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NONLINEAR PDES WITH MODULATED DISPERSION IV:

NORMAL FORM APPROACH AND UNCONDITIONAL UNIQUENESS

MASSIMILIANO GUBINELLI, GUOPENG LI, JIAWEI LI, AND TADAHIRO OH

Abstract. We study the modulated Korteweg-de Vries equation (KdV) on the circle with
a time non-homogeneous modulation acting on the linear dispersion term. By adapting the
normal form approach to the modulated setting, we prove sharp unconditional uniqueness
of solutions to the modulated KdV in L2(T) if a modulation is sufficiently irregular. For
example, this result implies that if the modulation is given by a sample path of a frac-
tional Brownian motion with Hurst index 0 < H < 2

5
, the modulated KdV on the circle is

unconditionally well-posed in L2(T). Our normal form approach provides the construction
of solutions to the modulated KdV (and the associated nonlinear Young integral) without
assuming any positive regularity in time. As an interesting byproduct of our normal form
approach, we extend the construction of the nonlinear Young integral to a much larger class
of functions, and obtain an improved Euler approximation scheme as compared to the clas-
sical sewing lemma approach. We also establish analogous sharp unconditional uniqueness
results for the modulated Benjamin-Ono equation and the modulated derivative nonlinear
Schrödinger equation (NLS) with a quadratic nonlinearity. In the appendix, we prove sharp

unconditional uniqueness of the cubic modulated NLS on the circle in H
1
6 (T).
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1. Introduction

1.1. Modulated dispersive equations. In the works [20, 21] with K.Chouk, we considered

a modulated dispersive equation of the following form:{
∂tu+ Lu · ∂tw = N (u)

u|t=0 = u0,
(t, x) ∈ R+ ×M, (1.1)

where M = R or T = R/(2πZ),1 N (u) denotes the nonlinearity, and w : R+ → R is a

continuous function of time, called a modulation, acting on the linear dispersion term Lu.

For a specific modulation such as that given by a Brownian motion, stochastic calculus can

be used to study the equation (1.1); see [28, 29, 33, 97]. For a general modulation w, however,

such an approach based on stochastic calculus is not available. In [20, 21], with K.Chouk, we

developed a pathwise approach to study the modulated dispersive equation (1.1) by exploiting

irregularity of the modulation function w (see Definition 1.1) and the temporal regularity of

a solution u. In particular, in [21], we established regularization-by-noise phenomena for the

following modulated Korteweg-de Vries equation (KdV) on both the circle and the real line:

∂tu+ ∂3
xu · ∂tw = ∂xu

2. (1.2)

For example, we proved that, given any s ∈ R, the modulated KdV (1.2) on T with a

sufficiently irregular modulation is locally well-posed in Hs(T). On the one hand, since the

70’s, there have been intensive research activities on regularization by noise for stochastic

differential equations and stochastic parabolic partial differential equations; see [58, 69, 38,

45, 43, 95, 21, 1] for the references therein. See also survey works [37, 49]. On the other

hand, prior to our work [21], results on regularization by noise for dispersive equations were

primarily limited to random initial data / additive noises of super-critical regularity; see, for

example, [5, 10, 27, 11, 3, 90, 81, 54, 32, 31, 79, 7, 80, 8]. In [21], we also established

other forms of regularization by noise such as semilinearization and nonlinear smoothing (of

arbitrary order) for the modulated KdV (1.2) and other modulated dispersive equations such

as the modulated Benjamin-Ono equation (BO):

∂tu−H∂2
xu · ∂tw = ∂xu

2, (1.3)

where H denotes the Hilbert transform with the Fourier multiplier −1n̸=0 · i sgn(n). See [21]

for a further discussion on various examples. We also mention recent works [99, 91, 92, 93, 94],

on pathwise well-posedness of various modulated dispersive equations; see [21, Remark 1.14].

In a recent work [15] with A. Chapouto, we studied pathwise well-posedness of sto-

chastic modulated dispersive equations with multiplicative noises and established a new

regularization-by-noise phenomenon by exploiting the nonlinear interaction between the un-

known and the noise. For example, for the stochastic KdV with a multiplicative fractional-

in-time noise in the Young regime, we showed that irregularity of the modulation induces

smoothing on the stochastic convolution in a pathwise manner, where a gain of spatial regu-

larity becomes (arbitrarily) larger for more irregular modulations.

Since w in (1.1) is assumed to be only continuous, the modulated dispersive equation (1.1)

is formal at this point. To bypass this problem, we studied the following Duhamel formulation

1By convention, we endow T with the normalized Lebesgue measure dxT = (2π)−1dx such that we do not
need to carry factors involving 2π.
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(= mild formulation) of (1.1) in [20, 21]:

u(t) = Uw(t)u0 + Uw(t)

ˆ t

0
Uw(t′)−1N (u(t′))dt′, (1.4)

where Uw(t) = e−w(t)L denotes the modulated linear propagator and we impose w(0) = 0

such that Uw(0) = Id.2 Define the modulated interaction representation u of the unknown u

by setting

u(t) = Uw(t)−1u(t), (1.5)

for which the Duhamel formulation (1.4) becomes

u(t) = u0 +

ˆ t

0
Uw(t′)−1N (Uw(t′)u(t′))dt′. (1.6)

Our basic strategy in [21, 15] was to first make sense of the integral term in (1.6) as a nonlinear

Young integral IX(u) with a given driver X (see, for example, (1.12) for the modulated KdV)

by applying the sewing lemma (Lemma 1.14) from the theory of controlled rough paths [52]

developed by the first author. We then studied the resulting nonlinear Young differential

equation:

u = u0 + IX(u) (1.7)

(possibly with an additive /multiplicative stochastic forcing) by a contraction argument. We

point out that the (sufficient) temporal regularity of the modulated interaction representa-

tion u was essential in applying the sewing lemma to construct a nonlinear Young integral.

Now, let us turn to the uniqueness property of solutions. Recall from [63] that a Cauchy

problem is said to be unconditionally (locally) well-posed in Hs(M) if for every initial con-

dition u0 ∈ Hs(M), there exist τ > 0 and a unique solution u ∈ C([0, τ ];Hs(M)) with

u|t=0 = u0. We refer to such uniqueness in the entire class C([0, τ ];Hs(M)), without in-

tersecting with any auxiliary function space, as unconditional uniqueness. Unconditional

uniqueness is a concept of uniqueness which does not depend on how solutions are con-

structed and thus is of fundamental importance.

Given a driver X of temporal regularity 1
2 < γ < 1, a solution u to (1.7) constructed

in [20, 21] belongs to Cα([0, τ ];Hs(M)) for some 0 < α < 1 with γ + α > 1 such that the

nonlinear Young integral IX(u) makes sense via the sewing lemma. As such, the uniqueness,

at the level of the modulated interaction representation, holds conditionally, i.e. only in the

class Cα([0, τ ];Hs(M)).3

Our main goal in this paper is to present an alternative solution theory based on the

normal form method, where we do not require any positive temporal regularity on the mod-

ulated interaction representation u. In particular, we construct a solution by working in

C([0, τ ];Hs(M)) without utilizing any auxiliary function space, and thus establish the first

unconditional uniqueness results for modulated dispersive equations. From the viewpoint of

nonlinear Young integration theory, our approach presents a completely new construction of

the nonlinear Young integral IX(u) in (1.7) without using any positive temporal regularity,

2The normalization w(0) = 0 is not an additional restriction since only the time derivative ∂tw appears in
the modulated equation (1.1).

3Note that the uniqueness of solutions to modulated dispersive equations constructed in [92, 93, 94] also
hold only conditionally, namely only in the (refined) Fourier restriction norm space Xs

τ .
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but by making use of the structure (1.7) of the unknown u (just like a controlled rough path).

In this sense, the novelty of our normal form approach can be viewed, at a philosophical level,

as a controlled path approach to nonlinear Young integration which significantly improves

any existing theory in terms of the temporal regularity. See Subsection 1.6 for a further

discussion. We also point out that our normal form approach provides an improvement on

the time discretization scheme as compared to the sewing lemma approach discussed in [20,

Subsection 2.3] in terms of both the convergence rate and the required temporal regularity of

a solution; see Remark 1.15. See also Remark 1.9. Lastly, while the main body of the paper

is devoted to the modulated KdV-type equations with derivative quadratic nonlinearities,

we also consider the modulated cubic nonlinear Schrödinger equation (NLS) on the circle in

Appendix A.

1.2. Irregularity of the modulation. We recall a particular notion of irregularity of the

modulation w, introduced in [12, 20], which allowed us to establish regularization by noise

in various ODE and PDE contexts in [12, 20, 21, 15]. For further study on the notion of

irregularity, see [46, 95].

Definition 1.1. Let ρ > 0 and 0 < γ < 1. Given T > 0, we say that a function w ∈
C([0, T ];R) is (ρ, γ)-irregular on the time interval [0, T ] if we have

∥Φw∥Wρ,γ
T

:= sup
a∈R

sup
0≤r<t≤T

⟨a⟩ρ
|Φw

t,r(a)|
|t− r|γ

< ∞, (1.8)

where

Φw
t,r(a) =

ˆ t

r
eiaw(t′)dt′. (1.9)

We say that w is (ρ, γ)-irregular on R+ if it is (ρ, γ)-irregular on [0, T ] for each finite T > 0.

In [12], the authors proved that a fractional Brownian motion is a (ρ, γ)-irregular function.

Theorem A. Let {Wt}t∈R+ be a fractional Brownian motion of Hurst index H ∈ (0, 1).

Then, for any ρ < 1
2H , there exists 1

2 < γ < 1 such that, with probability one, the sample

paths of W are (ρ, γ)-irregular on R+.

Theorem A shows that there exist continuous paths which are (ρ, γ)-irregular for arbitrarily

large ρ. In a later work [46], it was shown that (ρ, γ)-irregularity is a generic property of

Hölder functions of sufficiently low regularity; see [46, p. 2418 and Theorem 3.1].

Theorem B. Let d ≥ 1. Given any 0 < δ < 1, a generic δ-Hölder continuous function

w ∈ Cδ([0, 1];Rd) is (ρ, γ)-irregular for any ρ < 1
2δ with some γ = γ(ρ) ∈ (12 , 1).

Here, “generic” is to be understood according to the notion of prevalence; see [46] for

details and the references therein.

Theorems A and B do not only provide important examples of (ρ, γ)-irregular paths,

but also imply that our main results apply to the case where a modulation is given by a

fractional Brownian motion or a generic δ-Hölder continuous function. See, for example, [21,

Corollary 1.5].
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1.3. Nonlinear Young differential equations. In this subsection, we briefly go over the

nonlinear Young integration approach in [21] by taking the modulated KdV (1.2) on T as

an example. See also [61, 44] for the construction of nonlinear Young integrals in a more

general setting. For simplicity of the presentation, we impose the mean-zero assumption4 on

solutions to the modulated KdV (1.2) on T. We also apply the same convention to the other

modulated dispersive equations considered in this paper.5

Given ρ > 0 and 1
2 < γ < 1, fix a (ρ, γ)-irregular function w on an interval [0, T ]. In terms

of the modulated interaction representation u defined in (1.5), the modulated KdV (1.2) is

written as

∂tu = Uw(t)−1∂x
(
(Uw(t)u)2

)
, (1.10)

where Uw(t) = e−w(t)∂3
x denotes the modulated linear propagator for (1.2). By writing (1.10)

(with initial data u0) in the integral form, we have

u(t) = u0 +

ˆ t

0
Uw(t′)−1∂x

(
(Uw(t′)u)2

)
dt′. (1.11)

As mentioned in Subsection 1.1, the main strategy in [21] was to construct the integral term

in (1.11) as a nonlinear Young integral via the sewing lemma, and solve the resulting nonlinear

Young differential equation.

