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NONLINEAR PDES WITH MODULATED DISPERSION 1V:

NORMAL FORM APPROACH AND UNCONDITIONAL UNIQUENESS

MASSIMILIANO GUBINELLI, GUOPENG LI, JIAWEI LI, AND TADAHIRO OH

ABSTRACT. We study the modulated Korteweg-de Vries equation (KdV) on the circle with
a time non-homogeneous modulation acting on the linear dispersion term. By adapting the
normal form approach to the modulated setting, we prove sharp unconditional uniqueness
of solutions to the modulated KdV in L?*(T) if a modulation is sufficiently irregular. For
example, this result implies that if the modulation is given by a sample path of a frac-
tional Brownian motion with Hurst index 0 < H < %, the modulated KdV on the circle is
unconditionally well-posed in L?(T). Our normal form approach provides the construction
of solutions to the modulated KdV (and the associated nonlinear Young integral) without
assuming any positive regularity in time. As an interesting byproduct of our normal form
approach, we extend the construction of the nonlinear Young integral to a much larger class
of functions, and obtain an improved Euler approximation scheme as compared to the clas-
sical sewing lemma approach. We also establish analogous sharp unconditional uniqueness
results for the modulated Benjamin-Ono equation and the modulated derivative nonlinear
Schrédinger equation (NLS) with a quadratic nonlinearity. In the appendix, we prove sharp

unconditional uniqueness of the cubic modulated NLS on the circle in H & (T).
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1. INTRODUCTION

1.1. Modulated dispersive equations. In the works [20} 21] with K. Chouk, we considered
a modulated dispersive equation of the following form:

{atquLu'@tw:N(u) (t.2) € Ry x M. (1.1)

ult=o = uo,

where M = R or T = R/(27TZ)E| N (u) denotes the nonlinearity, and w : Ry — R is a
continuous function of time, called a modulation, acting on the linear dispersion term Lu.
For a specific modulation such as that given by a Brownian motion, stochastic calculus can
be used to study the equation ; see [28,29, 33, [97]. For a general modulation w, however,
such an approach based on stochastic calculus is not available. In [20} 21], with K. Chouk, we
developed a pathwise approach to study the modulated dispersive equation by exploiting
irregularity of the modulation function w (see Definition and the temporal regularity of
a solution u. In particular, in [21], we established regularization-by-noise phenomena for the
following modulated Korteweg-de Vries equation (KdV) on both the circle and the real line:

ou + 8§u O = Opu. (1.2)

For example, we proved that, given any s € R, the modulated KdV on T with a
sufficiently irregular modulation is locally well-posed in H*(T). On the one hand, since the
70’s, there have been intensive research activities on regularization by noise for stochastic
differential equations and stochastic parabolic partial differential equations; see [58| 69, [38,
45, [43] 95, 21}, [I] for the references therein. See also survey works [37, [49]. On the other
hand, prior to our work [21], results on regularization by noise for dispersive equations were
primarily limited to random initial data /additive noises of super-critical regularity; see, for
example, [0, 10, 27, 111 B, 90, R, (4, B2, B1), 79, [7, B0, 8]. In [21], we also established
other forms of regularization by noise such as semilinearization and nonlinear smoothing (of
arbitrary order) for the modulated KdV and other modulated dispersive equations such
as the modulated Benjamin-Ono equation (BO):

Oy — HO*u - dyw = yu?, (1.3)

where H denotes the Hilbert transform with the Fourier multiplier —1,0 - isgn(n). See [21]
for a further discussion on various examples. We also mention recent works [99} 911 [92], 93], 4],
on pathwise well-posedness of various modulated dispersive equations; see [21, Remark 1.14].

In a recent work [I5] with A. Chapouto, we studied pathwise well-posedness of sto-
chastic modulated dispersive equations with multiplicative noises and established a new
regularization-by-noise phenomenon by exploiting the nonlinear interaction between the un-
known and the noise. For example, for the stochastic KdV with a multiplicative fractional-
in-time noise in the Young regime, we showed that irregularity of the modulation induces
smoothing on the stochastic convolution in a pathwise manner, where a gain of spatial regu-
larity becomes (arbitrarily) larger for more irregular modulations.

Since w in is assumed to be only continuous, the modulated dispersive equation
is formal at this point. To bypass this problem, we studied the following Duhamel formulation

1By convention, we endow T with the normalized Lebesgue measure dx, = (27) 'dz such that we do not
need to carry factors involving 27.
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(= mild formulation) of (L.1)) in [20, 21]:
t
u(t) = U (o + U™ (1) | U () N (et (1.4)
0

where U™ (t) = e ML denotes the modulated linear propagator and we impose w(0) = 0
such that U*(0) = Idﬂ Define the modulated interaction representation u of the unknown
by setting

a(t) = U (1)~ u(t), (1.5)
for which the Duhamel formulation (|1.4]) becomes

u(t) = ug + /Ot UY ) IN (U )u(t))dt. (1.6)

Our basic strategy in [211 [I5] was to first make sense of the integral term in as a nonlinear
Young integral ZX (u) with a given driver X (see, for example, for the modulated KdV)
by applying the sewing lemma (Lemma from the theory of controlled rough paths [52]
developed by the first author. We then studied the resulting nonlinear Young differential
equation:

u = uy+Z%(u) (1.7)
(possibly with an additive / multiplicative stochastic forcing) by a contraction argument. We
point out that the (sufficient) temporal regularity of the modulated interaction representa-
tion u was essential in applying the sewing lemma to construct a nonlinear Young integral.

Now, let us turn to the uniqueness property of solutions. Recall from [63] that a Cauchy
problem is said to be unconditionally (locally) well-posed in H*(M) if for every initial con-
dition up € H*(M), there exist 7 > 0 and a unique solution v € C([0,7]; H¥(M)) with
ult=o = ug. We refer to such uniqueness in the entire class C([0,7]; H*(M)), without in-
tersecting with any auxiliary function space, as unconditional uniqueness. Unconditional
uniqueness is a concept of uniqueness which does not depend on how solutions are con-
structed and thus is of fundamental importance.

Given a driver X of temporal regularity % < 7y < 1, a solution u to (1.7) constructed
in [20, 21] belongs to C*([0, 7]; H*(M)) for some 0 < o < 1 with v 4+ « > 1 such that the
nonlinear Young integral ZX (u) makes sense via the sewing lemma. As such, the uniqueness,
at the level of the modulated interaction representation, holds conditionally, i.e. only in the
class C*([0, 7]; HS(M))H

Our main goal in this paper is to present an alternative solution theory based on the
normal form method, where we do not require any positive temporal regularity on the mod-
ulated interaction representation u. In particular, we construct a solution by working in
C([0,7]; H*(M)) without utilizing any auxiliary function space, and thus establish the first
unconditional uniqueness results for modulated dispersive equations. From the viewpoint of
nonlinear Young integration theory, our approach presents a completely new construction of
the nonlinear Young integral ZX (u) in without using any positive temporal regularity,

2The normalization w(0) = 0 is not an additional restriction since only the time derivative d,w appears in
the modulated equation .

3Note that the uniqueness of solutions to modulated dispersive equations constructed in [92] [93] [04] also
hold only conditionally, namely only in the (refined) Fourier restriction norm space X3.
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but by making use of the structure (1.7)) of the unknown u (just like a controlled rough path).
In this sense, the novelty of our normal form approach can be viewed, at a philosophical level,
as a controlled path approach to nonlinear Young integration which significantly improves
any existing theory in terms of the temporal regularity. See Subsection for a further
discussion. We also point out that our normal form approach provides an improvement on
the time discretization scheme as compared to the sewing lemma approach discussed in [20,
Subsection 2.3] in terms of both the convergence rate and the required temporal regularity of
a solution; see Remark See also Remark [1.9] Lastly, while the main body of the paper
is devoted to the modulated KdV-type equations with derivative quadratic nonlinearities,
we also consider the modulated cubic nonlinear Schrodinger equation (NLS) on the circle in

Appendix [A]

1.2. Irregularity of the modulation. We recall a particular notion of irregularity of the
modulation w, introduced in [12] 20], which allowed us to establish regularization by noise
in various ODE and PDE contexts in [12, 20, 21} [I5]. For further study on the notion of
irregularity, see [46, [95].

Definition 1.1. Let p > 0 and 0 < v < 1. Given T > 0, we say that a function w €
C([0, T];R) is (p,~)-irregular on the time interval [0, 7] if we have

dY (a
T e

, 1.8
a€R 0<r<t<T |t —r|7 (18)

where

t
 (a) = / el ®) g’ (1.9)

We say that w is (p,y)-irregular on R if it is (p,y)-irregular on [0, T] for each finite T' > 0.
In [12], the authors proved that a fractional Brownian motion is a (p, 7)-irregular function.

Theorem A. Let {W;}icr, be a fractional Brownian motion of Hurst index H € (0,1).
Then, for any p < ﬁ, there exists % < v < 1 such that, with probability one, the sample
paths of W are (p,~)-irregular on R .

Theorem shows that there exist continuous paths which are (p, )-irregular for arbitrarily
large p. In a later work [46], it was shown that (p,~y)-irregularity is a generic property of
Holder functions of sufficiently low regularity; see [46, p. 2418 and Theorem 3.1].

Theorem B. Let d > 1. Given any 0 < § < 1, a generic §-Hélder continuous function
w € C%([0,1];R) is (p,v)-irregular for any p < 55 with some v = v(p) € (3,1).

Here, “generic” is to be understood according to the notion of prevalence; see [46] for
details and the references therein.

Theorems [A] and Bl do not only provide important examples of (p,~)-irregular paths,
but also imply that our main results apply to the case where a modulation is given by a
fractional Brownian motion or a generic §-Holder continuous function. See, for example, [21,
Corollary 1.5].
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1.3. Nonlinear Young differential equations. In this subsection, we briefly go over the
nonlinear Young integration approach in [2I] by taking the modulated KdV on T as
an example. See also [61], 44] for the construction of nonlinear Young integrals in a more
general setting. For simplicity of the presentation, we impose the mean-zero assumptiorﬁ on
solutions to the modulated KdV on T. We also apply the same convention to the other
modulated dispersive equations considered in this paperﬁ

Given p > 0 and % <7 < 1, fix a (p,y)-irregular function w on an interval [0, 7]. In terms
of the modulated interaction representation u defined in , the modulated KdV is

written as
oru = U“’(t)*lax((Uw(t)uV), (1.10)

where U (t) = e~ denotes the modulated linear propagator for (|1.2)). By writing (|1.10)
(with initial data up) in the integral form, we have

¢
ult) = up + / ()0, (U™ (¢ )w)?) . (1.11)
0
As mentioned in Subsection the main strategy in [2I] was to construct the integral term
in (1.11)) as a nonlinear Young integral via the sewing lemma, and solve the resulting nonlinear
Young differential equation.
Let XXV be the bilinear driver associated with the modulated KdV, defined by

XEN () = [ VRO 0 (0 00 ) (1.12)

for 0 <r <t <T, where f; and fy are functions on T. By taking the Fourier transform, we
have

FXENV (L f)n) =in > @ (Ekav (@) fi(m) fa(na), (1.13)
ni,na€L*
n=ni+nsy

where Z* = Z\ {0}, @}, is as in (1.9), and Ekqv(n) denotes the resonance functiorﬁ for KdV
given by

— _ —_ 3 3 3
= n)==x= n,ny,ng) =-—n"+nj+n
kav(n) = Exav(n, n1, n2) 1+ 5 (1.14)

= —3nning,

where the last equality holds under n = nj + ng. As pointed out in [21I, Section 3], local
well-posedness of the modulated KdV then follows once we show that the bilinear driver
XEV is bounded from H*(T) x H*(T) into H*(T) with the norm ~ [¢ — 7|, uniformly in
0 <r<t<T (recall that v > %), which in turn follows from an elementary computation,

using (1.8)), (1.14)), and Lemma see [21l Proposition 4.1]. See also Lemma

4For the modulated KAV , if initial data has non-zero mean «g, then the following Galilean transfor-
mation: u(t,z) — u(t, z + 2aot) — o, along with the conservation of the spatial mean (which can be verified
by arguing as in [2I] Section 6]), transforms the equation with a non-zero mean into the mean-zero version.
The same comment applies to the modulated BO and the modulated derivative nonlinear Schrédinger
equation studied in this paper.

5Except for the cubic modulated nonlinear Schrédinger equation studied in the appendix.

