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Abstract

We study various nonlinear PDEs under the effect of a time-inhomogeneous and irregular modu-

lation of the dispersive term. In particular the modulated 1d periodic or non-periodic versions of the
Korteweg—de Vries (KdV) equation, of the modified KdV equation, of the non-linear Schrodinger
equation (NLS) and of the derivative NLS. We introduce a deterministic notion of ”irregularity” for
the modulation and obtain local and global results similar to those valid without modulation. In
some cases the irregularity of the modulation improves the well-posedness theory of the equations.
A first approach is based on novel estimates for the regularising effect of the modulated dispersion
on the non-linear term using the theory of controlled paths and estimates stemming from Young’s
theory of integration. A second approach is an extension of a Strichartz estimated first obtained
by Debussche and Tsutsumi in the case of the Brownian modulation for the quintic NLS.

Keywords: Dispersion management; Young integrals; Controlled paths; Stochastic Strichartz in-
equality; [-method; Korteweg-de Vries equation; Non-linear Schrodinger equation; Regularization
by noise phenomenon.
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1 Introduction

In this paper we consider nonlinear PDEs of the form

%@t = Asﬁt% +N(p), =0 (1)
where w : Ry — R is an arbitrary continuous function, A is an unbounded linear operator and N
some nonlinear function. The situation we have in mind is where A is a dispersive operator like the
Schrédinger operator i9% or the Airy operator 0% acting on periodic or non-periodic functions on R"
and where A is some polynomial non-linarity with possibly derivative terms. Our analysis will be
mainly devoted to the following cases:

1. (KdV) Korteweg-de Vries equation in T or R, A = 93, N'(¢) = 9¢?;
2. (NLS) Non-linear cubic Schrédinger equation in T? R", n = 1,2, A = id?, N'(¢) = i|¢|*¢;
3. (mKdV) Modified Korteweg-de Vries equation in T, A = 8%, N'(¢) = 0(¢? — 3||8|[%0)¢;

4. (dANLS) Non-linear (Wick-ordered) derivative cubic Schrodinger equation in T, A = i0%, N(¢) =
i0°(16]> — [|¢%0)¢ with 6 > 0

in all these cases the Banach space V will be taken as belonging to the scale of Sobolev spaces H?,
« € R defined as the completion of smooth functions with respect to the norm

[Bla = lIgllme = 1S 12 @n) (2)

where ¢ is the Fourier transform of ¢ : R" — C and (¢) = (1 + |¢[2)/2. Similar definition holds in the
periodic case where R" is replaced by T™ with T = [0, 27| with periodic boundary conditions.

The (randomly) modulated NLS equation has been subject of interest in recent literature (for
example [1, 12, 14,26,27,29,32,36]), especially due to the applications to soliton management in
optical wave-guides. The authors do not know of any relevant application of the other models, apart
from the work of Clarke et al. [6] on dispersion management for KdV.

Aside of specific applications we are motivated by the general problem of understanding the prop-
erties of PDEs in non-homogeneous environments and what can be expected as far as “generic”
properties of the equation are concerned. Modulated equations rule out classical techniques of Fourier
analysis (e.g. Bourgain spaces in the case of KdV) and other important tools like Strichartz estimates.
Many conservation laws are also not available in the modulated context affecting the analysis of global
solutions.



Another of our motivations has been the study of the regularisation effect of a non-homogeneous
time modulation in the spirit of the recent work of Flandoli, Priola and one of the authors [15] on the
stochastic transport equation.

Eq. (1) is only formal since the derivative of w does not exists in general. If w is a Brownian motion
then the differential equation can be understood via stochastic calculus. Interpreting the differential in
Stratonovich sense seems the most natural choiche in this context since it preserves the mild fomulation
of the equation (see below). De Bouard and Debussche [12] study the Nonlinear Schrédinger equation
with Brownian modulation and they show that it describes the homogenisation of the deterministic
Nonlinear Schrédinger Equation with time dependent dispersion satisfying some ergodicity properties.
In the more general situation the interpretation of eq. (1) as an It6 or Stratonovich SPDE is not
possible and we prefer to describe solutions via a mild formulation. If we denote by (etA)teR the group
of isometries of V' = H* generated by A, the mild solution of eq. (1) is formally given by

t
o= UPpo + U /0 (U2) N (p)ds 3)

where U}’ = et is the operator obtained by a time-change of the linear evolution associated to A
using the function w. In this form the equation make sense for arbitrary continuous function w.

The aim of this paper is to analyse eq. (3) under some hypothesis on the “irregularity” of the
perturbation w. In particular if w is sufficiently irregular (in a precise sense to be specified below) then
we will be able to show that the above nonlinear PDE can be solved in spaces which are comparable
to those allowed by the unmodulated equation

d
o= At + N (), t>0 (4)

and that in some situations the combination of the irregularity of the perturbation and the non-linear
interaction provides a strong regularizing effect on the equation.

Let us now be more specific about the kind of solutions we are looking for. Let Il : H* — H® be

the projector over Fourier modes |£| < N: IT]\Tf(g) = ]I‘g‘SNf(g) where f denotes the Fourier transform
of f € H* and let Ny(¢) = IIyN (IIy¢) be the Galerkin regularization of the non-linearity.

Definition 1.1. The function ¢ € C(Ry;V) is a local solution to (3) in V with initial condition
¢ €V if there exists T > 0 and such that

lim (U2) NN (ps)ds = Qi(¢p)

N—oo 0

exists in' V' for any t € [0,T] and the equality

er = (U)[¢ + Qu(p)]
holds in V' for any t € [0,T]. We say that the solution is global if the equality holds of any t > 0.

Whenever the limit exists we write
t

¢
i [ W) W (p)ds = [ U)W o)
N—oo /g 0

It should be noted that the quantity on the r.h.s. is not a usual integral but only a convenient
notation for the limit procedure. Indeed N (ps) will exist only as a space-time distribution and not as
a continuous function with values in V.

The next definition concerns the particular notion of ”irregularity” of the perturbation that will
be relevant in our analysis.



Definition 1.2. Let p > 0 and v > 0. We say that a function w € C([0,T];R) is (p,~y)-irregular if
for any T > 0:

OY,(a
|| prw—sup sup (a}pw<+oo

a€R 0<s<t<T s =t
where @, (a) = fst e@rdr. Moreover we say that w is p-irreqular if there exists v > 1/2 such that w
is (p,y)-irreqular.

As it is apparent from this definition the notion of irregularity that we need is related to the
occupation measure of the function w (see for example the review of Geman and Horowitz on occu-
pation densities for deterministic and random processes [17]), in particular to the decay of its Fourier
transform at large wave-vectors as measured by the exponent p. The time regularity of this Fourier
transform, measured by the Holder exponent v, will also play an important role.

Existence of (plenty of) perturbations w which are p-irregular is guaranteed by

Theorem 1.3. Let (Wy)i>0 be a fractional Brownian motion of Hurst index H € (0,1) then for any
p < 1/2H there exist v > 1/2 so that with probability one the sample paths of W are (p,~)-irregular.

In particular there exists continuous paths which are p-irregular for arbitrarily large p. Using
well known properties of support of the law of the fractional Brownian motion it is also possible to
show that there exists p-irregular trajectories which are arbitrarily close in the supremum norm to
any smooth path. It would be interesting to study more deeply the irregularity of continuous paths
“generically”.

In our opinion an important general contribution of our work is the observation that the regularity
of the occupation measure of w seems to play a major role in the understanding of the regularizing
properties of w in a non-linear context and it would be desirable to understand more deeply the link
of the notion of p-irregularity with the path-wise properties of w.

Apart from the classic contribution of Geman and Horowitz [17], the authors are not aware of any
systematic study of occupation measures from the point of view of their action on spaces of functions,
topic which is central to our analysis. Let us explain this better: let

/fx—i—wr

for measurable functions f : R — R. Then T%(e')(z) = ®¥;(a)e’*” which shows for example that if
w is (p,y)-irregular then

ITsef ey S 1t = s 1Lf Lo

meaning that T is a regularizing operator. This point of view links our research to the topic of
improving bounds for averages along curves (see for example the paper of Tao and Wright [34]).
Inspired by the work of Davie [9] on pathwise uniqueness for SDEs, Catellier and Gubinelli [5] provide
some analysis of the regularizing properties of random paths but much is still not very well understood.

An open problem is, for example, what happens if we replace w with a regularised version w® or
with a function which could depend on the solution itself. In this respect we conjecture that if w is
(p,7)-irregular then for any smooth function ¢ the perturbed path w¥ = w + ¢ is still (p, y)-irregular
but we are only able to prove this in the specific situation where w is a fractional Brownian motion
and ¢ is a deterministic perturbation, or more generally but with a loss of 1/2 in the p irregularity of
w?: both results (with precise statements) are obtained in [5]. In the case of a smooth w we have the
following straightforward result:



Proposition 1.4. Let w: [0,T] — R a twice differentiable function such that cp = infycpo ) [wy| > 0
for any T > 0 and % € L} (0,4+00) then w is (1 —~,7) irregular for all v € (0,1).

loc

Proof. Integration by parts gives

eiawt _ eiaws t ) w//
. w iaw iaw o
ia®¥(a) = —————— + [ ("7 — ") do
s

w; (w5)?

and the result follow immediately from the hypothesis. O

To deal with irregular modulations in the sense of Def. 1.2 we develop two different techniques:

1. The first uses the controlled path approach and Young’s integral and it is inspired by the work
of one of the authors [19] where the periodic KAV equation in negative Sobolev spaces (and
more general Fourier-Lebesgue spaces) is studied without relying on Bourgain spaces and the
time-homogeneity of the equation. This work has connection to the normal form analysis of
Babin, Ilyin and Titi of the same equation [2].

2. The second is based on a novel deterministic Stricharz estimate for the modulated linear equation
which is a generalization of the probabilistic results of Debussche and Tsutsumi [14].

Let us summarise the main contributions of this paper, all along which we are going to make the
following basic assumption:

Hypothesis 1.5. The function w is (p,~y)-irreqular for some p >0 and v > 1/2.
Our first result is about the modulated Korteweg-de Vries (KdV) equation.

Theorem 1.6. For any p > 3/4 and o > —p the 1d periodic modulated KdV equation has a local
solution in H*(T). The solution is global if &« > —3/2 and o« > —p/(3 —2v). Uniqueness holds in
the space DY(H®) C C(Ry; HY(T)) introduced in Def. 2.2 below. In the non-periodic setting the 1d
modulated KdV equation has local solutions in H*(R) for a > —min(p, 3/4). The solution is global if
a > —min(p/(3 — 2v),3/4). Uniqueness holds in the same space D (H®).

This theorem shows that an irregular modulation provides a regularisation effect on the KdV
equation. Indeed the unmodulated equation allows for a uniformly continuous flow only if o > —1/2
in the periodic setting and only if & > —3/4 in the non-periodic one [7]. Recall that exploiting the
complete integrability of the unpertubed model it is possible to show existence of solutions up to
a>—1[28].

As far as we know there are no existence results for o < —1 for the unmodulated equation and
since we obtain solutions with standard fixed point methods we have also the existence of continuous
flow in situation were it is known to be false for the unmodulated equation.

Ours are the first results of regularization by noise in non-linear dispersive equations with rough
initial conditions. It is known that noise can act as to worsen the behavior of the equation, for example
blow-up in NLS with multiplicative noise [10, 11].

For the cubic NLS equation we have the following theorem.

Theorem 1.7. Assume that p > 1/2. Then the modulated cubic NLS equation on T and R has a
global solution in H* for any o > 0. Uniqueness holds in D*(H®) and the flow is locally Lipschitz
continuous in DY (H®).



In the case of Brownian modulation the global solution for e = 0 have already been constructed by
de Bouard et Debussche [12]. Here we extend their result to any « > 0 and any sufficiently irregular
modulation. Global solutions for any a > 0 are the result of the L? conservation law and some
regularity preservation estimates for the non-linear term.

For the other models we considered we obtained the partial results listed in the following theorem.

Theorem 1.8. Assuming p > 1/2. We have the following results:
1. The modulated cubic NLS equation on R? has a unique local solution in H® if o > 1/2;
2. The modulated dNLS equation on T has a unique local solution in H* if a« > 1/2;
3. The modulated mKdV equation on T has a unique local solution in H* if o > 1/2.