Let XKdV be the bilinear driver associated with the modulated KdV, defined by

XKdV
t,r (f1, f2) =

ˆ t

r
Uw(t′)−1∂x

(
(Uw(t′)f1)(U

w(t′)f2)
)
dt′ (1.12)

for 0 ≤ r < t ≤ T , where f1 and f2 are functions on T. By taking the Fourier transform, we

have

F
(
XKdV

t,r (f1, f2)
)
(n) = in

∑
n1,n2∈Z∗

n=n1+n2

Φw
t,r(ΞKdV(n̄))f̂1(n1)f̂2(n2), (1.13)

where Z∗ = Z\{0}, Φw
t,r is as in (1.9), and ΞKdV(n̄) denotes the resonance function6 for KdV

given by

ΞKdV(n̄) = ΞKdV(n, n1, n2) = −n3 + n3
1 + n3

2

= −3nn1n2,
(1.14)

where the last equality holds under n = n1 + n2. As pointed out in [21, Section 3], local

well-posedness of the modulated KdV (1.2) then follows once we show that the bilinear driver

XKdV
t,r is bounded from Hs(T) × Hs(T) into Hs(T) with the norm ∼ |t − r|γ , uniformly in

0 ≤ r < t ≤ T (recall that γ > 1
2), which in turn follows from an elementary computation,

using (1.8), (1.14), and Lemma 2.1; see [21, Proposition 4.1]. See also Lemma 3.1.

4For the modulated KdV (1.2), if initial data has non-zero mean α0, then the following Galilean transfor-
mation: u(t, x) 7→ u(t, x+ 2α0t)− α0, along with the conservation of the spatial mean (which can be verified
by arguing as in [21, Section 6]), transforms the equation with a non-zero mean into the mean-zero version.
The same comment applies to the modulated BO (1.3) and the modulated derivative nonlinear Schrödinger
equation (1.22) studied in this paper.

5Except for the cubic modulated nonlinear Schrödinger equation (A.1) studied in the appendix.
6Here, we follow the terminology in [100]. We point out that ΞKdV(n̄) is also called the modulation function

(see [71]) but we do not use this latter terminology to avoid confusion with a modulation function w.
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As a result, we obtained the following local well-posedness result for the modulated

KdV (1.2) on T ([21, Theorem 1.3 (i)]). We also recall the corresponding local well-posedness

result for the modulated BO (1.3) on T ([21, Theorem 1.11 (i)]).

Theorem C. Given ρ ≥ 1
2 ,

1
2 < γ < 1, and T > 0, let w be (ρ, γ)-irregular on [0, T ] in the

sense of Definition 1.1.

(i) Suppose that ρ ≥ 1
2 and s ∈ R satisfy one of the following conditions:

(i.a) 1
2 ≤ ρ ≤ 3

4 and s > 3
2 − 3ρ,

(i.b) ρ > 3
4 and s ≥ −ρ.

(1.15)

Then, the modulated KdV equation (1.2) on T is locally well-posed in Hs(T).

(ii) Suppose that ρ ≥ 1 and s ∈ R satisfy one of the following conditions:

(ii.a) ρ = 1 and s > −1
2 ,

(ii.b) ρ > 1 and s ≥ −1
2ρ.

(1.16)

Then, the modulated BO equation (1.3) on T is locally well-posed in Hs(T).

Theorem C established regularization by noise in several respects. First of all, by taking ρ

sufficiently large, these modulated equations become locally well-posed inHs(T) for any given

s ∈ R, even in the regime where the unmodulated versions are ill-posed. See [64, 25, 62, 76, 66]

and [74, 75, 30, 47, 65] for the known well- / ill-posedness results for the (unmodulated) KdV

equation:

∂tu+ ∂3
xu = ∂xu

2 (1.17)

and the (unmodulated) BO equation:

∂tu−H∂2
xu = ∂xu

2, (1.18)

respectively. The second point is the semilinearization phenomenon. The unmodulated

KdV (1.17) in Hs(T) for s < −1
2 and the unmodulated BO (1.18) in Hs(T) for any s ∈ R

are known to behave quasilinearly such that the associated solution map is not smooth with

respect to the Hs-topology; see [6, 77, 23, 48]. On the other hand, the construction of so-

lutions in Theorem C is based on a contraction argument such that the associated solution

map is smooth (in fact, real analytic), thus semilinearizing these equations by adding the

modulation.

Remark 1.2. In a recent work [15], we studied pathwise well-posedness of stochastic mod-

ulated dispersive equations with multiplicative noises and established a new regularization-

by-noise phenomenon by exploiting the nonlinear interaction between the unknown and the

noise. Our strategy was to combine the nonlinear Young integral approach in [21] described

above with a suitable adaptation of the pathwise construction of stochastic convolutions via

the random tensor estimate (see [31, 89, 88]) and the sewing lemma, which is a strategy devel-

oped in [18, 19] to study stochastic (unmodulated) dispersive equations with multiplicative

noises. See [15] for details.
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1.4. Unconditional uniqueness of modulated dispersive PDEs. In this subsection,

we state our main results on unconditional well-posedness (and also on nonlinear smoothing)

for modulated dispersive equations on the circle. Our first theorem is for the modulated

KdV (1.2) on T.
We say that u is a solution to the modulated KdV (1.2) on T, if it satisfies the following

Duhamel formulation:

u(t) = Uw(t)u0 + Uw(t)

ˆ t

0
Uw(t′)−1∂xu

2(t′)dt′. (1.19)

The same comment applies to the other modulated dispersive equations considered in this

paper.

Theorem 1.3. Given ρ > 5
4 ,

1
2 < γ < 1, and T > 0, let w be (ρ, γ)-irregular on [0, T ] in the

sense of Definition 1.1.

(i) (unconditional well-posedness). Let s ≥ 0. Then, the modulated KdV equation (1.2) on

T is unconditionally locally well-posed in Hs(T). In particular, if, in addition, w is (ρ, γ)-

irregular on R+, then the modulated KdV equation (1.2) on T is unconditionally globally

well-posed in Hs(T).
(ii) (nonlinear smoothing). Suppose that s, s0 ∈ R with s0 > s ≥ 0 satisfy

s0 < s+ 2ρ− 5

2
.

Given u0 ∈ Hs(T), let u ∈ C([0, τ ];Hs(T)) be the solution to the modulated KdV equa-

tion (1.2) on T with u|t=0 = u0 constructed in Part (i), where τ ∈ (0, T ] denotes the local

existence time. Then, we have

u− e−w(t)∂3
xu0 ∈ C([0, τ ];Hs0(T)).

Theorem 1.3 (i) establishes the first unconditional uniqueness result for modulated dis-

persive PDEs. As a corollary to Theorem 1.3 (i) with Theorem A, we have the following

unconditional well-posedness result for the modulated KdV (1.2) on T, where a modulation

is given by a fractional Brownian motion.

Corollary 1.4. Let {Wt}t∈R+ be a fractional Brownian motion with Hurst index 0 < H < 2
5 .

Then, with probability one, the modulated KdV equation (1.2) on T with the modulation given

by a sample path of the fractional Brownian motion {Wt}t∈R+ is unconditionally globally well-

posed in Hs(T) for any s ≥ 0.

Remark 1.5. Similar results hold for each of the modulated dispersive equations considered

in this paper, with the appropriate choice of exponents, when the modulation function is given

by a fractional Brownian motion, or, thanks to Theorem B, when the modulation function is

given by a generic (in the sense of prevalence) Hölder function.

In view of the quadratic nonlinearity in (1.2), the regularity threshold s ≥ 0 in Theorem 1.3

is sharp since the L2-regularity is required to make sense of ∂xu
2(t) as a spatial distribution

for given t ≥ 0 (without intersecting with an auxiliary function space). The same comment

on sharpness of the L2-regularity also applies to the other modulated dispersive equations

considered in this paper. Note that, in order to make sense of the nonlinearity ∂xu
2 in

Hs(T) for s < 0, we need to assume some temporal regularity on u (or rather its modulated
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interaction representation) and give a meaning to ∂xu
2 as a space-time distribution, just as

in the Fourier restriction norm method due to Bourgain [4].

While the condition on ρ, s, and s0 in Theorem 1.3 (ii) is more restrictive than the corre-

sponding result on the nonlinear smoothing in [21, Theorem 1.15], our argument does not rely

on any auxiliary function space such as Cγ([0, τ ];Hs(T)) (even for the modulated interaction

representation).

We prove Theorem 1.3 by implementing a normal form reduction in the current modulated

setting. In a pioneering work [2], Babin, Ilyn, and Titi implemented a normal form argument

for the (unmodulated) KdV (1.17) and proved its unconditional well-posedness in L2(T).7 We

point out that, while two normal form reductions were needed in the unmodulated setting [2],

we need to perform a normal form reduction only once to prove Theorem 1.3 for the modulated

KdV thanks to the presence of the (ρ, γ)-irregular modulation function w, which can be viewed

as a manifestation of regularization by noise. In Subsection 1.5, we go over basic steps of the

normal form reduction. We present a proof of Theorem 1.3 in Section 3.

Next, we state our main result for the modulated BO (1.3) on T.

Theorem 1.6. Given ρ > 5
2 ,

1
2 < γ < 1, and T > 0, let w be (ρ, γ)-irregular on [0, T ] in the

sense of Definition 1.1.

(i) (unconditional well-posedness). Let s ≥ 0. Then, the modulated BO equation (1.3) on T is

unconditionally locally well-posed in Hs(T). In particular, if, in addition, w is (ρ, γ)-irregular

on R+, then the modulated BO equation (1.3) on T is unconditionally globally well-posed in

Hs(T).
(ii) (nonlinear smoothing). Suppose that s, s0 ∈ R with s0 > s ≥ 0 satisfy

s0 ≤ ρ− 1 and s0 < s+ ρ− 5

2
.

Given u0 ∈ Hs(T), let u ∈ C([0, τ ];Hs(T)) be the solution to the modulated BO equation (1.3)

on T with u|t=0 = u0 constructed in Part (i), where τ ∈ (0, T ] denotes the local existence

time. Then, we have

u− ew(t)H∂2
xu0 ∈ C([0, τ ];Hs0(T)).

For the unmodulated BO (1.18), Moşincat and Pilod proved its unconditional well-

posedness in Hs(T) for s > 3−
√

33
4 ≈ 0.128; see also [68]. Thus, Theorem 1.6 (i) exhibits a

strong regularizing effect in the modulated setting, regarding unconditional well-posedness.

Furthermore, as in the modulated KdV case, we only need to carry out a normal form re-

duction once for the modulated BO (1.3), whereas, for the unmodulated BO (1.18), one first

needs to apply a gauge transform and then carry out normal form reductions twice. This can

be once again viewed as a manifestation of regularization by noise.

We present a proof of Theorem 1.6 in Section 4.

Remark 1.7. Given 0 < δ < ∞, consider the modulated intermediate long wave equation

(ILW) on the circle:

∂tu− Gδ∂
2
xu · ∂tw = ∂xu

2, (1.20)

7In [2], Babin, Ilyn, and Titi did not make a connection of their construction of solutions via “differentiation
by parts” with normal form reductions. Such a connection was made in an explicit manner in a later work [56].
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where the dispersion operator Gδ∂
2
x is given by

Ĝδ∂2
xf(n) = ipδ(n)f̂(n) := −1n̸=0 · i

(
n2 coth(δn)− n

δ

)
f̂(n), n ∈ Z.

See [96, 72, 73, 16, 13, 39, 17] for the known well- / ill-posedness results for the (unmodulated)

ILW:

∂tu− Gδ∂
2
xu = ∂xu

2.

Recall from [21, (5.22)] that the resonance function for ILW given by

Ξδ(n̄) = Ξδ(n, n1, n2) = −pδ(n) + pδ(n1) + pδ(n2)

satisfies

Ξδ(n̄) = ΞBO(n̄) +O(δ−2), (1.21)

where ΞBO(n̄) is the resonance function for BO defined in (4.2) below. Then, together with the

fact that |ΞBO(n̄)| ≳ max(|n|, |n1|, |n2|) under n = n1+n2 and nn1n2 ̸= 0, the relation (1.21)

states that high frequency (multilinear) behavior of (modulated) ILW is essentially given by

that of (modulated) BO. In [21], we proved well-posedness of the modulated ILW (1.20) under

the same hypothesis as that for the modulated BO by using this observation. Similarly, a

slight modification of the proof of Theorem 1.6 with (1.21) yields the corresponding result

for the modulated ILW (1.20). We omit details.