6Here7 we follow the terminology in [I00]. We point out that Exav () is also called the modulation function
(see [71]) but we do not use this latter terminology to avoid confusion with a modulation function w.
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As a result, we obtained the following local well-posedness result for the modulated
KdV (1.2) on T (J2I, Theorem 1.3 (i)]). We also recall the corresponding local well-posedness
result for the modulated BO (1.3) on T ([21, Theorem 1.11 (i)]).

Theorem C. Given p> 1, 1 <~y <1, and T > 0, let w be (p,~)-irregular on [0,T] in the
sense of Definition [1.1]

(i) Suppose that p > % and s € R satisfy one of the following conditions:

. 1 3 3
ia) s<p<2 and s>35—3p,
? ) 2 g 4 27 (1.15)
(ib) p>9 and s> —p.
Then, the modulated KdV equation (1.2) on T is locally well-posed in H*(T).
(ii) Suppose that p > 1 and s € R satisfy one of the following conditions:
iia) p=1 and s> —1,
(ii.a) 2 (1.16)

(iLh) p>1 and s> —3p.
Then, the modulated BO equation (1.3) on T is locally well-posed in H*(T).

Theorem [C] established regularization by noise in several respects. First of all, by taking p
sufficiently large, these modulated equations become locally well-posed in H*(T) for any given
s € R, even in the regime where the unmodulated versions are ill-posed. See [64], 25] (62, [76], (66]
and [74) [75], B0, 47, 65] for the known well- / ill-posedness results for the (unmodulated) KdV
equation:

Opu + O2u = Oyu® (1.17)
and the (unmodulated) BO equation:

Opu — HO?u = 9,u?, (1.18)

respectively. The second point is the semilinearization phenomenon. The unmodulated
KdVv in H*(T) for s < —3 and the unmodulated BO in H*(T) for any s € R
are known to behave quasilinearly such that the associated solution map is not smooth with
respect to the H*-topology; see [6l, [77, 23, 48]. On the other hand, the construction of so-
lutions in Theorem [C]is based on a contraction argument such that the associated solution
map is smooth (in fact, real analytic), thus semilinearizing these equations by adding the
modulation.

Remark 1.2. In a recent work [15], we studied pathwise well-posedness of stochastic mod-
ulated dispersive equations with multiplicative noises and established a new regularization-
by-noise phenomenon by exploiting the nonlinear interaction between the unknown and the
noise. Our strategy was to combine the nonlinear Young integral approach in [21] described
above with a suitable adaptation of the pathwise construction of stochastic convolutions via
the random tensor estimate (see [31],[89][88]) and the sewing lemma, which is a strategy devel-
oped in [I8, [19] to study stochastic (unmodulated) dispersive equations with multiplicative
noises. See [15] for details.
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1.4. Unconditional uniqueness of modulated dispersive PDEs. In this subsection,
we state our main results on unconditional well-posedness (and also on nonlinear smoothing)
for modulated dispersive equations on the circle. Our first theorem is for the modulated
KdV on T.

We say that u is a solution to the modulated KdV on T, if it satisfies the following
Duhamel formulation:

t

w(t) = U™ (g + U™ (1) / U () D () dt (1.19)
0

The same comment applies to the other modulated dispersive equations considered in this

paper.

Theorem 1.3. Given p > %, % <y <1,and T >0, let w be (p,~y)-irregular on [0, T] in the
sense of Definition |1.1)]

(i) (unconditional well-posedness). Let s > 0. Then, the modulated KdV equation on
T is unconditionally locally well-posed in H*(T). In particular, if, in addition, w is (p,)-
irreqular on Ry, then the modulated KdV equation on T is unconditionally globally
well-posed in H*(T).
(ii) (nonlinear smoothing). Suppose that s, sy € R with sg > s > 0 satisfy
)

so < s+2p— 3
Given ug € H*(T), let w € C([0,7]; H*(T)) be the solution to the modulated KdV equa-
tion on T with uli—g = uo constructed in Part (i), where T € (0,T] denotes the local
existence time. Then, we have

u—e "M%y, e C([0,7); H(T)).

Theorem [1.3|(i) establishes the first unconditional uniqueness result for modulated dis-
persive PDEs. As a corollary to Theorem [1.3|(i) with Theorem , we have the following
unconditional well-posedness result for the modulated KdV on T, where a modulation
is given by a fractional Brownian motion.

Corollary 1.4. Let {W;}ier, be a fractional Brownian motion with Hurst index 0 < H < %
Then, with probability one, the modulated KdV equation on T with the modulation given
by a sample path of the fractional Brownian motion {W;}ier, is unconditionally globally well-
posed in H*(T) for any s > 0.

Remark 1.5. Similar results hold for each of the modulated dispersive equations considered
in this paper, with the appropriate choice of exponents, when the modulation function is given
by a fractional Brownian motion, or, thanks to Theorem |B|, when the modulation function is
given by a generic (in the sense of prevalence) Holder function.

In view of the quadratic nonlinearity in , the regularity threshold s > 0 in Theorem
is sharp since the L2-regularity is required to make sense of d,u%(t) as a spatial distribution
for given ¢ > 0 (without intersecting with an auxiliary function space). The same comment
on sharpness of the L2-regularity also applies to the other modulated dispersive equations
considered in this paper. Note that, in order to make sense of the nonlinearity 0,u? in
H*(T) for s < 0, we need to assume some temporal regularity on u (or rather its modulated
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interaction representation) and give a meaning to d,u? as a space-time distribution, just as
in the Fourier restriction norm method due to Bourgain [4].

While the condition on p, s, and sg in Theorem [1.3|(ii) is more restrictive than the corre-
sponding result on the nonlinear smoothing in |21, Theorem 1.15], our argument does not rely
on any auxiliary function space such as C7([0, 7]; H*(T)) (even for the modulated interaction
representation).

We prove Theorem by implementing a normal form reduction in the current modulated
setting. In a pioneering work [2], Babin, Ilyn, and Titi implemented a normal form argument
for the (unmodulated) KdV and proved its unconditional well-posedness in L? (']I‘)ﬂ We
point out that, while two normal form reductions were needed in the unmodulated setting [2],
we need to perform a normal form reduction only once to prove Theorem [I.3|for the modulated
KdV thanks to the presence of the (p, v)-irregular modulation function w, which can be viewed
as a manifestation of regularization by noise. In Subsection [1.5] we go over basic steps of the
normal form reduction. We present a proof of Theorem in Section

Next, we state our main result for the modulated BO ({1.3]) on T.

Theorem 1.6. Given p > %, % <y <1, andT >0, let w be (p,7)-irregular on [0,T] in the
sense of Definition |1.1)

(i) (unconditional well-posedness). Let s > 0. Then, the modulated BO equation (1.3|) on T is
unconditionally locally well-posed in H*(T). In particular, if, in addition, w is (p,y)-irregular
on Ry, then the modulated BO equation (1.3) on T is unconditionally globally well-posed in
H5(T).
(ii) (nonlinear smoothing). Suppose that s,sy € R with so > s > 0 satisfy
)

so<p—1 and 50<s—|—,0—§.
Givenug € H*(T), let w € C([0,7]; H*(T)) be the solution to the modulated BO equation (1.3))
on T with u|t=o = ug constructed in Part (i), where T € (0,T] denotes the local existence
time. Then, we have

u— ey, ¢ C([0,7]; H*(T)).

For the unmodulated BO (|1.18), Mosincat and Pilod proved its unconditional well-

posedness in H*(T) for s > 3 — \/?;1E ~ 0.128; see also [68]. Thus, Theorem (1) exhibits a
strong regularizing effect in the modulated setting, regarding unconditional well-posedness.
Furthermore, as in the modulated KdV case, we only need to carry out a normal form re-
duction once for the modulated BO , whereas, for the unmodulated BO , one first
needs to apply a gauge transform and then carry out normal form reductions twice. This can
be once again viewed as a manifestation of regularization by noise.

We present a proof of Theorem [1.6] in Section [

Remark 1.7. Given 0 < ¢ < 0o, consider the modulated intermediate long wave equation
(ILW) on the circle:
O — G50%u - Oyw = Dpu?, (1.20)

"In [2], Babin, Ilyn, and Titi did not make a connection of their construction of solutions via “differentiation
by parts” with normal form reductions. Such a connection was made in an explicit manner in a later work [56].
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where the dispersion operator Gsd? is given by

G502 f(n) = ips(n) f(n) 1= =1y - z‘(n2 coth(on) — Z)f(n), n €.

See [96, [72, (73, [16], 13, [39], [17] for the known well- / ill-posedness results for the (unmodulated)
ILW:
Oyu — Qg(‘)iu = dyu’.
Recall from [21], (5.22)] that the resonance function for ILW given by

Es(n) = Es(n,n1,n2) = —ps(n) + ps(n1) + ps(n2)

satisfies

25(7) = Epo(n) + O(672), (1.21)
where Epo(72) is the resonance function for BO defined in (4.2)) below. Then, together with the
fact that |Epo(n)| 2 max(|n|, |n1|, |n2|) under n = ni +n9 and nning # 0, the relation (1.21)
states that high frequency (multilinear) behavior of (modulated) ILW is essentially given by
that of (modulated) BO. In [21], we proved well-posedness of the modulated ILW ({1.20)) under
the same hypothesis as that for the modulated BO by using this observation. Similarly, a

slight modification of the proof of Theorem with (1.21)) yields the corresponding result
for the modulated ILW (1.20]). We omit details.

Lastly, we consider the following modulated derivative nonlinear Schrodinger equation
(ANLS) on the circle:

i0pu + 02w - Opw = Oyu’. (1.22)

5 1

Theorem 1.8. Given p > 3, 3

sense of Definition |1.1].

(i) (unconditional well-posedness). Let s > 0. Then, the modulated dNLS equation (1.22]) on
T is unconditionally locally well-posed in H*(T).

<y <1,andT >0, let w be (p,~y)-irregular on [0,T] in the

(ii) (nonlinear smoothing). Suppose that s, sy € R with so > s > 0 satisfy
5)

so<p—1 and so<s+p—§.

Given vy € H*(T), let u € C([0,7]; H*(T)) be the solution to the modulated dNLS equa-
tion (1.22)) on T with u|i=p = uy constructed in Part (i), where 7 € (0,T] denotes the local

existence time. Then, we have
u— %y, e C([0,7]; H*(T)).

In [24], Chung, Guo, Kwon, and the fourth author studied the unmodulated version

of (1.22) on the circle:

i0pu 4 0%u = dpu’. (1.23)
By implementing an infinite iteration of normal form reductions introduced in [56] and com-
bining it with a gauge transform (the Hopf-Cole transformation), they proved small data
unconditional global well-posedness in L?(T). We point out that, in the modulated setting,
Theorem follows from one normal form reduction. Note also that Theorem [L.8](i) claims
only local well-posedness; see [24, Appendix A] for an explicit construction of a finite-time
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blowup solution to the (unmodulated) dNLS (1.23)). We present a proof of Theorem in
Section [Bl

1.5. Normal form approach for the modulated KdV. In this subsection, we sketch
the main idea of the normal form approach to construct solutions to modulated dispersive
equations by taking the modulated KdV as an example. In the unmodulated setting,
this normal form approach was introduced by Babin, Ilyn, and Titi [2] and was further
developed in [70l [56] 87, [67]. See also Remark

By taking the Fourier transform of , we have

Oi(t,n) =in Y =V OG(E )t ny), ne LT, (1.24)

ny1,ne€L*
n=ni+nz

where Zkqv(n) is the resonance function in . In the unmodulated setting (i.e. w(t) = t),
the first step of normal form reductions in [2] was based on the identity:

iZExav ()t
oiExav ()t _ M (1.25)
iEKkav(n)
In the current modulated setting, we replace this identity by the following simple, but crucial
observation:

atQ (I)%Ul to (EKdV(T_I’)) = _6iEKdV(ﬁ)w(t2)a (126)

which follows from ((1.9) and the fundamental theorem of calculus. Then, proceeding with a
°l a

formal computation, a normal form reduction (namely, integration by parts in time, using

(26)) yields
t

U(t,n) —u(0,n) = in > eERav OGR! n)G(t, ng)dt

ny,no€L*
n=ni+ng

=—in Y / By @1y (Egav(n))A(t, na)U(t', no)dt
ni,na€L*
n=ni+na

=in Z P4 (Ekav(n))u(0,n1)u(0, ne) (1.27)

ni,no€L*
n=ni+ng

+2in Y / iy (Ekav(n))oa(t', n1)u(t’, no)dt’

ni,no€L*
n=ni+nga

=: Fo (X75 (u(0 >,u<0>>)<n>+A<t,n>,

where X/ Kdv is the bilinear driver defined in . At the third step, we used the fact that
tr =0, the product rule for differentiation, and symmetry in n; and ng. See Lemma
below for the boundedness and nonlinear smoothing property of the bilinear driver X; Kdv.

