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Abstract

We analyse the effect of a generic continuous additive perturbation to the well-posedness
of ordinary differential equations. Genericity here is understood in the sense of prevalence.
This allows us to discuss these problems in a setting where we do not have to commit
ourselves to any restrictive assumption on the statistical properties of the perturbation.
The main result is that a generic continuous perturbation renders the Cauchy problem well-
posed for arbitrarily irregular vector fields. Therefore we establish regularisation by noise
“without probability”.
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1 Introduction

From the modelling point of view, the presence of external perturbations to otherwise autonomous
evolutions is a very natural assumption. Let d € N and consider the ODE in R¢

{iﬁgilﬁﬁ’éﬁﬁww .20, (1)

where w € C(R,,R?) is a fixed perturbation, the dot denotes differentiation with respect to time
and b : Ry x R? — R? is a time-dependent vector field. Provided eq. (1) is understood as an
integral equation and thanks to the additive nature of the perturbation, there are no particular
regularity requirements, apart from continuity, which have to be imposed on the function w. A
natural question is then for which classes of vector fields b eq. (1) is well-posed and if, for certain
sets of perturbations w, one can obtain well-posedness results in classes which are known to lead
to an ill-posed problem when w = 0.

One possible approach to this problem is to consider w a sample path of a stochastic process W
defined on a probability space (2, F,P). Indeed, in recent years there has been a lot of activity
in understanding the possible role of random perturbations to improve the well-posedness of
ordinary (or partial) differential equations (ODE/PDE) (see [19] for a recent review). This
approach has, however, certain limitations:

a) It requires to make very specific assumptions on the kind of randomness which is allowed in
any specific problem.

b) It introduces into the picture considerations which are not quite germane to the initial formu-
lation. For example measurability (or adaptedness) wrt. € of solutions as soon as we need to
look at them in the sense of stochastic processes (i.e. seen as random variables) and weaker
notions of uniqueness which are not easy to compare to the deterministic setting.

With respect to point a) one can use other assumptions to justify specific choices. Within the
class of time-dependent continuous random processes, for example, Brownian motion has suitable
features of universality and Markovianity, making it a natural choice. Furthermore, a large set
of theoretical tools is available to analyse the effect of Brownian perturbations to deterministic
evolutions and this topic has a long and extensive literature [7, 13, 14, 21, 34, 51, 52]. Other
classes of random perturbations, like fractional Brownian motion (fBm) have been more recently
analysed, or even more exotic variants (e.g. a-stable and log regular processes) [1, 35, 41, 45,
16).



As for the technical limitations in point b) a possible solution is to modify the probabilistic
setting in order to derive path-wise statements:

i. Davie and Flandoli introduced a stronger concept of uniqueness called path-by-path unique-
ness [15, 19, 20] in the Brownian setting.

ii. Catellier and one of the authors [10] studied almost sure regularisation properties of fractional
Brownian motion (fBm) and applied them to show strong well-posedness results for (1) when
w is a sample path of an fBm.

In this work we take a conceptually different approach and consider the regularisation by noise
problem from the point of view of gemeric perturbations, in particular without reference to any
(specific) probabilistic setting.

We will say that a property holds for almost every path w if it holds for a prevalent set of paths.
Prevalence [42] is a notion of “Lebesgue measure zero sets” in infinite dimensional complete
metric vector spaces. Such sets cannot be naively defined due to the fact that there cannot exist
o-additive, translation invariant measures in infinite dimensional spaces. It was first introduced
by Christensen in [11] in the context of abelian Polish groups and later rediscovered independently
by Hunt, Sauer and Yorke in [32] for complete metric vector spaces.

Prevalence has been used in different contexts in order to study the properties of generic functions
belonging to spaces of suitable regularity. For instance, it was proved in [31] that almost every
continuous function is nowhere differentiable, while in [24, 25] the multi-fractal nature of generic
Sobolev functions was shown. Recently, prevalence has also attracted a lot of attention in the
study of dimension of graphs and images of continuous functions, see among others [23, 6].

A key advantage of prevalence, with respect to other notions of genericity, is that it allows the use
of probabilistic methods in the proof. However the statements are fully non-probabilistic and the
kind of problems one encounters in formulating prevalence results are quite distinct from those
of a purely probabilistic setting, extensively investigated in the probabilistic literature.

Armed with this “noiseless” notion of “almost every path”, we can already state informally one
of the results of the paper as follows:

Let b € C([0,T); H=*(R%)) be fixed, s > 0 arbitrarily large. Then almost every
perturbation w € C([0, T); R%) has infinite regularisation effect on the ODE associated
to b, namely it renders the ODE (1) well-posed and with a smooth flow.

In order to proceed and precise the above claims we will need a suitable notion of solution to (1)
which makes sense for distributional fields b. The key observation in this direction comes from the
work [10], which started the study of analytic properties of paths which affects the regularisation
of ODEs.



In particular, the work [10] introduces the averaging operator T as a tool to study the regular-
isation properties of a path w. It is the operator acting on time-dependent vector fields b and
paths w as as

(w,b) = (TYb)(t,x) = /Ot b(s,x 4+ w(s))ds, reRYt>0.

It is a linear operator in b, so that one can fix w and consider the operator T% : b — Tvb as
above; in this case we say that T is the averaging operator associated to w. Alternatively,
one can fix b and vary w, w — T%b; to stress the latter case, we say that T™b is an averaged

field.

Averaging is connected to an alternative formulation of the ODE via the theory of non-linear
Young integration. Assume for the moment b : [0,7] x R? — R? smooth and consider the
ODE (1) in integral form

t
Tt = Tg —|—/ b(s,zs)ds + wy, te[0,T] (2)
0

with w € C([0,T]; R?). Then, this equation admits a unique solution of the form z = w + C?,
in the sense that the difference & — w is a C!' path, regardless the regularity of w. Applying the
change of variables 6 := x — w we get the new integral equation

t
et=90+/ b(s,0, +wy)ds,  te€0,T]. 3)
0

Since both b and 6 are continuous, the last integral can be approximated via Riemann—Stieltjes
type sums as follows

t 1+1
/0 b(s,0s + ws)ds = lim Z/t b(s,0:, + ws)ds = lim T“’bt s (0,) (4)

|ITI|—0 |TI|—0

where the limit is taken over all possible partitions IT = {¢g,...,t,} with 0 =ty < t; < -+ <
t, = t with mesh |II| = sup; |t;i+1 — t;| converging to 0 and where for a function A = A(t,x)
we adopt the compact notation A, 4(z) := A(t,z) — A(s,z). The r.h.s. of equation (4) depends
now on the averaged field T%b. The key observation of [10] is that, under suitable space-time
regularity conditions on T™b, it is possible to show convergence of the above Riemann—Stieltjes
type sums to a unique limit even when b is not continuous anymore, thus allowing to define the
integral on the Lh.s. of (4) as their limit. This limit is called in [10] a non-linear Young integral
and denoted as

t
/ T*b(ds, 0s).
0

Eq. (3) takes then the form of an integral equation involving non-linear Young integrals:

t
0, = 0, +/ T*b(ds, 0s).
0

The analysis of such equations (existence, uniqueness, regularity of the flow) for irregular b
depends essentially on the regularity properties of the averaged field T%b and a substantial part
of the present paper will be dedicated to analyse them in detail. For example we will prove
that:



Let b € C([0,T]; H=*(R%)) be fixed, s > 0 arbitrarily large. Then almost every
perturbation w € C([0,T];R?) has infinite regularisation effect on b, namely T%b €
c((0, 71 C%).

A quantitative version of the statements above, which collects some of the main results of this
paper, is the following one.

Theorem 1 Let b € By, , be a compactly supported distribution, o € (—o00,1). Then:

i. If § < (2—2a)7 1, then for a.e. w € Cf it holds T*b € C;C} and ODE (2) has a meaningful
interpretation; moreover for any initial xo € R? there exists a solution to the ODE.

i If 6 < (2 —2a)™! and we fiv 2o € R, then for a.e. w € CY there exists a unique solution to
the ODE with initial condition xg.

i, If 6 < (4 —2a)~" then for a.e. w € C? the ODE is well posed and it admits a locally C*
flow.

. If § < (2n — 2a)~", then for a.e. w € CY the flow is locally C"1.
v. Finally, for a.e. w € C° the ODE admits a smooth flow.

Remark 1 In this theorem we could allow time dependent b € LB, ., provided § < 1/2.
This is due to some technical limitations in the proof technique.

Let us point out that this results is the first general statement which supports the heuristics
“the rougher the noise, the better the regularisation” observed in the probabilistic literature
since e.g. [10] but so far never discussed abstracting from a particular probabilistic model of the
perturbation.

We conclude this introduction by discussing possible extensions are relations with related work.
The averaging operator T is, in many respect, a key tool introduced in [10] to study analytically
the regularisation properties of perturbations in dynamical problems. In this paper we refrain
to investigate more thoroughly this operator from the point of view of prevalence since this
will be the main objective of the companion paper [27]. There we continue the study of the
prevalent properties of path which are associated to the regularisation by noise phenomenon
by concentrating on the notion of p-irregularity of a path, as introduced in [10], and the related
notion of occupation measure and obtain, as a by-product information on the prevalent properties
of T™.

The setting we propose in this paper opens up a completely new research subject with many
natural problems, one prominent among them is to investigate the zero noise limit, that is the
limit as € — 0 for solutions to the equation &. = b(z.) + cw. Already in the probabilistic setting
this limit is not well understood, especially from the path-wise perspective and the dependence
of the limit on the law assumed for w is not clear.

On a more technical level several improvement of our results could be possible. For example it
would be interesting to obtain estimates for the averaging in LP-based spaces with p € [1,2), see
Remark 8 below and the related discussion in Appendix A.3. In particular let us note that the
natural Conjecture 1.2 from [10] is still quite open.



While we were finalizing the present paper, two related preprints appeared. Harang and Perkowski [29)
study the flow of the ODE (1) perturbed with a Gaussian process very similar to that considered

in [1] but from the pathwise point of view of [10]. Along the way they give proofs of some
results on the flow of Young differential equations alternative to those we give below. In [2]
Amine, Mansouri and Proske study with techniques very different from ours, the path-by-path
uniqueness for transport equations driven by fBm with Hurst index H < 1/2 and with bounded
vector-fields. It is to be noted that while both works obtain interesting results, they still consider
very specific probabilistic models. Therefore they are both far from the novel point of view we
propose here and in the companion paper [27] and from the specific results it generates.