Lastly, we consider the following modulated derivative nonlinear Schrödinger equation

(dNLS) on the circle:

i∂tu+ ∂2
xu · ∂tw = ∂xu

2. (1.22)

Theorem 1.8. Given ρ > 5
2 ,

1
2 < γ < 1, and T > 0, let w be (ρ, γ)-irregular on [0, T ] in the

sense of Definition 1.1.

(i) (unconditional well-posedness). Let s ≥ 0. Then, the modulated dNLS equation (1.22) on

T is unconditionally locally well-posed in Hs(T).
(ii) (nonlinear smoothing). Suppose that s, s0 ∈ R with s0 > s ≥ 0 satisfy

s0 ≤ ρ− 1 and s0 < s+ ρ− 5

2
.

Given u0 ∈ Hs(T), let u ∈ C([0, τ ];Hs(T)) be the solution to the modulated dNLS equa-

tion (1.22) on T with u|t=0 = u0 constructed in Part (i), where τ ∈ (0, T ] denotes the local

existence time. Then, we have

u− eiw(t)∂2
xu0 ∈ C([0, τ ];Hs0(T)).

In [24], Chung, Guo, Kwon, and the fourth author studied the unmodulated version

of (1.22) on the circle:

i∂tu+ ∂2
xu = ∂xu

2. (1.23)

By implementing an infinite iteration of normal form reductions introduced in [56] and com-

bining it with a gauge transform (the Hopf-Cole transformation), they proved small data

unconditional global well-posedness in L2(T). We point out that, in the modulated setting,

Theorem 1.8 follows from one normal form reduction. Note also that Theorem 1.8 (i) claims

only local well-posedness; see [24, Appendix A] for an explicit construction of a finite-time
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blowup solution to the (unmodulated) dNLS (1.23). We present a proof of Theorem 1.8 in

Section 5.

1.5. Normal form approach for the modulated KdV. In this subsection, we sketch

the main idea of the normal form approach to construct solutions to modulated dispersive

equations by taking the modulated KdV (1.2) as an example. In the unmodulated setting,

this normal form approach was introduced by Babin, Ilyn, and Titi [2] and was further

developed in [70, 56, 87, 67]. See also Remark 1.11.

By taking the Fourier transform of (1.10), we have

∂tû(t, n) = in
∑

n1,n2∈Z∗

n=n1+n2

eiΞKdV(n̄)w(t)û(t, n1)û(t, n2), n ∈ Z∗, (1.24)

where ΞKdV(n̄) is the resonance function in (1.14). In the unmodulated setting (i.e. w(t) = t),

the first step of normal form reductions in [2] was based on the identity:

eiΞKdV(n̄)t =
∂te

iΞKdV(n̄)t

iΞKdV(n̄)
. (1.25)

In the current modulated setting, we replace this identity by the following simple, but crucial

observation:

∂t2Φ
w
t1,t2(ΞKdV(n̄)) = −eiΞKdV(n̄)w(t2), (1.26)

which follows from (1.9) and the fundamental theorem of calculus. Then, proceeding with a

formal computation,8 a normal form reduction (namely, integration by parts in time, using

(1.26)) yields

û(t, n)− û(0, n) = in

ˆ t

0

∑
n1,n2∈Z∗

n=n1+n2

eiΞKdV(n̄)w(t′)û(t′, n1)û(t
′, n2)dt

′

= −in
∑

n1,n2∈Z∗

n=n1+n2

ˆ t

0
∂t′Φ

w
t,t′(ΞKdV(n̄))û(t

′, n1)û(t
′, n2)dt

′

= in
∑

n1,n2∈Z∗

n=n1+n2

Φw
t,0(ΞKdV(n̄))û(0, n1)û(0, n2) (1.27)

+ 2in
∑

n1,n2∈Z∗

n=n1+n2

ˆ t

0
Φw
t,t′(ΞKdV(n̄))∂tû(t

′, n1)û(t
′, n2)dt

′

=: Fx

(
XKdV

t,0 (u(0),u(0))
)
(n) +A(t, n),

where XKdV
t,0 is the bilinear driver defined in (1.13). At the third step, we used the fact that

Φw
t,t = 0, the product rule for differentiation, and symmetry in n1 and n2. See Lemma 3.1

below for the boundedness and nonlinear smoothing property of the bilinear driver XKdV
t,0 .

8Namely, we do not worry about justifying computations such as switching the sum and the integration in
the formal computation presented here. We justify all the formal steps in Section 3.
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Remark 1.9. We point out that, after the integration by parts in (1.27), there is no boundary

term from the right endpoint since Φw
t,t = 0. This is different from a usual application

of a normal form reduction in the unmodulated setting, where we also have a non-trivial

contribution from the right endpoint. Furthermore, in the usual construction of solutions via

the normal form approach, the boundary terms do not become small even if we take a short

time interval, and thus we need to introduce a cutoff parameter (based on a frequency or

modulation size) to create smallness to carry out a contraction; see [2, 70, 56]. In the current

modulated setting, however, the estimate (3.1) for the boundary term comes with the factor

tγ and thus there is no need to introduce such a parameter.

Our version of the normal form reduction, using the identity (1.26), also applies to the

unmodulated setting, giving a simplification of the argument in the sense described above

(namely, no need to introduce a parameter to create a small factor on the boundary terms).

Given 0 ≤ r < t ≤ T , define the trilinear operator NKdV
t,r (f1, f2, f3), acting on functions

on T, by

Fx

(
NKdV

t,r (f1, f2, f3)
)
(n)

= −2n
∑

n1,n2,n3∈Z∗
n=n123

Φw
t,r(ΞKdV(n, n12, n3))e

iΞKdV(n12,n1,n2)w(r)n12

3∏
j=1

f̂j(nj),
(1.28)

where we used the following short-hand notation:

n1···k = n1 + · · ·+ nk. (1.29)

See Lemma 3.2 below for the boundedness and nonlinear smoothing property of the trilinear

operator NKdV
t,r .

By substituting (1.24) into A(t, n) on the right-hand side of (1.27), we have

A(t, n) =

ˆ t

0
Fx

(
NKdV

t,t′ (u(t′),u(t′),u(t′))
)
(n)dt′. (1.30)

Then, putting (1.27) and (1.30) together, we have

û(t, n)− û(0, n) = Fx

(
XKdV

t,0 (u(0))
)
(n) +

ˆ t

0
Fx

(
NKdV

t,t′ (u(t′))
)
(n)dt′,

where we used the short-hand notation (2.1). Namely, we have

u(t) = u0 +XKdV
t,0 (u0) +

ˆ t

0
NKdV

t,t′ (u(t′))dt′. (1.31)

Hence, we arrive at the following normal form equation for the modulated KdV (1.2):

u(t) = Uw(t)u0 + Uw(t)XKdV
t,0 (u0) + Uw(t)

ˆ t

0
NKdV

t,t′ (Uw(t′)−1u(t′))dt′. (1.32)

The main point of the normal form reduction is to transform the original equation (1.10)

to the normal form equation (1.31) which encodes multilinear dispersive smoothing (coming

from the irregularity of w) in an explicit manner thanks to the presence of Φw
t,r(ΞKdV) in

XKdV
t,0 and NKdV

t,t′ (see (1.13) and (1.28)). Using the boundedness properties of XKdV
t,0 and

NKdV
t,t′ (Lemmas 3.1 and 3.2), a standard contraction argument yields unconditional local

well-posedness of (1.31) (and thus of (1.32)) in Hs(T), s ≥ 0, under the hypothesis of
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Theorem 1.3. In the proof of Theorem 1.3 presented in Section 3, we justify the formal

computation in (1.27) and show that any solution to the modulated KdV (1.2) (namely,

satisfying the Duhamel formulation (1.19)) in the class C([0, τ ];L2(T)) is also a solution to

the normal form equation (1.32), which in turn allows us to show that a unique solution to

the normal form equation (1.32) is also an unconditionally unique solution to the original

modulated KdV (1.2).

Remark 1.10. (i) Consider a modulated dispersive PDE (1.1), where the nonlinearity N (u)

is k-linear. Let nj denote the (spatial) frequency of the jth factor in N (u) and set

nmax = max
j=1,...,k

|nj |. (1.33)

If the equation is non-resonant with a good lower bound on the resonance function such as

|Ξ(n̄)| ≳ nθ
max for some (small) θ > 0, then a slight modification of the proof of Theorem 1.3

yields unconditional local well-posedness by one normal form reduction, at least when the

modulation is sufficiently irregular.

(ii) By adapting the normal form approach developed in [71, 67, 40] for (unmodulated) dis-

persive equations on Rd, one can study unconditional well-posedness of modulated dispersive

equations on Rd. We, however, do not pursue this issue here.

Remark 1.11. The normal form reduction presented in this subsection corresponds to the

so-called Poincaré normal form reduction, where there is no resonance. When there are res-

onances, it is called the Poincaré-Dulac normal form reduction; see [56, Section 1]. See also

Appendix A, where we implement a Poincaré-Dulac normal form reduction for the modulated

cubic NLS. In the unmodulated setting, the Poincaré-Dulac normal form reductions have been

used in various contexts: unconditional uniqueness [2, 70, 56, 87, 67, 68, 78, 84], nonlinear

smoothing and the nonlinear Talbot effect [34, 35, 36], existence of global attractors [35],

reducibility [24], improved energy estimates in both the deterministic and probabilistic con-

texts [98, 57, 85, 83, 82]. We point out that the higher order I-method (with correction

terms) [25, 26] also corresponds to the Poincaré-Dulac normal form reduction, but applied

to the equation satisfied by a modified energy. It may be of interest to investigate analogues

of these results in the modulated setting.

Remark 1.12. Instead of (1.26), we may use the following identity:

∂tΦ
w
t,0(ΞKdV(n̄)) = eiΞKdV(n̄)w(t)

and proceed with a normal form reduction. By repeating the computation presented in this

subsection, we then obtain a slightly different normal form equation:

u(t) = u0 +XKdV
t,0 (u(t))−

ˆ t

0
NKdV

t′,0 (u(t′))dt′. (1.34)

Note that the argument of u(t) of XKdV
t,0 is now evaluated at the right endpoint of the interval

[0, t]. Compare this with (1.31). While we prove Theorem 1.3 using (1.32), one may equally

use the normal form equation (1.34) to prove Theorem 1.3 . We, however, point out that the

normal form reduction with (1.26) allows us to directly compare our normal form approach

with the sewing lemma approach to nonlinear Young integrals developed in [21]. See the next

subsection.
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Remark 1.13. Consider the following modulated cubic NLS on T:

i∂tu+ ∂2
xu · ∂tw = |u|2u. (1.35)

The associated resonance function ΞNLS(n̄) is given by

ΞNLS(n̄) = ΞNLS(n, n1, n2, n3) = n2 − n2
1 + n2

2 − n2
3

= 2(n− n1)(n− n3),
(1.36)

where the last step holds under n = n1 − n2 + n3, and thus we see that the resonance

function ΞNLS(n̄) vanishes when n = n1 or n3. Namely, the modulated cubic NLS (1.35) is

not non-resonant and thus the observation made in Remark 1.10 (i) does not apply.

In [56, 87], the fourth author with his co-authors studied a normal form approach to the

unmodulated cubic NLS on T:

i∂tu+ ∂2
xu = |u|2u. (1.37)

In order to overcome the difficulty coming from the nearly resonant contributions:

|ΞNLS(n̄)| ≪ nmax, where nmax is as in (1.33), the authors introduced an infinite iteration of

normal form reductions, which transformed (1.37) into the normal form equation, involving

infinite series of nonlinearities of arbitrarily high degrees. This allowed them to prove sharp

unconditional uniqueness of (1.37) in Hs(T), s ≥ 1
6 , and also unconditional uniqueness of the

normal form equation in L2(T) and in almost critical Fourier-Lebesgue spaces; see [87] for

further details.

In Appendix A, we implement a (Poincaré-Dulac) normal form reduction for the modulated

cubic NLS (1.35), using the identity (1.26), and prove its unconditional uniqueness; see

Theorems A.1.