A key argument in the proof of all these results is the use of explicit computations allowed by
the polynomial character of the non-linearity. These results are however limited to modulations
irregular enough. Indeed, a bit surprisingly, in the modulated context the application of controlled
path techniques is easier if the modulation is very irregular. This has allowed us not to have to deal
with second order controlled expansions as has been necessary in [19]. An open problem is to fill the
gap between regular and irregular modulations.

A different line of attack to the modulated Schrodinger equation comes from the application of the
following Strichartz type estimate which can be proved under the same p-irregularity assumption of
Hyp. 1.5:

Theorem 1.9. Let A = i02, T > 0, p € (2,5],p > min(3 — %, 1) then there exists a finite constant
Cw,r > 0 and v*(p) > 0 such that the following inequality holds:

for all ¢ € L' ([0, T], L?>(R)).

< Co T ||| L1 po.17.22(R))
LP([0,T],L2P(R))

| oyt

0

As an application we obtain global well-posedness for the modulated NLS equation with generic
power nonlinearity ie : N'(¢) = |¢|F¢:

Theorem 1.10. Let pp € (1,4], p = p+ 1, p > min(1,3/2 — %) and u® € L?(R) then there exists
T* > 0 and a unique u € LP([0,T], L*(R)) such that the following equality holds:

S

t
U = Utwu0 —i—i/ UZ“(U”)_l(]us\“us)ds
0

for allt € [0,T*]. Moreover we have that ||ut||r2®) = ||uol|2wr) and then we have a global unique solu-
tion u € LY ([0,+00), L**(R)) and u € C([0,400), L*(R)). Ifu® € H'(R) then u € C([0,00), H'(R)).

We point out that all our techniques are deterministic and that they provide novel results even in
the stochastic context, for example when w is taken to be the sample path of a fractional Brownian
motion. In the Brownian case it is not difficult to show that our solutions corresponds to limits of
solutions of Stratonovich type SPDEs. Even in the Brownian setting our results on KdV, mKdV and
DNLS are, to our knowledge, novel. In the case of NLS we recover the known results of Debuscche
and Tsustumi adding to that existence of a continuous flow map for the SPDE, result which is usually
difficult to obtain in the stochastic framework.



Plan. In Sect. 2 we illustrate the controlled path approach to solution to modulated semilinear
PDEs. This approach relies on a non-linear generalisation of the Young integral [18,30,35] for which
we provide complete proofs in Sect. 3. Using the non-linear Young integral we define and solve
Young-type differential equations in Sect. 4. This will provide a general theory for the constructions
and approximation of the controlled solutions. In Sect. 5 we verify that all our models satisfy the
hypothesis to apply the general theory we outlined in the previous section. In Sect. 6 we study global
solutions in different H® spaces: above L? by secking suitable preservation of regularity estimates and
for KAV below L? by an adaptation of the I-method to our context. Finally in Sect. 8 we prove the
Strichartz estimate of Thm. 1.9 and apply it to the study the modulated NLS equation with general
non-linearity without relying on controlled solutions.

Notations. If V,W are two Hilbert spaces we let £, (V,W) be the Banach space of bounded
operators on V®" (considered with the Hilbert tensor product) with values in W and endowed with the
operator norm and set £, (V) = L,(V, V). We let T' > 0 denote a fixed time and C'V = C7([0,T],V)
the space of y-Holder continuous functions form [0,7] to V' endowed with the semi-norm

HfHC"/V — sup ||f(t) B f(S)HU .

o<s<t<T |t —s[7

If V is a Banach space then Lip,;(V) will denote the Banach space of locally Lipshitz map on V' with
polynomial growth of order M > 0, that is maps f : V — V such that

1f(z) = fW)lv
Sl = sup
H HL par (V) 2yeV Hx — yHV(l + qu\/ + HyHV)M

< 4-00.

2 Controlled paths

The approach we will use in proving Thms. 1.6, 1.7 and 1.8 is based on ideas coming from the theory
of controlled rough paths [18,33] which have been already used in a variety of contexts:

1. alternative formulation of rough path theory with the related applications to stochastic differen-
tial equations and in general to differential equations driven by non-semimartingale noises [13,
21,23];

2. approximate evolution of three dimensional vortex lines in incompressible fluids where the initial
condition is a non-smooth curve [3,4]

3. study of the stochastic Burgers equation (multi-dimensional target space and various kind of
robust approximation results) [24,33];

4. definition of controlled (or energy, or martingale) solutions for a class of SPDEs including the
Kardar-Parisi-Zhang (KPZ) equations [20];

5. Hairer’s work on the well-posedness and uniqueness theory for the KPZ equation [25];

Recently the controlled path approach has also been used to highlight the regularisation by noise
phenomenon in ODE with irregular additive perturbations [5] where techniques very similar to those
used in this paper are exploited (in particular the notion of p-irregularity and the non-linear Young
integral).

Controlled paths are functions which “looks like” some given reference object. In the case of eq. (3)
it looks quite clear that the solution should have the form ¢, = Uy, for ¢, another continuous path



in V such that ¢g = 1. If we stipulate that ) has a nice time behavior then ¢ is somehow ”following”
the flow of a free solution of the linear equation, modulo a time-dependent slowly varying modulation.
The space of controlled paths D" (to be defined below) in which we will set up the equation will then
be given by functions ¢ such that an Holder condition holds for 1; = (U¥) '¢;. Note that this space
depends on the modulation and that different driving functions w and w’ would give rise a priory
to different spaces D¥ and D*" of controlled functions. This difference is somehow crucial and make
the spaces of controlled paths to be more effective in the analysis of the non-linearities. Let us try
to explain why. Assume that ¢ is the simplest path controlled by w, that is the solution of the free
evolution ¢; = U*¢ for some fixed ¢ € V' (i.e. not depending on time). In this case the non-linear
term in eq. (3) takes the form

t
@:@Awwﬂwwwwzwmw

where X; : V' — V is the time-inhomogeneous map given by

t
Xi(0) = [ (U2 N (T )s (5)
0
We will show that, in the specific settings we will consider, it is possible to actually prove the following
regularity requirement:

Hypothesis 2.1. The map X = Xt — X5 is almost surely a locally Lipshitz map on V' satisfying the
Holder estimate

1Xs6(¢) = Xt (@)llv S 1t = s (L +[lgllv + 16" 1v) M llé — ¢'llv
for some v > 1/2 and M > 0.

In this situation we see that ®; is a controlled path such that U; = (U*)~1®; belongs at least to
ct/ 2(V). If we want a space of controlled paths stable under the fixed point map

t
Nw:wm+w%awﬂmmm

we have to require ¢t — (U)"'T'(); to be at most in C/2(V) since otherwise even the first step
of the Picard iterations will get us out of the space. These considerations suggest us a definition of
controlled paths:

Definition 2.2. The space of paths DY (V') controlled by w is given by all the paths ¢ in C([0,T],V)
such that t — o = (UY); Yo belongs to CY/2(V).

At this point it is still not clear that the non-linear term is well defined for every controlled paths.
Hypothesis 2.1 ensure that the non-linearity is well defined when the controlled path ¢ is such that
" is constant in time. To allow for more general controlled paths we consider a smooth (in space
and time) path f: in this case the following computations can be easily justified in all the models we
will consider:

/0 ()N f)ds = /0 t [%Xs] (f)ds = /0 " Xau(f).

where the last integral in the r.h.s. should be interpreted as the limit of suitable Riemman sums:

t
/OXdS(fS) = lim Xtiti+l(fti)'

‘HQJ‘HO i

8



A key observation is that the map f — fot Xas(fs) can be extended by continuity to all the functions
f € CY2(V) using the theory of Young integrals, indeed note that X is a path of Lipshitz maps with
Holder regularity v > 1/2 and that this is enough to integrate functions of Holder regularity 1/2 since
the sum of these two regularities exceed 1. Since the kind of Young integral we use is not standard we
will provide proofs and estimates in a self-contained fashion below. This allows us to give a natural
definition of the nonlinear term for all controlled paths ¢, indeed it is now easy to prove the following
claim:

Lemma 2.3. Let ¢ € D¥ and let (pn)n>0 a sequence of elements of ¢ € DY which are smooth and
compactly supported in space and such that @, — ¢ in D*. Then

[ W Wends > [ Xaer)
0 0

in V. uniformly in t.

As it should be clear by now, the time-integral of the non-linearity (even if not the non-linearity
itself) is a well defined space distribution for all controlled paths and it is explicitly given by a Young
integral involving the modulated operator X. We can then recast the mild equation (3) as a Young-
type differential equation for controlled paths:

t
©r = %o +/0 Xas(py)- (6)

Any solution of this equation corresponds to a controlled path ¢; = U* ¢}’ which solves (3) where the
r.h.s. should be understood according to Lemma 2.3.

The Young equation (6) can then be solved, at least locally in time and in a unique way, in
ct/ 2(R4,V) by a standard fixed point argument. In some cases it is also possible to prove the
existence of a conservation law which imply ||¢¢|lv = ||¢o|lv and obtain global solutions. Another
byproduct of this approach is the existence of a Lipshitz flow map on V.

3 The nonlinear Young integral

Young theory of integration is well known [16,30,31,35]. Here we introduce a non-linear variant which
is not covered by the standard assumptions. For the sake of completeness we derive here the main
estimates in our specific context.

Theorem 3.1 (Young). Let f € C'Lip,,(V) and g € CPV with v+ p > 1 then the limit of Riemann
sums

t
fo= [ faalg) = Jim, S fo(on) = o)

[TI|—0
exists in 'V as the partition II of [0,t] is refined, it is independent of the partition, and we have
12e = Is = (fs = ) (gs)llv < (1 =2"72)  flleripy, vy llgllerv (1 + [lgllcov )™ [t — s+

Proof. We give a new proof of this fact. Let f, g be smooth functions in Lip,,(V') and V respectively.
Define the bilinear forms I (£, 9) = [ (dufu)(gu) and Js¢(f,9) = Ls¢(f, 9)— fs1(gs) where fs; = fi—fs



and note that these last satisfy Js+(f,9) = Jsu(f, 9) + Jut(f 9) + (fur(gu) — fur(gs)) forall s <u < t.
Let t} = s+ (t —s)k27" for k =0,...,2". By induction:

2n—1 n 2F—-1
Joi(f.9) Z Jorar (L) 420> (b (o ) — T s, (958)
k=0 i=0

Since f, g are smooth || Jyn i (f,9)lv Spg g — 2 < St 2 2n 50 that || 22 ~l Jin ,tf+1(fyg)”V N

7 'L+1
27" — 0 as n — oo. Then we can estimate

1o (£ 9)lv < D 2" fllerwip,, oy lglleev (1 + gllov)™
k=0

< (1 =272 fllevnip,, () llgllcev (1 + llgllcov )™

Now assume that f € C?'Lip,;(V') and g € C?V. Then there exists sequences of smooth function f,
and g, such that f, — fin C“/LipM(V) and g, — ¢ in CF'V for all v < v and all p’ < p and moreover
such that || fulleviip,,(v) < Iflleviipy,(v) and llgnlleov < [[fllcov . The above estimate implies the
convergence of Js (fn,gn) = Js+(f,g) in V for all s,¢. In turn this implies that, by passing to the
limit in the estimate we have also || Js¢(f,9)lv < (1 —27772) 7| fllcrnip,, o) llgllerv (1 + llgllcoy)™
Which means that we can define

stfa / fdu gu fst(gs)+Jst(f, )

for any f € C'Lip,;(V) and g € C?V. Now assume that II = {s < tmp < t; < --- < ¢, < t}is a
partition of [s,¢] and denote with S = Z?:_(]l ftit:01(gt;) the associate Riemman sum. By the above
construction we have fti,ti+1(gti) = It¢+1ti(fa 9)— Jti+1ti(f’ g) with ||Jti7ti+1(f? [l <f7g tiv1—t; |v+p and
S0

n—1 n—1 n—1
SH == Z Iti,ti+1(f7 g) + Z Jti7ti+1 (f7 g) - Sﬂf(fa g) + Z Jti7ti+1 (f? g)
=0 =0 =0

moreover HZ;ZOI Jt; i1 (5 g)”v Spg S tivn — 1P g TPt — 5| which implies that S —
I +(f,9) as |II] = 0 and the integral which we defined above by the continuous extension of the bilinear
forms I, ;(f, g) coincides indeed with the limit of Riemann sums on arbitrary partitions. U

4 Young solutions

With the estimates of Young integral we can set up a standard fixed point procedure to prove existence
of local solution and their uniqueness assuming suitable regularity of X. We assume that X;(0) =0
for simplicity. Define standard Picard’s iterations by

t
" = g + / Xas ()
0
with 9% = . Now

H/ Xas () = Xe(@o)llv £ T 2UXN A+ 19 Neov ) M 1™ llr 2

10



STNXI A+ lollv + T[4 |12y )M+

and
90D sz S IXITTC -+ [Wolly + T2 a2y )M

which means that for sufficiently small 7' (depending only on [[¢)]y/) we can have T2 || 0172y < 1
for all n > 0. Moreover in this case

2 — D oy Sygpy IXNTY 720D — 12y,

which for | X772 < 1/2 implies that ((™),>o converges in CY/2V to a limit 1 which by

~llvollv
continuity of the Young integral and of the operator X satisfies

t
T;Z)t = T;ZJO +/0 de(ws)'

This solution exists at least until ¢ < T where T' depends only on the norm of X and |[¢)g||y. Note
that a posteriori 1 belongs to CYV and not only to C*/2V. Uniqueness in CY/2V is now obvious.