Structure of the paper. We start by introducing the concept prevalence and its basic prop-
erties. Section 3 is devoted to the study of prevalence statements for averaged fields. Fractional
Brownian motion (fBm) enters into the picture as a suitable transverse measure for prevalence.
Thanks to a functional Ito—Tanaka type formula, we deduce regularity estimates for distributions
averaged by fBm, which are strong enough to lead to prevalence statements. Section 4 is devoted
to the application of the results from the previous section to perturbed ODEs via the theory
of nonlinear Young integrals. After recalling and expanding the results from [10], we provide
conditions (in terms of the regularity of T%b) under the ODE admits a flow with prescribed
regularity. Combined with Section 3, this allows to prove Theorem 1. Finally, we consider the
case of perturbed transport type PDEs, for which it is again possible to establish well-posedness
under suitable regularity conditions on T%b. We choose to put in the Appendix reminders of
standard facts and certain technical results.

Acknowledgments. We thank Mark Veraar and Simone Floreani for a very useful discussion
on integration in UMD Banach spaces.

Notation. We will use the notation a < b to mean that there exists a positive constant ¢ such
that a < ¢b; we use the index a <, b to highlight the dependence ¢ = ¢(z). a ~ b if and only if
a < band b < a, similarly for a ~, b.

We will always work on a finite time interval [0, 7] unless stated otherwise. Whenever useful we
adopt the convention that f; stands for f(¢) for a function f indexed on ¢ € [0, T], but depending
on the context we will use both notations; similarly for the increments of f;: = f; — fs.

For z € R%, |z| denotes the Euclidean norm, x -y the scalar product. For any R > 0, Bg stands
for B(0,R) = {z € R?: |z| < R}.

We denote by S(R%; R™) and S'(R%; R™) respectively the spaces of vector-valued Schwarz func-
tions and tempered distributions on R%; similarly C2°(R%; R™) is the set of vector-valued smooth
compactly supported functions.

Given a separable Banach space F, we denote by L4(0,T; E) = L{E the Bochner-Lebesgue space
of E-valued measurable functions f : [0,7] — FE such that

T 1/q
I fllzaco,r:E) = (/ ||ft‘?Edt> < 00,
0

with the essential supremum in the limit case ¢ = co. C*([0,T]; E) = C{E is the space of
E—valued a-Holder continuous functions, for a € (0,1), i.e. f:[0,7] — E such that

fsille
[fllcer == Ifllcor + [flcer = sup |fille + sup % <0
+€[0,T] s#te,1 [t—sl



A similar definition holds for Lip([0,T]; E) = Lip, E. More generally, for a given modulus of
continuity w (possibly defined only in a neighbourhood of 0), we denote by C*¥([0,T]; E) = C*E
the set of all E-valued continuous functions with modulus of continuity w, ||f|lcvr and [f]c-r
defined as above.

Whenever E = R¢, we will refer to w € C® = C%([0,T]; R?) as a path and in this case we allow
a € [0,00) with the convention that w € C§* it is has continuous derivatives up to order |« and
Dl is {a}-Holder continuous, where [a] and {a} denote respectively integer and fractional
part.

B (RER™), L5P(REGR™) and F5 (R R™) will denote respectively vector-valued Besov, Bessel
potential and Triebel-Lizorkin spaces (see Appendix A.2), LP(R%; R™) standard Lebesgue spaces.
Whenever it doesn’t create confusion, we will just write By ,, L*P, FJ and LP for short. For
a € R\ Ny, C*(R4R™) = Cf = B ; instead for a € No, C"(R%R™) = € denotes the
Banach space of all continuous functions with continuous derivatives up to order n, endowed
with the norm
1fllce = S;lﬂgdlf(ff)\ + Y sup [DPf(a)].
x

P d
BENg:|Bl=n "R

Let us stress in particular that by saying that f € C7', we are implying that we have a uniform
bound on the whole R? for its derivatives. If instead we want to say that f has continuous
derivatives up to order n, we will write f € C}}.. We will adopt short-hand notations of the form
L{LE = LU0, T; LP(R4GR™)), CFCY = C*([0,T]; CP (R4 R™)).

Whenever a stochastic process X = (X;)¢>0 is considered, even when it is not specified we imply
the existence of an abstract underlying filtered probability space (2, F, {F;}i>0,P) such that F
and F; satisfy the usual assumptions and X; is adapted to F;. If F; is said to be the natural
filtration generated by X, then it is tacitly implied that it is actually its right continuous, normal
augmentation. We denote by E integration (equiv. expectation) w.r.t. the probability P.

2 Prevalence

Here we follow the setting and the terminology given in [32] even if, for our purposes, we will be
interested only in the case of a Banach space E.

Definition 1 Let E be a complete metric vector space. A Borel set A C E is said to be shy if
there exists a measure p such that:

i. There exists a compact set K C E such that 0 < p(K) < oo.

ii. For everyv € E, p(v+ A) =0.

In this case, the measure p is said to be transverse to A. More generally, a subset of E is shy if
it 1s contained in a shy Borel set. The complement of a shy set is called a prevalent set.

Sometimes it is said more informally that the measure p “witnesses” the prevalence of A°.

It follows immediately from part i. of the definition that, if needed, one can assume p to be a
compactly supported probability measure on E. If E is separable, then any probability measure
on F is tight and therefore 4. is automatically satisfied.



The following properties hold for prevalence (all proofs can be found in [31)):

1. If F is finite dimensional, then a set A is shy if and only if it has zero Lebesgue measure.
2. If A is shy, then sois v + A for any v € E.

3. Prevalent sets are dense.

4. If dim(FE) = +o00, then compact subsets of E are shy.

5

. Countable union of shy sets is shy; conversely, countable intersection of prevalent sets is
prevalent.

From now, whenever we say that a statement holds for a.e. v € E, we mean that the set of
elements of E for which the statement holds is a prevalent set. Property 1. states that this
convention is consistent with the finite dimensional case.

In the context of a function space F, it is natural to consider as probability measure the law
induced by an FE-valued stochastic process. Namely, given stochastic process W defined on a
probability space (2, F,P) taking values in a separable Banach space E, in order to show that a
property P holds for a.e. f € E, it suffices to show that

P (f + W satisfies property P) = 1, VfekE.

Clearly, we are assuming that the set A = {w € E : w satisfies property P} is Borel measurable
and if F is not separable, then we need to require in addition that the law of W is tight, so as
to satisfy point 4. of Definition 1.

As a consequence of properties 4. and 5., the set of all possible realisations of a probability
measure on a separable Banach space is a shy set, as it is contained in a countable union of
compact sets (this is true more in general for any tight measure on a Banach space). This
highlights the difference between a statement of the form

“Property P holds for a.e. f”

and, for instance,
“Property P holds for all Brownian trajectories”,

where this last statement corresponds to p (Property P holds) = 1, u being the Wiener measure
on C([0,1]). Indeed, the second statement doesn’t provide any information regarding whether the
property might be prevalent or not. Intuitively, the elements satisfying a prevalence statement
are “many more” than just the realisations of the Wiener measure.

3 Averaging operators

We introduce in detail the averaging operator (w,b) — T%b and analyse its prevalent properties
in various functional spaces. Fractional Brownian motion is used as a convenient tranverse
measure to detect prevalent regularisation properties of paths.



3.1 Definition of averaging operator and basic properties

In this section we provide the definition of the averaging operator T for measurable w : [0,T] —
R?, together with some basic properties which will be fundamental for later sections and our first
main prevalence result. Our definition is rather abstract and works for a general class of Banach
spaces F, but keep in mind that for our purposes E will always be either a Bessel space L*? or
a Besov space By , with p € [2,00). Also, we consider for simplicity the scalar-valued case, i.e.
E C 8'(RY). Everything generalises immediately to the vector-valued case S’(R% R™) reasoning
component by component.

Let us assume that E is a separable Banach space that continuously embeds into S’(R?) (so that
there is also a dual embedding S(R?) — E*) such that translation 7° : f +— 7°f = f(- +v)
act continuously on it and leave the norm invariant: |7V f||z = ||f||z for all v € R? and f € E.
Assume moreover that the map v — 7Y is continuous in the sense that if v,, — v, then 7~ f — 7V f
for all f € E.

Definition 2 Let w : [0,7] — R be a measurable function, E as above. Then we define the
averaging operator T as the continuous linear map from L' (0,T; E) to C°([0,T); E) given by

t
Tb = TUb(t) = / ebds Vie [0,T).
0
We will refer to T"b as an averaged function to stress that b is fized, while w might be varying.

The definition is meaningful, since by the continuity properties of v — 7%, the map s — 7%=b(s) is
still measurable and by the invariance of ||| g under translations ||b||p1 g = ||7*b|| L1 . Continuity
of T"b and the bound ||T"b||cor < ||b||r1 g follow from standard properties of Bochner integral,
as well as the linearity of the map b — T"b. Similarly, it is easy to see that, in the case b enjoys
higher integrability, 7% can also be defines as a linear bounded operator from L{FE to C’t1 ~lag,
Furthermore, if w and @ are such that w; = 1, for Lebesgue-a.e. t € [0, 7], then T%b and T%b

coincide for all b, so that 7" can be defined for w in an equivalence class.
Lemma 1 Let w™ — w in LIRY and b € L{E, then T b — T%b in Ctl_l/qE.

Proof We can assume in addition that w;’ — w; for Lebesgue-a.e. ¢, the general case following
from applying the reasoning to any possible subsequence that can be extracted from {T*"b},,.
Since 7t'b, — 7Vtb, for Lebesgue-a.e. t and |7t b, — 7%eby||9 < ||be|9 € LY, it follows from
dominated convergence that

~

T
T b — Tb|| c1-1/ap < / 79 by — 79¢by||7 — 0, as n — oo,
0
which gives the conclusion. O

The advantage of the above definition of T is that it is intrinsic and does not depend on any
approximation procedure by mollifiers. However, a possibly more intuitive description of T"b
can be given by duality. Recall that in the sense of distributions (7)* = 777, so that for any
¢ € S(RY) < E* it holds

<Ttwb7 (,0> :A <bsa90(' _ws>>ds



where the pairing is integrable since |(bs, ¢ (- —ws))| S¢ [|bs||z. The above relation holds for
all ¢ € S(R?) and therefore uniquely identifies T%b(t) as an element of S'(R%), for all ¢ €
[0,T]. The advantage now is that the map (¢, z) — (s — ws) can be regarded as an element of
L>(0,T; S(RY)), to which standard operations on S(R?) such as differentiation and convolution
can be applied.

Lemma 2 Let w and b be as above. Then:

i. Averaging and spatial differentiation commute, i.e. for alli=1,...,d, 9;T*"b = T"9;b.

ii. Averaging and spatial convolution commute, i.e. for any K € C°(R?) it holds

K (T"b) = T"(K % b) = (TVK) *b.

Proof Both statements follow easily from the duality formulation. For any ¢ € S(RY) and
t €10,T] it holds

<aiwa(t) ) 90>

(TUb(t), Di0) = / (b, Brip (- — ) dr

/0 Oiby o (- —wp)) dr = (TV0B)(8), o).

If K € C°(R%), then denoting by K its reflection, by duality it holds

(K« TB(t), ) = (Tb(t), K * p) = / by, 7 (B %)) dr = / (b K+ (r o)y dr (5)

- / (K b(r), 7 ) dr = (T (K % B)(t), ¢). (6)

A similar computation shows the other part of the identity. |

It is important to highlight that the above properties hold only when spatial operations are
considered, namely when the derivatives are in spatial directions and the function K only depends
on space, otherwise the statement is not true.