8Namely, we do not worry about justifying computations such as switching the sum and the integration in
the formal computation presented here. We justify all the formal steps in Section



NONLINEAR PDES WITH MODULATED DISPERSION IV 11

Remark 1.9. We point out that, after the integration by parts in , there is no boundary
term from the right endpoint since ®{y = 0. This is different from a usual application
of a normal form reduction in the unmodulated setting, where we also have a non-trivial
contribution from the right endpoint. Furthermore, in the usual construction of solutions via
the normal form approach, the boundary terms do not become small even if we take a short
time interval, and thus we need to introduce a cutoff parameter (based on a frequency or
modulation size) to create smallness to carry out a contraction; see [2] [70, 56]. In the current
modulated setting, however, the estimate for the boundary term comes with the factor
t7 and thus there is no need to introduce such a parameter.

Our version of the normal form reduction, using the identity , also applies to the
unmodulated setting, giving a simplification of the argument in the sense described above
(namely, no need to introduce a parameter to create a small factor on the boundary terms).

Given 0 < r < t < T, define the trilinear operator Kdv( f1, f2, f3), acting on functions
on T, by

fz (-/\/t]i(rdv<f17 f27 f3))(n)

3

— _9m Z @gr (Exav(n, nis, ng))eiEKdv(nm,m,n2)w(r)n12 H j/’; (nj)’ (1.28)
ni,ng,n3€L* Jj=1
n=niz3
where we used the following short-hand notation:
Ni..p =N, + -+ ng. (1.29)

See Lemma [3.2] below for the boundedness and nonlinear smoothing property of the trilinear
operator N} Kdv.
By substltutmg (1.24) into A(t,n) on the right-hand side of ((1.27]), we have

At.n) = /0 (VES (), ut), u(t)) (n)r. (1.30)

Then, putting (1.27) and (1.30]) together, we have

f(t,n) — 6(0,n) = F, (XKdV / Fo(NESY (u(t)) (m)d,
where we used the short-hand notation ). Namely, we have
u(t) = uo + XEO (uo) / fi?w ))dt'. (1.31)
Hence, we arrive at the following normal form equation for the modulated KdV :
u(t) = UY(t)up + Uw(t)XdeV(uo) + Uw(t)/ J\fft?w( w () T Lu(t))dt'. (1.32)

The main point of the normal form reduction is to transform the original equation
to the normal form equation which encodes multilinear dispersive smoothing (coming
from the irregularity of w) in an explicit manner thanks to the presence of @, (Skqv) in

XKV and J\/ KAV (see and (1.28)). Using the boundedness properties of X’ KAV and

/\/ﬁfw (Lemmas 3.1 and , a standard contraction argument yields uncondltlonal local
well-posedness of ([1.31) (and thus of (1.32)) in H*(T), s > 0, under the hypothesis of
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Theorem In the proof of Theorem presented in Section [3] we justify the formal
computation in and show that any solution to the modulated KdV (namely,
satisfying the Duhamel formulation (L.19)) in the class C([0, 7]; L*(T)) is also a solution to
the normal form equation , which in turn allows us to show that a unique solution to
the normal form equation ([1.32)) is also an unconditionally unique solution to the original
modulated KdV .

Remark 1.10. (i) Consider a modulated dispersive PDE ([1.1]), where the nonlinearity N (u)
is k-linear. Let n; denote the (spatial) frequency of the jth factor in N(u) and set

Nmax = mMax |n;|. (1.33)
If the equation is mon-resonant with a good lower bound on the resonance function such as
|Z(n)| = nf,,. for some (small) > 0, then a slight modification of the proof of Theorem
yields unconditional local well-posedness by one normal form reduction, at least when the
modulation is sufficiently irregular.

(ii) By adapting the normal form approach developed in [71] 67, [40] for (unmodulated) dis-
persive equations on R?, one can study unconditional well-posedness of modulated dispersive
equations on R?. We, however, do not pursue this issue here.

Remark 1.11. The normal form reduction presented in this subsection corresponds to the
so-called Poincaré normal form reduction, where there is no resonance. When there are res-
onances, it is called the Poincaré-Dulac normal form reduction; see [56), Section 1]. See also
Appendix [A] where we implement a Poincaré-Dulac normal form reduction for the modulated
cubic NLS. In the unmodulated setting, the Poincaré-Dulac normal form reductions have been
used in various contexts: unconditional uniqueness [2] [70) 56, 87, 67, 68, [78] [84], nonlinear
smoothing and the nonlinear Talbot effect [34], B35, [36], existence of global attractors [35],
reducibility [24], improved energy estimates in both the deterministic and probabilistic con-
texts [98, [57, 85, B3, 82]. We point out that the higher order I-method (with correction
terms) [25] 26] also corresponds to the Poincaré-Dulac normal form reduction, but applied
to the equation satisfied by a modified energy. It may be of interest to investigate analogues
of these results in the modulated setting.

Remark 1.12. Instead of ([1.26)), we may use the following identity:
at(bg,)o (EKdV (ﬁ)) — eiEKdV('f_l)'w(t)

and proceed with a normal form reduction. By repeating the computation presented in this
subsection, we then obtain a slightly different normal form equation:

u(t) = uo + XKV (u(t)) - / NEQY (u ()t (1.34)

Note that the argument of u( ) of XXV is now evaluated at the right endpoint of the interval
[0,t]. Compare this with . Whlle we prove Theorem using , one may equally
use the normal form equation to prove Theorem . We, however, point out that the
normal form reduction with allows us to directly compare our normal form approach
with the sewing lemma approach to nonlinear Young integrals developed in [21]. See the next
subsection.
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Remark 1.13. Consider the following modulated cubic NLS on T:
i0pu + 9% - Oyw = |ul*u. (1.35)

The associated resonance function Zxpg(72) is given by
ENLS(ﬁ) = ENLs(n,nl,ng,TLg) =n?— n% + n% - n% (1 36)
= 2(n —n)(n —n3), '
where the last step holds under n = n; — no + ng, and thus we see that the resonance
function Enpg(n) vanishes when n = ny or n3. Namely, the modulated cubic NLS (1.35) is
not non-resonant and thus the observation made in Remark (i) does not apply.
In [56, 7], the fourth author with his co-authors studied a normal form approach to the

unmodulated cubic NLS on T:
i0pu 4 0%u = |ul*u. (1.37)

In order to overcome the difficulty coming from the nearly resonant contributions:
|ZNLs(7)| < Tmax, Where npax is as in , the authors introduced an infinite iteration of
normal form reductions, which transformed into the normal form equation, involving
infinite series of nonlinearities of arbitrarily high degrees. This allowed them to prove sharp
unconditional uniqueness of in H%(T), s > %, and also unconditional uniqueness of the
normal form equation in L?(T) and in almost critical Fourier-Lebesgue spaces; see [87] for
further details.

In Appendix we implement a (Poincaré-Dulac) normal form reduction for the modulated
cubic NLS , using the identity , and prove its unconditional uniqueness; see
Theorems [A ]

1.6. Comparison with the sewing lemma approach. In this subsection, we compare the
normal form approach presented in the previous subsection with the sewing lemma approach
to nonlinear Young integrals in [2I]. For this purpose, we first need to introduce some
preliminary notations.

Let V be a Banach space and T > 0. For n € N, we denote

Apr={(t1,....tn) €[0,T]": t; > t; for i < j}.

We denote by C, 7V the space of continuous functions from A, 7 to V. We define the
coboundary operator & : Cp, 7V — Cp417V as follows; given f € C,, 7V and (t1,...,t541) €
Apt11, We set

n+1

—k
(6f)t1,...,tn+1 = Z(_]‘)n ftl7~.‘,tk,1,tk+1,...,tn+1'

k=1
For example, for f € C7V and g € Co 7V, we have

(Of )t = ft = frs

(1.38)
(6g)t1,t2,t3 = Ot1,t3 — Gt1,ta — Gtajts

for (t,r) € Ao and (t1,t2,t3) € Ag . As noted in [55], the sequence

0—R —)CLTV i> CZTV i>C37TV i)
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is exact. In particular, we have 6 0 6 = 0 and if f € C,, 7V with 8f = 0, then there exists a
g € C,—1.7V such that f = 8g; see, for example, [55, Lemma 2.1].

Given 0 < v < 1, we denote by C7V = C7?([0,T]; V) the space of v-Holder continuous
functions taking values in V', endowed with the seminorm:

18 f)erllv
[fllcoy = sup  —————.
T (t,T’)EAQ,T ‘t - 7"’7

We also define C,.V = C7([0,T]; V) via the norm:
[fllezv = I llzgev + ([ fllegv- (1.39)

We also introduce the spaces C! .V, n = 2,3, equipped with the following Holder-type norms;
for g€ CorV and h € C3 7V, we set

loleg,v = s ol
o (1.40)

h
||h”CW v = inf sup || tlth:tsHV —
3,T 0<a<y (tl,tg,t:g)EA;g,T |t1 — t2|04‘t2 — t3|'Y 67
Given a Banach space V and k € N, we use Lip, (V') to denote the Banach space of locally
Lipschitz maps f : V — V with polynomial growth of order k such that

[ fllLip, vy = sup I7@) = 7)llv — < oo. (1.41)
wweV [lz —yllv (1 + [l=llv + [lyllv)

Then, from (|1.40) and ((1.41]), we have
1 I fer(x) = fer()llv
[flley, Lip vy = sup : : 1
2T e 8T awev o — yllv (L4 llzlly + [lyllv)

(1.42)

Next, we review the essential idea on the construction of a nonlinear Young integral via
the sewing lemma (Lemma [1.14) presented in [2I]. Fix a driver X € CJ ;Lip,(V), where

CJ pLipy(V) is as in ([L.42), such that
Xt,r(o) =0
for any (¢,7) € Ay 7, and
(0X)ty,ta,t5 = 0 (1.43)

for any (t1,t2,t3) € Ag . Given u € C*([0,77; V) for some 0 < o < 1, the nonlinear Young
integral ZX (u) of u is a unique function with Z* (u)(0) = 0 whose increment is given by

8(Z% (w)),, = Xir(ua). (1.44)

Here, u, denotes the function u evaluated at the variable of integration e, satisfying r < e < ¢.
As it is, the expression on the right-hand side of (|1.44]) is not well defined. By replacing e
by the left endpoint r, we have

Xt,?“(u') = Xt,r(ur) + Rt,r (1.45)
for some two-parameter process R = RX%. Define © = 0% on Ay 7 by setting

@t,r = Xt,r(ur), (t, T) € AQ’T. (146)
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Then, by applying the coboundary operator & defined in ((1.38]) to (1.45)) and noting that the
left-hand side of (1.45|) vanishes under 9, any error term R in (|1.45)) (if it exists) satisfies

(6R)t1,t2,t3 = _(6®)t1,t2,t3 = Xt1,t2 (th) - th,tz (uts) (1'47)

for any (t1,t2,t3) € Asp, where we used ([1.43) at the second equality.
We now recall the sewing lemma due to the first author [52]; see also [55 Proposition 2.3,

Corollaries 2.4 and 2.5] and [42, Lemma 4.2]. We set C} 1.V = U1 CrpV-

Lemma 1.14 (sewing lemma). Let V' be a Banach space and fir T > 0. Then, there ezists
a unique linear map (called the sewing map) A : C’;J{FV NKerd|c, v — C’%;V such that

(i) We have SAh = h for each h € C3 7V NKerd|c, ;v

(ii) For each ¢ > 1, the sewing map A is continuous from ngTV NKerd|c, ,v to C;TV
such that

1ALl gg v = 2< Sl v

for any h € Cg’TV.
(iii) Given any g € CorV with &g € Cg’TV, there ezists unique f € C([0,T];V) (modulo
an additive constant) such that 8f = (Id —A8)g. In addition, we have

(e = lim th],tm

([r8]) |—>0
for any (t,r) € Ay, where the limit is over any partition II([r,t]) of [r,t]:
O([r,t])) ={r=t, <---<t1 <tg =1t}

whose mesh size [I1([r,t])| = sup; [t; — tj11] tends to 0.