Of course if M = 0 it is easy to prove that the existence time T of the local solution does not
depend on ||¢o||y and this imply existence of solution on arbitrary intervals. In the general case we
need further assumptions on the properties of X:

Lemma 4.1. Assume that for all ¢ € V' such that ||¢|ly < R we have

¢+ Xse(D)llv —llollv] S Crlt — sl”
where p > 1, then ||[¢¥¢]|lv = ||vollv and there exists a unique global solution of the Young equation.

Proof. Consider M; = ||¢¢||y which satisfy
[ My = M| = [[[s + Xit(1hs) + Rsellv = llobs[lv|

< l[9s + Xsa(Wo)llv = [9sllv] + [ Rsellv
by assumption and by the Young estimates on R we have
Sheolly [t = 81+ [t = 5|27

This relation implies that M; must be a constant function since both p > 1 and 1/2 ++ > 1.Then
My = My for all t < T. The conservation of the V' norm allows then to extend the solution to an
arbitrary interval and obtain a global solution. O

4.1 Euler Scheme

Young equations allow for a straightforward Euler approximation scheme. Let ¢ € C?V the solution of
the Young equation defined before and 7' the life time of this solution. For any n > 0 let g =19 € V
and define recursively

(D zn—l—i_Xi_Tl%(wzn—l)'

Theorem 4.2. Let forn >0 and 0 < i < nT', AT = — 1. then

A} — A7

max — = O(nlf%’)
0<i<j<|nT] |i —j|7

11



Proof. We remark that ¢7 — Z () and for 0 <i < j < LnTJ and define the partition

of [i/n,j/n] by T+l = (tk;)l<k‘<j with ¢} = *. Denote by MgFHl Z Xt ren, (Y]'), now consider
the partition 7/~ = 7/~ — {7} for i < k < j and then

L
n

:|w:‘+

j—i4+1 j
M@?;,J — MZ?;.] + Xepep (V) — Xepam, (V1)

and by induction we obtain immediately that

UF = = Xpngn (VF) Z Xegep,, (W8) = Xepep ($111)

k=i+1

now for some convenience we denote by pji = Xipn () and gqjj, = Xener (Y/,) then using that ¢
satisfies the Young equation we obtain

wj/n - wz/n qzj + Z Xt"tk+1 wk/n) Xt"t;ﬂrl (w(k—l)/n) + RZ
k=i+1

where
j=1 un

k+1
RZ = Z Xda(wo) Xt tz+1 (T;Z)tZ)

k=i 7tk

For this term we have the bound

RG] Sty +elo.lix)) (G — 8)n~ 7.

Now consider
AT — A =pj; —aqij — Rjj + Z Xepem, (V) — Xepap,, (Vh—1) — Xepen, (Ynyn) + Xapan, (V(e—1)/m)
k=1+1

and let

. N —1
_ J—1t
Bi —Oggfg( ; ) A7 — AT~ g} — gy + R,

To prove our result is suffices to show that B, ;. = O(n'=27). Observe that when |i — j| < [ the sum
appearing in the expression of A} — A;‘ can be bounded by B} ;: in fact we have that

| Xepen,  (VF)—Xepep, (V1) = Xepan, (rpn) +Xepem, | (Y 1/n)!<C( - )27(1+Bz DM (' B )

where C = C(y",[|X||) and
B < C(1+ B )M (Biy +n' =) (1/n)* 7"

When [ = 1 we have that B} = 0 and the result is clearly true. Now assume that for some I
we have that B | < A and define the increasing map 6(z) = (I/n)>"1(1 + )™ 1. Remark that
6(n*’~'B") <n*~'B!" . Then if [/n is small enough we have that 6 admits a fixed point and that
nl=?Bl < A < +oo0 where we take A is the limit of the sequence (z;) defined by x;+1 = 6(x;) and
xo = 0. Now is suffice to iterate this argument to prove that bound hold for I < [nT|. 0

12



4.2 Regular equation

In this section we study the convergence of approximations given by a standard PDE to the solution
of the Young equations. Consider the following regularized problem

{ Orvpr = AprOyny + TN (I ), t>0 )

©(0,2) = lLo(x) € C™(T)

with n is a differentiable function, ¢ € L*(T), A = 92 or i9? and A is the non linearity given in the
previous section, of course this Cauchy problem is equivalent to the mild formulation

t
o= U0+ [ UP(U) TN (Ip.)ds ®)
0
or equivalently
t
v =T+ [ () AL . s (9)
0

with U = e and vy = (U™); 14, In the rest of this section we take A = 93 and N(¢) = 9,¢? for
the case of the Schrédinger equation we can adapt exactly the same argument. Now we can check
easily that the modulated operator X™! associated to the equation (9) is well defined and satisfy

L
1X6 M 22ty Hay) St [t = 8]

for all ay,as € R., and then by a fixed point argument we obtain the existence of a unique Young
local solution ™% € C([0,T*], L?) such that wf’L = (Ut”)*lcp?’L € C1([0,T*], L?) moreover we have
that ™1 € N=oC1([0,T*], Hg) and then clearly

Ovpr = ApOymy + TN (I Ly )

in the weak sense. To obtain a global solution is sufficient to remark that for all v € L?
t
<U,X;’L(U,U)> = / da/ dzUT0(2)IL8, (UM (x))?
s T

t
= —/ da/dxHL(U"v(m))zax(HLU"v(x))Q =0
S T
and then we obtain that

’L 7L 7L
e = 117 + I = O HIITe + (5 X (05, vs) + R
L
= ([ H e + 110" = vtz + Ra
for all s,t € [0, 7*] with |Ry| < |t — s/|?, then we obtain that |||¢;L’L||%2 - ||1/)?’L||%2| < |t — 5] and this
give us ||y L)l = |IL || 2. Using this conservation law we can extend our local solution to a global

one. The mild eq. (9) has a meaning even when n is only continuous function. Let R > 0, T > 0 and
assume that sup,cp 7 |[ne| < R then we obtain

" ler-<o.m.02) Se TENX™ e qo.r,c2) (10" lor-=o.m.22) + [Tl |12)?

for all 71 < min(1,7T), using the fact that || X™||c1(o7).02) St SUPyejo,1] o] St R and taking T =
T1(||IIL¢||r2) small enough we can see that ||¢n’L||Cl—s([O,T1LL2) <1 R. Finally using the conservation
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law and iterating these results gives us that Hwn’LHCkE([QTL r2) Sp R. By a similar argument we
obtain easily ||y L — 'llz)nl’L||Cl—s([07TLL2) LR SUDgeo,7] Ink —n2| for all ny,ny € C([0,T], L?) such
that sup,cpo,r] Ini| < Rfori=1,2 where "L "L are respectively the global solution of the eq. (9)
associated to the dispersion n! and n2. Now let w a regularization of the continuous p-irregular
function w and assume that sup,cp 1] |w — wy| —N_100 0 for all T > 0. Then the solutions
(©™NF) yen of the regularized problem (7) with dispersion w” converge in C ([0, 7], L?) to ¢ which is
the solution of the mild equation (8) with dispersion w:

t
ob = UPTILé + /0 (U (UYL (T ) ds. (10)

Finally we have

Theorem 4.3. Let p > 3/4, T > 0 and ©*, ¢ respectively the solution of the mild eq. (10) on [0,T]
and the modulated KdV equation then

19" = Wl errzqory,rzy =77+ 0

with $f = (UP) " oF and 4, = (UP) "y
Proof. Using the equation .

vk =T+ [ Xk
we obtain that

—1/2
1 o1z omy,rey S TV / sup X | o.1,22 02 1 iz qo g 22y + 0] 22)?

and then taking Ty = T (||¢||12) small enough we obtain that sup;, ||¢L||01/2([07T1LL2) S supp, | X[ o,r,c2(22)) <
+oo using the conservation law we can proceed by induction to recover the interval [0,7] and then
supy, H'lpLucrl/Q([07T}’L2) < +00. Now the same argument shows that

19" = Wllerzory,esy Shellys 1X7 = Xllovzom.2)

and then suffices to use the fact that ||X — X || =% 0 (proven in Lemma 5.2 below) to deduce the
needed convergence.

O

5 Regularity of X

Let w a p-irregular path, the aim of this section is to provide the necessary pathwise estimates on the
modulated operator X" in the various models we consider.

Definition 5.1. We say that a n-linear operator X on the Banach space V' belongs to X', if

1. For all T > 0 we have
[ Xstlery < Ol [lyyen [t — s

for s,t € [0,T] and for some finite constant C' > 0 which does not depend on w.

2. If we let ijjt(gol, cooon) =X (ppr, ... Hppy) then X — X in C;ﬂﬁ"V.

14



Once appropriate bounds are obtained for the relevant X operators, the Young theory of Section 4
gives a complete local well-posedness theory for the equation (including convergence of approximations
and the Euler scheme). For the KdV equation and the non linear cubic Schrédinger equation we will
see in the next section how we can obtain a global solution for an initial data ¢ € H® with a > 0
using some smoothing estimates.

5.1 Periodic KdV

Here we will bound the modulated operator associated to the periodic KAV equation (ie: A = 93 and
N(p) = 0p?) on HY(T).

Lemma 5.2. Let a > —p and p > 3/4 then X € X’ya.

Proof. Let 11,12 € H®. The Fourier transform gives

Xoa(1,02) =ik > Tenyryro®% (kkiko)hy ()i (k2).
k1+ko=k

From an application of Cauchy-Schwarz we obtain that

2
D Tikikoro® (kkiko)n (k) a(k)| < (Y Thkikorolhal 2| @G (ki ko) Plibr (k) | (2
k1+ko=k ki1i+ko=k
| Py (kk1 ko) 2012
< sup |¢1| |7/)2|
(kl;kk1k2¢o,kl+k2k Ky |29 g | 2 cone
(11)
where the supremum is taken over ki. And we obtain
B (k)2 )
152
|X t|2 W < |k|2a+2 sup st (12)
e ; sk ka0 ki +ho=k  |K1]2% K2 |2
The p-irregularity of w allows to estimate this bound by
1
[ Xst|Z2pra < Cprl| @V lwpn [t — 7Y [k[PF2% sup
stlc2H P Wi % ey eker ko 0.k +ka—k ‘k1‘2a+2p’k2’2a+2p
k|
Supn s REY sp (AN
e Zk: Biikkika0ky+ha=k || [Rol
Now if we remark that % < \k_11| + ﬁ < 2 and if we take a > —p and p > 3/4 we obtain that
k| 1
k 2—4p sup ‘ 2a+2-2p < 22a+2p < 400
;’ | kl;kklkzs«éo,kﬁkz:k(VﬁW%\) % |24

which gives the claimed regularity for X. As far as the convergence of X’ is concerned we let ¢1, ¢y € L?
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and observe that

||X8Lt(¢la ¢2) - XSt(qbl’ ¢2)||%

= Z |k [> Z (T hal<r — )01 (k1) o (ko) By (Kher k2)
‘k:|<L k1+k2=k,k1k2;ﬁ0
2

+ ) kP > 1 (k1) o (ba) @ (K k)

|k|>L k1+ko=k,k1k27#0

Slohleals | YOI sup @G (Rkiko)P+ Y K sup Dy (kkiky)[?
k |k1‘2L;k1+k2=k ‘k;|2L k1,k1+ko=k

Using this bound with the fact that w is p—irregular gives us

IXE — Xller ooy Ser STE2 sup ka2l 2+ 3 (K22 sup k|
k ‘k1|2L,k1+k2=k Ik‘ZL k1

for some v > 1/2 and p > 4/3. Now the r.h.s of this inequality vanish when L goes to the infinity, in
fact choosing 6 > 0 small enough we have

~

Z |k|272p sup |k1|f2p|k2|f2p <9,p LfG Z |k|274p+9 _>Lﬁ+oo 0

% |k1|>L;k1+ko=k %
and
S kP2 suplkikal % S, 3 K2 B
|k|>L ! |k|>L
and this finishes the proof. O

Now we will give an improvement of the Lemma 5.2.