Remark 2 Let us point out that if w € L°°, then the averaging operator has finite speed of
propagation and so behaves well under localisation. Indeed, if b € L} E is such that suppb: C Br
for all ¢ € [0,T7], then suppT*b(t) C Bry|w|.. for allt € [0,7] and similarly if b and b are such

that their restrictions to Bp coincide for all ¢, then T%b and Tb will still coincide on B R—|w| o -

In view of the applications in Section 4, our main goal is to establish conditions under which
T*b € CJF, where v > 1/2 and F' is another Banach space which enjoys better regularity
properties than the original space E: typically F' = C#? for suitable values of 3. For this reason,
we are going to assume from now on that b € L{ F for some ¢ > 2. The idea behind this restriction
is that sometimes averaging allows to trade off time regularity for space regularity (think of the

10



analogy with parabolic regularity theory) and therefore in order to have T%b € C}' F, knowing a
priori only that T%b € Ct1 -Y ?E., we need to require at least

1 1
1—=>y>=- = ¢>2.
q 2

Remark 3 Despite our use of the terminology “regularisation by averaging”, what we mean is
really that we fiz a drift b and we want to establish that for a.e. path w the averaged function
T™b has nice regularity properties. This is different from trying to establish that the averaging
operator T% as a linear operator from L{E to C} F is bounded, which is clearly false due to the
time dependence of the drifts we consider. Indeed, given any b € FE, defining by = 7~ "tb, by
definition of averaging we obtain T;”fB = (t — s)b, which shows that for such choice of b, T"b
cannot have better spatial regularity than b. The situation is more interesting if one defines T
for time independent drifts only. Prevalence statements for that case will be analysed in the
companion paper [27].

In order to show prevalence of regularisation by averaging, we first need to show that such a
property indeed defines Borel sets in suitable spaces of paths. To this end, we require F' to be
another Banach spaces which embeds into S’(R?%) which enjoys the following Fatou type property:
if {z,}, is a bounded sequence in F such that z,, converge to z in the sense of distributions,
then z € F and ||z||p < liminf ||, || F.

Lemma 3 Let F' be as above, b € LLE for some q > 2. Then the set
A= {w:[0,T] = R? such that T*b € C]'F for some v > 1/2}

is Borel measurable w.r.t. the following topologies: LP with p € [1,00], C* with o > 0.

Proof We can write A as a countable union of sets as follows:

A= {J Amn= |J {w:10,7] = R? such that [|T"b]|cr/z1/mp < 0}
m,neN m,neN

in order to show the statement, it suffices to show that for every m,n the set A,, , is closed in
the above topologies. It suffices to show that it is closed in the L'-topology, which is weaker
than any of the others considered. Let w® be a sequence in Ay n such that wF — win L', then

by Lemma 1 we know that 7%"b — T%b in C(]0,T); E) and so that for any s < ¢, Ts’f’tkb — T8
in £ and in S'(R?). On the other hand, by definition of A,, , it holds

)
1755 bll e

SUP‘|t_s|1/2+1/m S

k

which implies by the Fatou property of F' that T%b € F' and

17530l
\t _ 3|1/2+1/m =

As the reasoning holds for any s < t, it follows that T%b € A,, ,, as well. |

11



Remark 4 Any weakly-+ compact Banach space I which embeds in S’(R?) satisfies the Fatou
property. In the following we will always work with LP-based function spaces with p € [2, 0],
so the property holds automatically. Let us also point out that the proof actually works more
generally for conditions of the form 7T%b € C’F, where w is a prescribed modulus of continuity.

We are now ready to provide a first prevalence statement.
Theorem 2 Let b € Ly L3P (resp. b € LB, ) for some a > 2, s € R, p,q € [2,00). Let
0 €[0,1) and B € R satisfy
1/1 1 d
< —|lz==) == 7
f<st (2 a) : (7)
where d is the space dimension, i.e. L3P = L*P(R% R™), and we adopt the convention that (7)

is satisfied for any B if § = 0. Then for almost every o € C?, T¥b € C7C? for some v > 1/2.

Proof of Theorem 2 By Lemma 3, the set
A={weC} :T"be C]CY for some v > 1/2}

is Borel in C?. For simplicity we will adopt the notation b € L#F, as the reasoning is the same
for E = L3P or E = B, ,. In order to prove the statement, it remains to find a suitable tight
probability distribution z on C{ such that for any ¢ € C it holds

(o +A) = p(weCf: T?Tb e C7CY for some v > 1/2) = 1. (8)

Thanks to the translation invariance of || - || g, we can reduce the above problem to an easier one.
Indeed, setting b; := 7tb; for all t € [0,T], b € LY¥E and it holds T¥T*b = T%b. In particular
in order to show that (8) holds for fixed b € L{'E and for all ¢ € C?, it actually suffices to find
1 such that

W (w € CY: TV e C7CP for some vy > 1/2) =1forall be LE. (9)

Considering equation (9) for the choice £ = L*P (resp. £ = B; ), it suffices to show that for
all B satisfying (7) there exists a tight measure pg s on C?¢ such that

pps (we Cy: Tb e C7CP for some vy >1/2) =1 forallbe LYE. (10)

The rest of the section will be devoted to the identification of such a measure. In particular, using
Theorem 4 (resp. Theorem 6) combined with Remark 10 below, we can choose g5 = pu*! to be
the law of a fractional Brownian motion of parameter H € (0,1) such that H > § and

O

We conclude this section with a lemma on approximation by mollifications will be very useful in
Section 4.

Lemma 4 Let b € L{E such that Tb € C]CS for some v € (0,1], B € (0,00) and let
{p°}es0 be a family of standard spatial mollifiers; let b° := p° x b. Then for any § > 0 it holds
TYb0* — T"b locally in C’?_‘SCE_‘S, namely for any R > 0 TVV|jo r1xB, — T"blo,r)xBr 0
([0, T); CF~ (Br)).

12



Proof It follows immediately from the property (T%b)¢ = T"b° that
||T“’b8||cgc£’ < ”waE”chE Ve>0

and moreover that T%b%(t) — T¥b(t) in S'(R?) as e — 0. For any R > 0 and § > 0, thanks
to the above uniform bound, we can extract by Ascoli-Arzeld a (not relabelled) subsequence

such that T"b° |0, r]x 5, converges in C7=9([0, T); CP=9(BR)) to a suitable limit; by the above

convergence in probability, the limit must necessarily coincide with Tb g 77x B and since
the reasoning holds for any subsequence we can extract, the whole sequence must converge to
T"b

[0,T]x B, - d

3.2 Fractional Brownian motion and It6—Tanaka formula

In view of concluding the proof of Theorem 2 we give here the essential details on the fractional
Brownian motion (fBm), whose law will be used as a transverse measure for prevalence.

In the literature, it is more common the use of probes, that is finite dimensional transverse
measures in order to establish prevalence properties. The only other work we are aware of using
general stochastic processes in this context is [6]. However see also [43] and the references therein
for the study of properties of fractional Brownian motion with deterministic drift.

The material on fractional Brownian motion presented here is classical and taken from [40]
and [44]. A one dimensional fBm (Wf);>o of Hurst parameter H € (0,1) is a mean zero
continuous Gaussian process with covariance

S

1
EWTWST] = S (7 + s — [t = s[*).

When H = 1/2, it coincides with standard Brownian motion and for H # 1/2 it is not a semi-
martingale nor a Markov process. However it shares many properties of Brownian motion, such
as stationarity, reflexivity and self-similarity. FBm trajectories are P-a.s. d-Hdélder continuous
for any § < H and nowhere J-Hélder continuous for any § > H; it follows from Ascoli—Arzela
that its law p'? is tight on C¢ for any § < H.

A d-dimensional fBm W of Hurst parameter H € (0,1) is an R%valued Gaussian process with
components given by independent one dimensional fBms; we state for simplicity in the rest of the
section all the results for d = 1 but they generalise immediately to higher dimension reasoning
component by component.

A very useful property of fBm is that it admits representations in terms of stochastic integrals.
Given a two-sided Brownian motion {B;}icr, a fBm of parameter H # 1/2 can be constructed
by

t

H—1/2 H—1/2
Wi = CH/ [(t—s)y /2 - (=s)+ / JdB, (11)

— 00
where cy = T'(H +1/2)~! is a suitable renormalising constant. Such a representation is usually
called non canonical as the filtration F; = o(B; : s < t) is strictly larger than the one generated
by WH; it is useful as it immediately shows that, for any pair 0 < s < t, the variable W}
decomposes into the sum of two mean zero Gaussian variables, W/ = Wsl”tH—i—Wi;H, where

S

t s
Wil = (=" 2B, W —cu [ (0= (-9)f 7 as,

— 00
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with Wf ’tH being Fs-measurable and Wsl,’tH being independent of F,; and with variance
Var(Wy/) = eyt — s
where ¢y = % /(2H). In particular this implies that
Var(W [o(WH v < 5)) > Var(WH|F,) = Var(W /') = eyt — s (12)

which is a local nondeterminism property. Loosely speaking, it means that for any s < ¢, the
increment W — WX contains a part which is independent of the the history of the path W* up
to time s and therefore makes the path WH “intrinsically chaotic”. The local nondeterminism
property was first formulated by Berman in [8] in a different context; it plays a major role in the
proofs of this section and indeed the prevalence statement can be alternatively proved by using
the laws of other locally nondeterministic Gaussian processes, see Remark 9.

We are going to prove an Ito-Tanaka type formula for averaged functionals, in the same spirit
of the one considered in [12]. We first need to recall the Clark—Ocone formula, see [40]. Given
a two-sided standard Brownian motion B on a space (Q, F,P), F; = o(Bs,s < t), and given
a Malliavin differentiable random variable A with Malliavin derivative D.A, the Clark—Ocone

formula states that
+o00

A=E[A] +/ E[D, A|F,] dB,. (13)
— 00

We do not provide here the general definition of Malliavin derivative of a Brownian variable,

which can be found in [40]; we only provide it in the following specific case, which is the one of

our interest: given a smooth function f and a variable X = fjf: K dBg, the Malliavin derivative

of A:= f(X) is given by

From (13) it follows immediately that, for any s € R, we have the more general identity

+oo
A =E[A|F,] +/ E[D,A|F,]dB,.

In the next statement, P; denotes the heat kernel, i.e. P;f = p; * f where

2
|z

pi(x) = (2mt) " %e 2

Lemma 5 Letb: [0,T] x R? = R be a smooth, compactly supported function, then for any fived
0<s<t<T, Hec(0,1) and x € R?, the following identity holds with probability 1:

t t
/b(r,x—FWf{)dr = /PgH‘r_spr(r,x—FWi;H)dT (15)

t t
+/ / Pryir—u2n VO(r,z + W2 ey |r —u[" 712 dr - dB,.