Since X € Cy ;Lipy (V) and u € C*([0, T; V) it follows from (|1.47) with (1.42]) and (1.39)

that OR = —00 € C’;;QV where © is as in (1.46)); see [21] (3.27)]. Hence, if v+« > 1, then
we can apply the sewing lemma (Lemma [1.14] _ to define an error term R by setting

R=—A80 € CJ1"V. (1.48)

Then, putting ([1.44)), , and (|1.48) together, we define the nonlinear Young integral
ZX(u) of u (with respect to the nonlinear Young driver X) to be a unique function in

C7([0,T]; V) with Z%(u)(0) = 0 whose increment is given by
§(Z% (n)) = (Id —Ad)0. (1.49)

Once (T.49) holds, the nonlinear Young integral ZX(u) is given by the unique limit of
Riemann-Stieltjes type sums:

n n

X : .
I (u)(t):m([%%z(at = gl > X (ary,), (1.50)

0,t 0
e 0.0)1-0 <

where the limit is in the sense of Lemma [I.14](iii).
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We are now ready to compare the normal form approach with the sewing lemma approach.
Given p > i and <y < 1, fix a (p,7y)-irregular function w on an interval [O,T] and s > 0
as in Theorem |1 Con51der the modulated KdV (1.2) on T and write as

u=up+ IXKdV(u), (1.51)
Here, X¥4V is the bilinear driver defined in (1.12]). The main goal is to give a precise meaning
to the integral term ZX""" (u).

e Sewing lemma approach: From Lemma we have X € C) ;Lipy(V). Thus, if
u € C¥([0,T7; H5(T)) for some 0 < a < 1 such that v+ « > 1, then we can apply the sewing
lemma (Lemmal|1.14)) as described above to construct the nonlinear Young integral ZX KdV(u).

From ([1.49)) with (1.46|), we have
T () (6) = T (w)(r) = X5V (u(r)) — (A80), (152)
for any 0 < r <t < T, where A is the sewing map.

e Normal form approach: Let u € C([0,7]; H*(T)) be the unique solution to (1.51])
constructed in Theorem Then, by repeating the computations in ((1.27) over an time
interval [r, ¢], we have

7 (u)(t) -1

XKdV XKdV

(w)(r) = u(t) —u(r)
(1.53)
~ XIS )+ [ AT

for any 0 <r <t < 7, where J\/KdV is as in - We point out that in obtaining (1 , we
used the fact that u is a solution to (1.51)).

By comparing (1.52) and (L.53)), we obtain
(A8O), / NEN (u(t'))dt! (1.54)

for any 0 < r < t < 7, where the left-hand side makes sense only for u € C*([0, 7]; H*(T))
with 7+ « > 1, whereas the right-hand side makes sense for u € C([0, 7]; H*(T)). Hence, we
can view the right-hand side of as an extension of the definition of Ad® on the left-hand
side to functions of lower temporal regularity a > 0, provided that u is a solution to .
Namely, in the current modulated setting, the normal form reduction with the (controlled)
structure extends the construction of the nonlinear Young integral IXKdV(u) to the
much larger class C([0,7]; H*(T)), providing a concrete expression for AdO. Moreover, it
follows from Lemma that the right-hand side of has temporal regularity 1+~ (and,
as a result, so does the left-hand side of ) which shows an improvement of the temporal
regularity from ~ 4 « resulting from the application of the sewing lemma (Lemma . As
a consequence, we see that 7 Kdv(u) defined by the right-hand side of is still given by
the unique limit of Riemann-Stieltjes type sums in .

Remark 1.15. We note that the nonlinear Young integral approach in [20, 21, [15] allows
for a straightforward Euler approximation scheme to discretize in time (see, for example, [20,
Subsection 2.3]; see also [53], Subsection 3.3]). Similarly, by repeating the computation in [20),
Subsection 2.3] with instead of , we obtain an analogous convergence result but
with a faster convergence rate thanks to the higher temporal regularity 1 4 ~ of the second
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term on the right-hand side of (as compared to —A8O in (L.52)) as pointed above.
Moreover, this approximation scheme via the normal form approach does not assume
any positive temporal regularity on a solution, which is a significant improvement.

We point out that ideas analogous to the normal form approach (and the sewing lemma
approach) have been implemented in time discretization schemes; see, for example, [60} [9].
We also mention the work [59] on convergence of a time-discretization scheme for the mod-
ulated nonlinear Schrédinger equation. For example, the approximation via the first order
exponential integrator for the (unmodulated) KdV in [60] is given by

u(ty) ~u(tion) + X547 (ultin), (1.55)

where XtIdeV is as in (1.12) with w(t) = ¢. (Recall our convention t; > t;;1.) Compare
with and (L.53)), where the second terms on the right-hand sides of (1.52) and (L.53)
are now viewed as the error terms in the discretization scheme (L.55), giving (local-in-time)
convergence rates. Note that (1.52) and ([1.53)) hold only in the modulated settingﬂ In the
unmodulated setting, we need to use the second order expansion in [52] via the nonlinear
controlled path approach (and [2] via the second normal form reduction) to replace
(and , respectively) which still provides a convergence result.

2. NOTATIONS AND PRELIMINARY TOOLS

Let A < B denote an estimate of the form A < CB for some constant C' > 0. We write
A~ Bif A< Band B < A, while A < B denotes A < ¢B for some small constant ¢ > 0.
We use C' > 0 to denote various constants, which may vary line by line.

In expressing the dependence of a function w on the time variable, we often use the short-
hand notation u; = wu(t), which is standard in probability theory and stochastic analysis.

We use f and F,(f) to denote the Fourier transform of a function f on T, defined by

J?(”) = /Tf(x)emzdmr = ;T/qrf(x)ei”’”dx.

We impose the mean-zero assumption on the equations we consider in this paper and thus
we set Z* =7\ {0}. Given s € R, we define the Sobolev space H*(T) via the norm:

1 sy = D_ )| F(m)[>
nez

We often use short-hand notations such as CrHs = C([0,T]; H*(M)), when there is no
ambiguity.
Given k € N and Hilbert spaces Hy, Ho, we use

Ly (Hi; Ha)

to denote the Banach space of bounded k-linear operators from H1®k into Hy. Given a
multilinear operator S, we use the following short-hand notation:

S(f)y=S(f,---, f)- (2.1)

9n the unmodulated setting, by assuming a higher regularity for a solution to the (unmodulated) KdV,
we can make sense of the second term on the right-hand side of (1.53) and carry out local-in-time and global-
in-time error analysis; see [I4] for further details.
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We recall the following basic lemma on a discrete convolution which follows from an ele-
mentary computation. See, for example, [50, Lemma 4.2].

Lemma 2.1. Let o, 8 € R satisfy
a>5>0 and a+ 5> 1.

Then, we have

1 1
2 Gy S

n=ni+nz

for any n € Z, where A = max(1 — a,0) when o # 1 and \ = ¢ when a =1 for any € > 0.

3. MopuLATED KDV
We recall the following boundedness and nonlinear smoothing property of the bilinear
operator XS4V see [211, Proposition 4.1].

Lemma 3.1. Given p > %, % <y <1, and T >0, let w be (p,~y)-irregular on [0,T] in the

sense of Definition . Given 0 <r <t <T, let ngrdv be as in (T.12). Suppose that s € R
satisfies (L.15)). Then, we have XtIfTdv € Lo(H*(T); H*(T)) with the following bound:
IXE N 2o sy S (&= )19 lyye (3.1)
for any 0 < r <t < T, where the implicit constant is independent of T > 0. In addition
to (1.15)), suppose that so > s satisfies one of the following conditions:
(ila) 0<s+p<3 and sop<2s+3p—3, (3.2)
(iLb) s+p>3 and sp<s+2p—1. '
Then, we have XEV € Lo(H*(T); H*(T)) with the following bound:
HXtI,(T‘dVHEQ(HS;HSO) S (=) 2%y
forany 0 <r<t<T.
From (3.2), we see that, given any s, s9 € R with syp > s (even if s¢ is much larger than s),
the bilinear operator ngrdv is bounded from H*(T) x H*(T) into H*°(T), provided that p is

sufficiently large.
We have the following boundedness property for the trilinear operator NXV defined

T
in (T29).
Lemma 3.2. Given p > 1, 1 <~y <1, and T >0, let w be (p,7)-irregular on [0,T] in the
sense of Definition . Given 0 <r <t<T, let ./\/;{Eﬂdv be as in (1.28). Suppose that s > 0
and s € R satisfy

s+p>1 (3.3)

and

)
so<s+2p— 7 (3.4)

Then, ./\/'t{<dv belongs to L3(H*(T); H*°(T)), satisfying the following bound:

5
INEY |2y arssrsoy S (=) [19%[lyye (3.5)

~
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for any 0 <r <t < T, where the implicit constant is independent of T > 0.

Proof. From (|1.28]) with (1.8]) and (1.14)), we have
IVEY (frs fos fa)llaso < (8 = 1)V 19 e MEY(f1, fo, f3) (3.6)
for any 0 <r <t < T, where MXIV(f,, fa, f3) is given by

MKdV(f17f27f3)
3

1 S
nl,n;:g}ez* (nyp=s0=1{ny9)P=1(ny)s(na)*(ns)r+s jl_[1<nﬂ> [£5(n5)]

From (3.7), the triangle inequality (ni2)® < (n1)®(ng)® for s > 0, and Cauchy-Schwarz’s
inequality, we have

MEWV(f1) fa, f3) <

(3.7)

e

1 o
Z (nyP=30—1{n — ng)P—1+5 (nz)p+s (n3)°[f;(n3)|

n3€Z Z%
2 ~
X sup D Lomngag [[(3)°1F5(n))) (3.8)
Y=/ j=1
3
Kdv
<J HHf]HHS?
j=1
where JKV is given by
1
1 3
JKdV _ < )
mnzs:ez <n>2p—250—2<n _ n3>2p—2+25 <n3>2p+25

By Lemma in summing first in n3 and then in n, we have JXV < oo, provided that
s+p>1and sg<s+2p— % Then, the desired bound (3.5 follows from (3.6)) and (3.8)),
provided that (3.3]) and (3.4) hold. O
Remark 3.3. (i) By considering the contribution from the case |ni| ~ |na| > |n|, |ns|, |n12|
in ([1.28)), it is easy to see that the bound (3.5)) does not hold for s < 0.

(ii) By the so-called Cauchy-Schwarz’s argument (see the proof of [21, Proposition 4.1]),

3
INES (s for fo)llaso < (8 =) @%b [T e - min sup .
j:]_ =1,... njE *

where (by setting ny = —n) J,, is given by

[N

1
Jn- _ n127é0 )
J ( m,n%nzg’:n%GZ* <n4>2(p—80—1) <n12>2(p—1) <n1>2s (n2>25 <n3>2(p+s)
T1234=

Then, we bound J,;, using Lemma When j = 3,4, this argument yields worse condi-
tions than (3.3) and (3.4). When j = 1,2, this argument also provides the conditions (3.3])

and (3.4).
We conclude this section by presenting a proof of Theorem
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Proof of Theorem[1.3. (i) Let I'(u) = T'y,(u) be the right-hand side of (1.32). Under the
hypothesis of Theorem [1.3|(i), it follows from Lemmas and |3.2| that

IC@) e, s < luollas + CT 1@ g (Il sy + luliZ, )
I0(w) = T@)lle, 3
< OO0 g (14l + N0l 1 )l = vl s

for any 0 < 7 < min(7,1). Then, a standard contraction argument yields unconditional local
well-posedness of with a unique solution v € C([0, 7]; H*(T)), where the local existence
time 7 > 0 depends only on ||ug| g+ and HCI)“’HW;,w. Here, the uniqueness of the solution a
priori holds only in the ball Br C C([0,7]; H*(T)) of radius R ~ |lug|lgs centered at the
origin but, by a standard continuity argument, we can extend the uniqueness to the entire
space C([0,7]; H*(T)) (by possibly making 7 smaller by a multiplicative constant). Moreover,
by a standard persistence-of-regularity argument, we can easily show that the local existence
time 7 in fact depends only on ||ug|r2 and ||<I)w||w%v. Since the argument is standard, we
omit details[1]

Next, we show that the solution u to the normal form equation constructed above
is indeed a solution to the original modulated KdV . From the contraction argument
above, we also have the following Lipschitz bound:

[u® = u@ e s S ol = ul®| as (3.9)

for any solution u(Y) to the normal form equation (1.32) with initial data u(()j), j =12
constructed by the contraction argument described above, where 7 > 0 denotes the minimum
of the local existence time for u¥), j = 1,2. Now, given uy € H*(T) and a (p, 7)-irregular
function w on [0,7], let w € C([0,7]; H*(T)) be the solution with uli—o = wg, and
v € C7(]0,T); H*(T)) be the (global-in-time) solution to the modulated KdV with
v|t=0 = up constructed in [2I]. By repeating the computations presented in Subsection
(see also the discussion below for the justification of the formal steps in for functions in
C([0,T); L*(T))), we see that v also satisfies the normal form equation with initial data
ug. Therefore, from (3.9)), we conclude that v = u on the time interval [0, 7] and thus that
satisfies the original modulated KdV (more precisely, the Duhamel formulation ((1.19)).