1.6. Comparison with the sewing lemma approach. In this subsection, we compare the

normal form approach presented in the previous subsection with the sewing lemma approach

to nonlinear Young integrals in [21]. For this purpose, we first need to introduce some

preliminary notations.

Let V be a Banach space and T > 0. For n ∈ N, we denote

∆n,T =
{
(t1, . . . , tn) ∈ [0, T ]n : ti > tj for i < j

}
.

We denote by Cn,TV the space of continuous functions from ∆n,T to V . We define the

coboundary operator δ : Cn,TV → Cn+1,TV as follows; given f ∈ Cn,TV and (t1, . . . , tn+1) ∈
∆n+1,T , we set

(δf)t1,...,tn+1 =
n+1∑
k=1

(−1)n−kft1,...,tk−1,tk+1,...,tn+1 .

For example, for f ∈ CTV and g ∈ C2,TV , we have

(δf)t,r = ft − fr,

(δg)t1,t2,t3 = gt1,t3 − gt1,t2 − gt2,t3
(1.38)

for (t, r) ∈ ∆2,T and (t1, t2, t3) ∈ ∆3,T . As noted in [55], the sequence

0 −→ R −→ C1,TV
δ−→ C2,TV

δ−→ C3,TV
δ−→ · · ·
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is exact. In particular, we have δ ◦ δ = 0 and if f ∈ Cn,TV with δf = 0, then there exists a

g ∈ Cn−1,TV such that f = δg; see, for example, [55, Lemma 2.1].

Given 0 < γ ≤ 1, we denote by Cγ
TV = Cγ([0, T ];V ) the space of γ-Hölder continuous

functions taking values in V , endowed with the seminorm:

∥f∥Cγ
TV = sup

(t,r)∈∆2,T

∥(δf)t,r∥V
|t− r|γ

.

We also define Cγ
TV = Cγ([0, T ];V ) via the norm:

∥f∥Cγ
TV = ∥f∥L∞

T V + ∥f∥Cγ
TV . (1.39)

We also introduce the spaces Cγ
n,TV , n = 2, 3, equipped with the following Hölder-type norms;

for g ∈ C2,TV and h ∈ C3,TV , we set

∥g∥Cγ
2,TV = sup

(t,r)∈∆2,T

∥gt,r∥V
|t− r|γ

,

∥h∥Cγ
3,TV = inf

0<α<γ
sup

(t1,t2,t3)∈∆3,T

∥ht1,t2,t3∥V
|t1 − t2|α|t2 − t3|γ−α

.

(1.40)

Given a Banach space V and k ∈ N, we use Lipk(V ) to denote the Banach space of locally

Lipschitz maps f : V → V with polynomial growth of order k such that

∥f∥Lipk(V ) = sup
x,y∈V

∥f(x)− f(y)∥V
∥x− y∥V

(
1 + ∥x∥V + ∥y∥V

)k−1
< ∞. (1.41)

Then, from (1.40) and (1.41), we have

∥f∥Cγ
2,TLipk(V ) = sup

(t,r)∈∆2,T

1

|t− r|γ
sup
x,y∈V

∥ft,r(x)− ft,r(y)∥V
∥x− y∥V

(
1 + ∥x∥V + ∥y∥V

)k−1
. (1.42)

Next, we review the essential idea on the construction of a nonlinear Young integral via

the sewing lemma (Lemma 1.14) presented in [21]. Fix a driver X ∈ Cγ
2,TLipk(V ), where

Cγ
2,TLipk(V ) is as in (1.42), such that

Xt,r(0) = 0

for any (t, r) ∈ ∆2,T , and

(δX)t1,t2,t3 = 0 (1.43)

for any (t1, t2, t3) ∈ ∆3,T . Given u ∈ Cα([0, T ];V ) for some 0 < α < 1, the nonlinear Young

integral IX(u) of u is a unique function with IX(u)(0) = 0 whose increment is given by

δ
(
IX(u)

)
t,r

= Xt,r(u•). (1.44)

Here, u• denotes the function u evaluated at the variable of integration •, satisfying r ≤ • ≤ t.

As it is, the expression on the right-hand side of (1.44) is not well defined. By replacing •
by the left endpoint r, we have

Xt,r(u•) = Xt,r(ur) +Rt,r (1.45)

for some two-parameter process R = RX,u. Define Θ = ΘX,u on ∆2,T by setting

Θt,r = Xt,r(ur), (t, r) ∈ ∆2,T . (1.46)
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Then, by applying the coboundary operator δ defined in (1.38) to (1.45) and noting that the

left-hand side of (1.45) vanishes under δ, any error term R in (1.45) (if it exists) satisfies

(δR)t1,t2,t3 = −(δΘ)t1,t2,t3 = Xt1,t2(ut2)−Xt1,t2(ut3) (1.47)

for any (t1, t2, t3) ∈ ∆3,T , where we used (1.43) at the second equality.

We now recall the sewing lemma due to the first author [52]; see also [55, Proposition 2.3,

Corollaries 2.4 and 2.5] and [42, Lemma 4.2]. We set C1+
n,TV =

⋃
γ>1C

γ
n,TV .

Lemma 1.14 (sewing lemma). Let V be a Banach space and fix T > 0. Then, there exists

a unique linear map (called the sewing map) Λ : C1+
3,TV ∩Ker δ|C3,TV → C1+

2,TV such that

(i) We have δΛh = h for each h ∈ C3,TV ∩Ker δ|C3,TV .

(ii) For each ζ > 1, the sewing map Λ is continuous from Cζ
3,TV ∩Ker δ|C3,TV to Cζ

2,TV

such that

∥Λh∥
Cζ

2,TV
≤ 1

2ζ − 2
∥h∥

Cζ
3,TV

for any h ∈ Cζ
3,TV .

(iii) Given any g ∈ C2,TV with δg ∈ Cζ
3,TV , there exists unique f ∈ C([0, T ];V ) (modulo

an additive constant) such that δf = (Id−Λδ)g. In addition, we have

(δf)t,r = lim
|Π([r,t])|→0

n∑
j=0

gtj ,tj+1

for any (t, r) ∈ ∆2,T , where the limit is over any partition Π([r, t]) of [r, t]:

Π([r, t]) = {r = tn < · · · < t1 < t0 = t}

whose mesh size |Π([r, t])| = supj |tj − tj+1| tends to 0.

Since X ∈ Cγ
2,TLipk(V ) and u ∈ Cα([0, T ];V ), it follows from (1.47) with (1.42) and (1.39)

that δR = −δΘ ∈ Cγ+α
3,T V , where Θ is as in (1.46); see [21, (3.27)]. Hence, if γ + α > 1, then

we can apply the sewing lemma (Lemma 1.14) to define an error term R by setting

R = −ΛδΘ ∈ Cγ+α
2,T V. (1.48)

Then, putting (1.44), (1.45), and (1.48) together, we define the nonlinear Young integral

IX(u) of u (with respect to the nonlinear Young driver X) to be a unique function in

Cγ([0, T ];V ) with IX(u)(0) = 0 whose increment is given by

δ(IX(u)) = (Id−Λδ)Θ. (1.49)

Once (1.49) holds, the nonlinear Young integral IX(u) is given by the unique limit of

Riemann-Stieltjes type sums:

IX(u)(t) = lim
|Π([0,t])|→0

n∑
j=0

Θtj ,tj+1 = lim
|Π([0,t])|→0

n∑
j=0

Xtj ,tj+1(utj+1), (1.50)

where the limit is in the sense of Lemma 1.14 (iii).
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We are now ready to compare the normal form approach with the sewing lemma approach.

Given ρ > 5
4 and 1

2 < γ < 1, fix a (ρ, γ)-irregular function w on an interval [0, T ] and s ≥ 0

as in Theorem 1.3. Consider the modulated KdV (1.2) on T and write (1.11) as

u = u0 + IXKdV
(u), (1.51)

Here, XKdV is the bilinear driver defined in (1.12). The main goal is to give a precise meaning

to the integral term IXKdV
(u).

• Sewing lemma approach: From Lemma 3.1, we have X ∈ Cγ
2,TLipk(V ). Thus, if

u ∈ Cα([0, T ];Hs(T)) for some 0 < α < 1 such that γ + α > 1, then we can apply the sewing

lemma (Lemma 1.14) as described above to construct the nonlinear Young integral IXKdV
(u).

From (1.49) with (1.46), we have

IXKdV
(u)(t)− IXKdV

(u)(r) = XKdV
t,r (u(r))− (ΛδΘ)t,r (1.52)

for any 0 ≤ r < t ≤ T , where Λ is the sewing map.

• Normal form approach: Let u ∈ C([0, τ ];Hs(T)) be the unique solution to (1.51)

constructed in Theorem 1.3. Then, by repeating the computations in (1.27) over an time

interval [r, t], we have

IXKdV
(u)(t)− IXKdV

(u)(r) = u(t)− u(r)

= XKdV
t,r (u(r)) +

ˆ t

r
NKdV

t,t′ (u(t′))dt′
(1.53)

for any 0 ≤ r < t ≤ τ , where NKdV
t,t′ is as in (1.28). We point out that in obtaining (1.53), we

used the fact that u is a solution to (1.51).

By comparing (1.52) and (1.53), we obtain

(ΛδΘ)t,r = −
ˆ t

r
NKdV

t,t′ (u(t′))dt′ (1.54)

for any 0 ≤ r < t ≤ τ , where the left-hand side makes sense only for u ∈ Cα([0, τ ];Hs(T))
with γ +α > 1, whereas the right-hand side makes sense for u ∈ C([0, τ ];Hs(T)). Hence, we
can view the right-hand side of (1.54) as an extension of the definition of ΛδΘ on the left-hand

side to functions of lower temporal regularity α ≥ 0, provided that u is a solution to (1.51).

Namely, in the current modulated setting, the normal form reduction with the (controlled)

structure (1.51) extends the construction of the nonlinear Young integral IXKdV
(u) to the

much larger class C([0, τ ];Hs(T)), providing a concrete expression for ΛδΘ. Moreover, it

follows from Lemma 3.2 that the right-hand side of (1.54) has temporal regularity 1+γ (and,

as a result, so does the left-hand side of (1.54)) which shows an improvement of the temporal

regularity from γ + α resulting from the application of the sewing lemma (Lemma 1.14). As

a consequence, we see that IXKdV
(u) defined by the right-hand side of (1.53) is still given by

the unique limit of Riemann-Stieltjes type sums in (1.50).

Remark 1.15. We note that the nonlinear Young integral approach in [20, 21, 15] allows

for a straightforward Euler approximation scheme to discretize in time (see, for example, [20,

Subsection 2.3]; see also [53, Subsection 3.3]). Similarly, by repeating the computation in [20,

Subsection 2.3] with (1.53) instead of (1.52), we obtain an analogous convergence result but

with a faster convergence rate thanks to the higher temporal regularity 1 + γ of the second
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term on the right-hand side of (1.53) (as compared to −ΛδΘ in (1.52)) as pointed above.

Moreover, this approximation scheme (1.53) via the normal form approach does not assume

any positive temporal regularity on a solution, which is a significant improvement.

We point out that ideas analogous to the normal form approach (and the sewing lemma

approach) have been implemented in time discretization schemes; see, for example, [60, 9].

We also mention the work [59] on convergence of a time-discretization scheme for the mod-

ulated nonlinear Schrödinger equation. For example, the approximation via the first order

exponential integrator for the (unmodulated) KdV in [60] is given by

u(tj) ≈ u(tj+1) +XKdV
tj ,tj+1

(u(tj+1)), (1.55)

where XKdV
t,r is as in (1.12) with w(t) = t. (Recall our convention tj > tj+1.) Compare (1.55)

with (1.52) and (1.53), where the second terms on the right-hand sides of (1.52) and (1.53)

are now viewed as the error terms in the discretization scheme (1.55), giving (local-in-time)

convergence rates. Note that (1.52) and (1.53) hold only in the modulated setting.9 In the

unmodulated setting, we need to use the second order expansion in [52] via the nonlinear

controlled path approach (and [2] via the second normal form reduction) to replace (1.52)

(and (1.53), respectively) which still provides a convergence result.

2. Notations and preliminary tools

Let A ≲ B denote an estimate of the form A ≤ CB for some constant C > 0. We write

A ∼ B if A ≲ B and B ≲ A, while A ≪ B denotes A ≤ cB for some small constant c > 0.

