uot ﬁ’"w(w;")déf} = /Ot T (L™ ) (wo)ds.

By approximation (using a Bochner integral in H on the right-hand side), we can extend this point-wise
formula to all ¢ € D(L™) obtaining for them that T} — ¢ = fg T L™ pds in H. For every ¢ € D(L™),
Lemma [I implies that the map s — T L™y € H is continuous, and therefore

T{"p—

; — LM, ast — 0, p €D(L™),

with convergence in 7. As a consequence, ¢ € D(ﬁm) and we conclude that L™ is an extension of
(L™, D(L™)). By Lemma 8 we have that the closure of £L™ is £™ and that L™Ty" = T"L™¢ for all
peV. O

Using the commutation LT = T{" L™y, we are able to get better estimates, uniform in m.

Corollary 1 For all g € V and for all o > 1, we have
11+ M) 0™ (O] = (1 + M) L™ o™ (B)]|* S e [(1 + N)* L™ o[, (22)

and
(1 +N)™(1 = Lo) 2™ ()] S e (1+N)* L™ ” + |(1 4+ N)*(1 = Lg) 01>, (23)

Proof Recall T/ pp* = ¢™(t). We already know
eI+ N T g |1P + / e (L + N (L= Lo) 2T Pds S N1+ M) ol
0
which yields

/ eTY|(1+ N (1 — Lo) 20, T o |2dt = / e ICY(1+ N (L — Lo) /2T L™ o 2dt
0 0

< 0+ AL
and
[(L+ A= £o) Tl

S [l = co o mrepds| + 10+ N (1 = £0) 0]

<Ly I+ A= £0) 20,0 ds + (1 + N7 (1= £6) /200

< el o e=C(1+ N (1= £0) 20,00 ds + [[(1+ N (1 = £0)! /00|

S e+ N) Lol + 11+ A (L= Lo)! 2],
which is what claimed. a

5.2 Controlled structures

The a priori bounds (22) and (23) bring us in position to control |[¢™(t)|, ||O:e™(t)]], and ||[L™e™(t)|]
uniformly in m and locally uniformly in ¢, but in order to study the limiting Kolmogorov backward
equation we have first to deal with the limiting operator £ and to define a domain D(L).
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To take care of the term G in the limiting operator £, we decompose it by means of a cut-off function
M = M(N) as follows
G" = Tigg>m9™ + Vjgg|em¥™ = ™7 +G™7
We then set
P = o™ — (1= Lg) 'GP, (24)
so that
(1= L™ = (1= Lo)p™F + G ™. (25)

Lemma 12 Let w be a weight, L > 1, & €]0, (0 — 1)/(20)[ and M(n) = L(n + 1)30/(0=1=202) " Then we

have
(0

o) (1 = £6)72G™ | S Jwl L™ ¥ lw(N)(1 = £6)/29]. (26)
Consequently, there exists Lo = Lo(|w|) such that, for all L > Lo and all o* € w(N)~ (1 — Lg)"'/?H,
there is a unique ™ = K™@* such that

P = (1= Lo)T'G™ ™ + f € wN) (L — L) TVPH,
which satisfies the bound

lwN)(1 = Lo) /2K @F|| + [w] 7 LED/EO=E (M) (1 = Lo) /(K™ — H)]
< w1 = Lo) /2.

All the estimates are uniform in m and true in the limit m — oo. We denote K = K.

(27)

Proof We start with the estimate on G}"”. We have, for € €]0,1/2 — 1/(26)], using Lemma [

lw(N) (1 = Lo)"2GT 70l < wW)(A = L6) 1 2,1 ap ) GE Y
[w(N)M(N) 2T @R — )=/ RO =gy
< wWN + DMWN + 1)~V @O\ 4 1)(1 - Lg)2 5.