It remains to justify the formal steps in . For each fixed n € Z*, we need to justify
the following three steps:

(a) switching of the time integration and the summation at the second equality in (|1.27)),
(b) application of the product rule on u(¢', nq)u(t',ny) at the third equality in (1.27)),
(c) integration by parts at the third equality in ((1.27)).

Fix u € C([0, 7]; L*(T)) for some 0 < 7 < T. (a) Since we have

sup Y [eFRav@UOGRE )G, no)| < [l
0<t<t . T
n1,n2€L
n=ni+nz

10gee [21] Proposition 4.1 (i)] for the persistence-of-regularity property for the bilinear operator X¢ o defined
in (1.12)). For the trilinear operator N; defined in (1.28]), we can simply repeat the proof of Lemma with
so = s = 0 by inserting (n)° < (n1)® + (n2)® + (ns3)°.
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for each fixed n € Z* the second equality of (1.27) follows from the Fubini theorem.
(b) From (1.24)), we have

|0it(t, )| < |nfu(t)]72

for any 0 <t < T. In particular, for each fixed n € Z*, we have (-, n) is a C'-function in ¢,
which justifies the apphcatlon of the product rule at the third step in - c¢) Furthermore,
by noting from ) that ®} , (Ekav(n)) is a C'-function in t;, the 1ntegrat10n by parts
at the third equality in is justified. The discussion above shows that any solution
u € C([0,7]; L%(T)) to the Duhamel formulation of the modulated KdV with
ult=0 = ug for some 0 < 7 < T (which does not have to be the solution constructed above
or that constructed in [21]) is also a solution the normal form equation (1.32)), which proves
unconditional uniqueness in the entire space C([0,7]; L?(T)) without intersecting with any
auxiliary space.

Lastly, suppose in addition that w is (p,y)-irregular on Ry. Then, the claimed uncondi-
tional global well-posedness of the modulated KdV in H*(T) follows from the global
well-posedness proven in [2I] and the local-in-time unconditional uniqueness discussed above
which can be iteratively applied to yield global-in-time unconditional uniqueness.

(i) The claimed nonlinear smoothing follows from applying Lemmas and to the normal

form equation ((1.32]). O

4. MoODULATED BO

We present a proof of Theorem for the modulated BO (1.3) on T. The bilinear driver
associated with the modulated BO ((1.3]) on T is given by

XPOfuu ) = [ 0T (0O )P () )t (4.1)
where

Uw (t) _ ew(t)?-lag
denotes the modulated linear propagator for (|1.3]). By taking the Fourier transform, we have
F(XEO(f1, f2))(n) =in > @ (Epo(n 7)) f1(n1) fa(n2),

ni,no€L*
n=ni+ng

where @}, is as in ([1.9) and Zgo(n) denotes the resonance function for BO given by
Epo(n) = Epo(n,n1,n2) = —|nn + [n1|n1 + [n2|ns. (4.2)

Given 0 < r <t <T, define the trilinear operator ./\/;]io(fl, f2, f3), acting on functions on T,
by

Fo(NEO(f1, f, £3)) ()

= —2n Z ‘I’i‘,’r(EBo(n,mg,ng)) 180 (n12,m1,m2)w n12 H Fi(ny), (4.3)

ni,n2,n3EL*
n=ni2s
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where we used the convention (1.29)). Let u(t) = U%(t)~lu(t) denote the modulated interac-
tion representation of a solution u to (the Duhamel formulation of) (1.3). Then, proceeding
as in Subsection we have the following normal form equation for the modulated BO ([1.3)):

u(t,n) —a(0,n) = F, (Xy5 (u(0))) (n) +/0 Fo(NP (u(t)) (n)at’,

where we used the short-hand notation (2.1)).
We recall the following boundedness and nonlinear smoothing property of the bilinear
operator X29; see [21], Proposition 5.1].

t,r

Lemma 4.1. Given p > 1, % <y <1, and T >0, let w be (p,~)-irregular on [0,T] in the

sense of Definition . Given 0 <r <t <T, let XETO be as in (4.1). Suppose that s € R

satisfies (1.16]). Then, we have XETO € Lo(H*(T); H*(T)) with the following bound:
IXEP N 2aarosmrsy S (6 =) (197 [y

for any 0 < r <t < T, where the implicit constant is independent of T > 0. In addition
to (1.16)), suppose that p > 1 and so > s satisfy one of the following conditions:

(ila) 0<s<sp<p-—1,
(iLh) s<0 and so<s+p—1.
Then, we have XE(? € Lo(H3(T); H%0(T)) with the following bound:
IXEP N 2aaosmsoy S (8= )19 [l
forany 0 <r<t<T.

Once we prove the following lemma on the trilinear operator /\/;]:3’,,0 defined in (4.3]), Theo-
rem [L.6| for the modulated BO ([1.3)) follows from proceeding as in the proof of Theorem for
the modulated KdV (|1.2)) presented in Section |3} We omit details of the proof of Theorem

Lemma 4.2. Given p > 1, % <y <1, and T >0, let w be (p,~)-irregular on [0,T] in the
sense of Definition . Given 0 <r <t<T, let ./\/;%O be as in (4.3). Suppose that s > 0
and s € R satisfy

3
s+p>1, 2s+p>§ (4.4)
and
)
so<s+p—§. (4.5)
Then, NE© belongs to L3(H*(T); H*(T)), satisfying the following bound:
INVEP |2y (o) S (&= 1)V 12 g (4.6)

for any 0 < r <t <T, where the implicit constant is independent of T > 0.

Here, the condition p > 1 may be relaxed, but, in view of Lemma [4.1] we keep it as it is
since we need both Lemmas [£.1] and [£.2] to prove Theorem [[.6] A similar comment applies
to Lemma

Just as in the modulated KdV case, the bound does not hold for s < 0; see Remark

We conclude this section by presenting a proof of Lemma



NONLINEAR PDES WITH MODULATED DISPERSION IV 23
Proof of Lemma[{.4 From with and , we have
INEC(f1, fas f3)llmroo < (¢ — 7”)7||‘I)w||W§”MBO(f17 f2, f3)
for any 0 < r < t < T, where MBO(f1, fo, f3) is given by

MBO(f17f27f3)
3

> Epoln, iz, ) ¢ . H(nj>s|fj(nj)|

(n)=s0=1{n12) =1 (n1)*(n2)%(ns)

n1,n2,n3€L" Jj=1 e

n=mnia3

Then, arguing as in ({3.8]), it suffices to show that

1
n.n3€L* (n)725072(n — ng)~>+2*(n3)>

From (4.2)), we have, under n = nja + ng,

(a) If nigng > 0 (i.e. n, ni2, and ngz all have the same sign), then |Ego(n,ni2,ng)| =

2|niang|.
(b) If n,n12 > 0 > ng, then |Ego(n, n12,n3)| = 2|nng|.
(c) If n,n3 > 0 > njg, then |Zpo(n,ni2, n3)| = 2|nnial.
(d) If nj2 > 0 > n, ng, then |Ego(n, ni2,n3)| = 2|nnia|.
(e) If ng > 0 > n,nia, then |Epo(n, ni2, n3)| = 2|nns|.

By symmetry, we only consider Cases (a), (b), and (c) in the following.

e Case (a): nians > 0.
In this case, we have

1
(JBO)2 S - - - )
nmza:ez <n> 250 2<n _ n3>2p 2+25<n3>2p+2s
By Lemma in summing first in n3 and then in n, we have JBY < oo, provided that
s+p>1and so<s—|—p—%.

e Case (b): n,n12 > 0 > ns.
In this case, we have |n12| > |n3| and thus |ni2| 2 |n|, since n = ny2 + nz. Then, we have

(PO £ 3 nomim Hmaldnalzin
- n,n3€L <n>20—250—2<n3>2p+45—2

n Z 1n:n1231|n12|'\*|n\2|"3\ < 00
— — )
(n)20=250+25—4 (1 3) 20+2s

n,nN3EZL
provided that 2s + p > % and so < s+ p — %

e Case (c): n,n3 > 0> nja.
In this case, we have |n3| > |ni2| and thus |ng| = |n|, since n = ni2 + ng. Then, by



24 M. GUBINELLI, G. LI, J. LI, AND T. OH

Lemma we have

(PP Y Ln=n1zs Ljnss|~ins| 2l
~ (n)2p—250-2 (3 ) 2o 452

n,n3€”Z

+Z Ln=naas Ljnj~jns |z nas| o
2p 2s0+2s— 2<n_n3>2p 2425 )

nngEZ
provided that 2s + p > % and sg < min (25 +2p—3,5+p— %)

Therefore, putting all the cases together, we conclude that the desired bound (4.6)) holds,
provided that (4.4) and (4.5 hold. O

5. MODULATED DNLS

In this section, we briefly discuss a proof of Theorem for the modulated dNLS ((1.22))
on T. The bilinear driver associated with the modulated dNLS (|1.22)) on T is given by

t
X{NB(f1, f2) = —i/ U () oL (U () ) (U () f2))dt', (5.1)
where
v (t) — eiw(t)@%

denotes the modulated linear propagator for (1.22)). By taking the Fourier transform, we
have

~ ~

FXNS(f, ) ) =n > B (Zanws(n)) fr(n) fa(na),

ni,no€L*
n=ni+nga

where @}, is as in (|1.9) and Zgnps(72) denotes the resonance function for ANLS given by
Eanes(n) = Eanis(n, n1,ng) = n® —nf —nj (5.2)
= 271177,2, '

where the last equality holds under n = nq + ns. Given 0 < r < t < T, define the trilinear
operator dNLS( f1, f2, f3), acting on functions on T, by

Fu(NENUS(f1, fa, f3)) (n)

3
= —2in Z ‘P;gljr(EdNLS (n,n12, n3))€iEdNLS(n12,'fl17712)711(7‘)nl2 H Fi(ny), (5.3)
ni,n2,n3EL* Jj=1
n=n123

where we used the convention (1.29). Let u(t) = U%(¢)"'u(t) denote the modulated interac-
tion representation of a solution u to (the Duhamel formulation of) (1.22)). Then, proceeding
as in Section [3] we have the following normal form equation for the modulated dNLS (1.22)):

(t,n) — (0, ) = Fo (XN (u /f (VLS (u(t'))) (m)dt',

where we used the short-hand notation ([2.1)).

The next lemma on the boundedness and nonlinear smoothing property of the bilinear
operator Xj ANLS follows from Cases (i.a) and (iii.a) in the proof of [21, Proposition 5.1] for
the bilinear drlver Xt%p for the modulated BO defined in .
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Lemma 5.1. Given p > 1, 1 <y <1, and T > 0, let w be (p,~)-irregular on [0,T] in the
sense of Definition . Given 0 <r <t <T, let Xg,,NLS be as in (b.1). Suppose that s € R
satisfies

3
s+p>0 and s>§—2p. (5.4)
Then, we have ngl}ILS € Lo(H*(T); H*(T)) with the following bound:
XN s sy S (= 1) 127 g

for any 0 < r <t < T, where the implicit constant is independent of T > 0. In addition
to (5.4), suppose that p > 1 and sy > s satisfy

3
s+p>0, so<s+p—1, and so<2s—|—2p—§.

)f\/

Then, we have XthLS € Lo(H*(T); H*(T)) with the following bound:

dNLS
1Xer o (rrs ooy S (€= 1) 19 ]lyyen

forany 0 <r<t<T.

Once we prove the following lemma on the trilinear operator N, dANLS " defined in ,
Theorem for the modulated dNLS (1.22) follows from proceedlng as in the proof of
Theorem for the modulated KdV presented in Section We omit details of the
proof of Theorem

Lemma 5.2. Given p>1, 1 <y <1, and T > 0, let w be (p,~)-irregular on [0,T] in the
sense of Definition . Given 0 <r <t <T, let ./\/}E\ILS be as in (5.3). Suppose that s > 0
and sg € R satisfy

s+p>1 (5.5)
and
5
80<S+p*§. (56)
Then, NdNLS belongs to L3(H*(T); H*0(T)), satisfying the following bound:
INEN N (rrssrsoy S (8= 1) 719 [yye (5.7)

for any 0 < r <t <T, where the implicit constant is independent of T > 0.