We use C > 0 to denote various constants, which may vary line by line.

In expressing the dependence of a function u on the time variable, we often use the short-

hand notation ut = u(t), which is standard in probability theory and stochastic analysis.

We use f̂ and Fx(f) to denote the Fourier transform of a function f on T, defined by

f̂(n) =

ˆ
T
f(x)e−inxdxT =

1

2π

ˆ
T
f(x)e−inxdx.

We impose the mean-zero assumption on the equations we consider in this paper and thus

we set Z∗ = Z \ {0}. Given s ∈ R, we define the Sobolev space Hs(T) via the norm:

∥f∥2Hs(T) =
∑
n∈Z

⟨n⟩2s|f̂(n)|2.

We often use short-hand notations such as CTH
s
x = C

(
[0, T ];Hs(M)), when there is no

ambiguity.

Given k ∈ N and Hilbert spaces H1, H2, we use

Lk(H1;H2)

to denote the Banach space of bounded k-linear operators from H⊗k
1 into H2. Given a

multilinear operator S, we use the following short-hand notation:

S(f) = S(f, . . . , f). (2.1)

9In the unmodulated setting, by assuming a higher regularity for a solution to the (unmodulated) KdV,
we can make sense of the second term on the right-hand side of (1.53) and carry out local-in-time and global-
in-time error analysis; see [14] for further details.
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We recall the following basic lemma on a discrete convolution which follows from an ele-

mentary computation. See, for example, [50, Lemma 4.2].

Lemma 2.1. Let α, β ∈ R satisfy

α ≥ β ≥ 0 and α+ β > 1.

Then, we have ∑
n=n1+n2

1

⟨n1⟩α⟨n2⟩β
≲

1

⟨n⟩β−λ

for any n ∈ Z, where λ = max(1− α, 0) when α ̸= 1 and λ = ε when α = 1 for any ε > 0.

3. Modulated KdV

We recall the following boundedness and nonlinear smoothing property of the bilinear

operator XKdV
t,r ; see [21, Proposition 4.1].

Lemma 3.1. Given ρ ≥ 1
2 ,

1
2 < γ < 1, and T > 0, let w be (ρ, γ)-irregular on [0, T ] in the

sense of Definition 1.1. Given 0 ≤ r < t ≤ T , let XKdV
t,r be as in (1.12). Suppose that s ∈ R

satisfies (1.15). Then, we have XKdV
t,r ∈ L2(H

s(T);Hs(T)) with the following bound :

∥XKdV
t,r ∥L2(Hs;Hs) ≲ (t− r)γ∥Φw∥Wρ,γ

T
(3.1)

for any 0 ≤ r < t ≤ T , where the implicit constant is independent of T > 0. In addition

to (1.15), suppose that s0 > s satisfies one of the following conditions:

(ii.a) 0 ≤ s+ ρ ≤ 1
2 and s0 < 2s+ 3ρ− 3

2 ,

(ii.b) s+ ρ > 1
2 and s0 ≤ s+ 2ρ− 1.

(3.2)

Then, we have XKdV
t,r ∈ L2(H

s(T);Hs0(T)) with the following bound :

∥XKdV
t,r ∥L2(Hs;Hs0 ) ≲ (t− r)γ∥Φw∥Wρ,γ

T

for any 0 ≤ r < t ≤ T .

From (3.2), we see that, given any s, s0 ∈ R with s0 ≥ s (even if s0 is much larger than s),

the bilinear operator XKdV
t,r is bounded from Hs(T)×Hs(T) into Hs0(T), provided that ρ is

sufficiently large.

We have the following boundedness property for the trilinear operator NKdV
t,r defined

in (1.28).

Lemma 3.2. Given ρ ≥ 1
2 ,

1
2 < γ < 1, and T > 0, let w be (ρ, γ)-irregular on [0, T ] in the

sense of Definition 1.1. Given 0 ≤ r < t ≤ T , let NKdV
t,r be as in (1.28). Suppose that s ≥ 0

and s0 ∈ R satisfy

s+ ρ ≥ 1 (3.3)

and

s0 < s+ 2ρ− 5

2
. (3.4)

Then, NKdV
t,r belongs to L3(H

s(T);Hs0(T)), satisfying the following bound :

∥NKdV
t,r ∥L3(Hs;Hs0 ) ≲ (t− r)γ∥Φw∥Wρ,γ

T
(3.5)
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for any 0 ≤ r < t ≤ T , where the implicit constant is independent of T > 0.

Proof. From (1.28) with (1.8) and (1.14), we have

∥NKdV
t,r (f1, f2, f3)∥Hs0 ≤ (t− r)γ∥Φw∥Wρ,γ

T
MKdV(f1, f2, f3) (3.6)

for any 0 ≤ r < t ≤ T , where MKdV(f1, f2, f3) is given by

MKdV(f1, f2, f3)

=

∥∥∥∥ ∑
n1,n2,n3∈Z∗

n=n123

1

⟨n⟩ρ−s0−1⟨n12⟩ρ−1⟨n1⟩s⟨n2⟩s⟨n3⟩ρ+s

3∏
j=1

⟨nj⟩s|f̂j(nj)|
∥∥∥∥
ℓ2n

. (3.7)

From (3.7), the triangle inequality ⟨n12⟩s ≲ ⟨n1⟩s⟨n2⟩s for s ≥ 0, and Cauchy-Schwarz’s

inequality, we have

MKdV(f1, f2, f3) ≤
∥∥∥∥ ∑
n3∈Z

1

⟨n⟩ρ−s0−1⟨n− n3⟩ρ−1+s⟨n3⟩ρ+s
⟨n3⟩s|f̂j(n3)|

∥∥∥∥
ℓ2n

× sup
n∈Z∗

∑
n1∈Z

1n=n123

2∏
j=1

⟨nj⟩s|f̂j(nj)|

≤ JKdV ·
3∏

j=1

∥fj∥Hs ,

(3.8)

where JKdV is given by

JKdV =

( ∑
n,n3∈Z

1

⟨n⟩2ρ−2s0−2⟨n− n3⟩2ρ−2+2s⟨n3⟩2ρ+2s

) 1
2

.

By Lemma 2.1 in summing first in n3 and then in n, we have JKdV < ∞, provided that

s + ρ ≥ 1 and s0 < s + 2ρ − 5
2 . Then, the desired bound (3.5) follows from (3.6) and (3.8),

provided that (3.3) and (3.4) hold. □

Remark 3.3. (i) By considering the contribution from the case |n1| ∼ |n2| ≫ |n|, |n3|, |n12|
in (1.28), it is easy to see that the bound (3.5) does not hold for s < 0.

(ii) By the so-called Cauchy-Schwarz’s argument (see the proof of [21, Proposition 4.1]),

∥NKdV
t,r (f1, f2, f3)∥Hs0 ≤ (t− r)γ∥Φw∥Wρ,γ

T

3∏
j=1

∥fj∥Hs · min
j=1,...4

sup
nj∈Z∗

Jnj ,

where (by setting n4 = −n) Jnj is given by

Jnj =

( ∑
n1,n2,n3,n4∈Z∗

n1234=0

1n12 ̸=0

⟨n4⟩2(ρ−s0−1)⟨n12⟩2(ρ−1)⟨n1⟩2s⟨n2⟩2s⟨n3⟩2(ρ+s)

) 1
2

.

Then, we bound Jnj , using Lemma 2.1. When j = 3, 4, this argument yields worse condi-

tions than (3.3) and (3.4). When j = 1, 2, this argument also provides the conditions (3.3)

and (3.4).

We conclude this section by presenting a proof of Theorem 1.3.
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Proof of Theorem 1.3. (i) Let Γ(u) = Γu0(u) be the right-hand side of (1.32). Under the

hypothesis of Theorem 1.3 (i), it follows from Lemmas 3.1 and 3.2 that

∥Γ(u)∥CτHs
x
≤ ∥u0∥Hs + Cτγ∥Φw∥Wρ,γ

T

(
∥u∥2CτHs

x
+ ∥u∥3CτHs

x

)
,

∥Γ(u)− Γ(v)∥CτHs
x

≤ Cτγ∥Φw∥Wρ,γ
T

(
1 + ∥u∥2CτHs

x
+ ∥v∥2CτHs

x

)
∥u− v∥CτHs

x
.

for any 0 < τ ≤ min(T, 1). Then, a standard contraction argument yields unconditional local

well-posedness of (1.32) with a unique solution u ∈ C([0, τ ];Hs(T)), where the local existence
time τ > 0 depends only on ∥u0∥Hs and ∥Φw∥Wρ,γ

T
. Here, the uniqueness of the solution a

priori holds only in the ball BR ⊂ C([0, τ ];Hs(T)) of radius R ∼ ∥u0∥Hs centered at the

origin but, by a standard continuity argument, we can extend the uniqueness to the entire

space C([0, τ ];Hs(T)) (by possibly making τ smaller by a multiplicative constant). Moreover,

by a standard persistence-of-regularity argument, we can easily show that the local existence

time τ in fact depends only on ∥u0∥L2 and ∥Φw∥Wρ,γ
T

. Since the argument is standard, we

omit details.10

Next, we show that the solution u to the normal form equation (1.32) constructed above

is indeed a solution to the original modulated KdV (1.2). From the contraction argument

above, we also have the following Lipschitz bound:

∥u(1) − u(2)∥CτHs
x
≲ ∥u(1)0 − u

(2)
0 ∥Hs (3.9)

for any solution u(j) to the normal form equation (1.32) with initial data u
(j)
0 , j = 1, 2,

constructed by the contraction argument described above, where τ > 0 denotes the minimum

of the local existence time for u(j), j = 1, 2. Now, given u0 ∈ Hs(T) and a (ρ, γ)-irregular

function w on [0, T ], let u ∈ C([0, τ ];Hs(T)) be the solution (1.32) with u|t=0 = u0, and

v ∈ Cγ([0, T ];Hs(T)) be the (global-in-time) solution to the modulated KdV (1.2) with

v|t=0 = u0 constructed in [21]. By repeating the computations presented in Subsection 1.5

(see also the discussion below for the justification of the formal steps in (1.27) for functions in

C([0, T ];L2(T))), we see that v also satisfies the normal form equation (1.32) with initial data

u0. Therefore, from (3.9), we conclude that v ≡ u on the time interval [0, τ ] and thus that u

satisfies the original modulated KdV (1.2) (more precisely, the Duhamel formulation (1.19)).

It remains to justify the formal steps in (1.27). For each fixed n ∈ Z∗, we need to justify

the following three steps:

(a) switching of the time integration and the summation at the second equality in (1.27),

(b) application of the product rule on û(t′, n1)û(t
′, n2) at the third equality in (1.27),

(c) integration by parts at the third equality in (1.27).

Fix u ∈ C([0, τ ];L2(T)) for some 0 < τ ≤ T . (a) Since we have

sup
0≤t≤τ

∑
n1,n2∈Z∗

n=n1+n2

|eiΞKdV(n̄)w(t′)û(t′, n1)û(t
′, n2)| ≤ ∥u∥2CτL2

x

10See [21, Proposition 4.1 (i)] for the persistence-of-regularity property for the bilinear operator Xt,0 defined
in (1.12). For the trilinear operator Nt defined in (1.28), we can simply repeat the proof of Lemma 3.2 with
s0 = s = 0 by inserting ⟨n⟩s ≲ ⟨n1⟩s + ⟨n2⟩s + ⟨n3⟩s.
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for each fixed n ∈ Z∗, the second equality of (1.27) follows from the Fubini theorem.

(b) From (1.24), we have

|∂tû(t, n)| ≤ |n|∥u(t)∥2L2
x

for any 0 ≤ t ≤ T . In particular, for each fixed n ∈ Z∗, we have û(·, n) is a C1-function in t,

which justifies the application of the product rule at the third step in (1.27). (c) Furthermore,

by noting from (1.9) that Φw
t1,t2(ΞKdV(n̄)) is a C1-function in t2, the integration by parts

at the third equality in (1.27) is justified. The discussion above shows that any solution

u ∈ C([0, τ ];L2(T)) to the Duhamel formulation (1.19) of the modulated KdV (1.2) with

u|t=0 = u0 for some 0 < τ ≤ T (which does not have to be the solution constructed above

or that constructed in [21]) is also a solution the normal form equation (1.32), which proves

unconditional uniqueness in the entire space C([0, τ ];L2(T)) without intersecting with any

auxiliary space.