14



Proof For H = 1/2 the above formula is well known and coincides with a standard application
of the Ito—Tanaka trick together with a representation formula for solution of the heat equation,
see for instance the discussion in [12]; so we can assume H # 1/2. Let us fix z € R?. Since b is
smooth, for fixed » we can apply Clark-Ocone formula to b(r,z + W) to obtain

b(r, e+ W) = E[b(r,x+ WH)|F]+ / E[Vb(r,x + W) Ful er(r —u)? =12 . dB,

= PéH\r—s|2Hb(T7 xr + WSQ,}H) + / P5H|T_7L|2H Vb(’l’, x + Wg:f)CHh’ — u|H*1/2 -dBy
where we used both the representation of W in terms of a stochastic integral and the decom-
position WH = W1 H W2 H wwith W1 H independent of F,. Integrating over [s,t] and applying

stochastic Fubini’s theorem (which is allowed since we are assuming b smooth and compactly
supported) we obtain

t t
/ br,x + WHydt = / Psp—gp2ub(r, z + Wi’rH) dr
t T
+cH/ / Pryii—s2n V(t,x + WhH ) r — w1/ dBdr
. S S
= / P5H|r—s\2Hb(T7 T+ Wi’TH) dr

t ot
+CH/ / P&H‘T_uleVb(T,x+W3:TH)|7’7U|H71/2 dr -dB,
which gives the conclusion. m]

The previous result can be strengthened by considering for instance b € CZ} instead of smooth, or
showing that we can find a set of probability 1 on which the identity holds for all 0 < s <t < T
we don’t do it here since it is not needed for our purposes. Instead, we need to strengthen the
result to the following functional equality.

Theorem 3 Let b : [0,T] x R? — R be a smooth, compactly supported function, then for any
fized 0 < s <t < T, H €(0,1), with probability 1 it holds

t
TWHbS,t = / PEH\7'—S|2Hb (’I“, -+ WS27’TH) dr (16)

t t
+cH/ / Prpiruppn Vb (1, + WEH) [r — w2 dr -dB,

where the first integral must be interpreted as a Bochner integral, while the second one as a
functional stochastic integral.

We postpone the proof of this result to Appendix A.3, as it is quite technical and requires

some knowledge of stochastic integration in UMD spaces. Up to technical details, it is mostly a
rewriting of the statement already contained in Lemma 5 without further insights.

3.3 Regularity estimates in Bessel and Besov spaces

We provide here the regularity estimates for T*b when w is sampled as a fBm of parameter H,
in view of establishing (10).
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The main ingredients of the proof are the use of the functional It6—Tanaka formula (16) together
with Burkholder’s inequality (Theorem 22 below), heat kernel and interpolation estimates from
Lemmata 22 and 21. We refer the reader to Appendices A.2 and A.3 for more information on
these tools. Let us point out that the strategy of proof is fairly general and in principle could
work also in other classes of spaces, up to the requirement that the above tools are still available.
However, in order to apply Burkholder’s inequality, we need to restrict to scales of LP-based
spaces with p > 2. See Appendix A.3 for a deeper discussion of this point.

Although our main aim is to establish prevalence results, our results are also new in the prob-
abilistic setting and therefore we will try to give their sharpest versions. In particular we will
always achieve exponential integrability whenever it is possible.

Theorem 4 Let WH be a fBm of parameter H and let b € L{LSP for some p,q € [2,00). Then
for any p > 0 satisfying

1 1
Hp+ - <
q

5’ (17)

™V b e CYLETPP for some v > 1/2 with probability 1; moreover, there exist positive constants

A, K independent of b such that
TV b2, ..
e (An ||CWL.+0,,,>] <K 18)

Hb”%qum

E

Proof Without loss of generality, we can assume s = 0. Indeed, if b € L;IL;”’, then b = G* l~),
where b € L{L2 and ||b||pars» = ||b||LaLr; once the statement is shown for b, we can use the fact

the commutating property of averaging operators T™"b=TW" (GS l~)> =G* (TWHE) to obtain

the analogue statement for b as well.

Let us first assume b to be a smooth function. By the Ito—Tanaka formula,

t t

ot wyar = [P W) ar
S s . .
+ch / / Py jr—up2r Vb (7“, -+ Wi,{{) |r — u|H71/2 dr -dB,
1 2
= Is(,t) + Is(,t)'

From now on for simplicity we will drop the constants cy, ¢y as they don’t play any signi-

ficant role in the following calculations. For the first term, we can apply the deterministic
estimate:

t t
1
1o = [ Psv s wzy | < [, ar
s Le.p s
t
< /|r—s|*PHHbr||Lp ar
S
t ll/q’
< lbllzos / r— 5| a
S
< (bllpage |t — st
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where we used the heat kernel estimates for Bessel spaces, see Lemma 22, and the fact that the
LPP-norm of b, is not affected by a translation of WfSH . Observe that pH ¢’ < 1 is granted by
condition (17). Moreover, (17) implies that 1 —1/q — pH > 1/2 and therefore we deduce that
there exists v > 1/2 such that, uniformly in w € Q,

1T cvpew < [1bllare- (19)

For the second term, applying Burkholder’s inequality (98) (which is allowed since LPP with
p > 2 is a martingale type 2 space), we obtain
9 k
ds
Lpp

B3] < (1) (/
20

We can then estimate the inner integral by deterministic estimates similar to the ones above:

/ P up2n Vb (- + WEH) [r— w7712 dr

t

Py—aen b (1, + W) Ir — "~ /2a

t
< / 1Pyt Vb || oo |7 — u T 1/2 dr
u

Lp:P

A

t
/ [ — | OO ()| o dr

t ) 1/q'
16]zozs ( [ =tz )

< bllpage|t — w2V aHe,

N

where again we used the fact that (Hp + 1/2)¢’ < 1, thanks to (17). Set € := 1 —2/q — 2Hp;
inserting the estimate inside (20) we obtain that, for a suitable C’ > 0, it holds

(2
B[ 13 N350] < (Ck)*(bl|7% L [t — s]F0F2), (21)
But then we have

128313 MK 12511350

E [exp [ A = —E (22)
( |t 8\1+5\\bllmm — kU |t = PO [b]1F
)\C/ kkk
<> % <Y (e < (23)
k : k

as soon as A < (C'e)~!. Tt follows from Lemma 18 that, for any ¢’ < ¢, I?) € C’1/2+€ L&P and
that there exists another A > 0 (not relabelled for smlph(;lty) such that

(2
E |exp )\””Cl& <K (24)
[

for a constant K independent of b, which together with (19) proves the claim for smooth b.

Now let b be a generic element of L] L?; let us consider the case ¢ < oo first. We can then find
a sequence b,, of smooth functions such that ||b — b,||per» — 0 as n — co; we know that in this
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case ||TWH (b, — b)||corr — 0, uniformly on w € 2. On the other hand, it follows from (18),
applied to b, — b,,, that for any k it holds

H
E[HTW (bn - bm)”%‘]fwmw] Szk ”bn - bmH%IZLP

which implies that the sequence TV b, is Cauchy in L?¥(Q,P; C} L2P), hence it admits a limit.
But then the limit must coincide with TV " b € L2 (Q,P;CYLrP). Applying Fatou lemma we

deduce
TWHb 2 TWan 5
E |exp A% < liminf E [exp A% <K
”bHLqu n—o00 ||bn||Lqu

which gives the conclusion. In the case ¢ = 0o, since b € LZ/LQ for every ¢’ < oo, for any fixed p
we can find ¢’ big enough such that (17) still holds and apply the result for such ¢’. O

Remark 5 Theorem 4 immediately implies that, under assumption (17), the random averaging
operator T"" : b+ T%b is a linear bounded map from LILsP into L*(Q,P; O] LsPP), for any
k € N. Observe the difference with Remark 3.

We can actually even improve the regularity result of Theorem 4.

Corollary 1 Let b € LILSP with p € [2,00), p > 0 and assume (17) holds. Then there exists
v > 1/2 and a function K()\) independent of b such that

[t/ —
E |exp | A 5 <K(A)<oo VAeR.
B

Proof As before, we can assume without loss of generality s = 0. If p satisfies (17), then there
exists € > 0 such that also p + ¢ satisfies (17); it then follows from Lemma 21 that

H H _ H _ H
T bllcrvzer S ITY Ol llT™ 0l e < IBILLL 1T 0lE oes
where 6 = £/(s+¢) and we used the fact that ¢ > 2 due to condition (17). It follows that

H,2/0 H
1T bl < 1T 01 e
[

16110 20

where 1/0 = (s 4+ ¢)/e =: B. Applying Theorem 4 to p + ¢, we obtain that there exist A, K

independent of b such that

TV )28 N2, . _
exp b H 2|/LC'Y LP:p exp Cg)\ ” ; |LC’Y Lr+e.p < K.
HbHLqLP ” HL‘ILP

E <E

Since 8 > 1, the conclusion follows with the constant K (M) given by the optimal deterministic
constant such that exp(Azr?) < K(\) exp(Ar?#)/K for all z > 0. a

In the limiting case in which (17) becomes an equality, slightly more careful estimates still allow
to obtain a regularity result in space at the cost of lower time regularity.
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Theorem 5 Let b € L{L:P with p € [2,00), q € (2,00) and let p > 0 satisfy
1 1
H -=-. 2
i (25)

Then TW"b € CYLSTPP with probability 1 and there exist positive constant \, K, independent

of b, such that
TV 0|20, s,
E leXp ()\HHCOLﬂ”’)] < K. (26)

1B Z 0 e.v

Proof As before, we can assume s = 0, b smooth; again we decompose TV = 1V 4 1),
Going through the same calculations for 11, we obtain

I N zew S 1Bl grg ¢ = s 07 = bl gy |t — s
where the estimate is uniform in w € €Q; it follows immediately that
Elexp(A[TP|E, Lon)] < o0,

and therefore we only need to focus on 1. By Burkholder’s inequality, we have
9 k

ds

T
/ Plp_ypm Vb(r, - + Wff)v — u|H_1/2 dr
u Lasp

T
Bl ) < €0 E || [
0

(27)
and as before we want to estimate the integral inside in a deterministic manner. Going through
similar calculations we obtain

r

2

du
Lop

T T 2
g/o </ |r—u|_Ha_1/2||br||Lpdr> du

and now due to the assumption on the coefficients, we can apply the Hardy-Littlewood-Sobolev
inequality to obtain

T
J A O L

1/2

T T 2
/‘ / = HO 2 b e dr | du) S blloese,
0 u

E[[I®[E a.0] < (C'R)* D175 10

The conclusion then follows by expanding the exponential and choosing A sufficiently small as
before. O

which implies

Going through the exact same calculations as above, an analogue result can be obtained in the
case of Besov spaces B, , with p,q € [2,00). In order to avoid unnecessary repetitions, we omit
the proof.
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Theorem 6 Let WH be a fBm of parameter H and let b € L¢ By , for some p,q € [2,00). Then
for any p > 0 satisfying

1 1

H - < -, 28

pt—<3 (28)

™ b e CQB;Z” for some v > 1/2 with probability 1; moreover, there exist a positive function
K()) independent of b such that

w2
1TV B2, e

exp <K\ <oo VAER. (29)

2
100,

If equality holds in (28), then there exist positive constant \, K, independent of b, such that

H
~||TW bHQCOB;fqp ~

E |exp < K. (30)

100,

We end this section with several remarks discussing various technical point and extensions, and
which can be skipped on a first reading.