Note that the bound (5.7) does not hold for s < 0; see Remark We conclude this
section by presenting a proof of Lemma @

Proof of Lemmal[5.9 From with and (4.2)), we have
H dNLS<f17f27 f3>HHSO = (t - T’) ”q)wHW;"YMdNLS(fth’f3)
for any 0 < r <t < T, where MINES(f; fo, f3) is given by
MdNLS(flanaf?»)

3
= (e st | (ORI

(n)=s0=1{n12) =1 (n1)*(n2)%(ns3)

n1,m2,n3E€L" j=1 02

n=mnia3



26 M. GUBINELLI, G. LI, J. LI, AND T. OH

Then, arguing as in (3.8)), it suffices to show that

1
JANLS _ < 3 Ln=nyo3Lnip#0 - <:dNLS(n7n127n3)>2p> ‘<. (5.8)

e <n>—250—2<n _ n3>—2+23 <n3>23

From (j5.2)), we have
ZanLs(n, nig2,n3) = 2n12n3. (5.9)

under n = njz + ng. Then, from (5.8) and (5.9)), we have

1
JANLS)2 < .
( ) nnz3:€Z (n)—250-2(p, — )20~ 2423 () 2o+ 2s

By Lemma in summing first in n3 and then in n, we have JINIS < oo, provided that ([5.5)
and (5.6)) hold. This proves (5.7]). O

APPENDIX A. UNCONDITIONAL UNIQUENESS FOR THE MODULATED CUBIC NLS ON THE
CIRCLE

In this appendix, we study the following modulated cubic NLS on T:
i0pu 4 0% - Oyw = |ul*u. (A.1)

In [20], Chouk and the first author showed that if w is (p, v)-irregular on R, for some p > %
(and 3 < < 1), then is globally well-posed in L?(T); see [20, Theorem 1.8].

Given a solution v € C([0,T); L?(T)) to (A.1]), we define the following invertible gauge
transform:

o(t) = e 2 Irlu®Pdeg ) (A.2)

In view of the L2-conservation (see [20, Subsection 3.3]), a direct computation shows that
the gauged function v satisfies the following renormalized modulated cubic NLS:

1O + 02 - Opw = (\U\Q — 2/ ]v|2de)v
T
= N(v) + R(v).

Here, N (v) and R(v) denote the non-resonant and (doubly) resonant parts of the renormal-

(A.3)

ized nonlinearity, respectively, defined by

fx(/\/(vl,vg,vg))(n): Z v1(n1)v2(n2)vs(ns),
"o (A.4)

n#ni,ng
Fa(R(v1,v2,v3)) (n) = —01(n)va2(n)v3(n),
where we used the short-hand notation (2.1)) and the following short-hand notation:

Ny, =mn1—ng+ng—- -+ ng (A.5)

for k£ € 2N 4 1. The renormalization via the gauge transform essentially removes the
resonant contribution from n = ny or ng in the original cubic nonlinearity (at the expense of
introducing the doubly resonant term R(v)), which has been used widely in the study of the
cubic NLS in the low regularity setting; see, for example, [5 22l [51), 27, 57, [4T], 86, 87]. In



NONLINEAR PDES WITH MODULATED DISPERSION IV 27

particular, with the renormalized nonlinearity on the right-hand side of (A.3)), the resonance
(i.e. Enns(n) = 0, where Enp.g(n) is as in (1.36])) occurs only when n = n; = ny = na.
Our main goal in this appendix is to implement a Poincaré-Dulac normal form reduction

for (A.3)) and prove the following theorem.

Theorem A.1l. Given p > %, % <v<1,and T >0, let w be (p,~)-irregular on [0,T] in the
sense of Definition . Then, given any s > +, the modulated cubic NLS equation on
T is unconditionally locally well-posed in H*(T). In particular, if, in addition, w is (p,y)-
irreqular on Ry, then the modulated cubic NLS equation on T is unconditionally globally
well-posed in H*(T).

In view of the cubic nonlinearity in (A.1l) and the (essentially scaling invariant) embedding
Hs (T) C L3(T), the regularity threshold s > % in Theoremis sharp (within the L?-based
Sobolev scale).

The remaining part of this appendix is devoted to a proof of Theorem In view of the
equivalence of and in L?(T), Theorem follows once we prove the claim for
the renormalized modulated cubic NLS . Hence, we focus on in the following.

Let v(t) = U¥(t)"tv(t) denote the modulated interaction representation of a solution v
to (A.3]). Then, from , we have

n=njyg3 J=1 (A6)

n#ni,ng
+ iV (t, n) >V (t,n)
for n € Z, where Enps(71) denotes the resonance function for (A.3) defined in (|1.36) and
v(t,n;), when j is odd,
V*(t,n;) = { (r,m3) (A7)

V(t,nj), when jis even.

Then, we have

V(t,n) —v(0,n) = Z/O F(UCE) N U )v(t)))dt!
- z’/ot F(UP)TRUYE)v(t)))dt!

t 3
B
0 .
Jj=1

ok
N=MN123
n#ni,ng

t
b / (', n) 29, n)dt'
0

(A.8)

The first and second terms on the right-hand side of (A.8]) represent the non-resonant and
resonant contributions, respectively. In the following, we apply a normal form reduction
to the non-resonant part (corresponding to a Poincaré-Dulac normal form reduction; see

Remark [1.11)).
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The trilinear driver associated with the non-resonant part in (A.8)) is given by

t
XNUS(fy, fou fr) = —i / U ()N (U ) fo, U () fo, UV () fo)dE . (A9)
where
U (t) _ eiw(t)ag

denotes the modulated linear propagator for (A.3)). By taking the Fourier transform, it follows
from (A.4) that

FXNS(fr fan f3)) () = =i D" @ (Exws(@) f1(m) fa(n2) fa(ns), (A.10)

¥
N=MNj23
n#ni,ng

where ¢}, and ENLS(’) are as in and ( -
Proceeding as in ) with (| and -, we have

t
i / Fo (UM () N U (v (t)) de'
3
/&t’ t,t *—‘NLS H

n;énl,ng (All)
= Fu (X105 (v(0), v(0),v(0))) (n)

iy / v (Ens(n (ﬁv t n])

n=nj,s 7=1
n#ni,n3

In view of the second term on the right-hand side of (A.11)) with (A.6)), we define the quin-
tilinear operators NN, NLS(fl, ..., f5) and NRNLS(fl, ..., f5), acting on functions on T, by

Fu(NNES (f1,.0 f5)) (n)

5
=2 3 B (Enis(nnigg, na, ns))e =N iz nnzna)w ) TT fr(n)

—_ ¥ —
N=MN12345 j=1

n#No5,M5

nize7Tn3 (A.12)

5
+ Z (I)t r(‘—'NLS(n n1,n234,n5)) —iENLs (n334,n2,n3,14)W f n])

n=njs345
n#n1,ns
N3q,7N2,M4

= fx(lt,r(fla ce ,f5))(n) + fx(ﬂt7r(f1, ceey f5))(n)

<.
—_



NONLINEAR PDES WITH MODULATED DISPERSION IV 29

and

Fo(NRES (fr,..., f5)) (n)
3 5
=2 > ®FExus(nng,nans) [[ £ ) T F ()

n=ni—nas+ns =1 =4
n#ning ! ! (A.13)

4
- > ep.Ensnnne,ne) [[ Frm2) - T F(n9)

n=ni—ns+ns Jj=2 Jje{1,5}
n#ni,ns

for 0 <r <t <T, where we used the conventions and -
Hence, putting (A.8), (A.11), (A.12), and (A.13) together we obtain the following normal
form equation for the renormalized modulated cubic NLS -

(tn) — 9(0,n) = Fu (XN (v( / Fo )t
+ [ AN e (A1)

/ P (WREB (v (e) ()t
where we used the short-hand notation and the trilinear operator R(f1, fo, f3), acting

on functions on T, is defined by
Fo(R(f1, fo, £2)) () = ifi(n) fo(n) 3 (). (A.15)
We now state lemmas on boundedness properties of the multilinear operators appearing
in (A.14). Once we prove these lemmas (Lemmas |A.2} |A.3] and |A.4)), Theorem for the
renormalized modulated cubic NLS (A.3) (and hence for the modulated cubic NLS (A.1))

follows from proceeding as in the proof of Theorem [1.3|for the modulated KdV (/1.2)) presented
in Section 3| with the observation that, given a solution v to (A.3)) in the class

C([0,7): H5 (T))  C(10,7]; L*(T))

for some 0 < 7 < T, V(-,n) is a C'-function in ¢ for each fixed n € Z*, which is a key
point in justifying the formal computations in deriving the normal form equation (A.14]); see
also [50, 87]. We omit details of the proof of Theorem |A.1}

The boundedness of fR in follows trivially.
Lemma A.2. Let R be as in . Then, given any s > 0, we have
193 cyarerey < 1. (A.16)
Proof. The bound ) follows from (n)® < (n)>* for s > 0 and ||ay /s < ||an||g2. O
Next, we establish boundedness of the trilinear operator X NLS defined in

Lemma A.3. Given ,0 >1 L <y<1, and T >0, let w be (p,v)-irregular on [O,T] in the
sense of Deﬁmtwn Given 0 < r <t <T, let XNLS be as in (A.9). Then, given any
5 >0, we have XE,,L £3(H$( ); H*(T)) with the followmg bound:

s
||XETL 2oy S (= 7“)7||‘I’w||wgv”
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for any 0 <r <t < T, where the implicit constant is independent of T > 0.

Proof. From ({A.10]), Cauchy-Schwarz’s inequality, (1.8)), and (1.36) (note that n # ni,ns)
with the triangle inequality (njes)® < (n1)%(ng2)®(ng)® for s > 0, we have

(2, wmmm)

n1,n3EZL

(Z H”ﬂ *IF(ny)] >;

n=nj,s j=1

NI

X555 (frs for f3)llars S (8= )19 [yyp

e
3
SIS lye (0 =) TL Il
j=1

provided that p > % g

Lastly, we establish boundedness of the quintilinear operators NN NLS( fi,...,f5) and

NREFS(fro- -+, fs) defined in (A.12) and (A.13).

Lemma A.4. (i) Given p> 5, 3 <v <1, and T > 0, let w be (p,7)- z'rregular on [0,T] in
the sense of Definition . Given 0<r<t<T, let NRt NLS be as in . Then, given
s>0, NRE}S belongs to L5(H*(T); H*(T)), satisfying the following bound.

INRES 2oy S (8 =) 197y (A.17)

(ii) Given p > 2, % <y <1, and T > 0, let w be (p,7)-irregular on [0,T] in the sense
of Definition . Given 0 < r <t <T, let J\/’./\/?,\LLS be as in (A.12)). Then, given s > %

N/\/NLS belongs to L5(H*(T); H*(T)), satisfying the following bound:
INNES | o arosmsy S (8= )7 197 - (A.18)

Proof. (i) From (A.13)), (A.10)), (A.15)), we have

NRES(fro- o f5) = 2X05 R, fo, f3), fa, f5) + Xiu (i R(fa 3, fa), f).
Hence, the bound (A.17) follows from Lemmas and provided that p > % and s > 0.

(ii) In view of the triangle inequality (n..5)° < [[;=(n;)? for o > 0, we only consider the

=1
case s = g.

We first estimate 1:,(fi,..., f5) in (A.12).
e Case (a): |n| > |ns|.