Lastly, suppose in addition that w is (ρ, γ)-irregular on R+. Then, the claimed uncondi-

tional global well-posedness of the modulated KdV (1.2) in Hs(T) follows from the global

well-posedness proven in [21] and the local-in-time unconditional uniqueness discussed above

which can be iteratively applied to yield global-in-time unconditional uniqueness.

(ii) The claimed nonlinear smoothing follows from applying Lemmas 3.1 and 3.2 to the normal

form equation (1.32). □

4. Modulated BO

We present a proof of Theorem 1.6 for the modulated BO (1.3) on T. The bilinear driver

associated with the modulated BO (1.3) on T is given by

XBO
t,r (f1, f2) =

ˆ t

r
Uw(t′)−1∂x

(
(Uw(t′)f1)(U

w(t′)f2)
)
dt′, (4.1)

where

Uw(t) = ew(t)H∂2
x

denotes the modulated linear propagator for (1.3). By taking the Fourier transform, we have

F
(
XBO

t,r (f1, f2)
)
(n) = in

∑
n1,n2∈Z∗

n=n1+n2

Φw
t,r(ΞBO(n̄))f̂1(n1)f̂2(n2),

where Φw
t,r is as in (1.9) and ΞBO(n̄) denotes the resonance function for BO given by

ΞBO(n̄) = ΞBO(n, n1, n2) = −|n|n+ |n1|n1 + |n2|n2. (4.2)

Given 0 ≤ r < t ≤ T , define the trilinear operator NBO
t,r (f1, f2, f3), acting on functions on T,

by

Fx

(
NBO

t,r (f1, f2, f3)
)
(n)

= −2n
∑

n1,n2,n3∈Z∗
n=n123

Φw
t,r(ΞBO(n, n12, n3))e

iΞBO(n12,n1,n2)w(r)n12

3∏
j=1

f̂j(nj),
(4.3)
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where we used the convention (1.29). Let u(t) = Uw(t)−1u(t) denote the modulated interac-

tion representation of a solution u to (the Duhamel formulation of) (1.3). Then, proceeding

as in Subsection 1.5, we have the following normal form equation for the modulated BO (1.3):

û(t, n)− û(0, n) = Fx

(
XBO

t,0 (u(0))
)
(n) +

ˆ t

0
Fx

(
NBO

t,t′ (u(t
′))

)
(n)dt′,

where we used the short-hand notation (2.1).

We recall the following boundedness and nonlinear smoothing property of the bilinear

operator XBO
t,r ; see [21, Proposition 5.1].

Lemma 4.1. Given ρ ≥ 1, 1
2 < γ < 1, and T > 0, let w be (ρ, γ)-irregular on [0, T ] in the

sense of Definition 1.1. Given 0 ≤ r < t ≤ T , let XBO
t,r be as in (4.1). Suppose that s ∈ R

satisfies (1.16). Then, we have XBO
t,r ∈ L2(H

s(T);Hs(T)) with the following bound :

∥XBO
t,r ∥L2(Hs;Hs) ≲ (t− r)γ∥Φw∥Wρ,γ

T

for any 0 ≤ r < t ≤ T , where the implicit constant is independent of T > 0. In addition

to (1.16), suppose that ρ > 1 and s0 > s satisfy one of the following conditions:

(ii.a) 0 ≤ s < s0 ≤ ρ− 1,

(ii.b) s < 0 and s0 ≤ s+ ρ− 1.

Then, we have XBO
t,0 ∈ L2(H

s(T);Hs0(T)) with the following bound :

∥XBO
t,r ∥L2(Hs;Hs0 ) ≲ (t− r)γ∥Φw∥Wρ,γ

T

for any 0 ≤ r < t ≤ T .

Once we prove the following lemma on the trilinear operator NBO
t,r defined in (4.3), Theo-

rem 1.6 for the modulated BO (1.3) follows from proceeding as in the proof of Theorem 1.3 for

the modulated KdV (1.2) presented in Section 3. We omit details of the proof of Theorem 1.6.

Lemma 4.2. Given ρ ≥ 1, 1
2 < γ < 1, and T > 0, let w be (ρ, γ)-irregular on [0, T ] in the

sense of Definition 1.1. Given 0 ≤ r < t ≤ T , let NBO
t,r be as in (4.3). Suppose that s ≥ 0

and s0 ∈ R satisfy

s+ ρ ≥ 1, 2s+ ρ >
3

2
(4.4)

and

s0 < s+ ρ− 5

2
. (4.5)

Then, NBO
t,r belongs to L3(H

s(T);Hs0(T)), satisfying the following bound :

∥NBO
t,r ∥L3(Hs;Hs0 ) ≲ (t− r)γ∥Φw∥Wρ,γ

T
(4.6)

for any 0 ≤ r < t ≤ T , where the implicit constant is independent of T > 0.

Here, the condition ρ ≥ 1 may be relaxed, but, in view of Lemma 4.1, we keep it as it is

since we need both Lemmas 4.1 and 4.2 to prove Theorem 1.6. A similar comment applies

to Lemma 5.2.

Just as in the modulated KdV case, the bound (4.6) does not hold for s < 0; see Remark 3.3.

We conclude this section by presenting a proof of Lemma 4.2.
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Proof of Lemma 4.2. From (4.3) with (1.8) and (4.2), we have

∥NBO
t,r (f1, f2, f3)∥Hs0 ≤ (t− r)γ∥Φw∥Wρ,γ

T
MBO(f1, f2, f3)

for any 0 ≤ r < t ≤ T , where MBO(f1, f2, f3) is given by

MBO(f1, f2, f3)

=

∥∥∥∥ ∑
n1,n2,n3∈Z∗

n=n123

⟨ΞBO(n, n12, n3)⟩−ρ

⟨n⟩−s0−1⟨n12⟩−1⟨n1⟩s⟨n2⟩s⟨n3⟩s
3∏

j=1

⟨nj⟩s|f̂j(nj)|
∥∥∥∥
ℓ2n

.

Then, arguing as in (3.8), it suffices to show that

JBO =

( ∑
n,n3∈Z∗

1n=n1231n12 ̸=0 · ⟨ΞBO(n, n12, n3)⟩−2ρ

⟨n⟩−2s0−2⟨n− n3⟩−2+2s⟨n3⟩2s

) 1
2

< ∞.

From (4.2), we have, under n = n12 + n3,

(a) If n12n3 > 0 (i.e. n, n12, and n3 all have the same sign), then |ΞBO(n, n12, n3)| =
2|n12n3|.

(b) If n, n12 > 0 > n3, then |ΞBO(n, n12, n3)| = 2|nn3|.
(c) If n, n3 > 0 > n12, then |ΞBO(n, n12, n3)| = 2|nn12|.
(d) If n12 > 0 > n, n3, then |ΞBO(n, n12, n3)| = 2|nn12|.
(e) If n3 > 0 > n, n12, then |ΞBO(n, n12, n3)| = 2|nn3|.

By symmetry, we only consider Cases (a), (b), and (c) in the following.

• Case (a): n12n3 > 0.

In this case, we have

(JBO)2 ≲
∑

n,n3∈Z

1

⟨n⟩−2s0−2⟨n− n3⟩2ρ−2+2s⟨n3⟩2ρ+2s
.

By Lemma 2.1 in summing first in n3 and then in n, we have JBO < ∞, provided that

s+ ρ ≥ 1 and s0 < s+ ρ− 5
2 .

• Case (b): n, n12 > 0 > n3.

In this case, we have |n12| > |n3| and thus |n12| ≳ |n|, since n = n12 + n3. Then, we have

(JBO)2 ≲
∑

n,n3∈Z

1n=n1231|n12|∼|n3|≳|n|

⟨n⟩2ρ−2s0−2⟨n3⟩2ρ+4s−2

+
∑

n,n3∈Z

1n=n1231|n12|∼|n|≳|n3|

⟨n⟩2ρ−2s0+2s−4⟨n3⟩2ρ+2s
< ∞,

provided that 2s+ ρ > 3
2 and s0 < s+ ρ− 5

2 .

• Case (c): n, n3 > 0 > n12.

In this case, we have |n3| > |n12| and thus |n3| ≳ |n|, since n = n12 + n3. Then, by
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Lemma 2.1, we have

(JBO)2 ≲
∑

n,n3∈Z

1n=n1231|n12|∼|n3|≳|n|

⟨n⟩2ρ−2s0−2⟨n3⟩2ρ+4s−2

+
∑

n,n3∈Z

1n=n1231|n|∼|n3|≳|n12|

⟨n⟩2ρ−2s0+2s−2⟨n− n3⟩2ρ−2+2s
< ∞,

provided that 2s+ ρ > 3
2 and s0 < min

(
2s+ 2ρ− 3, s+ ρ− 3

2

)
.

Therefore, putting all the cases together, we conclude that the desired bound (4.6) holds,

provided that (4.4) and (4.5) hold. □

5. Modulated dNLS

In this section, we briefly discuss a proof of Theorem 1.8 for the modulated dNLS (1.22)

on T. The bilinear driver associated with the modulated dNLS (1.22) on T is given by

XdNLS
t,r (f1, f2) = −i

ˆ t

r
Uw(t′)−1∂x

(
(Uw(t′)f1)(U

w(t′)f2)
)
dt′, (5.1)

where

Uw(t) = eiw(t)∂2
x

denotes the modulated linear propagator for (1.22). By taking the Fourier transform, we

have

F
(
XdNLS

t,r (f1, f2)
)
(n) = n

∑
n1,n2∈Z∗

n=n1+n2

Φw
t,r(ΞdNLS(n̄))f̂1(n1)f̂2(n2),

where Φw
t,r is as in (1.9) and ΞdNLS(n̄) denotes the resonance function for dNLS given by

ΞdNLS(n̄) = ΞdNLS(n, n1, n2) = n2 − n2
1 − n2

2

= 2n1n2,
(5.2)

where the last equality holds under n = n1 + n2. Given 0 ≤ r < t ≤ T , define the trilinear

operator N dNLS
t,r (f1, f2, f3), acting on functions on T, by

Fx

(
N dNLS

t,r (f1, f2, f3)
)
(n)

= −2in
∑

n1,n2,n3∈Z∗
n=n123

Φw
t,r(ΞdNLS(n, n12, n3))e

iΞdNLS(n12,n1,n2)w(r)n12

3∏
j=1

f̂j(nj),
(5.3)

where we used the convention (1.29). Let u(t) = Uw(t)−1u(t) denote the modulated interac-

tion representation of a solution u to (the Duhamel formulation of) (1.22). Then, proceeding

as in Section 3, we have the following normal form equation for the modulated dNLS (1.22):

û(t, n)− û(0, n) = Fx

(
XdNLS

t,0 (u(0))
)
(n) +

ˆ t

0
Fx

(
N dNLS

t,t′ (u(t′))
)
(n)dt′,

where we used the short-hand notation (2.1).

The next lemma on the boundedness and nonlinear smoothing property of the bilinear

operator XdNLS
t,r follows from Cases (i.a) and (iii.a) in the proof of [21, Proposition 5.1] for

the bilinear driver XBO
t,r for the modulated BO defined in (4.1).
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Lemma 5.1. Given ρ ≥ 1, 1
2 < γ < 1, and T > 0, let w be (ρ, γ)-irregular on [0, T ] in the

sense of Definition 1.1. Given 0 ≤ r < t ≤ T , let XdNLS
t,r be as in (5.1). Suppose that s ∈ R

satisfies

s+ ρ ≥ 0 and s >
3

2
− 2ρ. (5.4)

Then, we have XdNLS
t,r ∈ L2(H

s(T);Hs(T)) with the following bound :

∥XdNLS
t,r ∥L2(Hs;Hs) ≲ (t− r)γ∥Φw∥Wρ,γ

T

for any 0 ≤ r < t ≤ T , where the implicit constant is independent of T > 0. In addition

to (5.4), suppose that ρ > 1 and s0 > s satisfy

s+ ρ ≥ 0, s0 ≤ s+ ρ− 1, and s0 < 2s+ 2ρ− 3

2
.