Remark 6 Heuristically, condition (28) can be seen as a time-space weighted regularity condi-
tion, where time counts as 1/H times space (which is in agreement with parabolic regularity in
the case H = 1/2 of Brownian motion). Indeed, we know that the averaging operator 7% maps

L*B; , into WLO‘B;,q; if we assume that regularity can be distributed between time and space,

it should also map L*B; , into We’aBzz(lfe)/H for any 6 € (0,1). In order to achieve 1/2 + ¢
regularity in time it is then required § — 1/« > 1/2, which implies that the regularity gain in

space is at most
1-6 < 1 /1 1
H H\2 «

which matches exactly condition (28) for p.

Remark 7 The restriction to work with B . with ¢ € [2,00), is not particularly relevant since
by Besov embedding if b € L{* B, ,, then it also belongs to L{ B, , for any ¢ > g and to L?B;;;
for any ¢’ < g and € > 0, so that we can first embed it for a choice ¢’ € [2,00) and then
apply the estimate there. Also the restriction p # oo can be overcome, for instance by first
localising it as "b in a ball Br and then embedding it into some p < oo; by the properties

of averaging, we know that ™" = T""b in Br_jw# ). and we can choose R big enough

such that P(R — [|[WH . < R/2) is very small, to deduce local estimates for 7% " b which hold
with high probability. Alternatively, estimates for averaging in Besov-Holder spaces have been
given by a different technique in [10], Section 4.1. However for simplicity, when dealing with
b€ L{ B3, «, we will always assume that b has compact support in space, uniformly in time, so

that we can embed it in L{ B, , for any p < oo and then apply estimates there.

Remark 8 The restriction to work with LP-based spaces with p > 2 is more restrictive and it
would be of fundamental importance to weaken it, especially reaching the case p = 1. This was
already pointed out in Conjecture 1.2 from [10]. The reason is that, by the properties of averaging,
we know that for any K € C2° and time independent b it holds K «T%b = T* (K xb) = (T K) xb;
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if we were able to show that TV K € C}W£! with an estimate that only depends on the L!-norm
of K, then we could automatically deduce regularity estimates of the form K*T%b € C] L with
b e LP for any p € [1,00]. We could then consider a family of mollifiers obtained by rescaling K
(which all have the same L'-norm, so the same estimate in C] W£-!) to get estimates for the map
b— T%b in any LP based space with p € [1,00] (as above, only time independent b considered).

Remark 9 A closer look at the proofs shows that both the It6—Tanaka formula from Theorem 3
and the regularity estimates from Theorems 4 and 6 can be generalised to Gaussian processes X
different from fBm and of the form

t
Xt:/ K(t,s)st,
0

for some deterministic matrix-valued function K, such that for some H € (0, 1) it holds
Var(X,|Fo) 2 [t —s|* Vs <t (31)

where F; = 0(Bs : s < t). Condition (31) is a type of strong local nondeterminism (SLND) and
these type of processes satisfy many interesting properties, which are studied in detail in [27].

Remark 10 It follows immediately from the above results and from Bessel (resp. Besov) em-
beddings (see Appendix A.2) that if b € L L3P (resp. b € L{¥ B, ) for some a > 2, p,q € [2,00),

then for any 8 such that
1 /1 1 d
—(==-=)=-= 2
B<s+ I (2 a) » (32)

there exists v > 1/2 such that T™"p € C] C8 with full probability. For instance in the case

s=0,1ie be LYLP, in order to require TW"b € C)CY it is enough

d
—+H- <,
« p 2

while in order to require TW"b € CJCL it suffices

1 d 1
—+H-<-—-H.
« p 2

If b € Ly B3, with spatially compact support, uniform in time, then T™"b e cyorif

et (1_1).
n—s\2 «

This is in analogy with the results obtained in [35], Sections 6 and 7.

4 Application to perturbed ODEs

Now we are going to transfer the prevalence results for the averaged vector-field to prevalence
of well-posedness to perturbed ODEs including regularity of the flow. The key technical tool
to achieve this connection is a simple theory of nonlinear Young equations which we recall and
adapt to our specific setting.
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4.1 Perturbed ODESs as nonlinear Young differential equations

In this section we provide a summary of the results contained in [10] on nonlinear Young dif-
ferential equations (YDEs). Sometimes we will provide slightly different statements which fit
better our context and in order to facilitate the understanding we will provide self-contained
proofs whenever possible.

Let us fix some notation first. Given A € CJCY = C7([0,T]; C¥(R%; R?)) for v,v € (0,1), we
denote by the norm ||A||cvcr and the semi-norm [A]cvor respectively the quantities

As (v
IAlcmer = sup A ov + sup PAztOller
te(0,T] st [t—s|7
and
[[A]]C'yCy = sup M — sup |A(t,x) — A(t,y) — A(S,J?) + A(57y)| .
s#t |t_s|7 s#t,xF#Y |t—s|"/‘x_y|u

One of the main results of [10] is the rigorous construction of the nonlinear Young integral.

Theorem 7 Let v,p,v € (0,1) such that v +vp > 1, A € CJCY and 0 € C. Then for any
[s,t] C [0,T] and for any sequence of partitions of [s,t] with infinitesimal mesh, the following
limit exists and is independent of the chosen sequence of partitions:

|II] — 0

t
/A(du,@u) = lim Y Ay, (0n)

The limit is usually referred as a nonlinear Young integral. Furthermore:
1. Forall s <r <t it holds [T A(du,8,) + [ A(du,0,) = [* A(du,8,).
2. If 0, A is continuous, then f; A(du, 0,) = fst 0; A(u, 0,,)du.

3. There exists a universal constant C = C(v, p,v) such that

< C|t - S"YJFUP[[AHCWCV [[9]]();:.

/ t A(du, 0,) — A 4(05)

4. The map (A,0) — [ A(du,8y) is continuous as a function from C;CY x Cf — C}, is linear
in A and there exists a constant C = C (v, p,v,T) such that

’ /0 A(du, 0,)

The statement is a (less general) version of Theorem 2.4 from [10]; we omit the proof, but let us
mention that an elementary proof based on the Sewing Lemma has been also given in [30]. The
statement above can be localised, i.e. it is enough to require A € C/C}/_ and in this case all the
estimates depend on the C;'C¥-norm (resp. semi-norm) of A restricted to [0, 7] x By, -

< ClAlcrer (1 + [0]cn)-
cv

With this tool at hand, we can provide an alternative definition of solutions to the perturbed
ODE which is meaningful even when b is distributional in space. Since we want to apply the
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results from Section 3, from now on when we say that b is distributional we are always going
to implicitly assume that there exists ¢ > 2 such that b € L{F, where F is a suitable space of
distributions as the ones described in Section 3.1.

Definition 3 Let b be a distributional drift such that Tb € C{CY for some v,v € (0,1] such
that y(1 4+ v) > 1. Given zo € RY, we say that = is a solution to the ODE

t
Ty = x0 + / b(s,xs)ds+wy Vte[0,T] (33)
0
if and only if x € w+ C7 and 0 = x — w solves the non-linear Young differential equation

t
0, = 0, +/ T*b(ds,0,) Vte[0,T). (34)
0

Observe that the condition (1 4+ v) > 1 immediately implies v > 1/2, in line with standard
Young differential equations; in the case of continuous b, it follows from the discussion in the
introduction that the condition € w+ C7 is trivially satisfied and so the two formulations (33)
and (34) are equivalent, (33) being interpreted as the classical integral equation.

Remark 11 From now on we will mostly focus on solving (34) with T%b = A being regarded
as an abstract element in a class CyCY; however, whenever b is spatially bounded, the ODE
formulation for 6 is still useful, as it provides additional regularity estimates for 6§ compared to
the ones given by the Young integral formulation: for instance if b € Lg%, then any solution
6 of the integral equation is automatically Lipschitz with [0]Lip, < [|b]|z, while Point 3. of
Theorem 7 only provides estimate for ||0||c~, where v < 1 (usually we will take v as small as

possible, namely v ~ 1/2).

Theorem 8 Let v > 1/2, v € (0,1) such that (1 + v) > 1 and assume that Tb € C]CY.
Then for any 0y € RY there exists a solution § € C7 to (34), defined on the whole interval [0,T);
furthermore, there exists a constant C = C(v,v,T) such that any solution to (34) satisfies

[6lcs < O+ T80 ) (35)

as well as
[18llce < C(1+160] + 1T b1 200 )- (36)

Proof The existence of solutions is granted under milder conditions on T*b by Theorem 2.9
from [10], so here we only show the a-priori estimates. Let 6 € C7 be a solution and for any
A > 0 define the semi-norm

|9st|
[0]+.a = sup =
K s#t ‘t_sh
0<|s—t| <A

Let A be a parameter to be fixed later; for any s < ¢ such that |s — ¢| < A it holds

t
/ Tb(dr, 6,.)
|was,t(08)| +C|t — S|V(1+V)||wa||cwcp [[0]]’1;7A
t=s"(IT“bllcver + CA™|Tbl|cvev [6]5,4)
t— s|'y(Hwa||chu + CA'WHwaHCva + CA“/’VHwachcv HGHW,A)7
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where in the last passage to used the trivial inequality ¥ < 1+ a for all @ > 0 and v € (0, 1].
Dividing both sides by |t — s|” and taking the supremum s, t such that |s —t| < A we get

[00y.a < T“bllover (1+ CAY) + CAM(T bl cvev [0].a-
Choosing A small enough such that CAY||T*b||c~cv < 1/2, we obtain
[0]y.a <2(T“blcver (1 + CAY) S 14Tl cvev-

If we can take A = T, this provides an estimate for [0]c~, which together with [|0]|co < |6 +
T7[0]c~ gives the conclusion. If this is not the case, we can choose A as above such that in
addition CAY||T*b|| > 1/4 and then by the simple inequality (see for instance Exercise 4.24
from [26])

Bl S [l.a(l+ A7),

It follows that

(14 T crew)(1+ AT
(L4 [Tl oo ) (1 + T2 S )
1+ | T"b|2.,

[0lc~

AN AR ZAN

where in the last line we used the fact that v(1+v) > 1 implies (1—+)/(yv) < 1. The conclusion
again follows by the standard inequality ||0]|c~ < 00| +T7[0] - ]

Given that in general we consider v to be very close to 1/2, in order to have existence in general
we need v to be arbitrarily close to 1, thus we will usually require directly T%b € C} Lip,, (with
the quantities ||7%b||c~ Lip and [T"b]c Lip defined as above).