Lemma 5.3. Let p > 4/3 , a> —p and f < a+ 2p — % then there exists v > 1/2 such that for all
T > 0 the following inequality holds

[ Xst(91, 02) s < Cra819° e[t = s|7|¢1|maldo| e
for all g1, 02 € H* where Cr o5 < +00.
Proof. Eq. (12) can be modified to give

DL (3kkyka)|?
Xaa(1,00) e < 61 loalie 3 K2 sup (M)
k

) 1| |kea |
an
OY (3kkyko)|? _ —9a—
k 2420 sup <| st <|t—s 2~ k 24+28—2p sup |k ko 2a—2p
L A [t = s> |K| u kKol
k k
S It — sV YD R0 < g
k

if 5 < a+ 2p— 3/2 which finishes the proof. O
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5.2 Periodic modified KdV

In the case of the periodic modified KAV equation we have A = 9% and N(u) = du(u® — ||u||3) and
the Fourier transform of the modulated operator X reads

Xt (W1, 2,03) = ik Y b1 (ka)iba (ko) s (s) D (2(k — ko) (k — k) (k — k3))

where the star under the sum mean that ky + ko + ks = k,k1kaoks # 0 and ko, k3 # k and we have used
the algebraic relation k% — k3 — k3 — k3 = (k — k1)(k — k2)(k — k3). By Cauchy-Schwarz

| Xt (91,92, 93) | o —Z\k!2a+2\2¢1 ot )b (ko) bs () B (2(k — ko) (k — k) (k — k)|
< Z [k 22F2( Z |kxkaks| 2| @3 (2(k — k2)(k — ks)(k — k1)) [?)
X (Z!kl!2‘)‘!/42!2“!/43!2“!1/11(/41)\ [ (o) P45 (Bs) )

*

< (zilg [B22F2 " |k kakg| =22 @25 (2(k — ko) (k — k3)(k — ka)) [ ][ e |2 [Fra | 03] Fre

from which we obtain that

| X st 70 pra < sup [B1222 Y " [y koks| 2@ (2(k — ko) (k — ks)(k — k1)) (13)

Now we will give a lemma which help us to bound our operator
Lemma 5.4. Let o« > 1/2 and p > 1/2 then we have
ST~ 7 e 02079
140,k
for all e > 0 small enough.
Proof. We begin by decomposing our sum in two region in the following manner
Z . L+ 1
FaZok |ka |2k — Ko|?P

where

1 1
I = > . L= Y .
100 - ka2 |k — ko |*° _ ko |22 |k — ko|2¢
270,k k—ka|<2(ko| ko#0,k;|k—k2| >2| k2|

Remark that if |k — ka| < 2|ks| then |k| < 3|k3| then we have

1 1
L<— - '
L~ (ke Z Ik — ko2 S |k|2a Z Ik — k2|2p |k|2a Z |k2|2p 00

ko0, k; | k—ka| <2| ks ko ka#0

For the second term I3, we begin by noting that if |k — ka| > 2|ks| then |k| < |k — k2 so

1 1
Ir 5 k|20 > o |20 < +oo.
ko##0,k;|k—k2| >2| k2|
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Now using the inequality (13) and the (p,y)-irregularity if w we have

| Xstl s < sup B2 |k koks| 2 @4 (2(k — ko) (k — k3)(k — kq))|?

1
|k — kol |k — k| |k — k|

< Cyplt — s| sup |BI2H20N " ke bgkg| >
0 *

where Cy, o 7 is a finite constant.
Lemma 5.5. For all « > 1/2 and p > 1/2 we have that

1
|k — ko|?P|k — ks|?P|k — kq]?P

I:sup|kz|2+2a2|k1kz2k3|_2a < +o0
k40 -

Proof. Now the inequality k| = | — k1 + ko + k3|?* < k1 2* + ko[> + |k3|?>* gives

ISsupl kP Y Ikoks| 720k — kol 72|k — ks| 7% = sup [k*( Y [k[72[k — k| )
ko ks 0,k F ko 0,k
Then using the Lemma 5.4 we conclude that I < 400 when o > 1/2. O
Theorem 5.6. Let p > 1/2 then there exists v > 1/2 such that X € C7([0,T], H*) for all o > 1/2
and T > 0. Moreover if « > 1/2 we have that X € X5 o
5.3 KdVonR

Here we treat the operator X associated to the KdV equation on the non-periodic case. By a simple
computation we see that the Fourier transform of X is given by the convolution formula

Kalin,t2)(o) = io | Bay(o =) (o)iale ~ )y
We begin by treating the case a > 0. Cauchy-Schwarz inequality gives

CEr)

2

5 (zy
X 2a§supx2ax2/|3t
Xl < supafaf? | Sotf

dy

< [|®Y pﬁt—SVSUPx%{xQ/
19" gt = s sup@) et | e

and then we have to check that

o @ dy
(@) =@ ol [ o T <

with @ > 0. Using the fact that (x)2* < (y)2* + (z — y)?* we obtain I(a) < I(0) and then is sufficient
to prove that I(0) is finite. We will decompose this quantity as I(0) = I'' + I? 4+ I® 4 I* where

d
I' = sup ]m\Q/ J 5 S sup ]m\24p/ |2 7% dy < +o0
2| >1 (y>1/2ly—zi>1/2) (1L + [zy(z —y))* ™ 251 {lyl>1/2}
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when p > 1/2.

dy
I? =2 sup |z
z|>1 <12 (1+ |zy(z —y)[)?
dy
< sup [o T S [ (e < 4o
|z[>1 <12 (1 +2[y[)?

dy
%= sup xz/
S el | e T F e 9

dy
< 2 1 2pd
~ i g 1> (1+ [zy?])2 “/( +IF) Az < oo

and finally the last term can easily bounded by

= sup o2 [ (14 [yala —y)) 20dy < 4.
lz| <1 ly|<2

In the case o < 0 we will bound our operators by
HXtH2 < / ’1“2<1‘ sup |‘1>1s‘§(xy(x—y))|2
S —=
j@]>1 I>1/2la—y>172 ()2 (@ —y)*e
+9 Sup< >2a|x| / ]fﬁé‘g(xy(m — y))‘Q
|z|>1 y|<1/2 (y)2*(z —y)*

O (z 2
+|il|l<pl 2a’m‘2/| ot ( y >;()X| —J 24 g3

dx

The integral J; correspond to the high-high-high part and cant by treated by similar argument used

in the periodic setting in fact
i 200+2p
x
|24 < sup 7> < 400

TV S [0 [y [t — sn/
” T BT Ay g

|z|>1

when p > 3/4 and a > —p. For the term Jo we remark that if |z| > 1 and |y| < 1/2 then |z — y| ~ |z|
and

dy
J2 < (18] [yyen |t — 5[ sup |af? / . N/(1+\ )~20dz < +oo.
Wr 2[>1 yl<1/2 (14 |22y[)?°

Now split J? = J3! 4+ J32 with

P 2
J31 = sup |$|2<$>2a/ ’ st(Qxay( ;()J Sa |t _ S|.
lz|<1 <2 (¥)**(z —y)

If || <1 and |y| > 2 then |z —y| ~ |y| and

dy
J2 =5 |t — 5[ sup |a? < sup |z¥/2+% / (1 %) < +oo
lz|<1 iz2 (L+ [yl ()t ™ 1p< R

when a € (—3/4,0] and a > —p. These considerations results in the following regularity for X:
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Proposition 5.7. Let p > 3/4 then there exist v > 1/2 such that X € C7([0,T], H®) for all T > 0
and oo > —min(3/4, p).

The restriction of the regularity at —3/4 is imposed by the low-highy frequency term in the proof
above. To bypass this difficulty we will consider distribution spaces given by the following definition.

Definition 5.8. We say that f € Hap if [ € S'(R) and [, 100.5(2)?| f (z)?dz < +o0 where 0, 5(z) =

|m|a+,8
(1+]z[)?

Observe that H* = H, 0 is the homogenous Sobolev space. Now as in periodic case by simple
computation we have that

DY (zy(z — y)|?
Xl < [ Lol sup A =D g,
R yek  |y]**|z —y|

Now the problem with this bound is that the terms in r.h.s admit a singularity at the origin which
not exist in the periodic case to bypass this difficulty we will give another bound of our operator in
the region which poses a problem.

Lemma 5.9. There exist a universal constant C' such that the following inequality holds

[P (zy(z — y))I?
Xl , < Ol o) | "
P = T ’ wi<2 100,58 (Y) 2|05z — y)I?

[P (zy(z — )
+/ |2]262 45(z) sup 2 dz
lz|<1 P52 100, (W) [2l0a,s(x — y) 2

wun |ol262 @8 (zy(x — )|
+ oup el (e )/|y§§ s )P P — )P (14)

D% (zy(z —y))?
+ sup af'63 5(a) [
lz|>1 B\ (12 bily—zl<iy 10a,8()0a,8(z — y)[?

1
)
2 oyl — )P
X N e

dy

dz)
Proof. Let 11,12 € Hq p then by definition we have
| Kot (91, ¥2) 0 = /R 2767 ()| /R‘I)é“t(ﬁvy(w — YD1 (Y)a(a — y)dy[de
— [ 1ePe2 @)l [ @ulonta —))ir () iate — p)dyPd
lz|<1 R
[P [ Byt - 0)i @) - pdyPs
|z|>1 R

=h+1D
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Now we begin by study the term [, then by Cauchy-Schwarz we have:
n<o| PRI [ e - 9@ - il
|z|<1 ly|<2
s [ @) [ ey - )b - pdyPds)
|z[<1 ly[>2
(I> 2
2( sup ‘xIQ‘HQ,B(x)‘Q/ ’ (.%' ( y))’ dx
y

j2|<1 lyl<2 lé’aﬁ( )P10a5(x —y)I?

P (zy(z —y))?
+/x<1|$| Haﬁ( )Sup(|9a,6( )|2|9a,ﬁ( )|2)d56)|¢1 ﬁ|¢2| B

ly[>2

By the same argument we can show that Is satisfy the following inequality :

wzy(z —y))|?
I <3(sup |z|*6> 5( )/ | Pt (zy( y))|
y

|z|>1 lyl<i 10a,5(y)?|0a,s(z — y)[?
P4 (zy(z —y))?
+ sup laf62 o(a) [ dy
z|>1 A (2 Lily—z<t) 10a,8(y)0a,5(z — y)I?
(I) 2
+/ ‘x’26(2xﬁ(x) sup | t(gl;y( y))| 2d.%')
||>1 ’ {ly>3;ly—=[>1} 10a,5(y)*10a,5(z — y)|
which finishes the proof. O

Now to obtain the Young regularity we have to bound this five kernel

Y (zy(x — 2
Ishthh :/ \x!26375(3€) sup ; D% ( z’yé y)_)| ~dz
lz|>1 {\y|2%;|y_$|2%}‘ 0,8 |0a,8(x — y)|

Y (zy(z —y))
Ig = sup |x|2|9a (ﬂ:)|2/ |25 dz
s <0 100, Plas (@ — y)P

P _ 2
qu? :/ |x|292,6($) sup | st(my(x ))| dz
lz|<1

y1>2 10a,58(W) 00,5 — y)|?