~

A

The bound on G™” can be obtained using again Lemma £
loN)(L = Lo)" 26779 S lwW)(L = L6) ™21 £, 15000 G20
S wW)MW)TEHVEO (L — o)=Y EOGmy||
S wW = )M = 1)7ZHVEONBE (L — L)1 2y).
In conclusion, for £ €]0, (6 — 1)/(26)], choosing M (n) = L(n + 1)30/(0=1=20¢) for [, > 1,
[wN) (L = Lo)7V2G™ || S LTV [w(N) (1 = Lo)' /4]
Now let of € w(N)~1(1 — L)~ V/?H, the map
U™ w(N) N1 = L) 7V2H — w(N) 711 — L)~ V2H,
U UT(Y) = (1= L) TG+ ¢F,
satisfies, for some positive constant C,
[wN) (L = Lo) PO (@) < [lwN)(L = Lo) ™ 2G™ 9| + [[w(N)(L — L)' /2 |
< CLTVEVCOTw| w(WN) (L = L) 29 + [w(N) (1 = Lo)'/2H].
Namely, U™ is well-defined and, choosing L large enough, it is a contraction leaving the ball of radius

2|w(N)(1 — L)' /?0#| invariant. Therefore, it has a unique fixed point K™¢# satisfying the claimed
inequalities. 0
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Remark 3 In the previous lemma, the cut-off M (n) depends via |w| on the weight w. In the following
we will only use polynomial weights of the form w(n) = (1 4+n)® with |a| < K for a fixed K. In this case
|w| is uniformly bounded and it is possible to select a cut-off which is adapted to all those weights. This
will be fixed once and for all and not discussed further.
Proposition 2 Let w be a polynomial weight, v > 0, € as in LemmallZ2,

6(6vy+5) —2

Let
‘Pﬁ € w(N)_l(l - 59)_17{ N w(N)_1(1 +N)—a(7)(1 _ 59)—1/27_[’

and set "™ 1= K™@t. Then L™¢™ is a well-defined operator and we have the bound
lw(N)(L = L£6)7G™ =™ || S [lwW) (L + N)* (1 = Lg)' /2. (28)

Proof By eq. (28) we need only to estimate G™ <™. We first deal with QT’<: we have by (@), for
5<1/2—1/(20),
[wN) (1 = Le) "G "™ || = [wWN)(L = L0) Lz, <reinGT ™ |
S wWN)MWN) 2201 = o) 2H0gem|
< fwW A+ MW + 1)7FY2(N 4+ 1)(1 - Lo) O™

For G"™~, it follows in a similar way from estimate (I0) that, for every § €]0,1/(26)],
lwWN)(A = Le)G™ "™ = (w1 = Lo) Lz, <ar) G @™ |
S W) MN)HED (L — £o) 7t/ EOGmem|
< oW = )M = 1)7HEONPE(L L)1 2m.

These bounds and the definition of M (n) give the claimed bound on G™=. O

5.3 Limiting generator and its domain

Lemma 13 Let w be a weight and take a cut-off function as in Proposition [ with v = 0. Set
Dy (L) = {K¢* : p* € wN) 11— Lo) T "HNwN) N +1)7O 1 — L)1/},

Then D, (L) is dense in w(N) " H. If w =1 we simply write D(L).

Proof Note that w(N)~1(1 — Lg)'H N w(N)"HN + 1)O(1 — £5)"Y/2H is dense in w(N)~'H,
therefore, in order to prove Lemma [[3 it suffices to show that, for any v € w(N)~1(1 — Ly)"tH N
wN) YN 4+ 1)=O) (1 — L£4)~1/2H and for all v > 1, there exists ¢” € D,, (L) such that

lw(N)(1 = L) 2 (¢ =)l S v OV w(N)(1 — Lo)' 2y, (29)
lwN)(1 = Lo) 20" S wWN)(L — Lo) /0], (30)
loN)(1 = L)e"|| S vEOF(JwN)(L — Lo)y| (31)

HlwN)N +1D)*O (1 £0)!20])),
for some § > 0. By Lemma[12] there exists ¢* € w(N)~'H such that

¢ = Lunm<ico| (1 — Lo) 1 Ge” + 1)
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and satisfying estimates ([29)—(@0). We are left to show that ¢ € D,,(£) and ([ZI]). Note that
P = (1 Lo)'G7 " + ",

where
" = — Ly <ico | <omrnv) (1 — Lo) 71G”.