To establish uniqueness of solutions, we need the following lemma which is of independent in-
terest.

Lemma 6 Letvy,v,p € (0,1] be such that y+vp > 1, A € C]CLTV; then for any ' and 6% € C?

1t holds
/ Ads,@ /Ads 92 /(9;—9§)~dVé,

where V€ C7([0, T]; L(R%; R?)) is given by

1
V. = / / VA(ds, 02 + z(0) — 62))dz.
o Jo
The integral is meaningful as a Bochner integral and ||V | cvz < [[Allcvorer (L+ [0 ce +[02]cr)-

Proof Suppose first that in addition 9,4 € C?C2, then by Taylor expansion
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/ (ds, 01) /Ads 62) = /[atA(s,ag)—atA(s,eg)]ds

1
:/ (9;493)./ OV A(s,0% + (0} — 62))dzds
0

/0(91—92 (/ / 0V A(u, 0% + x(6} —92))dxdu> ds
/Ot(91—92 (/ / XV A(u, 02 + (0, 92))dudx)
:/Ot(eg—eg).d</0 /O VA(du, 0% + (6] —92))dx)
= @ -y av

where all manipulations in this case are allowed by the properties of Young integral and the
fact that we are assuming A regular; in particular by hypothesis VA € C/CY and 0° € C{ with
v+ vp > 1, so the interpretation of the integrals as nonlinear Young integrals is legit. Observe
that the map A — V(A) is linear by construction and we have the estimate

Vcre = H/ / VA(du, 6% + x(0L — 62))dz

</
0

1
< / IV Allerce (1 + [0 e + [62] 0 )da
0

cr L

dz

/O VA(du, 02 + z(0. — 92))‘

which gives the conclusion in this case. The general case follows by approximation, considering
a sequence of regular A™ — A locally in €] ~°C1H=5 on a ball of radius R > |6, for § small
enough such that v — 6+ (v — d)p > 1. O

With the above lemma at hand, we can provide a comparison principle, which estimates the
difference between solutions. It comes in two versions, which apply to different scenarios.

Theorem 9 (Comparison Principle, Version 1) Let v > 1/2 and assume that b, b2 are
distributional drifts such that Tb* € C}C2 with [|[Tb||cvez < R. Let 8 € C7, i = 1,2 be
solutions respectively of the YDFEs

¢
0; = 0} +/ T"b'(ds,0%) Vtel[0,T).
0
Then there exists a constant C = C(v,T, R) such that
167 = 6%lcv < C(16 — O3] + 70" = T*b oy 1ip)- (37)

Similarly, let b* be such that b € LS, and TV € 0703/2 with max; {||b%|| Lo, [| T || v oz} <

I

R, let 0" be Lipschitz solutions of the YDEs; then there exists C = C’('y,T, R) such that
16! = 6%lcv < C(165 — O3] + |76 = T6| oy Lip)- (38)
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Proof We show in detail the derivation of (37) and briefly sketch the one of (38) as the structure
of the proof is the same. By the assumptions and Lemma 6 applied to A = T%b!, which is allowed
for the choice v = 1, p = v, the difference v = #! — 62 satisfies

t t i t
v = vo + [/ wal(ds,ag)—/ wal(ds,eg)] + [/ wal(ds,ai)—/ waz(dsﬁi)]

0 0 0 0

t
:vo+/ vs - dVs + 9y
0

This is a linear Young differential equation, for which standard estimates are available; The-
orem 8, Lemma 6 and properties of nonlinear Young integral provide

[l S 1, Vileve SIT b ovez (1 + [0']cr + [6°]cr) S 1,
[¥ler ST — T oy Lip
where the constants appearing all depend on v, 7T, R. Combining this estimates with Lemma 3
from Appendix A.1 yields the conclusion.

The proof in the second case is analogue, only in this case we have the estimate [0'];p < [16%| o<
coming from the ODE integral interpretation of the YDE and so we can apply as above Lemma 6
to T%b' this time for the choice v =1/2, p = 1. a

Remark 12 Tt follows immediately from the above result that if T7%b € C/CZ or b € LgS,
and T%b € C} C:;/ 2, then for any 6y € R? there exists a unique solution to the YDE (34) and
moreover the solution map 6y +— 6. is Lipschitz continuous w.r.t f; the solution constructed this
way is also stable under approximation of 70 by other drifts 7*b, which can be combined with
Lemma 4, as we can take b = b° = p® x b for some spatial mollifier p°.

The above version of the Comparison Principle is of straightforward application, as it only
requires good regularity estimates on 7"b. The next version is instead slightly more subtle and
can be regarded as a conditional Comparison Principle, as it allows to deduce estimates under
less regularity on T"b imposing the existence of a solution with suitable properties; however, the
existence of such solutions is not granted a priori by the deterministic theory and in order to
construct them probabilistic tools will be needed, specifically Girsanov transform.

Theorem 10 (Comparison Principle, Version 2) Let v > 1/2 and assume that b, b* are

distributional drifts such that TVb" € C} Lip, with ||[T*b"|cvrip < R. Let 0° € C7, i = 1,2 be
solutions respectively of the YDEs

t
9§=08+/ T"b (ds,0)) Vte[0,T].
0

and assume that 0% is such that T*+0' b € C) Lip, with ||T" 0 b*||c~ 1ip < R. Then there exists
a constant C' = C(v,T) such that

161 = 62[lcv < Cexp(CRYM)(|05 — 03] + | 70" = T8l vip)- (39)

The proof requires the following technical lemma.
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Lemma 7 Let w, 0 be such that T*b, T*+%b € C] Lip, and 0 € 0,51/2 for some v > 1/2. Then
for any g e 0,51/2 it holds

/Tw+9b(ds,és):/ Tb(ds, 0, + 6s). (40)
0 0

Proof If b is jointly continuous in (¢,z) then the result is straightforward by the equivalence
between the Young integral formulation and the standard integral formulation. Next, if b satisfies
the hypothesis and in addition b € L} C¢ for some o > 0, then for any ¢ > 0 and for any sequence
of partitions IT,, of [0,¢] such that |IL,| — 0 it holds

/t Tt (ds,0,) — /t TYb(ds, 0, + 0s)
0 '0 . ~ )
= lim Z /t b(s,ws + 05+ 0,,) — b(s, ws + 0, + 0,,)ds
. : tita
< ggZQL 16(5) e 165 — 61, *ds
i "
< ks Jim 173 [ [b(s)lopds =0

which proves the statement in this case. For a general b, consider b° = p® % b, where p° is a
sequence of spatial mollifiers; for b° by the previous step identity (40) is true and by Lemma 4
TYb — Tb locally in C7°C19, similarly for Tt — T"b. Choosing & small such that
v =30+ (1—20)y > 1 and using the continuity of Young integral we obtain the conclusion in the
general case. O

Proof [of Theorem 10] The idea of the proof is the same as that of Theorem 9, and it is based on
finding a Young diﬂ?eliential equation for v = 62 — 01, only we now need to exploit the additional
information on T%*% b'. By the assumptions combined with Lemma 7, v satisfies

t t t t
vo + V wal(ds,og)—/ wal(ds,e;)] + [/ T“’bQ(ds,Gf)—/ wal(ds,eg)]

0 0 0 0

Ut

t t
%+/7“Wwww—/T“ﬂmm+m
0 0

t
_ vo+/ A(ds, vs) + ¥,
0

where 1) is defined in the usual way and A(t, z) = T+ (£, 2) —T*+9' (£,0), so that A € C} Lip,
with [A]cvLip = [T b Lip and A(t,0) = 0 for all ¢ € [0,7]. We can then apply the
estimates from Lemma 19 from Appendix A.1 to deduce

vl < exp(CIA]E) (Jvol + [¥] )

for some constant C' = C(~,T) which together with the estimate
[Wlor ST = T |evnip(L+ [0']cr + [0°]cn) S I1T0? — Tb' | wip (1 + R?)

yields the conclusion. O
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Remark 13 It follows immediately from Theorem 10 that, if there exists a solution 6 to the
YDE associated to T%b with initial data 6 such that T%*+% € C} Lip,, then this is necessarily
the unique solution with initial data 6y and it is stable under perturbation. This provides a
nice “duality principle”: existence of solutions is granted if T%b € C} Lip,, uniqueness instead
if there exists a solution with similar averaging properties. In the case b is continuous, so that
by Peano Theorem existence of a solution z = w + 6 € w + Lip is automatic, the statement can
be rephrased as the fact that uniqueness for the Cauchy problem associated to xy holds under
the condition T*b € C} Lip,, for some v > 1/2.

Remark 14 For the sake of simplicity we considered from the start T%b € C;C#? in order to
develop a global theory in space, but many results from Section 4 can be localised, thanks to
Remark 2, in a similar fashion to what is done in Section 2.3 of [10]. For instance local existence
holds for T%b € C} Lip,,., while local existence and uniqueness holds for T%b € C/CZ _; in the
second version of the Comparison Principle, if there exists a solution x defined on [0,7*) such
that T%b € C} Lip,,,, then it is the unique solution on [0,7*). Analogue considerations hold for

the results from Section 4.3 on the regularity of the flow.

4.2 Prevalence for the Cauchy problem

In this section we focus on establishing conditions under which, for a given drift b and a given
initial datum z¢ € R%, for almost every o € C? the Cauchy problem (from now on referred to as

(CPy)) .
T = Xo —l—/o b(s,zs) + ¢ (41)

is well-posed, for suitable values of §. Here by well-posedness for (CP,,) we mean the following:
 is such that T¢b € C; Lip, for some v > 1/2, so that it makes sense to talk about solutions
to (41) in the sense of Definition 3, and there exists a unique such solution in the class x € p+C".
The main results we are going to prove are the following.

Theorem 11 Let b € C% for some a € (—o0,1), b being compactly supported, and let xo € R?

be fived. Let § € [0,1) satisfy
1

0 < o)

Then for almost every ¢ € C? the Cauchy problem (CPy,) is well-posed.

Theorem 12 Let b € C% for some a € (—o0,1), b being compactly supported, and let xo € R?
be fized. Let u* denote the law of fBm of parameter H and suppose that

1
1——.
o > oH

Then path-by-path uniqueness holds for (CP,,) and w sampled according to pf. Moreover there
exists v > 1/2 which only depends on « such that

pf (w = TYb € CF Lip, and there exists a solution x € w+ C” s.t. T*b € C} Lip,) = 1.
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In the second statement we have used the terminology “path-by-path uniqueness” as it appears
frequently in regularisation by noise results, see [19], but in the framework introduced above it
just amounts to stating that there exists v > 1/2 such that

pf (w : T%b € C] Lip, and (CP,,) is well-posed) = 1.