Y (zy(x —y))|?
1 = sup |2]262 / |25 d
S0 [ 0as(@) | e ) Plasle — 9P
P _ 2
Ihhl = sup ‘.%" 0 5(1')/ ‘ st(xy(x ))’ 2d
wi>t O iz Lily-ai<iy 10a,8W) P 10a,s(z = y)]

Now we will begin by the term which contain the high-high-high frequency :

1
I < |t — sﬂ/ || 2022 sup ——dx
* jaf>1 {ylz1/zly—alz1/2) [Y(@ = y)[2et2
Sl [l e (s
jol>1 {lyl>1/2y—al>1/2} [Y(2 =)

if « > —1 and p > 3/4 small enough. Now for the term which contain the low frequency we use the
inequality |®%(a)| < |t — s| and then :

)2a+2pdx < 400

1
IL <|t—s| sup ]w\Q(‘”B)H/ ——————dy < 40
st |z|<1/2 yl<e ly(@ — y)[2et28
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if -1 <a+f < 1/2. Now we will focus on the low-high frequency term, and we begin by remark that
by interpolation we have that |®%(a)| < oli=sl

lale’
inequality we obtain that :

for one v > 1/2 and all p’ € (0, p|, then using this

dz < +0oc0

/ 1
Itk g ’t B 8’7/ ‘x’2(a+5)+272p sup :
st el |z<1 y>2 [y(z —y)[2ot2e

when we can choose p’ € (0,p) N (—a,a + B+ 3/2) and this is possible if and only if 2o 4+ 3 > —3/2,
a > —pand a+ 3 > —3/2. Now it remains to study the two terms I?tlh and Ié‘thl but by symmetry these
terms are essentially equivalent then it suffices to treat only one of them. Let us for example treat the
term I then we begin by noting that if || > 1 and |y| < 1/2 then |z| — 1/2 < |z —y| < |z| + 1/2
using this fact we have :

1
Ihlh 5 t— sl sup |z 2a+2—2p’ / dy
ot | | \x\21| | ly|<1/2 ‘y’2a+2ﬁ+2pl’$ - y’2a+2p,

S|t —s|" sup |z

24p'/ d
| —————dy < +00
j@|>1 i1y [y[Pet2eee

when we choose p’ € (0,p) N (1/2,1/2 — a — ) and this is possible if and only if & + 8 < 0 Then we
have the following lemma.

Lemma 5.10. Let p > 3/4 ,a > —p and —a > > 0 with 4 2a > —3/2 then there exist v* > 1/2
such that for all T > 0 the following inequality holds

| Xstl 22,y < ClOY gt — s
for all (s, t) € [0, T)? where C = C(T, 3,a) > 0.

Corollary 5.11. Let p > 3/4 and 0 > o > max(—3/4,—p) then there exist v > 1/2 such that for all
T > 0 the following inequality holds:

| Xstl g2pe < ClI@% g [t — |
for all (s,t) € [0,T] where C = C(T,c, p) > 0.

Proof. The condition o« > —3/4 ensures that you can take 5 = 0 in the Lemma 5.10 U

5.4 Periodic cubic NLS equation

Proposition 5.12. Let p > 1/2 then there exist v > 1/2 such that for all T > 0 and o > 0 we have
X €C7([0,T),H*). Moreover if o >0 then X € X'y

Proof. By definition X (11,192,13) is a trilinear operator with Fourier transform given by

FX(1,92,3)(€) = FX (41,2, 93) + FXZ (Y192, ¥3)
= g (U1, o) +a(n, Us) + D Tepe g€ TS0 Py (1) s (€2) 3 (Es)

£1,62,63€Z0
E=—&1+82+E3
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where ¢); = Fip;. Note that £24+£2—£2—£2 = 2(£—&) (€ —&3) under the condition that £ = —&; +&y+&3.
Setting = = 2(§ — &2)(§ — &3) we get

(1, X2,(1h1, o, 3))| < Y T e | OV (E) (€)1 (€1) 1o (&) 3 (S5)
§1,62,€3€Z0
E=—&1+82+¢E3

By by now standard application of Cauchy-Schwarz we get

[, X2 (W1, 92, 9))| < (Tap) /2 sup [al 7|5 (a)l [ llal 1 lal[ 920123 ]

a€Zo

with

Ioy = sup Z Le e, 5 €% E16065| 722|722
t€Zo £1,62,83€Z0
E=—&1+&2+E3

Some condition on the finiteness of the constant I, g, are enough to control the regularity of the
operator X?2. Since o > 0, by using that [£>* < &[> + |&]%* + |&5]%* we have I, , < Ip,, moreover

To., = sup 3 Lepe,lé — Q1™ Y Tese, |6 — &7

€Zo &2€70 &3€Zo

Is then easy to see that all these sums are finite provided 1 < 2p which means that we can take any
p > 1/2. Now for the operator X! we have the following bound

1 X s (W1, %2, 93) [ e < 2(t = 8) |91l W2 lal ¥l

and this finishes the bound of the operator X. O

5.5 Cubic NLS equation on R
Lemma 5.13. Let (¢;)i=1,.4 € L?(R) and define the following integral

() := /]12{3 dridzadas|ze — 219 o, (2(22 — 21) (23 — 21))]
X [ ()03 (22)|| ()" (23) ]| (83) " (—21 + w2 + 23)]
then we have the following bound
I(a) < |s2 — s1| =1, 4|l 2 (w)
when o € [0,1) and p >1/2+a ora=1 and p > 1
Proof. In the case a < 1 let us split R? = Ui=1,....4D; with
Dy = {(z1,22,23) € R3; |zg — 21| > 1, |23 — 21| > 1},

Dy = {(w1, 2, 23) € R3; vy — 21| < 1, |23 — 21| < 1},
D3 = {(x1, 9, 23) € R3;|wy — 21| < 1, |23 — 21| > 1},

Dy = {($1,$2,$3) S Rs; |,I2 — $1| >1, |$3 — $1| < 1}
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According to this split Z(a) = > ,_; ;. By Cauchy-Schwarz we have I; < JiII;_ l\wzle for
[ €{1,2,3} and using the (p, W)firregularlty of w we have

Ji = sup /]R2 Awodz3l{py —oy > 1iwa—a1|>1) T2 — 21 @Y o, (22 — 21) (23 — 21))

z1

Z/R2 dy2dysljy, > 1.jys 513 Y2 PL o, (202y3) |

1 1
< |sg — 31\27(/ 7dy2)(/ ———dys) < 400
lyo|>1 Y2 |22 lys|>1 [Y3]?7

when p > o+ 1/2. To bound the term J3 we use again the (p,~) irregularity of w and we obtain

J3 = sup /R2 dzodz3]f 0y —ay | <tijws—a1 |21} T2 — 21 @L 1 (2(z2 — 21) (23 — 21))]?

x1

N /]R dy2dysL{jy, < 1ol >13 9273 o, (25203)|

1
S |82 - S1|27/ |y2|2a(/ —dys)d?/z
ly2/<1 ysl>1 (1 + [y2ys])?

1 1
< sg — 81|27(/ 7dy2)(/ ——————dz3) < 40
o<1 |92/ 72 r (1+[23])%

when p > 1/2, a > 0 and this give us the bound for I3, we remark also in the case a = 0 the integral
I3 and I, are essentially the same by symmetry and can be be bounded using the same argument.
Now we will focus to bound the term Jy for that we use only the bound |®},, (a)| < [s2 — 51| which
is valid for all a € R, in fact we have

J3 = sup /R2 dwadaslfp, —u | <1 wg— <1} |22 — 212 @Y, (2(22 — 21) (25 — 21))[?

x1

N /R dy2dysll{jys|<1ijysl <13 V2" |25 0 (20203)
< sy — 51|

all these bounds give us the estimates for (I;), I € {1,2,3} then we will focus on the last integrals. To
bound the integral I, we proceed in a different way, to simplify the notation let n = 2(xo —x1)(x3 —21)
and then using the Cauchy-Schwarz inequality we have :

/Rdwzﬂmmz1!$2—$1!a\‘1’51T(n)H¢2(9€2)H¢4(96)! < sup(ljz, gy >1]T2 =21 Py 5o (M) D [V2| 22 () [V4] 12(R)
€2
now injecting this inequality in I4 and using Cauchy-Schwarz and Young inequality we obtain that

Iy < (/ dzsdzil),, x1\<1SUP(H\m a>11%2 — 21|12, o, ()1 (w1)][¥3(3) ) W2 L2 14 2R

/|7/)s1 1) /Hm x1\<1SUP(H\x2 e >1172 — 21|12, ()]s (w3)|dws)da) [ 2wy |¥a] L2 ()

<(/

S/ sup (‘yQ, ‘¢3132(2y2y3)’)dy3nz 1’1/11‘L2(]R)
lys|<1 |yz[>1

/RI[|$3 x1\<1sup(ﬂ\x2 x1\>1’x2_x1‘ ’(I)slsz( )‘)‘&3('%'3)‘(11'3

) 1/2
dx1> 2|2y [Vl L2m) Y11 L2 (R)

ST — 51T [ ey sup (1221 (1 + [22])~7) / [yl e dys < +oo
22 lys|<1
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when o < 1 and p > a. As was noted previously this gives us also a bound for I3 when o = 0. Now to
treat the case o = 1 we proceed as in [14]. Indeed after change of variable we can rewrite our integral
as :

1) = [ 1ot ([ Wt llate =) ([ Wt ll6ate = w108 2ol0m ~ 1)z ) dn ) d

and then by Cauchy-Schwarz and Young inequality we have

1(1) < (sup 2] /R B 1 (22) [ ) TI [l 2(gy < |52 — s /R (14 |2) P2 [ oy

and the r.h.s is finite if p > 1 which finish the proof. O

Proposition 5.14. Let p > 1/2 and X the modulated operator associated to the NLS on R then there
exist v > 1/2 such that X € C7([0,T], H*(R)) for all o > 0

Proof. Let (v;)i=1,2,3 € H* and ¢4 € H™“ then by a simple computation we have that

[(a, Xt (101,12, 13))| < /R(Ma\lh(m)\)\x!a!ﬂmwﬂs\40‘!—961-1-902-1-363\0‘1_[1‘1,.,3!wi\awz‘(ﬂci)dxldxzdxs

(15)
with = —z1 + 2 + 3 now using the fact that |z;|* < |x1|* + |x2|® + |z3]|* and the lemma 5.13 we
obtain immediately |(14, Xot(¢1,%2,93))| S [t = s|7[¢ha]-alli=1,.. 3[Y]a- O

5.6 Cubic non linear Schrodinger equation on R?

To extend the previous results to the modulated Schrodinger equation on R? we need to obtain
regularity estimates for the appropriate X operators. Here X;(11,12,13) is a trilinear operator with
Fourier transform given by

sz(lbl,l/Jg,Ibg)(f) = /51,52,5361[{2 eiws(|§|2+\51|27\52|27|§3\2)1[}1(51)*1[}2(52)1/;3(53)(152(153.

E=—&1+&2+E3

Note that |€]2 +]&1]2 — |€a]? — |€3]% = 2(& — &2, € — €3)g2 = = under the condition that &€ = —&; + & +&3.
Then X has the expression

FXst(h1,2,93)(§) = /51’52753€Rd DY, (2) Y1 (&1) P2 (E2)ds(63)dE2dEs.

E=—&1+&2+E3

Using the (p,~y)-iregularity of w we can easily obtain that

|(1h, Xis (1,902, 93))| < / 122, ()| (€)1 (€1)][2(E2) 3 (€3)|dE1dExdés

£,61,82,63€R?
E=—61+8&2+E3

< 20t = s ol el el sl
with
T=sup [ 2 Gg - )P+ [T (4 6P deds

CER Y Y eates 2123

Lemma 5.15. The quantity J is finite when o > 1/2 and p > 1/2.
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Proof. Tnserting the estimate (1+[€[2)* < 327 (1 + |&[?)* we obtain that J = J; + Jo where

Jy = sup / (20— 606 — €))7 2(1 + [&f2) (1 + &)%) dEades
£€R2 £17§27§36R
E=—&1+&+E3

and
Jo = sup / , (L2 —6,6 = &)) 7P (1 + &) 71 + &))" *déadés
fERQ 617627536]&
§=—81+8&+E3
Let us consider first the J; contribution. Let ¢; =& —&;,1=2,3

I = Sup/ dg2 / dgs
cer2 Jr2 (1+[€+ @)@ Jre (1 +2/{g2,q3)|)% (1 + € + q3]?)~

Write q3l,q:|))| € R for the perpendicular and parallel components of g3 € R? with respect to ¢» and
similarly for & and bound

1 < sup / dgy / dgz / dg)
Teerz Jre (L4 €+ @) Jr (L+ 65 + a5 Jr (1 4 2|go|g) )2

<o [ L L
eerz Jre (L+ 1€+ @2l)* Jr (14 a3 ) Jr (1 + 2/ga]|g]))2e

now note that for a > 1/2 and p > 1/2 we have

/ dgz / da < |go| ™
R (L+ a3 12 Jr (14 2/gllgl2e ™

so that

dgo
Ji1 < sup/ < +00
cer? Jr2 (1+[§ + q2/*)?|qz|

for @ > 1/2. To estimate the Jy integral we rewrite it as

= [ ] arale - g - @) P+l 0 aP) dads

£€R2

where we used that £ — {3 = & — &. By writing ¢g1 = &1 — & and g9 = £ — & we get

Ty = Sup/ dgo / dq
cer2 Jr2 (1416 — @) Jro (1+2[(q1, @2)[)*P(1 + g1 + & — q2[*)”

Write qf, qy for the perpendicular and parallel components of ¢; with respect to g2 to get the estimate

7 < sup / dgo / dgi-dq)
T eerrJrr (L= @) Jr2 (14 2/g)[|go])20 (1 + |g + €4 2)e

again the condition o > 1/2 allows to bound this last quantity as

dgz dqﬂ

N sup/ 2 a/ ]
eere Jrz (1416 — @2l*)* Jr (1 + 2l ||ga))2
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and p > 1/2 subsequently by

< sup / dgo
~eere Jrz (1+1€ — @2)*|go|
which is finite when o > 1/2. O

Theorem 5.16. For all p > 1/2 there exists v > 1/2 such that for all T > 0 the operator X belongs
to C7([0,T], H*(R?)) for all a > 1/2.