Then, we have XdNLS
t,r ∈ L2(H

s(T);Hs0(T)) with the following bound :

∥XdNLS
t,r ∥L2(Hs;Hs0 ) ≲ (t− r)γ∥Φw∥Wρ,γ

T

for any 0 ≤ r < t ≤ T .

Once we prove the following lemma on the trilinear operator N dNLS
t,r defined in (5.3),

Theorem 1.8 for the modulated dNLS (1.22) follows from proceeding as in the proof of

Theorem 1.3 for the modulated KdV (1.2) presented in Section 3. We omit details of the

proof of Theorem 1.8.

Lemma 5.2. Given ρ ≥ 1, 1
2 < γ < 1, and T > 0, let w be (ρ, γ)-irregular on [0, T ] in the

sense of Definition 1.1. Given 0 ≤ r < t ≤ T , let N dNLS
t,r be as in (5.3). Suppose that s ≥ 0

and s0 ∈ R satisfy

s+ ρ ≥ 1 (5.5)

and

s0 < s+ ρ− 5

2
. (5.6)

Then, N dNLS
t,r belongs to L3(H

s(T);Hs0(T)), satisfying the following bound :

∥N dNLS
t,r ∥L3(Hs;Hs0 ) ≲ (t− r)γ∥Φw∥Wρ,γ

T
(5.7)

for any 0 ≤ r < t ≤ T , where the implicit constant is independent of T > 0.

Note that the bound (5.7) does not hold for s < 0; see Remark 3.3. We conclude this

section by presenting a proof of Lemma 5.2.

Proof of Lemma 5.2. From (5.3) with (1.8) and (4.2), we have

∥N dNLS
t,r (f1, f2, f3)∥Hs0 ≤ (t− r)γ∥Φw∥Wρ,γ

T
MdNLS(f1, f2, f3)

for any 0 ≤ r < t ≤ T , where MdNLS(f1, f2, f3) is given by

MdNLS(f1, f2, f3)

=

∥∥∥∥ ∑
n1,n2,n3∈Z∗

n=n123

⟨ΞdNLS(n, n12, n3)⟩−ρ

⟨n⟩−s0−1⟨n12⟩−1⟨n1⟩s⟨n2⟩s⟨n3⟩s
3∏

j=1

⟨nj⟩s|f̂j(nj)|
∥∥∥∥
ℓ2n

.
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Then, arguing as in (3.8), it suffices to show that

JdNLS =

( ∑
n,n3∈Z∗

1n=n1231n12 ̸=0 · ⟨ΞdNLS(n, n12, n3)⟩−2ρ

⟨n⟩−2s0−2⟨n− n3⟩−2+2s⟨n3⟩2s

) 1
2

< ∞. (5.8)

From (5.2), we have

ΞdNLS(n, n12, n3) = 2n12n3. (5.9)

under n = n12 + n3. Then, from (5.8) and (5.9), we have

(JdNLS)2 ≲
∑

n,n3∈Z

1

⟨n⟩−2s0−2⟨n− n3⟩2ρ−2+2s⟨n3⟩2ρ+2s
.

By Lemma 2.1 in summing first in n3 and then in n, we have JdNLS < ∞, provided that (5.5)

and (5.6) hold. This proves (5.7). □

Appendix A. Unconditional uniqueness for the modulated cubic NLS on the

circle

In this appendix, we study the following modulated cubic NLS on T:

i∂tu+ ∂2
xu · ∂tw = |u|2u. (A.1)

In [20], Chouk and the first author showed that if w is (ρ, γ)-irregular on R+ for some ρ > 1
2

(and 1
2 < γ < 1), then (A.1) is globally well-posed in L2(T); see [20, Theorem 1.8].

Given a solution u ∈ C([0, T ];L2(T)) to (A.1), we define the following invertible gauge

transform:

v(t) = e−2i
´
T |u(t)|2dxTu(t). (A.2)

In view of the L2-conservation (see [20, Subsection 3.3]), a direct computation shows that

the gauged function v satisfies the following renormalized modulated cubic NLS:

i∂tv + ∂2
xv · ∂tw =

(
|v|2 − 2

ˆ
T
|v|2dxT

)
v

= N (v) +R(v).

(A.3)

Here, N (v) and R(v) denote the non-resonant and (doubly) resonant parts of the renormal-

ized nonlinearity, respectively, defined by

Fx

(
N (v1, v2, v3)

)
(n) =

∑
n=n∗

123
n ̸=n1,n3

v̂1(n1)v̂2(n2)v̂3(n3),

Fx

(
R(v1, v2, v3)

)
(n) = −v̂1(n)v̂2(n)v̂3(n),

(A.4)

where we used the short-hand notation (2.1) and the following short-hand notation:

n∗
1···k = n1 − n2 + n3 − · · ·+ nk (A.5)

for k ∈ 2N + 1. The renormalization via the gauge transform (A.2) essentially removes the

resonant contribution from n = n1 or n3 in the original cubic nonlinearity (at the expense of

introducing the doubly resonant term R(v)), which has been used widely in the study of the

cubic NLS in the low regularity setting; see, for example, [5, 22, 51, 27, 57, 41, 86, 87]. In
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particular, with the renormalized nonlinearity on the right-hand side of (A.3), the resonance

(i.e. ΞNLS(n̄) = 0, where ΞNLS(n̄) is as in (1.36)) occurs only when n = n1 = n2 = n3.

Our main goal in this appendix is to implement a Poincaré-Dulac normal form reduction

for (A.3) and prove the following theorem.

Theorem A.1. Given ρ > 2
3 ,

1
2 < γ < 1, and T > 0, let w be (ρ, γ)-irregular on [0, T ] in the

sense of Definition 1.1. Then, given any s ≥ 1
6 , the modulated cubic NLS equation (A.1) on

T is unconditionally locally well-posed in Hs(T). In particular, if, in addition, w is (ρ, γ)-

irregular on R+, then the modulated cubic NLS equation (A.1) on T is unconditionally globally

well-posed in Hs(T).

In view of the cubic nonlinearity in (A.1) and the (essentially scaling invariant) embedding

H
1
6 (T) ⊂ L3(T), the regularity threshold s ≥ 1

6 in Theorem A.1 is sharp (within the L2-based

Sobolev scale).

The remaining part of this appendix is devoted to a proof of Theorem A.1. In view of the

equivalence of (A.1) and (A.3) in L2(T), Theorem A.1 follows once we prove the claim for

the renormalized modulated cubic NLS (A.3). Hence, we focus on (A.3) in the following.

Let v(t) = Uw(t)−1v(t) denote the modulated interaction representation of a solution v

to (A.3). Then, from (A.4), we have

∂tv̂(t, n) = −i
∑

n=n∗
123

n̸=n1,n3

eiΞNLS(n̄)w(t)
3∏

j=1

v̂∗(t, nj)

+ i|v̂(t, n)|2v̂(t, n)

(A.6)

for n ∈ Z, where ΞNLS(n̄) denotes the resonance function for (A.3) defined in (1.36) and

v̂∗(t, nj) =

{
v̂(t, nj), when j is odd,

v̂(t, nj), when j is even.
(A.7)

Then, we have

v̂(t, n)− v̂(0, n) = −i

ˆ t

0
Fx

(
Uw(t′)−1N (Uw(t′)v(t′))

)
dt′

− i

ˆ t

0
Fx

(
Uw(t′)−1R(Uw(t′)v(t′))

)
dt′

= −i

ˆ t

0

∑
n=n∗

123
n̸=n1,n3

eiΞNLS(n̄)w(t′)
3∏

j=1

v̂∗(t′, nj)

+ i

ˆ t

0
|v̂(t′, n)|2v̂(t′, n)dt′.

(A.8)

The first and second terms on the right-hand side of (A.8) represent the non-resonant and

resonant contributions, respectively. In the following, we apply a normal form reduction

to the non-resonant part (corresponding to a Poincaré-Dulac normal form reduction; see

Remark 1.11).
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The trilinear driver associated with the non-resonant part in (A.8) is given by

XNLS
t,r (f1, f2, f3) = −i

ˆ t

r
Uw(t′)−1N

(
Uw(t′)f1, U

w(t′)f2, U
w(t′)f3

)
dt′, (A.9)

where

Uw(t) = eiw(t)∂2
x

denotes the modulated linear propagator for (A.3). By taking the Fourier transform, it follows

from (A.4) that

F
(
XNLS

t,r (f1, f2, f3)
)
(n) = −i

∑
n=n∗

123
n̸=n1,n3

Φw
t,r(ΞNLS(n̄))f̂1(n1)f̂2(n2)f̂3(n3), (A.10)

where Φw
t,r and ΞNLS(n̄) are as in (1.9) and (1.36).

Proceeding as in (1.27) with (A.8) and (1.26), we have

−i

ˆ t

0
Fx

(
Uw(t′)−1N (Uw(t′)v(t′)

)
dt′

= i
∑

n=n∗
123

n̸=n1,n3

ˆ t

0
∂t′Φ

w
t,t′(ΞNLS(n̄))

3∏
j=1

v̂∗(t′, nj)dt
′

= Fx

(
XNLS

t,0 (v(0),v(0),v(0))
)
(n)

− i
∑

n=n∗
123

n̸=n1,n3

ˆ t

0
Φw
t,t′(ΞNLS(n̄)) ∂t

( 3∏
j=1

v̂∗(t′, nj)

)
dt′.

(A.11)

In view of the second term on the right-hand side of (A.11) with (A.6), we define the quin-

tilinear operators NNNLS
t,r (f1, . . . , f5) and NRNLS

t,r (f1, . . . , f5), acting on functions on T, by

Fx

(
NNNLS

t,r (f1, . . . , f5)
)
(n)

= −2
∑

n=n∗
12345

n̸=n∗
123,n5

n∗
123 ̸=n1,n3

Φw
t,r(ΞNLS(n, n

∗
123, n4, n5))e

iΞNLS(n
∗
123,n1,n2,n3)w(r)

5∏
j=1

f̂∗
j (nj)

+
∑

n=n∗
12345

n̸=n1,n5
n∗
234 ̸=n2,n4

Φw
t,r(ΞNLS(n, n1, n

∗
234, n5))e

−iΞNLS(n
∗
234,n2,n3,n4)w(r)

5∏
j=1

f̂∗
j (nj)

=: Fx

(
I t,r(f1, . . . , f5)

)
(n) + Fx

(
IIt,r(f1, . . . , f5)

)
(n)

(A.12)
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and

Fx

(
NRNLS

t,r (f1, . . . , f5)
)
(n)

= 2
∑

n=n1−n4+n5
n̸=n1,n5

Φw
t,r(ΞNLS(n, n1, n4, n5))

3∏
j=1

f̂∗
j (n1) ·

5∏
j=4

f̂∗
j (nj)

−
∑

n=n1−n2+n5
n̸=n1,n5

Φw
t,r(ΞNLS(n, n1, n2, n5))

4∏
j=2

f̂∗
j (n2) ·

∏
j∈{1,5}

f̂∗
j (nj)

(A.13)

for 0 ≤ r < t ≤ T , where we used the conventions (A.5) and (A.7).

Hence, putting (A.8), (A.11), (A.12), and (A.13) together, we obtain the following normal

form equation for the renormalized modulated cubic NLS (A.3):

v̂(t, n)− v̂(0, n) = Fx

(
XNLS

t,0 (v(0))
)
(n) +

ˆ t

0
Fx

(
R(v(t′))

)
dt′

+

ˆ t

0
Fx

(
NNNLS

t,t′ (v(t′))
)
(n)dt′

+

ˆ t

0
Fx

(
NRNLS

t,t′ (v(t′))
)
(n)dt′,

(A.14)

where we used the short-hand notation (2.1) and the trilinear operator R(f1, f2, f3), acting

on functions on T, is defined by

Fx

(
R(f1, f2, f3)

)
(n) = if̂1(n)f̂2(n)f̂3(n). (A.15)

We now state lemmas on boundedness properties of the multilinear operators appearing

in (A.14). Once we prove these lemmas (Lemmas A.2, A.3, and A.4), Theorem A.1 for the

renormalized modulated cubic NLS (A.3) (and hence for the modulated cubic NLS (A.1))

follows from proceeding as in the proof of Theorem 1.3 for the modulated KdV (1.2) presented

in Section 3 with the observation that, given a solution v to (A.3) in the class

C([0, τ ];H
1
6 (T)) ⊂ C([0, τ ];L3(T))

for some 0 < τ ≤ T , v̂(·, n) is a C1-function in t for each fixed n ∈ Z∗, which is a key

point in justifying the formal computations in deriving the normal form equation (A.14); see

also [56, 87]. We omit details of the proof of Theorem A.1.