In particular, we have L¢” = ¢ + G=¢" — (1 — Ly)¢"*, and, by Proposition 2 it suffices to estimate
et in wN)H1 = Lo) TP HNwN)THN +1) 72O (1 — £4)71/2H. The first contribution, 1, satisfies the
required bounds by assumption, so it is enough to show that the second contribution, which we denote
by ¥, satisfies

lo(A) (L = Lol S v W)W +1)*O (1~ Lo) 20, (32)
(VYN + 1) (L = Lo) 27| < NN + 1) (1= Lo) /0] (33)

Notice that (1—Lg)" = =1 arwv)<|ce|<omn)G¢”, hence estimate ([32) can be obtained from the uniform
bounds in Lemma [ as follows (note that those bounds are valid also when m = 4+00). We have, for G,

lwN)Lar )< ol <vman) G+l
S NwN) L = Lo) Y COT Lps vy <y <onrinn (1= Lo) 7/ P0G o
S vMCOTwN + )MV + DYVEDTN L 1)(1 = L) 2]

For G_ we have, instead

lwN)Laray<ico|<vm G-l
S w1 = Lo) Y COTpr a1z, <omrny (1= Lo) " COG o]
< yl/(29)||w(/\f— 1)M(N— 1)1/(29)N3/21M(/\/)<|£9|<uM(N)(1 _ E@)_l/(%)g_goﬂ,

which gives estimate (B2) if we choose & small enough. In order to obtain estimate (B3], note that, for
r €0, (6 —1)/(20)],

WYV + 1) O (1 — Lo) 2| lwNYN + DO = L) Lag < ol <orrnn G9° |
M (n)~O=D/0F25 [ (NY N+ 1)* O (1 — L)~ EO=5G, o
+M (n) OO NN +1)*O (1 = L)~ EIG_o¥|

NI

Now recall that M (n) ~ (n 4 1)30/(0=1=209) and get by [@)—(0) the inequality
[wWYN +1)*O (L = L£6)29" | S Jw(N)(1+N)*O (1 = Lg)1/2p"]].
Applying (27)) yields the result. O

Lemma 14 For any ¢ € D(L), we have
(0, L) < 0.

In particular, the operator (L,D(L)) is dissipative.

Proof Notice that ¢ € D(L) implies Lop,Gp € (1 — Ly)/*H and ¢ € (1 — L)~ /2(1 +N)~'H. These
regularities are enough to proceed by approximation and establish that

(0, Lo) = —(p, (—La)e) + (@, Gop) = —(, (—Lo)p) = —|(—La)?¢|*> < 0,

where we used the anti-symmetry of the form associated to G, i.e. {¢,Gp) = 0. a
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5.4 Existence and uniqueness for the Kolmogorov equation

Having defined a domain for £ it remains to study the Kolmogorov equation 0;p = Lp. In particular,
we consider the equation for o™ #, which was defined in (24,

Qg™+ (1= Lo)g™ = L7 4 (1= Lo)g™ — (1 = L)1 g™ Dy
— (pm + gm,-<(pm _ (1 _ £9)—1gm,>at(pm
— (pm + gm,-<(pm _ (1 _ £9)—1gm,>((pm + gm,-<(pm _ (1 _ Ke)(pm,ﬁ)
—. q)m,ﬁ

We want to get a suitable bound in terms of gog“ﬂ for each term of ®"f. The Schauder estimate in
Lemma [I7] will be crucial. We will also need the following result.