5.7 The derivative NLS equation

Here we will focus on the modulated Derivative non linear Schrédinger equation (ie: A = 9% and
N(u) = 3 (Ju® = |[ul|3)u for # > 0. Now the Fourier transform of the operator associated to this
equation is given by

Xt (1,2, 003) = (i8)° > i (k) (ko )ps (es) D2 (2(k — k) (k — k3))

where the star under the sum means that we have —ki + ko + k3 = k and ko # k,ks # k , k1koks # 0.
Standard application of Cauchy-Schwartz gives

me@asigWWHWEZWMMm4%¢$@w—kﬂw—k@W

then using the fact that w is (v, p) irregular we obtain

1 Xstllfre Swerr It = s|sup 720 Y lorkaks| 722k — ka| 70|k — k3|~
*

with s,¢ € [0,7], then is sufficient to prove that

I = sup k[>T |k koks| 2|k — ks| 7|k — ko| 7% < 400
k *

for that we will need the following lemma.

Lemma 5.17. For p > max(1/2,0/2) and o > %9 then the following inequality holds:

Sk =17 < |k
10,k

Proof. The proof of this lemma is very similar to the proof of the Lemma 5.4. We begin by decomposing
our sum in the following way :

DO e T SN e e R S T e

1#£k,0 10, k51— | <] 140,53 | k—1|> 1]
1 1 1
—0 —0
< |k| g—m% + || ZZJ—WMM St

Lemma 5.18. Let p > max(0,1/2) and o > 10 then I < +oc.
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Proof. 1f we use the fact that [k[>* < |k1[>* + |k2|?® + |k3]|*® we obtain

I <suplkl® koks|? |k — ko| 2P|k — k3|72 + Y |kiko| %Yk — ko| 72 |ky — k1|72
k|| > Jkaks|*| 2| | 3] ¥|12| | 2| P|ka — kil

*

2

Ssup [k [ > kol 2Nk — kol 72| sup (BP0 [kako| 2|k — kol kg — k|
k ko 20,k k *

=L +1

Now by the Lemma 5.17 we have

Iy =sup [E[* () k| 2k — ka| 7*)? < 400
k k2740,

for p > max(6,1/2), a > %9. It remains to treat the second term which requires a bit more work:

I = sup BP0 kb |72 kg — k|~ kg — ko |72
k1,k2

= sup [B170> " Vka| 2k = Kol 72D (k|72 kg — k|7 S Sup L L e N
ko k1 ko

Ssup k(>0 Tk Tk =k D ke PO — ko)
k ko3 | k—ka | < ks o3 | k—ka| > ks

Ssup(R7 ) tsup S0 kol 2k — | 2
k

kos|k—ka|>|ka2|
< k 0—2c k —2a—2p+0
Ssup([E[777) + ) ke < +o0
k ka0
if p > max(1/2,0), a > 16. O

Theorem 5.19. Let p > max(1/2,6/2) then there exist v > 1/2 such that X € CY([0,T], H*) for all
T >0 and o« > %9.

6 Global existence for the modulated KdV in Sobolev spaces with
non-negative index

In this section we will concentrate on the periodic modulated KdV equation on T and R and on the
NLS equation on T. We prove the existence of a global solution for an initial data ¢ € H%(T) for any
a > 0 in spite of the fact that the modulation breaks all conservation law apart from that associated
to the L? norm.

Let us recall how we can establish the L?-norm conservation in this case.

Proposition 6.1. Let u the local solution of the periodic modulated KdV equation with initial data
¢ € LA(T) and vy = (UP) "y for t € [0,T] where T = T(||¢||12) is the life-time of the local solution
then we have ||vi]|2 = ||@]]2 for all t € [0,T] and we can extend the local solution into a global one.
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Proof. Let 1 a smooth function then we have by integration by part formula

(s Xt (16, ) 12 = / do( / BUP) 0 (U ) / do / U0, (U2 )?

_ / do / Da(UL) (UL )* =

||Ut||% = ||US||% + (vs, Xst(vs, vs)) + [|vg — USH% + Rst = ||US||% + v — USH% + Rst

and then we have that

where |Ry| < [t — s/ with v > 1/2 and then we can see that |||v]|3 — [[vs|[3] < [t — s[7*1/2 which
give us our result. O

Now using this proposition and the smoothing effect for X we obtain the global existence for the
equation in the Sobolev space with non negative index.

Proposition 6.2. Let a >0, ¢ € H* and T > 0 then there exist a unique v € CY/2([0,T), H*) such
that vy = ¢ + fg Xdao (Vg,v5)do holds for all t € [0,T]

Proof. Let ¢ € L? then we using the local existence result we know that there exists k = (||¢||z2) > 0
and a unique v € CY/2([0, k], H*) solution of the Young equation associated to X in [0, x]. Moreover
we have the conservation law ||v¢||r2 = ||vo||z2 and this allow us to iterate our local result to obtain
global a solution defined on [0, T'] for arbitrary 7" > 0. Now to extend this local we use the lemma 5.3
in fact let a > 0 and ¢ € H® then is obvious that ¢ € L? and using the Lemma 5.3 and the fact that
v satisfy the Young equation we have easily that
e = vs| [ rST,\\XIICW([O,T],L(L;HB)) |t — 5|V(||U||Cl/2([O,T]7L2) + |¢|L2)2

for all 0 < B < 2p — 3/2 and then v € CY2([0,T], Hs). By iterating this result we see that v €
C'Y2(H®,[0,T]) and this finishes the proof. O

Remark 6.3. The bound of the operator X allows us to construct a local solution even when the
initial data is in a negative Sobolev space (o > —p). The method presented in this section gives the
possibility to construct a global solution only in the case when we deal with initial data in a positive
reqularity space. In the mext section we present an adaptation of the almost conservation law method
developed in [8] which will allow to control global solutions in negative regularity spaces.

6.1 Cubic NLS equation

Here we obtain global solution of positive regularity for the modulated cubic NLS equation.

Lemma 6.4. We have that for any ¢ € H° and any 0 < s < t:

<¢a Xst(QSa ¢a ¢)> €R

and there exists a constant Cg such that for all ¢ € H® with ||¢||go < R we have

11 + Xs,t(0, 0, 0) |0 — @l o] < Crlt — s|*7.
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Proof. We start observing that for smooth ¢:

(6, Xa(¢, 0, 0)) = (6, U (IUs0]*US'9)) = (U6, |US$]°US'6) € R
Integrating in s and extending to arbitrary ¢ € H® we get the claim. Then if ¢ € H? we have

16+ Xst(h, 8, 0) 150 = 1ol Fo + | Xst(0, b, 8)[[770

SO
HXst(gb’ Qb, Qb)
18]l gro

[0
St = s8] o

¢+ Xst(0, 0, )l o — bl ol <
O

At this point the Lemma (4.1) allow us to obtain the conservation law for our equation in H° and
extend in this space the local solution in a global solution. Now we prove the existence of a global
solution for an initial data in H® with o > 0.

Proposition 6.5. Let ¢ € H* and T > 0 then there exist v € Cilp/2Ho‘ such that the following equality
holds

t
vy =9 +/ Xda(’Ug,Uo,’Ug)
0
for all t € [0,T].

Proof. The existence of the global solution for an initial data in ¢ € L? is given by the conservation
law ||v¢||r2 = ||¢]|r2. Now we will focus on the case when ¢ € H* and we decompose our modulated
Schrodinger operator X as
X2 — x2! 4 x22 4 x23
with ‘ ) ) )
FXY W, 0s)(k) = S da(ka) o lhka)ds(ks) 5 ((k — ka)(k — k3))

(16171€2J<~‘3)€D;~C

for j € {1,2,3} and where D} = {—k) + ko + k3 = k,ko # k,kz # k} 0 {|k1| > |k|/3}, D} =
{—kl 4+ ko + ks =k, ko 7& k, ks 7& k} N {’kl‘ < ’k‘/?), ’kz’ > ‘/{?’/3} and D?If = {—kl + ko + ks =k, ko 7&
k,ks # k} 0 {|k1| < |k|/3,|ka| < |k|/3,|ks| > |k|/3}. Using Cauchy-Schwarz inequality we have the
following bound

.
12X (12, 83 [Fave <Ijl e i[9l | o sup |k[20+2

95— _ 16
S (Mol 2) @520k — ko) — k)P (1)
Dk
for B, > 0 then using the fact that |k| < |k;| on Df and using the p-irregularity of w we obtain

2

2j _
1557 (1,02, 83) [ Fa1e Sane 19w [t = s[5 gave Wi | [l e | D N7 ) < 400
140

when p > 1/2 and then we have that for all 7' > 0 there exist 7 > 1/2 such that X' € C7 ([0,T], £L>(H*"¢ x H* x I
for all 5, > 0, of course the same statement holds for the other operators. Now let us define the
norm on CV/2([0,T), H?) by |[¢||s = [©llerr2 o0y, 18y + [1¥llco(o,7),m#) for B € R and the map I' by

rw) = o+ [  Xao ()
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for ¢ € CY/2([0,T], H*). By a simple computation we see that

IC@)lo Sy 1117 + 7210113

Now if 0 < T < T is sufficiently small then the equation r = ||¢||;2 + 771/ admits a positive
solution r* > 0 and the closed ball B« =: {1 € CY%([0,T],L?);||¢|]lo < r%} is invariant by T.
Moreover we have that

ID(@1) = T(@2)llo S 772111 = nllo(1+ (r)%)

and then if T" < To < Tj sufficiently small, I' is a strict contraction on B, which admits a unique
fixed point v. Let I'p , the restriction of I' on B,+ and use the fact that

<w>t-¢+z/vauvaupda+ 3 /XQJ
j€{1,2,3}

and the regularity of X% to deduce that

IPE,. ()lla S 18]lme + T2 ()2 ] .

Then B(0, R) := {¢ € C([0,T], H?);||1|| < R} is invariant by I'g , for T* = T*(||$||2) small enough
depending only on 7* > 0. Being the ball closed in C/2([0,T], L?) we have that v € C'/2([0, T*], H)
and now is suffice to iterate this result to obtain a global solution in H®. U

6.2 KdV on R

Here we go back to the KdV equation to prove the global existence of the modulated KdV equation in
non-negative Sobolev space. Now as in the proposition 6.5 we will decompose the modulated operator
X of the KdV equation in the following way

X =X'+2Xx%2 4+ x3 4+ x4

where
FXY1,0) = ol | i)l — )@Y (ay(z — y))dy
lyl,|z—y[>1/2
FXZ (1, 10) = iﬂ|w|21/ D1(y) ez — )@Y (zy(x — y))dy
ly|<1/2
FX3(¢1,12) = ixlz . D1 (y)a(z — y) @Y (zy(z — y))dy
yl=z
and
FXL(1,12) = ially o D1 (y) e (z — )Y (zy(z — y))dy
yl<

As in the periodic case the operator X! have some smoothing effect more precisely

1 X5 (@1, ¥2)llare < [t = s][[@llallg2]la

for ai,e > 0 and € > 0 small enough moreover we have the following bound
1 Xt (1, 02)lls S 18— sI" (lallal92ls + 11 lls][91]]a)
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for all o, 3 > 0. We will focus on the operator X2. By a usual argument we have that

1X3 (W1, ¥2)lake S 1t = s|[[W1]]al[t2]lare sUP |:c|2/ (14 lya?|) ™ < +o0
|z|>1 lyl<1/2

when p > 1/2 then for all a,¢ > 0 and T > 0 we have X2 € C7([0,T], L2(H® x H*T¢, H**¢)). For
the third operator X2 we have the bound

X llare S 16— sPlnlallgalle sup o [ (1437242 < 4o
|| <1 ly|>2

for a,e > 0 and then X3 € C7([0,T],L2(H® x H®, H**¢)) for all T > 0. Of course we have the
same regularity for the operator X* and the global existence for the KdV equation follow by the same
argument used in the proof of Proposition 6.5.