From (A.12), (L.8), and ( with ( (n — ng), we have
Z H f5 (nj)

m=nj,3 j=1

| fa(na)|| f5(ns)]

n=m-—ns+ns <n - m>p<n - n5>p

NLerlhrn o B g S (=) 12" g

(A.19)

X

T .
2
6 Zn
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By Hausdorfl-Young’s and Sobolev’s inequalities, we have
y g q ;

H > ﬁ f;(n))

— ¥ —
m=niys j=1

3 3
< TTsiles < LU 5 (A.20)
e j=1 j=1

On the other hand, using (n) ~ (n — ns) and applying Young’s, Hausdorff-Young’s, and
Sobolev’s inequalities, we have the last factor on the right-hand side of (A.19)) is bounded by

1 | fa(na)|| f5(ns)]

(n)P~s (n4 — ns)”

S Il

ny

~

< ‘
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f5(ns)
2, ooy

5
H I£illes S H 1£ill 35

provided that p > % Hence, the bound (| - follows from , , and (| - in

this case.

e Case (b): |n| < |ns|.
By <n>% < (n5>%, we have

(A.21)

3
L=

ZHf”J

1 OO
m= TL123j m

I Ter(frs s o)l o S (8= 7)7 197 e

(A.22)
o 3 | f1(na)|(ns) 5| fo(ns))|
n=m-—n4+ns <TL N m>p<n o n5>ﬂ Z%’
where the last factor is bounded by
-~ 1~
< | 5o Al | (nsrelfs(ns)]
~ Nny€Z <n4 a n5>p 5%5 <n o n5>p &%5 02
" (A.23)

5
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provided that p > Z. Hence, the bound (A-I8) follows from (A:22)), (A-20), and (A-23) in

this case.
Next, we estimate the second term Iy . (f1,..., f5) in (A.12)).

e Case (c): |n| > max(|ni|, |ns]).
Proceeding as in (A.19) with (n — ns) ~ (n), we have

ZHf”J

m=n3s, j=2

[fi(n)|1f5(ns)|

_1
n=ni—m+ns (n - n1>p<n>P 6

1o (e )l S (= 1) 8% g

oo

(A.24)
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With (n —ny) 2 (n1 — ns), we can bound the last factor of the right-hand side of
by (A.21) (after relabelling), while the penultimate factor of the right-hand side of
can be bounded by (A.20) (after relabelling). This proves (A.18]) in this case, provided that

2

A.24
A.24

e Case (d): |n| < max(|ni|,|ns]).
Without loss of generality, assume that |ns| 2 |n1|. Then, proceeding as in (A.22), we
have

4
> I17my)

Mer (i So) g S (=) 0% e |
m=ni., j= £
N 2847 12A (A.25)
o 3 | f1(n1)[{ns)5 | f5(ns)| 7
n=ni—m-+ns <TL o n1>p<n o n5>p Z%
where the last factor is bounded by
~ 1 ~
< fi(na) Z<n5>5|f5(n5)|
SN2 gl 2 e
niE mnsE " (A.26)
Shallslfsl,y s TT 10,
je{1,5}

provided that p > 2. Hence, the bound (A18) follows from (A.25)), and (A-26) with (A-20)
(after relabelling). O

Remark A.5. By slightly modifying the normal form reduction, it is possible to prove
nonlinear smoothing for , as in Theorems and More precisely, as in [50),
87], we can implement a normal form reduction by introducing a suitable cutoff K for the
resonance function Enps(n) in and thus separately considering the nearly resonant
contribution (coming from |Enps(n)| < K) and the highly non-resonant contribution (coming
from |Enps(72)| 2 K). For example, take K ~ npay. In the nearly resonant case: |ZEnps(n)| <

Nmax, Where ZExpg(7) and nyax are as in (1.36) and ([1.33)), respectively, we have
In| ~ |n1| ~ |ng| ~ |ns|,

which implies nonlinear smoothing, provided that sg < 3s (possibly with further conditions).
On the other hand, it follows from and |ENLs(7)| 2 nmax that nonlinear smoothing of
arbitrary degree holds for the highly non-resonant part provided that p is sufficiently large.
For conciseness of the presentation, we omit details.

Remark A.6. The regularity restriction s > % appears in , which shows that if we
were to stop normal form reductions within a finite number of steps, we would not be able
to go below the regularity threshold s = %. Hence, as in the case of the unmodulated cubic
NLS studied in [50, [87], we expect that an infinite iteration of normal form reduction
is needed to go below s = %. We, however, point out that this comes with a twist due to the
fact that the identity is replaced by in the modulated setting. We will address

this issue in a forthcoming paper.

Acknowledgements. The authors would like to thank Andreia Chapouto for a comment on
numerical schemes in Remark T.O. was supported by the European Research Council



NONLINEAR PDES WITH MODULATED DISPERSION IV 33

(grant no. 864138 “SingStochDispDyn”) and by the EPSRC Mathematical Sciences Small
Grant (grant no. EP/Y033507/1).

[1]

[9]
(10]
(11]
(12]
(13]
(14]

(15]

REFERENCES

S. Athreya, O. Butkovsky, K. Lé, L. Mytnik, Well-posedness of stochastic heat equation with distributional
drift and skew stochastic heat equation, Comm. Pure Appl. Math. 77 (2024), no. 5, 2708-2777.

A.V. Babin, A.A. Ilyin, E.S. Titi, On the regularization mechanism for the periodic Korteweg-de Vries
equation, Comm. Pure Appl. Math. 64 (2011), no. 5, 591-648.

A. Bényi, T. Oh, O. Pocovnicu, On the probabilistic Cauchy theory of the cubic nonlinear Schrodinger
equation on R, d > 3, Trans. Amer. Math. Soc. Ser. B 2 (2015), 1-50.

J. Bourgain, Fourier transform restriction phenomena for certain lattice subsets and applications to non-
linear evolution equations, II. The KdV-equation, Geom. Funct. Anal. 3 (1993), no. 3, 209-262.

J. Bourgain, Invariant measures for the 2D-defocusing nonlinear Schrédinger equation, Comm. Math.
Phys. 176 (1996), no. 2, 421-445.

J. Bourgain, Periodic Korteweg de Vries equation with measures as initial data, Selecta Math. (N.S.) 3
(1997), no. 2, 115-159.

B. Bringmann, Invariant Gibbs measures for the three-dimensional wave equation with a Hartree nonlin-
earity II: dynamics, J. Eur. Math. Soc. (JEMS) 26 (2024), no. 6, 1933-2089.

B. Bringmann, Y. Deng, A.R. Nahmod, H. Yue, Invariant Gibbs measures for the three dimensional cubic
nonlinear wave equation, Invent. Math. 236 (2024), no. 3, 1133-1411.

Y. Bruned, K. Schratz, Resonance-based schemes for dispersive equations via decorated trees, Forum Math.
Pi 10 (2022), Paper No. €2, 76 pp.

N. Burq, N. Tzvetkov, Random data Cauchy theory for supercritical wave equations. I. Local theory,
Invent. Math. 173 (2008), no. 3, 449-475.

N. Burq, N. Tzvetkov, Probabilistic well-posedness for the cubic wave equation, J. Eur. Math. Soc. (JEMS)
16 (2014), no. 1, 1-30.

R. Catellier, M. Gubinelli, Averaging along irreqular curves and reqularisation of ODEs, Stochastic Pro-
cess. Appl. 126 (2016), no. 8, 2323-2366.

A. Chapouto, J. Forlano, G. Li, T. Oh, D. Pilod, Intermediate long wave equation in negative Sobolev
spaces, Proc. Amer. Math. Soc. Ser. B 11 (2024), 452-468.

A. Chapouto, J. Forlano, T. Oh, Normal form integrator for the Korteweg-de Vries equation, in prepara-
tion.

A. Chapouto, M. Gubinelli, G. Li, J. Li, T. Oh, Nonlinear PDEs with modulated dispersion III: multi-
plicative noises, preprint.

A. Chapouto, G. Li, T. Oh, D. Pilod, Deep-water limit of the intermediate long wave equation in L?,
Math. Res. Lett. 31 (2024), no. 6, 1655-1692.

A. Chapouto, G. Li, T. Oh, Deep-water and shallow-water limits of statistical equilibria for the interme-
diate long wave equation, arXiv:2409.06905 [math.AP].

A. Chapouto, J. Li, T. Oh, Fourier restriction norm method adapted to controlled paths: stochastic wave
equations, preprint.

A. Chapouto, T. Oh, G. Zheng, Pathwise well-posedness of the stochastic nonlinear Schrédinger equations
with multiplicative noises, in preparation.

K. Chouk, M. Gubinelli, Nonlinear PDEs with modulated dispersion I: Nonlinear Schridinger equations,
Comm. Partial Differential Equations 40 (2015), no. 11, 2047-2081.

K. Chouk, M. Gubinelli, G. Li, J. Li, T. Oh, Nonlinear PDEs with modulated dispersion II: Korteweg-de
Vries equation, arXiv:1406.7675 [math.AP].

M. Christ, Power series solution of a nonlinear Schrédinger equation, Mathematical aspects of nonlinear
dispersive equations, 131-155, Ann. of Math. Stud., 163, Princeton Univ. Press, Princeton, NJ, 2007.
M. Christ, J. Colliander, T. Tao, Asymptotics, frequency modulation, and low reqularity ill-posedness for
canonical defocusing equations, Amer. J. Math. 125 (2003), no. 6, 1235-1293.

J. Chung, Z. Guo, S. Kwon, T. Oh, Normal form approach to global well-posedness of the quadratic
derivative nonlinear Schrédinger equation on the circle, Ann. Inst. H. Poincaré Anal. Non Linéaire 34
(2017), 1273-1297.

J. Colliander, M. Keel, G. Staffilani, H. Takaoka, T. Tao, Sharp global well-posedness for KdV and modified
KdV on R and T, J. Amer. Math. Soc. 16 (2003), no. 3, 705-749.



34

126]
[27]
28]
[29]
[30]
31]
[32]
33
[34]
[35]
[36]

37]

M. GUBINELLI, G. LI, J. LI, AND T. OH

J. Colliander, M. Keel, G. Staffilani, H. Takaoka, T. Tao, Resonant decompositions and the I-method for
the cubic nonlinear Schridinger equation on R?, Discrete Contin. Dyn. Syst. 21 (2008), no. 3, 665-686.
J. Colliander, T. Oh, Almost sure well-posedness of the cubic nonlinear Schrédinger equation below L?(T),
Duke Math. J. 161 (2012), no. 3, 367—414.

A. de Bouard, A. Debussche, The nonlinear Schréodinger equation with white noise dispersion, J. Funct.
Anal. 259 (2010), no. 5, 1300-1321.

A. Debussche, Y. Tsutsumi, 1D quintic nonlinear Schrédinger equation with white noise dispersion, J.
Math. Pures Appl. 96 (2011), no. 4, 363-376.

Y. Deng, Invariance of the Gibbs measure for the Benjamin-Ono equation, J. Eur. Math. Soc. (JEMS)
17 (2015), no. 5, 1107-1198.

Y. Deng, A. Nahmod, H. Yue, Random tensors, propagation of randomness, and nonlinear dispersive
equations, Invent. Math. 228 (2022), no. 2, 539-686.

Y. Deng, A.R. Nahmod, H. Yue, Invariant Gibbs measures and global strong solutions for nonlinear
Schrodinger equations in dimension two, Ann. of Math. 200 (2024), no. 2, 399-486.

R. Duboscq, A. Réveillac, On a stochastic Hardy-Littlewood-Sobolev inequality with application to
Strichartz estimates for a noisy dispersion, Ann. H. Lebesgue 5 (2022), 263-274.

M.B. Erdogan, N. Tzirakis, Global smoothing for the periodic KdV evolution, Int. Math. Res. Not. IMRN
(2013), no. 20, 4589-4614.

M.B. Erdogan, N. Tzirakis, Smoothing and global attractors for the Zakharov system on the torus, Anal.
PDE 6 (2013), no. 3, 723-750.

M.B. Erdogan, N. Tzirakis, Dispersive partial differential equations. Wellposedness and applications. Lon-
don Mathematical Society Student Texts, 86. Cambridge University Press, Cambridge, 2016. xvi+186 pp.
F. Flandoli, Random perturbation of PDEs and fluid dynamic models, Lectures from the 40th Probability
Summer School held in Saint-Flour, 2010. Lecture Notes in Math., 2015. Ec. Eté Probab. St.-Flour
[Saint-Flour Probability Summer School] Springer, Heidelberg, 2011. x+176 pp.

F. Flandoli, M. Gubinelli, E. Priola, Well-posedness of the transport equation by stochastic perturbation,
Invent. Math. 180 (2010), no. 1, 1-53.

J. Forlano, G. Li, T. Zhao, Unconditional deep-water limit of the intermediate long wave equation in
low-regularity, NoDEA Nonlinear Differential Equations Appl. 32 (2025), no. 2, Paper No. 28, 31 pp.

J. Forlano, T. Oh, Normal form approach to the one-dimensional cubic nonlinear Schrédinger equation
in Fourier-amalgam spaces, preprint.

J. Forlano, T. Oh, Y. Wang, Stochastic cubic nonlinear Schrédinger equation with almost space-time white
noise, J. Aust. Math. Soc. 109 (2020), no. 1, 44-67.

P.K. Friz, M. Hairer, A course on rough paths, With an introduction to regularity structures. Second
edition. Universitext, Springer, Cham, [2020] (©)2020. xvi+346 pp.

L. Galeati, Pathwise methods in reqularisation by noise. - Bonn, 2022. - Dissertation, Rheinische Friedrich-
Wilhelms-Universitat Bonn.

L. Galeati, Nonlinear Young differential equations: a review, J. Dynam. Differential Equations 35 (2023),
no. 2, 985-1046.