The section is organised as follows: we first prove Theorem 11 in Section 4.2.1 relying on the
validity of Theorem 12; then we pass to the proof of the latter, which is based on an applic-
ation of Theorem 10 in combination with Girsanov transform for fBm, which is introduced in
Section 4.2.2. The proof of Theorem 12 is completed in Section 4.2.3, along with several other
results of the same nature. We leave the details to the following subsections, but let us point out
already here that we will exploit crucially the general principle

T""b e O Lip, | + [ Girsanov | = [ path-by-path uniqueness |

Such a principle is not new and was crucially exploited in [15] and [10]. However, we believe it is
the first time it is properly formalised as in Lemma 10 and its general structure allows to apply
it in other situations.

4.2.1 Proof of Theorem 11

We need a few preparations first. Recall that in order to establish prevalence of well-posedness

for (CP,,) in Cf, we need to find a set A C C{ and a tight probability z on Cf such that: i)

A is Borel w.r.t. the topology of C?; ii) for all w € A, (CP,,) is well-posed; iii) for all ¢ € C?,

plp+A)=1.

A good candidate for the set A is given by Theorem 10 as follows: for v > 1/2, define

A, ={weC}: T"b e C]Lip, and there exists a solution z € w + C” s.t. T"b € C] Lip, } .

(42)

For such an A,, it is now rather clear by the statement of Theorem 12 that we plan to use as a

measure p for suitable choice of H. But we first need to check that condition i) holds, which
is the aim of the following lemma.

Lemma 8 Lety > 1/2, then the set A, is Borel measurable in the topology of C9 for any 6 > 0.

Proof The idea of the proof is the usual one: we write the set .4, as the countable union

Ay =] Ax

N>1

= U {weE: 7Bl ¢ Lip, < N, there exists a solution z s.t. || Tb]|cy Lip, < N}.
N>1

In order to conclude it is then sufficient to show that, for each N, the set Ay is closed under
the topology of C?. We can restrict ourselves to the case C, since any other convergence we
consider is stronger than this one.

Let w™ be a sequence of elements of Ay such that w”™ — w, then by Lemma 3 we know that
T%b € C] Lip, with the bound [[T"b||¢c7 ;. < N. For each n, denote by z™ = " + w"

the associated solution of (CP,,) such that HT"’”anth Lip, < N; by the a priori estimates from
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Theorem 8, together with HT“’"bHC: Lip, < N, we deduce that [0"(c~ are uniformly bounded.
We can therefore (up to subsequence) consider ™ — 6 in C7~¢ for suitable ¢ > 0. Since
w" + 60" — w+ 6 in CY) again it must hold ||Tw+ebHc] Lip, < N.

In order to conclude it remains to show that = 6 4+ w is a solution of the (CP,,) associated to
T™b. Since the sequence T%" b — T™b in the sense of distributions and it is uniformly bounded in
C; Lip,, reasoning as in the proof of Lemma 4 we deduce that also local convergence in Cj “CL~¢
holds, for any € > 0. Choosing ¢ > 0 small enough such that v —e+ (1 —¢)/(y —¢) > 1, by
continuity of nonlinear Young integral it holds [, T " b(ds, 07) — Jo T™b(ds, 6,) in C7~¢. Taking
the limit as n — oo of

¢
0r = o —wll + / T b(ds,07)
0
we deduce that z is a solution w.r.t. T%b of (CP,,), which concludes the proof. a

Proof of Theorem 11 In order to conclude it suffices to show that we can find v > 1/2 and
H > § such that puf(p + A,) = 1 for all ¢ € Cf. Let us choose ¢ > 0 small enough such
that

H=0+e< (43)

2(1—a)’
We need to find v > 1/2 such that for any fixed ¢ € C?,

p (we Cf s T b e C) Lip, and 3z € (w + ¢) + C} solution to (CP,,) s.t. T%b € C7 Lip,) = 1

By definition of the averaging operator we have T%t¢h = T%b, where b(t,-) = b(t,- + ©t);
moreover, € (w + ¢) + C; solves (CP,,) if and only if Z := z — ¢ € w + C} is again
a solution to another Cauchy problem of the same type. Indeed, by definition of solution,
0 =z— (w+¢) =& — w must solve

¢ ¢
0y = xo — (wo + ¥o) +/ TV ?b(ds,0,) = &g — wo +/ Tb(ds, 05)
0 0

where To = xg — o, so that Z is a solution to the Cauchy problem associated to o, b and w.
Moreover by properties of averaging operators it holds T%b = T*b.

By the translation invariance of the C%-norm, it holds b € C%, ||b||ce = ||b||c=; moreover b has
still compact support in space, uniformly in time. Since condition (43) implies a > 1 — (2H )7L,
we can apply Theorem 12 for the choice g, T%b to find v > 1/2 (independent of ¢) such
that

1 = pff (w € C?: T e O Lip, and 3% € w4 C} solution to (CPg,) s.t. T%h € C7 Lipl.)
= pf(weC: T"T?be C) Lip, and 3z € (w + ¢) + C} solution to (CP,,) s.t. T%b € C} Lip,)

which gives the conclusion. O
Remark 15 For simplicity we have preferred to give the statement of Theorem 11 as above,
but it will be clear from the contents of Section 4.2.3 that similar prevalence statements can

be formulated under other hypothesis on b and ¢ simply by going through the same proof and
applying in the end either Theorem 15 or Corollary 2.
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4.2.2 Girsanov transform

Before introducing Girsanov Theorem, we need to recall another representation formula for f{Bm,
different from the one given in Section 3.2, which can be found in [40], [44]. The representation is
based on fractional calculus, which we also quickly introduce and for which we refer the interested
reader to [46].

Given f € L'(0,T) and a > 0, the fractional integral of order « of f is defined as

(1 f). = ﬁ / (t— )7 fuds (44)

where I" denotes the Gamma function. For a € (0,1) and p > 1, the map I% is an injective
bounded operator on LP and we denote by I*(LP) the image of LP under the I®, which is a

Banach space endowed with the norm || f||7a(zry := [|gllz» if f = I%g. On this domain, I*
admits an inverse, which is the fractional derivative of order «, given by

«@ o 1 d ! fS _ 1 ft K ftffs
(D f)tI‘(l—a)da:/O G- T Ta—a) <t“+a/0 (t—s>a+1d5)' (45)

With this notation in mind, a fBm of Hurst parameter H € (0,1) can be constructed starting
from a standard Brownian motion B on the interval [0, T by setting W = K (dB), where the
operator Ky is defined as

['sH-12[H=1/21/2=Hp  §f /> 1/2
Kuf= [2HG/2-H [12=H H-1/2, if [] < 1/2

where the notation s” denotes the multiplication operator with the function s +— s?. It can
be shown that this definition of W# is meaningful and that the operator K corresponds to a
Volterra kernel K (t,s), so that the above representation is equivalent to

t
wH = / Ky (t,s)dBs. (46)
0
The explicit expression for Ky in the case H > 1/2 is given by

t
Ky(t,s) = cHsl/Q_H/ (u— S)H_3/2uH_1/2du; (47)

S

in the case H < 1/2 it is more complicated and we omit it as we will not need it. It can be shown
that the operator Ky can be inverted, which implies that the processes B and WH generate
the same filtration, which makes it a canonical representation; moreover this implies that given
any fBm WH on a probability space, it is possible to construct the associated B by setting
B.= [, (KW ds. The inverse operator K" is given by

L, [ sHVRDH2RH H > 1/2
Ky f= 81/2—HD1/2—H8H—1/2D2Hf itH < 1/2 (48)
We will use the following terminology: given a filtered space (Q, F,{F;}i>0,P), we say that a
process W is an F,-fBm if it is a fBm under P and the associated B is an F;-Bm in the usual
sense.
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Theorem 13 (Girsanov) Let (Q,F, {F;}i>0,P) be a filtered probability space, W be an F;-fBm
of parameter H € (0,1) and h be an Fi-adapted process with continuous trajectories s.t. hg = 0.
Let B be the Bm associated to WH , namely such that WH = KydB. Suppose that Kﬁlh € L?

with probability 1 and that
P
E [d] =1 (49)

dQ
where the variable dP/dQ is given by

dp T 1T
g = o (-/O (K;'h)sdBg — 5/0 |(KH1h)52ds> . (50)

Then the shifted process WH := WH + b is an Fy-fBm with parameter H under the probability
Q. A sufficient condition in order for (49) to hold is given by Novikov’s condition

T
exp <;/0 |(KH1h)S|2ds>1 < 00. (51)

The result is taken from [41], Theorem 2, with the exception of the final part which is just
classical Novikov condition; in the original statement from [41], the process h is taken of the
form h. = fo ugds, but this doesn’t play any role in the proof, which indeed holds also in the
case h is not of bounded variation.

E

In order to apply Theorem 13 in cases of interest, we first need to establish conditions under
which (51) holds, which requires a good control of |K;;'h| 12 in terms of h.

Since K;II is defined in terms of fractional derivatives, the following fact will be quite useful: if
f e CPand fy =0, then D®f is well defined for any a < 3 and moreover D®f € C7 for any
v < B — « together with the estimate

1D fllor Sv.a [ llcs- (52)

For a self-contained proof of this fact see Theorem 2.8 from [44] (on a finite interval [0, 7], the
space HP? considered therein corresponds to the functions f € CtB such that fo = 0).

Lemma 9 Let o € (0,1/2) and h € C? for some B > a, hg = 0. Then s*D%s~h € L? and
there exists a constant C = C(«, 8,T) such that

[s*D%s™“h|[L2 < Cllhllcs- (53)

In particular, for any H € (0,1), if h € CtB for some B> H +1/2, hg =0, then Kﬁl € L? and
there exists a constant C = C(H,3,T) such that

155" hllzz < CllAllcs. (54)

Proof We have

tpmap, — s™%h,

=5t ds| .

(s*D*s h)(t) =T(1 —a)™* {ht + at“/
0
Since h € C?, it clearly also belongs to L?, so we only need to control the term
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t ,—« e t 1—a _ —a _ -«
t“/ t=h; — s hsds gta/ t=%|hy — hs| + (s t )|hs|ds
o (t—s)ott 0 (t —s)ott
Prme(t —s)P 4 (57> —t™)
< «
< et | Lo as

1 1
_ 1 o (I —u®)
a |48 e _
et | [ ggmamstn s [ v g e

St lhllest™

Since a € (0,1/2), t~* € L? and so we deduce that the overall expression belongs to L?, as well
as estimate (53). Regarding the second statement, the case H = 1/2 is straightforward since
K;;*h = h'. In the case H > 1/2, by the formula for K, combined with estimates (52) and (53)
for the choice « = H — 1/2, choosing ¢ > 0 sufficiently small we have

1Kz Blize S W llen-r/zee S IR o8

the case H < 1/2 is analogous. ad

Remark 16 We have given an explicit proof of Lemma 9, but a similar (stronger) type of result
can be achieved by a more abstract argument. Indeed it follows from the proof of Theorem 5.4
from [44] that ||s*D(s~*h)||z2 ~ ||D*h| 1> and similarly || Ky h||p2 ~ |[DF+1/2h| 12; we have
already seen that if h € C? with 8 > a and hg = 0, then D®h is a continuous function, so
its L?-norm is trivially finite. The inclusion C# C I*(L?) is strict and therefore the hypothesis
of Lemma 9 are non optimal, but they are rather useful when dealing with functions h not of
bounded variation.