7 Global existence for the modulated KAV equation in negative
Sobolev spaces

In this section we prove the global existence for the KdV equation with rough initial condition ¢ €
H®(T) with negative . For the unmodulated equation with initial condition in negative Sobolev
spaces [8] proves global existence using the so called “I-method”. In this section we try to adapt this
technique to our context. To do so we have to study the rescaled Cauchy problem associated to the
modulated equation and then give an almost conservation law for the rescaled local solution.

7.1 Rescaled equation

Here we study the rescaled solution of our equation we know in the deterministic case if u is a
local solution of KdV equation on [0,7] with initial data ¢ € H*(T) then the function defined by
uMt, r) = A" 2u(A 3¢, A712) is once again a solution of the KAV equation on [0, \*T] with initial data
oMz) = A2¢(A"'x) and vice versa. We proceed along the same lines in our setting. By a formal
computation we see that if u is a local solution for the modulated KdV equation on the torus then
the rescaled function satisfies formally the equation

d dwp
Euf‘ = Qiu)‘d—tt + 0, (u})?

with w) = Awy-s; and v*(0,2) = A72¢(A"'z). We must also pay attention to the fact that space
has changed because the new solution is A-periodic function and not a l-periodic function. Let us
introduce some definition and conventions that will be used later. We begin by define the Fourier
transform of function on Ty = [0, A] by

A
fo = [ f@e2mds
0
for k € Z /X then the usual properties of the Fourier transform holds:
)\ ~
L [if@)Pde = § YXpenn [F(K)?

2. f(x)= % Zkez/)\ f(k?)emﬂkx
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3. F(F9)(k) = % Ly szt o f (k1)3(k2)
and then we define the Sobolev space H*(T)) by the set of the distribution f € S’(T)) such that

A~

f(0) =0 and
1

Braou =5 3o KPR < +oo.
kEZ/A
Now we are able to study our rescaled Cauchy problem given by
d d
auf‘ = Bgutawf‘ + 0, (up)?dt (17)

u(0,z)) = h(z) € H*(0,\)

As usual we write this last equation as
t
vt)\ =1 +/ Xé\a(vmva)
0

with v = (Utwk)*lu?. Now to solve this last equation by the fixed point method we have to estimate
the Holder norm of the modulated operator X* given by :

t
X0 vn) = [ (V)00 U b

for 1,49 € H*(0, \).

Proposition 7.1. Let & > —p and p > 3/4 then there exist v > 1/2 such that for all T > 0 the
following inequality holds.

X3 c2a (o) < OTl[ @ Iy A2t — 5]
for all (s,t) € [0, 3T, with Cp > 0 is a finite positive constant.
Proof. Let 11,19 € H*(0,\) then by a simple computation we have that

XA @), = A7 STEPTEL ST ik dolka) B, (ki kok)

kEZ/ X\ k1+ko=k
with ®,(a) = f; €15 dg and then using Cauchy-Schwarz inequality we obtain

|®2, (kk1ko)|”

X)\ 2 < )\—1 k 2a+2
‘ st(wlan)’Ha(O’A) = Z ‘ ’ Ky gk ‘kl‘za‘kQ‘ZO‘

kEZ/A

Y11l ze o0 121 e (0,0)
Now using the (p,~) irregularity of w we can see that
t \ AR
/ elkkl kow} do / 62)\ kklkgwgdo_
s A

and then we have

A2 2 \5—6(7+p) 2 94 k| O\
—6(Y+P) |4 _ |27 E —4p
XStz b, ) < Cuor? £ = sl I e <|k1k:2|>
keZ/\

=\° < Cu g X330t — Y| kkyky| 2=

< LN O — 5PN R < o0
keZ*
and this finishes the proof. O
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Corollary 7.2. Let A > 0 then u is a local solution of the modulated KdV equation on the Torus
with initial data ¢ € H*(T) and life time T > 0 if and only if u(t,z) = A" 2u(A\73t,\"12) is a local
solution of the rescaled equation with initial data ¢*(x) = X"2p(A\"1x) with life time \3T

Proof. Let u a solution of the modulated KdV equation on the Torus then by definition we have that
vy = U7 uy € CY2([0,T), H*(T)) and by a simple computation we have that v} = (UpM "t} €
CY2([0, \3T7, H*(T})). Now we have to check that the rescaled function u?(t,z) = A\~ 2u(A\=3, A\ "1x)
satisfy the equation. but by a simple computation we have that 9} (k) = +0y-3;(A\k) and

t
X2 (b1, 02) (k) = ikA™1 Z 1/}1(]{1)1/}2(;{2)/ gikkikaN w5 g

ki +ko=k;ky ka€Z/X s

. ~ (1 ~ (1 w

=ik Y 4 (%) o (f) ®Ys, sy (L2 \k)
li+la=Xk;l1,l2€Z

= )FIX% % (1(A.), P2(A))(Ak)

for all k € Z/X and all 11,199 € HY(0,)). Let A3t € [0, \>T] and II = (¢;); a partition of the interval
[0, A3t] then of course IT* = (A73;) is a dissection of [0,#] and using the relation given above we can
easily see that
XtAit¢+1 (/Ul?; ’ /Ul?;) = >\71X)\_3ti+1,>\_3t¢ ('U)\—Sti, ’U)\—Sti)()\k)
and using the fact that u is a solution of the 1-periodic equation we can easily see that
V¢ = 1/} + ‘Hlil‘/r_l)O tz X}\_Sti+1,>\_3ti (v)\_st¢7v>\_3t¢)

in H*(T) and then

v} = ¢t + lim X}, (vt);,vf‘,)

|TI|—0 titit
i

in H*(0, \) with ¢*(z) = A"2¢(A~1x) of course this give us our result by the convergence of Riemann
sum to the Young integral. O

7.2 Commutator estimates and almost conservation law

The previous section tell us if we want to construct a global solution to the 1-periodic KdV equation
is sufficient to prove that for every 1" > 0 and a suitable A > 1 we are able to construct a global
solution to the rescaled equation. For that let us introduce the spatial Fourier multiplier operator
which act like the identity on the low frequencies and like a smoothing operator of order |a| on the
high frequencies more precisely we choose a smooth function m such that

)L <t
e = { €7, J¢l = 10

and for N >> 1 we define I by F(I¢)(k) = m(£)p(k) for every ¢ € H*(T,). Now the so called I
method to proof the global solution is based on some estimation of the modified energy ||Iu||z2. Let
us begin by expand our modified energy

[ Toe|l3 = [[Tvs]|> = (Tvs, IX3 (05, 05) — X33 (Tvs, Tvg)) + Ry

with Ry < [t—s[7+1/2 then to control R is sufficient to control the first order term of our expansion and
for that we have the following commutator estimates. To simplife the notation let my (k) = m(k/N).
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Proposition 7.3. Let a € (—p,0), p > 3/4 there exist v > 1/2 such that for all T > 0 the following
iequality holds a

[11X3 (1, 92) = XG (I, )2 < OT[| @[y [t — 5|7 N7PATPH2737 | Ty o] [ Tn]

for all s,t € [0, 3T, A > 0 and 1,19 € H*(0,)), with Cyy 7 > 0 a finite constant.

Proof. By a simple computation we have

1 N R
ITX3 (1, 2) — X3 (I, Iopo)|[5 = e STRP| DD @(kkika )i (k1) o (ko) (mav (k) — m (ky)ma (ko))
kEZ/A key+ko=k
and then we split {k‘l + ko = k‘} = Ui:O,1,2,3Di with Dy = {k‘l + ko = k; |k31| < N/Q, |k32| < N/Q},Dl =
{k1+ko = ks [ky| = N/2, |ko| < N/2, k| < N/4}, Dy = {k1+ky = k; [k1| = N/2, [ko| < N/2,[k[ = N/4}
and D3 = {ky + ko = k; |[k1| > N/2,|ks| > N/2}. Is not difficult to see that the region Dy give a zero

contribution. Using the Cauchy-Schwarz inequality we can see that

2

AT R Z‘I’ (K k) (1 ) (k) (may () — iy (ky )y (k)| < R [T |[3] 1120213
=)

with

Py = Z |k|? sup (@3 (ki ko) [ () — my (ka)ma (ky) |
N k| <N/4 Di Im (k1) [2[m (k2) |2

for i =1,3 and

& (ke k) 2y (k) — oy (ko) (k)2
h>‘2 =\ sup |k [ @5t (k1 Fo
o 2 o G ) Pl ()

. . A2,
We begin by bounding the term h’y”™:

k)l
WP < Curlt — s|PIASSOTA N2 gy |22 [ (k) = may ()"
T‘ ‘ |M>N/4‘ ’ Z |]€1|2a+2p|]€2|2p

then by the mean value theorem we have |my (k) —mp(k1)| < |k2|/N and if we interpolate this bound
with the trivial bound |my (k) — my(k1)| < 1 we obtain

\mN(k:) _ mN(kl)‘ g N72a(179)72«9’k‘2a(179)‘k2‘29.
If p € (3/4,3/2) we can choose § = p—1/2 —e € [0,1] for £ > 0 small enough to obtain

h?\}Q 5 Cw,T’ ’27)\5 6(v+p) N200—20 sup ’k‘2 4p— 20492 ’ka ‘ 1)2a+2p‘k ‘ 1-¢
|k|>N/4 Do
< CwT’t . 8’27N3—6p+5)\6—6(7+p) €

S Curlt — sPYNT2AT20H507,
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If p > 3/2 we use only the trivial bound to get

W < Curlt — sPIN700F2) sup (K240 37 [kl | 71202 k2
|k|=N/4 Do

S Cw,T‘t _ S‘ZyN2—4p)\5—6'y—4p

< Cuplt — s TN T2 X302,

Now we will focus on the term h?‘\;l in fact by a simple computation we can see that in this region we
have |ko| € [N/4,N/2] and then

W' S Curlt = s X000 370 k4 sup [k oy |22 [ky| =20
k| <N/ =
< Cuplt — sPA361=20 N =2

It remains to bound h?‘\}?’. We begin by noting that in this region we have [my (k) —my (k1)my (ko)|*> <
Imy (k)2 + N~ k1 ko |?* and then

h?\\}B 5 Cw,T|t _ S|2'y)\5—6('y+p) (N4oc Z |]€|2_4p_2a|mN(k’)|2 sup |k|2a+2p|k1k2|—2a—2p
D3
k

+ 30 2 sup R )
k‘ 3

5 Cw,T|t _ S|2'y)\5—6('y+p)N—2p()\4p—2 + NZa Z |k|2—4p—2a|mN(k)|2)
k

Now it is not difficult to see that N2® Y~ [k[>=4=2%|my (k)|> < A%~2 and that we have
Wy’ < Curlt — s|YN3 620 N =2,
This ends the proof. O
Now we have a useful Corollary which be used to prove a variant of the local existence result.

Corollary 7.4. Let o € (—p,0), p > 3/4 then there exist v > 1/2 such that for all T > 0 there exists
a constant such that

X351, 2l L2 St [t — s AY273779 [ |o [ Teba |2
for all s,t € [0, \3T) and 1,02 € H*(0,\)

Let us define N;(¢) = ||I4|| 2 for all p € H*(0, A) of course H*(0, A) equipped with the norm Ny
is a Banach space. Now we have the following local existence result.