L. Galeati, M. Gubinelli, Noiseless regularisation by noise, Rev. Mat. Iberoam.38(2022), no.2, 433-502.
L. Galeati, M. Gubinelli, Prevalence of p-irregularity and related properties, Ann. Inst. H. Poincaré
Probab. Stat. 60 (2024), no. 4, 2415-2467.

P. Gérard, T. Kappeler, P. Topalov, Sharp well-posedness results of the Benjamin-Ono equation in
H*(T,R) and qualitative properties of its solutions, Acta Math. 231 (2023), no. 1, 31-88.

P. Gérard, T. Kappeler, P. Topalov, On smoothing properties and Tao’s gauge transform of the Benjamin-
Ono equation on the torus, Ann. Sci. Ec. Norm. Supér. 57 (2024), no. 4, 1233-1270.

B. Gess, Regularization and well-posedness by noise for ordinary and partial differential equations, Sto-
chastic partial differential equations and related fields, 43—67. Springer Proc. Math. Stat., 229 Springer,
Cham, 2018.

J. Ginibre, Y. Tsutsumi, G. Velo, On the Cauchy problem for the Zakharov system, J. Funct. Anal. 151
(1997), no. 2, 384-436.

A. Griinrock, S. Herr, Low regularity local well-posedness of the derivative nonlinear Schridinger equation
with periodic initial data, STAM J. Math. Anal. 39 (2008), no. 6, 1890-1920.

M. Gubinelli, Controlling rough paths, J. Funct. Anal. 216 (2004), no. 1, 86-140.

M. Gubinelli, Rough solutions for the periodic Korteweg-de Vries equation, Commun. Pure Appl. Anal.
11 (2012), no. 2, 709-733.



[54]

[55]
[56]

57]
(58]
[59]
[60]
[61]
62]
[63]
[64]

(65]

(68]
(69]
[70]
[71]
(72]
(73]
[74]
(75]
[76]
[77]
(78]
(79]
(80]
(81]

(82]

NONLINEAR PDES WITH MODULATED DISPERSION IV 35

M. Gubinelli, H. Koch, T. Oh, Paracontrolled approach to the three-dimensional stochastic nonlinear wave
equation with quadratic nonlinearity, J. Eur. Math. Soc. (JEMS) 26 (2024), no. 3, 817-874.

M. Gubinelli, S. Tindel, Rough evolution equations, Ann. Probab. 38 (2010), no. 1, 1-75.

Z. Guo, S. Kwon, T. Oh, Poincaré-Dulac normal form reduction for unconditional well-posedness of the
periodic cubic NLS, Comm. Math. Phys. 322 (2013), no. 1, 19-48.

Z. Guo, T. Oh, Non-ezistence of solutions for the periodic cubic nonlinear Schridinger equation below L2,
Int. Math. Res. Not. 2018, no. 6, 1656—-1729.

1. Gyongy, E. Pardoux, On the regularization effect of space-time white noise on quasi-linear parabolic
partial differential equations, Probab. Theory Related Fields 97 (1993), no. 1-2, 211-229.

M. Hofmanovéd, M. Knoéller, K. Schratz, Randomized exponential integrators for modulated nonlinear
Schrédinger equations, IMA J. Numer. Anal. 40 (2020), no. 4, 2143-2162

M. Hofmanovd, K. Schratz, An exponential-type integrator for the KdV equation, Numer. Math. 136
(2017), no. 4, 1117-1137.

Y. Hu, K. Lé, Nonlinear Young integrals and differential systems in Hélder media, Trans. Amer. Math.
Soc. 369 (2017), no. 3, 1935-2002.

T. Kappeler, P. Topalov, Global wellposedness of KdV in H~*(T,R), Duke Math. J. 135 (2006), no. 2,
327-360.

T. Kato, On nonlinear Schrédinger equations. II. H®-solutions and unconditional well-posedness, J. Anal.
Math. 67 (1995), 281-306.

C.E. Kenig, G. Ponce, L. Vega, A bilinear estimate with applications to the KdV equation, J. Amer. Math.
Soc. 9 (1996), no. 2, 573-603.

R. Killip, T. Laurens, M. Visan, Sharp well-posedness for the Benjamin—Ono equation, Invent. Math. 236
(2024), no. 3, 999-1054.

R. Killip, M. Visan, KdV is well-posed in H™!, Ann. of Math. 190 (2019), no.1, 249-305.

N. Kishimoto, Unconditional uniqueness of solutions for nonlinear dispersive equations, arXiv:1911.04349
[math.AP].

N. Kishimoto, Unconditional uniqueness for the periodic Benjamin-Ono equation by mnormal form ap-
proach, J. Math. Anal. Appl. 514 (2022), no. 2, Paper No. 126309, 22 pp.

N.V. Krylov, M. Roéckner, Strong solutions of stochastic equations with singular time dependent drift,
Probab. Theory Related Fields 131 (2005), no. 2, 154-196.

S. Kwon, T. Oh, On unconditional well-posedness of modified KdV, Int. Math. Res. Not. (2012), no. 15,
3509-3534.

S. Kwon, T. Oh, H. Yoon, Normal form approach to unconditional well-posedness of nonlinear dispersive
PDEs on the real line, Ann. Fac. Sci. Toulouse Math. 29 (2020), no. 3, 649-720.

G. Li, Deep-water and shallow-water limits of the intermediate long wave equation, Nonlinearity 37 (2024),
no.7, Paper No. 075001, 44 pp.

G. Li, T. Oh, G. Zheng, On the deep-water and shallow-water limits of the intermediate long wave equation
from a statistical viewpoint, Trans. London Math. Soc. 12 (2025), no. 1, Paper No. e70005.

L. Molinet, Global well-posedness in the energy space for the Benjamin-Ono equation on the circle, Math.
Ann. 337 (2007), no. 2, 353-383.

L. Molinet, Global well-posedness in L* for the periodic Benjamin-Ono equation, Amer. J. Math. 130
(2008), no. 3, 635-683.

L. Molinet, Sharp ill-posedness results for the KdV and mKdV equations on the torus, Adv. Math. 230
(2012), no. 4-6, 1895-1930.

L. Molinet, J.-C. Saut, N. Tzvetkov, Ill-posedness issues for the Benjamin-Ono and related equations,
SIAM J. Math. Anal. 33 (2001), no. 4, 982-988.

R. Mosincat, D. Pilod, Unconditional uniqueness for the Benjamin-Ono equation, Pure Appl. Anal. 5
(2023), no. 2, 285-322.

T. Oh, M. Okamoto, L. Tolomeo, Focusing ®3-model with a Hartree-type nonlinearity, Mem. Amer. Math.
Soc. 304 (2024), no. 1529, vi+143 pp.

T. Oh, M. Okamoto, L. Tolomeo, Stochastic quantization of the ®3-model, Mem. Eur. Math. Soc., 16.
EMS Press, Berlin, 2025, viii+145 pp.

T. Oh, O. Pocovnicu, Probabilistic global well-posedness of the energy-critical defocusing quintic nonlinear
wave equation on RY, J. Math. Pures Appl. 105 (2016), 342-366.

T. Oh, K. Seong, Quasi-invariant Gaussian measures for the cubic fourth order nonlinear Schrodinger
equation in negative Sobolev spaces, J. Funct. Anal. 281 (2021), no. 9, 109150, 49 pp.



36 M. GUBINELLI, G. LI, J. LI, AND T. OH

[83] T. Oh, P. Sosoe, N. Tzvetkov, An optimal regularity result on the quasi-invariant Gaussian measures for
the cubic fourth order nonlinear Schrédinger equation, J. Ec. polytech. Math. 5 (2018), 793-841.

[84] T. Oh, P. Sosoe, Y. Wang, Normal form approach to the stochastic Korteweg-de Vries equation with an
additive noise, in prepration.

[85] T. Oh, Y. Wang, Global well-posedness of the periodic cubic fourth order NLS in negative Sobolev spaces,
Forum Math. Sigma 6 (2018), €5, 80 pp.

[86] T. Oh, Y. Wang, Global well-posedness of the one-dimensional cubic nonlinear Schrédinger equation in
almost critical spaces, J. Differential Equations 269 (2020), no. 1, 612-640.

[87] T. Oh, Y. Wang, Normal form approach to the one-dimensional periodic cubic nonlinear Schrodinger
equation in almost critical Fourier—Lebesgue spaces, J. Anal. Math. 143 (2021), no. 2, 723-762.

[88] T. Oh, Y. Wang, Reuvisiting Bourgain’s probabilistic construction of solutions to the 2-d cubic NLS,
preprint.

[89] T. Oh, Y. Wang, Y. Zine, Three-dimensional stochastic cubic nonlinear wave equation with almost space-
time white noise, Stoch. Partial Differ. Equ. Anal. Comput. 10 (2022), no. 3, 898-963.

[90] O. Pocovnicu, Almost sure global well-posedness for the energy-critical defocusing nonlinear wave equation
onR? d=4 and 5, J. Bur. Math. Soc. (JEMS) 19 (2017), no. 8, 2521-2575.

[91] T. Robert, Regularization by noise for some nonlinear dispersive PDEs, Journées équations aux dérivées
partielles (2023), Talk no. 9, 12 p.

[92] T. Robert, Remarks on nonlinear dispersive PDEs with rough dispersion management, arXiv:2410.23038
[math.AP].

[93] T. Robert, Regularization by noise for some strongly non-resonant modulated dispersive PDEs,
arXiv:2410.23051 [math.AP].

[94] T. Robert, On the Kadomtsev-Petviashvili equations with rough dispersion management, in preparation.

[95] M. Romito, L. Tolomeo, Yet another notion of irregularity through small ball estimates, arXiv:2207.02716
[math.PR].

[96] J.-C. Saut, Benjamin-Ono and intermediate long wave equations: modeling, IST and PDE. Nonlinear
dispersive partial differential equations and inverse scattering, 95-160, Fields Inst. Commun., 83, Springer,
New York, [2019], (©)2019.

[97] G. Stewart, On the wellposedness of periodic nonlinear Schridinger equations with white noise dispersion,
Stoch. Partial Differ. Equ. Anal. Comput. 12 (2024), no. 3, 1417-1438.

[98] H. Takaoka, Y. Tsutsumi, Well-posedness of the Cauchy problem for the modified KdV equation with
periodic boundary condition, Int. Math. Res. Not. (2004), no. 56, 3009-3040.

[99] T. Tanaka, Remark on the local well-posedness for NLS with the modulated dispersion, arXiv:2407.20005
[math.AP].

[100] T. Tao, Multilinear weighted convolution of L*-functions, and applications to non- linear dispersive
equations, Amer. J. Math. 123 (2001), no. 5, 839-908.

MASSIMILIANO GUBINELLI, MATHEMATICAL INSTITUTE, UNIVERSITY OF OXFORD, UNITED KINGDOM
Email address: gubinelli@maths.ox.ac.uk

GUOPENG LI, SCHOOL OF MATHEMATICS AND STATISTICS, BEIJING INSTITUTE OF TECHNOLOGY, BELJING
100081, CHINA
Email address: guopeng.l1i@bit.edu.cn

JIAWEI L1, SCHOOL OF MATHEMATICS, THE UNIVERSITY OF EDINBURGH, AND THE MAXWELL INSTITUTE
FOR THE MATHEMATICAL SCIENCES, JAMES CLERK MAXWELL BUILDING, THE KING’S BUILDINGS, PETER
GUTHRIE TAIT ROAD, EDINBURGH, EH9 3FD, UNiTED KINGDOM

Email address: jiawei.li@ed.ac.uk

TADAHIRO OH, SCHOOL OF MATHEMATICS, THE UNIVERSITY OF EDINBURGH, AND THE MAXWELL IN-
STITUTE FOR THE MATHEMATICAL SCIENCES, JAMES CLERK MAXWELL BUILDING, THE KING’S BUILDINGS,
PETER GUTHRIE TAIT ROAD, EDINBURGH, EH9 3FD, UNITED KINGDOM, AND SCHOOL OF MATHEMATICS
AND STATISTICS, BEIJING INSTITUTE OF TECHNOLOGY, BEIJING 100081, CHINA

Email address: hiro.oh@ed.ac.uk



	1. Introduction
	1.1. Modulated dispersive equations
	1.2. Irregularity of the modulation
	1.3. Nonlinear Young differential equations
	1.4. Unconditional uniqueness of modulated dispersive PDEs
	1.5. Normal form approach for the modulated KdV
	1.6. Comparison with the sewing lemma approach

	2. Notations and preliminary tools
	3. Modulated KdV
	4. Modulated BO
	5. Modulated dNLS
	Appendix A. Unconditional uniqueness for the modulated cubic NLS on the circle
	References