Lemma 15 We have

1L+ N)P(L— Lo) 2™ (1)

m m 34
S (e + DY2(I(L+ NP(L = Lo)ep? | + [[(1+ N PO (1 — Lo) /205 F])). 34
Proof By (23) and Lemma [I2 it follows that
I(L+N)P(L = Lo) 2™ (2))|

S A +NPL = Lo) 2o @) +[[(L+NP(L— L)1 /2G™ ™ (1)]|

S et (L NPL™GF ] + (1 +N)P(L = Lo) 07|

S (e €+ )Y+ NP1 = Lo)g || + [[(1+ N)PHO (1 — L) 1/205F)),
where in the last step we exploited Proposition O

For v €]1/2,1 — 1/(20)[, we have that, by the estimates (@) and (I0),

[+ AP (= Lo 7™ (1= L™ ()| S L+ NP1 = L) 4/ @ gmi() |
S e R e Ol

~

By interpolation for products, there exists ¢ > 0 such that, for all € €]0, 1],

(14 NJP3/2(1 = Loy 121 COmA(s)| S Coll 1+ N)I(L = La)/26m4(5)]|
+ell(1+ AP (L= Loy HipmE(s)),

where the first term on the right-hand side can be controlled via the a priori estimate (34]), while the
second term can be absorbed on the left-hand side. Moreover, we have by (28)) and by estimate (34,

I+ NP = Lo)G™ ™) < (L +NPHOI (L = Lo) 2™ (s)|
S @+ NP1 — Lo)pg ||
FI (L4 NPT (1 — £6)1/25|.

Recalling v €]1/2,1 — 1/(26)] and exploiting estimates ([@)—(I0), we get

[(14+N)P(L— Ly)T1G™ G =™ (s)|

(1 + N)PH3/2(1 — Lq)7=1/2+1/ @0 gm.< om ()|
||(1 +N)p+3/2+a(771/2+1/(20))(1 o £6)1/280m7ﬁ(5)||
(1 + NP (1 = L) 20m(s),

AN A
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where we used 3/2+a(y—1/2+1/(20)) < a(7) whenever & < 1/3—1/(360). This bound can be controlled
via ([B4) as above. As a consequence, we established that, after renaming ¢ = ¢(p,vy) > 0,

subgcier [|(1+ NP (1= L) @™ (1) Sr [I(1+N)1(1 = Lo)o |
HI(1+ M) (1 = L) 2|
tesupocrer [[(1+N)P(1 = Lo) o™ ()]

and hence, for v €]1/2,1 —1/(26)],

supgcrcr |(L+N)P(L = Lo) Fm™4 (O] S 1L+ N)I(L = Lo)p |l + |1+ N)7(L = Lo) /05|
H(L+N)P(L = Lo) 70
Sro I+ N)I(L = Lo) T .
Recall 9yp™*F = (1 — Lg)™* + ®™4(t), so that

sup [[(1+N)P(L— L) 0™ ()] S [[(1+AN)7(1 = Lo) HT 05|
otT

By interpolation, this gives
1L+ NP1 = Lo) 72 (™ (1) — @™ ()| < [t = s"[[(1+ N (1 = Lo) 05
Introduce now, for p > 0, the sets

U= |J KA+N)@PIA = L) "HCH,

velhi-

and U = Up>a(0) Up.
Theorem 3 Let p > 0 and ¢g € U,. Then there exists a solution
pe ORI +N)PH(1—Ly) " H)

6>0

to the Kolmogorov backward equation Oy = Lo with initial condition p(0) = ¢o. For p > «(0), we have
¢ € C(R4,D(L)) NCYHR,H) and, by dissipativity of L, this solution is unique.

Proof Let o € U, and set @) := K 1o € (1 + N)"9(1 — L)~ for v €]1/2,1 — 1/(20)] and
p > 0. For m € N, let ¢™ be the solution to O™ = L™™ with initial condition ¢™(0) = ngog.
A diagonal argument yields the relative compactness of bounded sets of (1 4+ N)"P(1 — Lg)~'~7/?H in
the space (1 +N)7PH0(1 — Ly)~'H for § > 0, with the consequence that, by Ascoli-Arzela the sequence
(™), is relatively compact in C(Ry; (14+N)"P+(1 — L) ~'H) equipped with the topology of uniform
convergence on compact sets. We denote ¢f a limit point of such a sequence and let ¢ = K¢f. Then,
along the convergent subsequence,
p(t) —¢(0) = lim (e™(t) —¢™(0))

m—0o0
t
= lim L™ (s)ds
m— o0 0
t

= lim [ (Lop™H(s) +GmM=Kmp™H(s))ds

m—0o0 0
t
= dim [ (Log(s) + GG (5))ds

m—0o0 0

- / (Lo (s) + 6K (s))ds,
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where we exploited our uniform bounds on L, G™, K™ and the convergence of ¢™# to f as m — oo
to get the 4th equality, while the last step follows from our bounds for G and K, together with the
dominated convergence theorem.