The boundedness of R in (A.15) follows trivially.

Lemma A.2. Let R be as in (A.15). Then, given any s ≥ 0, we have

∥R∥L3(Hs;Hs) ≤ 1. (A.16)

Proof. The bound (A.16) follows from ⟨n⟩s ≤ ⟨n⟩3s for s ≥ 0 and ∥an∥ℓ6n ≤ ∥an∥ℓ2n . □

Next, we establish boundedness of the trilinear operator XNLS
t,r defined in (A.9).

Lemma A.3. Given ρ > 1
2 ,

1
2 < γ < 1, and T > 0, let w be (ρ, γ)-irregular on [0, T ] in the

sense of Definition 1.1. Given 0 ≤ r < t ≤ T , let XNLS
t,r be as in (A.9). Then, given any

s ≥ 0, we have XNLS
t,r ∈ L3(H

s(T);Hs(T)) with the following bound :

∥XNLS
t,r ∥L3(Hs;Hs) ≲ (t− r)γ∥Φw∥Wρ,γ

T
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for any 0 ≤ r < t ≤ T , where the implicit constant is independent of T > 0.

Proof. From (A.10), Cauchy-Schwarz’s inequality, (1.8), and (1.36) (note that n ̸= n1, n3)

with the triangle inequality ⟨n∗
123⟩s ≲ ⟨n1⟩s⟨n2⟩s⟨n3⟩s for s ≥ 0, we have

∥XNLS
t,r (f1, f2, f3)∥Hs ≲ (t− r)γ∥Φw∥Wρ,γ

T

∥∥∥∥∥
( ∑

n1,n3∈Z

1

⟨n− n1⟩2ρ⟨n− n3⟩2ρ

) 1
2

×
( ∑

n=n∗
123

3∏
j=1

⟨nj⟩2s|f̂j(nj)|2
) 1

2

∥∥∥∥∥
ℓ2n

≲ ∥Φw∥Wρ,γ
T

(t− r)γ
3∏

j=1

∥fj∥Hs ,

provided that ρ > 1
2 . □

Lastly, we establish boundedness of the quintilinear operators NNNLS
t,r (f1, . . . , f5) and

NRNLS
t,r (f1, . . . , f5) defined in (A.12) and (A.13).

Lemma A.4. (i) Given ρ > 1
2 ,

1
2 < γ < 1, and T > 0, let w be (ρ, γ)-irregular on [0, T ] in

the sense of Definition 1.1. Given 0 ≤ r < t ≤ T , let NRNLS
t,r be as in (A.13). Then, given

s ≥ 0, NRNLS
t,r belongs to L5(H

s(T);Hs(T)), satisfying the following bound :

∥NRNLS
t,r ∥L5(Hs;Hs) ≲ (t− r)γ∥Φw∥Wρ,γ

T
. (A.17)

(ii) Given ρ > 2
3 ,

1
2 < γ < 1, and T > 0, let w be (ρ, γ)-irregular on [0, T ] in the sense

of Definition 1.1. Given 0 ≤ r < t ≤ T , let NNNLS
t,r be as in (A.12). Then, given s ≥ 1

6 ,

NNNLS
t,r belongs to L5(H

s(T);Hs(T)), satisfying the following bound :

∥NNNLS
t,r ∥L5(Hs;Hs) ≲ (t− r)γ∥Φw∥Wρ,γ

T
. (A.18)

Proof. (i) From (A.13), (A.10), (A.15), we have

NRNLS
t,r (f1, . . . , f5) = 2XNLS

t,r (R(f1, f2, f3), f4, f5) +XNLS
t,r (f1,R(f2, f3, f4), f5).

Hence, the bound (A.17) follows from Lemmas A.2 and A.3, provided that ρ > 1
2 and s ≥ 0.

(ii) In view of the triangle inequality ⟨n∗
1···5⟩σ ≲

∏5
j=1⟨nj⟩σ for σ ≥ 0, we only consider the

case s = 1
6 .

We first estimate I t,r(f1, . . . , f5) in (A.12).

• Case (a): |n| ≫ |n5|.
From (A.12), (1.8), and (1.36) with ⟨n⟩ ∼ ⟨n− n5⟩, we have

∥ I t,r(f1, . . . , f5)∥
H

1
6
≲ (t− r)γ∥Φw∥Wρ,γ

T

∥∥∥∥ ∑
m=n∗

123

3∏
j=1

f̂∗
j (nj)

∥∥∥∥
ℓ∞m

×
∥∥∥∥ ∑
n=m−n4+n5

|f̂4(n4)||f̂5(n5)|
⟨n−m⟩ρ⟨n− n5⟩ρ−

1
6

∥∥∥∥
ℓ2n

.

(A.19)
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By Hausdorff-Young’s and Sobolev’s inequalities, we have∥∥∥∥ ∑
m=n∗

123

3∏
j=1

f̂∗
j (nj)

∥∥∥∥
ℓ∞m

≤
3∏

j=1

∥fj∥L3 ≲
3∏

j=1

∥fj∥
H

1
6
. (A.20)

On the other hand, using ⟨n⟩ ∼ ⟨n − n5⟩ and applying Young’s, Hausdorff-Young’s, and

Sobolev’s inequalities, we have the last factor on the right-hand side of (A.19) is bounded by

≲

∥∥∥∥ 1

⟨n⟩ρ−
1
6

∥∥∥∥
ℓ2n

·
∑

n4,n5∈Z

|f̂4(n4)||f̂5(n5)|
⟨n4 − n5⟩ρ

≲ ∥f̂4(n4)∥
ℓ
3
2
n4

∥∥∥∥ ∑
n5∈Z

f̂5(n5)

⟨n4 − n5⟩ρ

∥∥∥∥
ℓ3n4

≲
5∏

j=4

∥fj∥L3 ≲
5∏

j=4

∥fj∥
H

1
6
,

(A.21)

provided that ρ > 2
3 . Hence, the bound (A.18) follows from (A.19), (A.20), and (A.21) in

this case.

• Case (b): |n| ≲ |n5|.
By ⟨n⟩

1
6 ≲ ⟨n5⟩

1
6 , we have

∥ I t,r(f1, . . . , f5)∥
H

1
6
≲ (t− r)γ∥Φw∥Wρ,γ

T

∥∥∥∥ ∑
m=n∗

123

3∏
j=1

f̂∗
j (nj)

∥∥∥∥
ℓ∞m

×
∥∥∥∥ ∑
n=m−n4+n5

|f̂4(n4)|⟨n5⟩
1
6 |f̂5(n5)|

⟨n−m⟩ρ⟨n− n5⟩ρ

∥∥∥∥
ℓ2n

,

(A.22)

where the last factor is bounded by

≲

∥∥∥∥ ∑
n4∈Z

f̂4(n4)

⟨n4 − n5⟩ρ

∥∥∥∥
ℓ3n5

∥∥∥∥∥
∥∥∥∥⟨n5⟩

1
6 |f̂5(n5)|

⟨n− n5⟩ρ

∥∥∥∥
ℓ
3
2
n5

∥∥∥∥∥
ℓ2n

≲ ∥f4∥L3∥f5∥
H

1
6
≲

5∏
j=4

∥fj∥
H

1
6
,

(A.23)

provided that ρ > 2
3 . Hence, the bound (A.18) follows from (A.22), (A.20), and (A.23) in

this case.

Next, we estimate the second term IIt,r(f1, . . . , f5) in (A.12).

• Case (c): |n| ≫ max(|n1|, |n5|).
Proceeding as in (A.19) with ⟨n− n5⟩ ∼ ⟨n⟩, we have

∥IIt,r(f1, . . . , f5)∥
H

1
6
≲ (t− r)γ∥Φw∥Wρ,γ

T

∥∥∥∥ ∑
m=n∗

234

4∏
j=2

f̂∗
j (nj)

∥∥∥∥
ℓ∞m

×
∥∥∥∥ ∑
n=n1−m+n5

|f̂1(n1)||f̂5(n5)|
⟨n− n1⟩ρ⟨n⟩ρ−

1
6

∥∥∥∥
ℓ2n

.

(A.24)
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With ⟨n − n1⟩ ≳ ⟨n1 − n5⟩, we can bound the last factor of the right-hand side of (A.24)

by (A.21) (after relabelling), while the penultimate factor of the right-hand side of (A.24)

can be bounded by (A.20) (after relabelling). This proves (A.18) in this case, provided that

ρ > 2
3 .

• Case (d): |n| ≲ max(|n1|, |n5|).
Without loss of generality, assume that |n5| ≳ |n1|. Then, proceeding as in (A.22), we

have

∥IIt,r(f1, . . . , f5)∥
H

1
6
≲ (t− r)γ∥Φw∥Wρ,γ

T

∥∥∥∥ ∑
m=n∗

234

4∏
j=2

f̂∗
j (nj)

∥∥∥∥
ℓ∞m

×
∥∥∥∥ ∑
n=n1−m+n5

|f̂1(n1)|⟨n5⟩
1
6 |f̂5(n5)|

⟨n− n1⟩ρ⟨n− n5⟩ρ

∥∥∥∥
ℓ2n

,

(A.25)

where the last factor is bounded by

≲

∥∥∥∥ ∑
n1∈Z

f̂1(n1)

⟨n− n1⟩ρ

∥∥∥∥
ℓ3n

∥∥∥∥ ∑
n5∈Z

⟨n5⟩
1
6 |f̂5(n5)|

⟨n− n5⟩ρ

∥∥∥∥
ℓ6n

≲ ∥f1∥L3∥f5∥
H

1
6
≲

∏
j∈{1,5}

∥fj∥
H

1
6
,

(A.26)

provided that ρ > 2
3 . Hence, the bound (A.18) follows from (A.25), and (A.26) with (A.20)

(after relabelling). □

Remark A.5. By slightly modifying the normal form reduction, it is possible to prove

nonlinear smoothing for (A.1), as in Theorems 1.3, 1.6, and 1.8. More precisely, as in [56,

87], we can implement a normal form reduction by introducing a suitable cutoff K for the

resonance function ΞNLS(n̄) in (1.36) and thus separately considering the nearly resonant

contribution (coming from |ΞNLS(n̄)| ≪ K) and the highly non-resonant contribution (coming

from |ΞNLS(n̄)| ≳ K). For example, takeK ∼ nmax. In the nearly resonant case: |ΞNLS(n̄)| ≪
nmax, where ΞNLS(n̄) and nmax are as in (1.36) and (1.33), respectively, we have

|n| ∼ |n1| ∼ |n2| ∼ |n3|,

which implies nonlinear smoothing, provided that s0 ≤ 3s (possibly with further conditions).

On the other hand, it follows from (1.8) and |ΞNLS(n̄)| ≳ nmax that nonlinear smoothing of

arbitrary degree holds for the highly non-resonant part provided that ρ is sufficiently large.

For conciseness of the presentation, we omit details.

Remark A.6. The regularity restriction s ≥ 1
6 appears in (A.20), which shows that if we

were to stop normal form reductions within a finite number of steps, we would not be able

to go below the regularity threshold s = 1
6 . Hence, as in the case of the unmodulated cubic

NLS (1.37) studied in [56, 87], we expect that an infinite iteration of normal form reduction

is needed to go below s = 1
6 . We, however, point out that this comes with a twist due to the

fact that the identity (1.25) is replaced by (1.26) in the modulated setting. We will address

this issue in a forthcoming paper.
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