Proposition 7.5. Let ¢ € H*(0,\) then there exist a life time k > 0 and a solution u of the rescaled
problem such that Tv* € CY2([0, k], L?) moreover we have that

k ~min(5, || 1] %)
for some 8 > 0 and we also have

[[Tvlleo2y + [0llerrz 2y S [HM| 2
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Proof. Let v € CY/2([0,5], H*), 0 < x < 5 then we introduce the norm ||v|| = ||Tv||q1/212 + [|[T0]]co 2
and we define the fixpoint map

t
Ie(v) :¢+/0 Xé‘o,(vg,vo).

Of course Iy, is well defined and if we let B := {v € CY2([0, k], H*); |[v|| < ¢||I3||z2} then if v € Be
we have by a simple computation that

T (0)l|crrzpe S Cwa-s A 275 19| PR 12

~

and then for A > 1, we have that

ITx()I] S Cwr? (10| PR 2.

1
Now is sufficient to take k* ~ min(5, |[I¢||7/2=7) small enough and then there exist ¢ > 1 such that

[|IT(v)|| < c|[Iv]]r2. Now Iy is a contraction in B, in fact we have by a simple computation

ITx(0!) = Du(0?)]| S en? V2|19 20" — o7

S ot =]

1
and then if we take k ~ min(5, ||[I9||/2=7) < k* small enough, T',; in this case is a strict contractions
in B, and then it have a unique fixed point in this ball, the proof of the uniqueness is standard. [

We have now all the ingredients to prove the global existence result.

7.3 Global existence

To exibith a global solution for 1-periodic Cauchy problem with initial data ¢ € H*(T) it suffices to
prove that for every T > 0 the rescaled equation admits a solution in [0, A>T with initial condition
YMx) = A2p(A"1z). We begin by noting that

1Tz S AT 32N"|9|| ey

and then we choose A ~|j¢||;a N 37272 such that [[TY*|| 12 = e0 < 1. Using the local result we know
that there exists a solution v» = v of the rescaled problem with lifetime x > 1 now by a simple
computation we have

[[Tvg|| 2 — |[Tvs]|2 = (vs; IX (vs,vs) — X (Tvs, [vs)) + Rt

where |Rg| < |t — s/?7 then for p < 3/2 and using this last equation,the Young estimation given in
the Theorem 3.1 and commutator estimate we can see that

[[Tv1]] < 8(2) + N—P)\—PF3/2-37

then if we iterate our local result given by the Proposition 7.5 we can construct a solution with life
time ~ NPXPT3/2-37 and then we have to choose N such that

N3 S NPAP3/2157,

This is possible if o > —# and N large enough.
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8 Strichartz estimate and the modulated NLS

In this section we study the Schrédinger equation with quintic non linearity (ie : A = i9? and
N(u) = |u|fu, u € (1,4]). The problem here is to manage the algebraic difficulty given by the non
linearity for this we will use a different strategy than that used in the previous sections. We recall
for the case of Brownian motion that this equation has already been studied in [14] using a strong
Strichartz type estimates, the goal of this section is to observe that their result generalizes easily to
an arbitrary p-irregular path. In order to prove Th. 1.9 we will follow their strategy and obtain a
preliminary estimate which involves computations similar to those used in the study of the X operator
for the cubic NLS in Lemma 5.12.

Proposition 8.1. Let o € [0,1] and p > 0 such that 0 < a <1l and p>a+1/2 ora=1and p>1
then for all T > 0 there exist v > 1/2 such that :

T
|
0

for every ¢ € L'([0,T), L*(R)).

9112
3 4

D> S H‘waW/j’TTV 1L 0,0, 2(R))

L2(R)

t
/ UR(U) Mpyds
0

Proof. By going in Fourier variables we can see that :

T T
/ dt :/ dt/ d81d82d83d84/ dxldxgdxgx
0 0 [0,t]4 R3

X (€7 ay — a1 tsy (@115, (@2) | () * (3) 1453, (24)])
2

where 24 = —x1 + 22+ 3, ¢ = 23 (W — ws, ) — T3 (Wi — ws, ) — TE (W —ws,) + 5 (W — ws, ). Now we split
the integral over (si,s9,s3,s4) in four region where s; = max(sy, $2,3,54) for i = 1,...,4. Consider
for example the first region where s; > s9, 3, 54. Then using Fubini we can see that this integral is
given by :

2112

t
Dt | [ upe) s
0

L2(R)

T
51

T
T [Can [ [ dmdrada([ e a0l — " )6 @)l G @05 )

T .
/ e_wbdt‘ =
s1

Then we have to bound the following integral

and .
[ et d = [ (2 1) s - ).

S1

I(a) = /]R3 daydzades|zy — 21| @Y p(2(z2 — 21) (23 — 21)) [, (1) V5, (@2)]] (D) ()] (15,)* () -

An application of Lemma 5.13 shows that

T
Z<T7 </ ‘¢S’L2(R)d8>
0

and concludes the proof. O

4

Now we obtain a Gagliardo-Nirenberg type inequality to transform the regularity gain of the
previous proposition into an integrability result of Strichartz’s type.
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Lemma 8.2. Let p > 2 and € > 0 then there exist C = C(e,p) such that for all f € L*(R) NH, the
following inequality holds :

17 1z < ellFIlsxtey 171K,

where Hg is the homogenous Sobolev space on R, s = % - 1—1) +5 and 0 = (2?\;)_;)272 €(0,1)
Proof. We begin by decomposing f in standard Littlewood-Paley blocks f =3 .. | A;f and then
1fllzr@ < NAZ1flle@) + D 1Af ] ey (18)
>0

1_ 1

Bernstein’s inequality then gives [|A;f|[zrm) S 25 ”)HAz‘ fllz2(m) and then summing this last equa-
tion over ¢ > 0 and using Jensen inequality we can see that

V]

SlAfllre S D2 A llem $ 3P ||A | L2w))2
i>0 i>0 i>0
1/2

2i(L_1¢
S A ey | S I
>0

and then we have ||f|[zo@) S [Ifl[21@®) + [|f]l2,- Now if we put fx(z) = f(Az) in this last inequality
we can see that

1 lle@y S A2 ATy + X721 £,
2
then to have our result is suffices to take A = (Hf\]ZE(R)HfHHS)Q—(QiE)P. O

Proof of Proposition 1.9. Starting with Lemma 8.2 and taking = 1 and p > 1 in Prop. 8.1 we obtain

211P/2

t
/ UR(U) M hads
0

| vy teas

0
T
<[ a
0

y(p=1) | 5—
et

p T
_ / dt
we(o1.L2e®) o Lo(R)

—1
1/2 21155

2 t
Dt | [[urwey tods
0

t
JRCRCRRTRE
0

L1(R) L2(R)

T p—1
< CuT ([ osllzgs)
Le=([0,T],L*(R)) \/O

~

| oy teas

0

Now is suffice to remark that

and then

T T
< sup / U (U2) Ly ds g/ [|1Vs] 12 myds
Le([0,T],L2(R))  0<t<TJo H t HLQ(R) 0 (R)

P 1) 5 T P
. ( /0 ||¢s||L2(R>ds>

LP([0,T], L7 (R))

[urwey e

|

when p € (2,5]. Now in the case p € [2,4) we obtain the same result if we use the Lemma 8.2 and
take a =1 — % +¢e€(0,1/2], p > a+ 3 in Proposition 8.1. O

/ U s
0
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To have all the ingredients needed for the fixed point argument we have to estimates the action of
the operator U" on the initial condition.

Proposition 8.3. Let T >0, p = pu+1 € (4,5], p > min(3 —
and v*(p) > 0 such that the following inequality holds :

HUZUWLP([O,T},L%(R)) < CpH‘I)HW%WTW*(p)‘W’HLQ(R)

%) then then there exist constant C,

for all € L*(R).
Proof. Let us begin by using the Lemma 8.2 and then

T
||U 7/)||Lp(oT 1,L2P(R)) :/ dtH|Ut

w 1-0)p «
S Ul Sy LQ(R)/ dt || Do/

where 6 = @ﬁ% then is suffice to bound the quantity HDO‘/ 2 ]U;%MZH and to proceed as the in

the Proposition 1.9. By a simple computation we have
2 ~ N ~ N
D2 "= [ doidzadaafas o150 [ (o) 19 @) (-1 + 22+ w9)
R

where n = 2(x9 — x1)(z3 — z2). Now applying again Proposition 8.1 we concludes the proof. O

We are now ready to prove Th. 1.10 about existence of local solution to the modulated NLS with
general non-linearity.

Proof of 1.10. Let us define for v € LP([0,T], L?") the following map :

P = U+ / U (U2) ([P0 ds

then we can easily see by proposition I'(v)) € LP([0,T], L?’(R)). Now we will prove that I is a strict
contraction in a adequate ball of our space. In fact let

By = {4 € LP([0,T], L**(R)), ||| 1o jo.77,L20 (m)) < 7'}

then using the Proposition 8.3 and Proposition 1.9 we have

/0. U (U) " ([s]"s)ds

1T Lo o,m7, 220 ) < MU | Lo po,7y, L2 ) +
LP((0,T],L7 (R))

T
< o0 (11w + [ Il bl )
< Cy TT’Y (||u0||L2(R) + ||¢||Lp ([0,7], LQP(R)))
< Co e T P (|[u°]] 2@y +77)

then we can choose T} small enough such for all T < T} that the equation rp = Cy, 77" ®)(|[u0|] r2R) +
rf.) admit a positive solution r = ry. Now for T' < Ty and ¢1,12 € LP([0,T], L*’(R)) N B, we see by
the same argument using previously we have

/o. U (U2 ([ " o1 — || 42)ds

1) — D) oo 220y = '
Lr([0,T],L?P(R))

< Cox T PP~ by = ol oo 1, L20 (1)
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then if we choose T < Tj such that for all ' < T, we have H@HW;,/JT'Y*(Z’)TP*I < 1 then in this case I'

is a strict contraction of the ball LP([0,Ty], L?’(R)) N B, and then it has a unique fixed point in this
ball. The proof of uniqueness is standard. Now the fact that v € C([0, T3], L?(R)) is simply given by
the inequality

t
e = wllizey < 10 = U0l + [ ol e o

Now we will focus on the proof of the conservation law in the quintic case (i.e.: p =5), for simplicity.
For the other value of p the argument is similar. Let now M € N. By the same argument used in the
beginning of the proof we can construct a local solution u™ € L>([0, T], L'°(R)) N C([0,T], L*(R)) of
the regularized equation. More precisely we have that

s

t
uM = UL + i / UL (U2 My (e yu?) ds
0
for all t € [0,7] and some T' = T(||u0||L2(R)). Let v = (U®)'uM. A simple computation shows that

¢
[t — 0|2 §/ Tl |7 10do Sar (¢ — )[[u™ || Lo (o,179, 22(R))
S
from which we obtain that
¢
IIUf”II%:IIvﬁ‘”II%ﬂL?/ Im(vs, (US) " (UEM [* U0 ))do + O(|t — s[).
S

It is not difficult to see that (vs, (UY)~H(|ULvM PU,vM)) € R and then |[oM |3 = [[vM|]3 + O(|t — s|?)

S
and then we obtain immediately that |[u}||o = |[u°||2. Moreover we have

o I uM =u;

e for every T > 0, sup,, HUMHL5([O,T],L10(]R)) < 400 .

Using that we have easily
™ = || s o1, 0@)) S T7 (16 = g2 + [[u™ = ull s o7y, p10R)))

and for T < min(73,1/2) small enough |[u? — ull s (0,7, L19 (R)) —M=+ (. It is then sufficient to
iterate this procedure to extend it to the interval [0,7%]. Now by a simple computation we can see
that

™ =l poe o151, 2R)) S IMare® = w®llo + |[u™ = ul| s 0,77, L10(R))

and then |[|u||r2m) = [|u®|| r2(r) Which gives the conservation law and allow us to extend our local
solution in a global solution. Now let u° € H' and using the Strichartz estimates after taking the first
derivative of the function I'(1)) we obtain that

D)5 o wrio®)y Sw T (16 [+ 7 [0]] 15 o7 wiow)))

with ¢ € B, where B, is the ball in which we have setup our point fix argument at the beginning of
the proof. Then B(0, R), the ball of radius R in L>([0, 7], W!0(R)) is invariant by I'p, the restriction
of v on B, for Ty = T depending only on 7 and not R. Since closed balls of L>([0,T], WH19(R)) are
closed also in L3([0,T], LY"1°(R)) the fixed point of I'g, is in L5([0,T], WH1°(R)) and we obtain that
u € L5([0, T3], WH10(R)). Now by a standard argument we obtain the needed regularity for u. O
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