If we take p > «(0), then by definition (cfr. Lemma[3]) ¢ € D(L). Furthermore, Lo € C(R4;H) and

we have ¢ € C'(R4;H) because of the relation ¢(t) — ¢(s) = f; Lo(7)dT. We can hence compute,

Al e(t)]I* = 2(p(t), Lo(t)) <0,

by the dissipativity of the operator £ given by Lemma[I4l Therefore, for any solution we have ||p(¢)| <
lloll, which together with the linearity of the equation yields the uniqueness. O

6 Bounds on the drift

We prove there the key bounds on the drift G™.
Proof of Lemma [4 We start by estimating G7*. We have, by Lemma [I6 and since v > 1/(26),

[wN)(1 = Lo) G 0l> = 3, sontw(n)® 3, (TT2, |27T’fi|f) |F((1 = Lo) TG T @) (krn)?
n Liky |, lkol, ke 2\m|k+k| “

Yz ninPw(n)® 3o, (Hi:nl |27k ?) ‘Elir‘Lke‘(l‘ci:j)k)z‘”Tkl\21\k2|22 [Gn-1(ky + k2, ksin)|?

Sasentn?w(n)® Yo, o (TTis [27kil?) 1M @n—1 (4 kaen) | Dk, 4 g—e(1 + Lo(k1n)) =

D onso n!n?w(n)? > ke (IT75 127k;|?) [€]*(1 + Lo(¢, k3 )20 51 (4, ks |2

AR VARZAN

Introducing the notation ¢; = ¢ =k + ko and ¢; = k;11 for i > 2, we get
S Tasertn?wm? Ly, (05 12761R) 10020+ Lo(frn-1)) "+ Gt (Crn ) .
then using the symmetry of ¢,,_1 we reduce this to
n—1 024 +0,)? _ A
S Tsentnwm)?® S, (TS 127602 ) ST (14 Lo(bn 1)) 2 0 B (1)

from which we obtain
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n>1 frm \i=1

S lwW + 1)1+ N)(1 = Lo) VO 20|12,
For G™, note first that, by the Cauchy-Schwarz inequality and by Lemma [T6] (since v < 1/2),

2
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therefore,

A

N

A
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we now let /1 =p, {o =¢q, and ¢; = k;_1 for 3 <i <n+ 1, so that
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which gives the uniform bound.

Let us now discuss the m-dependent estimates, we have for G
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Finally, for G™ we have,
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A Some auxiliary results

Lemma 16 Let C,5 >0, a > (d+ ()/(20). Then

|P|B 20 d)/(26 d
> < (k% + ¢)B+d)/(20)—a k ez
o=t (Ip|?? + [k — p|?* + C)~ < (I )

Proof Since |p|?® + [k — q|*? > |p|?? + |k|??, we have

|p|*

ZP (Ip[??+[k—p[2? +C)= fRd (Iy|29-|-|1€|29-i-0)“d
By scaling
|y|ﬂ 260 d) /20— |y|ﬁ
dy = (1|20 + ¢)(B+d)/20—a S ) N |
| TP Ry =+ 0 2o (P71 Y
and the integral is finite if 8 — 20 < —d. O

Lemma 17 We have, for any T >0, v > 0,
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Proof The proof is standard and proceeds by spectral calculus. Write W(t) := (9, — (1 — Lg))(t)
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where J|1_,|2: denotes a dyadic partition of unity such that |[¢[|* &~ >, W1z, 219 for any ¢.
Let S; = e *(1=£6) 50 that
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and, as a consequence,
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Therefore, since N' commutes with Lg, we also have
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that is the claimed estimate. O
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