We can now state a general result on the applicability of Girsanov transform together with a
good control on the density defining Q.

Theorem 14 Let (0, F,{F:}i>0,P) be a filtered probability space, WH be an Fi-fBm of para-
meter H € (0,1) and h be an Fi-adapted process with trajectories in Cf, 8> H+1/2, s.t.
ho =0 and

Elexp(A||h]|2s)] < 00 VA €ER. (55)

Then Girsanov transform for W = h+ WH is applicable, i.e. W is an Fy-fBm of parameter
H under the probability measure Q given by (50). Moreover the measures Q and P are equivalent

and it holds 0
d " dP\"

Proof By hypothesis (55) and Lemma 9 it follows immediately that
Elexp(A| K 'h|j32)] < 0o YA ER.

Therefore Novikov criterion is satisfied and Girsanov transform is applicable. The proof of
second part of the statement follows from classical arguments, but we include it for the sake of
completeness. Let us prove integrability of the moments: for any « > 1 it holds
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T
_ _ o _
B [exp <a |ty - g s + (a2 - 5) ||KH1hi2>]
0
T 1/2
Er [exp (za |t -an - 2a2||KH1h||i2>] Ep[exp((20” — a) [ K5 h][3)]"/>
0

= Eplexp((2a® — )| K" hl|72)]'/* < oo,

N

where in the second line we used the fact that the integrand in the first term is again a probability
density by Novikov’s criterion, this time applied to the process h = 2ah. Now in order to show
that the measures Q and P are equivalent, we need to show that the inverse density dP/dQ is
integrable w.r.t. Q. Again by Girsanov, since we have WH = W# — h, the inverse density is

given by . -
P ( | st -ab— 5 | |(K,;1h>(s>|2ds)

where B now denotes the standard Bm associated to W i.e. such that W/ = fot Ky (t,s)dB,.
Since we have

T
Eq [exp (; / <K,;1h><s>|2ds>

T
exp (; / |<K;fh><s>|2ds> j(g]
T 1/2 971/2
exp (/0 |(KH1h)(s)2ds> Ep [(ig) ] < 00

we can conclude, again by applying Novikov, that dP/dQ is integrable w.r.t. Q. Reasoning as
before it can be shown that dP/dQ admits moments of any order w.r.t. @, which gives the
conclusion. ]

:E]P’

< Ep

4.2.3 Path-by-path uniqueness for SDEs driven by additive fBm

Girsanov Theorem allows to construct probabilistically weak solutions of (CP,, ), which we define
in the following way.

Definition 4 We say that (Q, F,{Fi }i>0, Q, WH  X.) is a weak solution of the Cauchy problem
t

X, = xo + / b(s, X,)ds + WH (56)
0

if (Q,F,{Fi}i>0,Q) is filtered probability space, WH is an F;-fBm of parameter H under the

probability Q and Q-a.s. the following holds: there exists v > 1/2 such that T™"p € C{ Lip,,
X e WH 4-C7 and X is a solution of (56) in the sense of Definition 5.
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We have given a non classical notion of weak solution, which is well suited when dealing with
a distributional b; depending on the context, this is not the only possible definition, see for
instance [3] and [22] for different choices.

We are now ready to provide a general principle to establish path-by-path uniqueness.

Lemma 10 Let WH be an Fi-fBm of parameter H on (0, F,{Fi}i>0,P), z0 € RY; suppose
that:

1. b is a distributional drift such that, for some v > 1/2, T™"p e C} Lip,, P-a.s.;
2. Girsanov theorem is applicable to the process W —h, h. = [ b(s,zo + WH) = TWH(~7x0).
Then path-by-path uniqueness for (CP,,) holds.

Proof Consider v > 1/2 as in the assumption and the set A, defined as in (42); by Theorem 10,
in order to conclude it is enough to show that uf(A,) = 1. By hypothesis, the first half of
the statement defining A, is already satisfied on a set of full probability, so we only need to
concentrate on the second half. By the definition of A, the process X = xo+ W satisfies

¢ t
Xo=ant [ TV @symo) + (W~ he) =+ [T s 0) 4 WS (57)
0 0
by hypothesis Girsanov theorem is applicable, so we can construct a new probability measure Q
which is absolutely continuous w.r.t. to P such that W# is an F;-fBm under Q. Observe that
P-as. TXb = r20TW"p € C) Lip, and so P-a.s. the difference X. — WH = 2o+ TX (-,0) € C7
(if T%b € C} Lip,, then it also belongs to C9C}); then by Lemma 7, on a set of full measure P
equation (57) is equivalent to

t
Xt:J)()—F/ TW(dS,Xé—Wf)-FWtH
0

and so X is P-a.s. a solution to (CPy,) in the sense of Definition 3. Since Q < P, all the above
statements also hold on a set of Q-full measure. But then since W# has law p under Q, we
obtain

p(A) = Q (TWHb € O Lip, and there exists a solution z € W 4 C7 such that T%b € C} Lipx>
> Q (TWHb € C7 Lip, and X is a solution to (CP,, ) and satisfiesTXb € C} Lipw)
=1

which gives the conclusion. m]

Remark 17 We cannot apply directly the Yamada-Watanabe theorem to deduce existence of
a strong solution under the assumptions of Lemma 10, because our path-by-path uniqueness
statement holds only in the class w + C” and not in the class of all possible continuous paths
(although in the case of continuous b the two classes coincide). There is however a more direct
way to show that the path-by-path unique solution X is adapted to the filtration generated by
WH. Consider a sequence ¢, | 0 and b" := p°» x b, where as usual {p}.~¢ is a sequence of
spatial mollifiers, and consider X™ solution to

dX! =b"(t, XM)dt + dWH;
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by classical theory X is unique and adapted to the filtration generated by W#. Then by
Theorem 10 (possibly combined with Lemma 4), P-a.s. X™ — X. in C7, which implies that X
is adapted as well and thus a strong solution.

All the results obtained so far are of abstract nature. Now we are going to show how to apply
them to establish path-by-path uniqueness for (CP,) in our context. In particular, Theorem 12
is a direct consequence of the following more general result.

Theorem 15 Let b be a given drift, H € (0,1). Assume one of the following:

e if H>1/2, then there exist« >1—1/(2H) >0 and 3 > H —1/2 > 0 such that b € C{C%
and
[b(t, ) = b(s,y)| < C(lw —y|* + [t —s|”)  forall s,t€[0,T], z,y € RY

o if H<1/2, thenb e LPCY fora > 1—1/(2H), such that b has compact support, uniformly
in time; here a < 0 is allowed.

Then for any o € RY path-by-path uniqueness holds for (CPy,).

Proof In both cases, in order to conclude, we need to show that we can apply Lemma 10 to the
process h. = fo b(s,xo+WH); in order to do so, we will check that the conditions of Theorem 14
are satisfied. Up to shifting b, we can assume without loss of generality zg = 0.

Let H > 1/2, then by the hypothesis b € C°C® and Theorem 6 we know that TW" € ) C1+¢

(at least locally) for some v > 1/2 and € > 0; the process h belongs to C’fprl/%‘S if and only

if the map t — b(t, WH) € C'tH_l/erE. Recall that for any v < H, W € C}; then by the
hypothesis it holds

[b(t, W) = b(s, W < O(t = s + W = WI*) <Ot —s” + [WH]S ]t — 5|°7)
and so we can find € > 0 small enough such that v = H — ¢ and
[0 (W) prrgrjore ST+ IWHEn ..
As the exponent a < 1, by Fernique Theorem we deduce that
Elexp(A|A]|En+1/2--)] S Elexp(ACIWH]E5-.)] <o VAER.

Consider now the case H < 1/2. By Theorem 6 (as the support of b is compact uniformly in
time, we have the embedding C* < By, for any p < co) we know that

TV b e Cycoti/2i—= ., crolte

for some v > 0 and € > 0 sufficiently small, therefore the process h; = TWHb(LO) is a well
defined element of C}'. We now want to show that it actually belongs to CtH +1/ **%. we can do
so by interpolation, using the fact that TW" has higher spatial regularity. Indeed by properties
of the averaging operator ™ b e Lip, C% and so for any 6 € (0,1) it holds

H H 0 H. g
I llcr-o < TV bllgr-or20p < 1T bl collT™ bll /2 goasam -
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where 8 = (1 —0)a+ 0(a+ (2H)™! — ¢) and thanks to the hypothesis we can choose 6 € (0, 1)
s.t.
0 1 = a—€g>——>1—-—.
19> H+ 1 2H °H
For this choice of § therefore we obtain

{5a+;;w>o 0 1

H
Hh||26'H+1/2+ S ||TW b”i%/?Cngl/(?H)*E

and since the exponent 20 < 2, and we have exponential integrability for the term on the r.h.s.
by Theorem 6, we get the conclusion. |

In the regime H > 1/2, the hypothesis required on b is the same as in [41], although therein path-
wise uniqueness is shown only in the case d = 1, while here we obtain path-by-path uniqueness
in any dimension. In the case H = 1/2, we can allow b € L°CY for any o > 0; this result is
comparable to the one from [15], in which sharper estimates allow to reach b € LgS,.. Observe
that in the regime H < 1/2 we can allow b to be only distributional; in this case, we recover
the results from [10]. Unfortunately, the original proof from [10] is wrong, due to an incorrect
version of the formula defining K;Il (see the formula for H™ just before Lemma 4.8 therein),
which is why we have decided to give an alternative proof rather than directly invoking the
results from [10].

The driving principle given by Lemma 10 is fairly general and can be applied under different
hypothesis on b, especially when we combine it with Theorems 4 and 6.

Corollary 2 Let H < 1/2 and b € L{Bg, with (¢,p) € [2,00)?, a < 0 such that

1 d 1
+H<—a><—H. (58)
q p 2
Then for any x¢ € R?, path-by-path uniqueness for (CP,,) under uf holds. A similar statement
holds for b € L{LP with

1 d 1

~+H-<;-H. 59
cTH <3 (59)

Proof Tt follows from hypothesis (58), combined with Theorem 6 and the Besov embeddings
Bybe — Cots=d/P that we can choose s satisfying (28) such that ™" € CJCL for some
v > 1/2. As before, we can now assume g = 0 and it remains to show that the process
hy = TWHb(LO) € Ctﬁ for some 8 > H + 1/2 and satisfies integrability conditions like those
of Theorem 14. By the properties of the averaging operator, on a set of full probability it
holds i -y 1o
TV be qup NnC, B;‘;fs
for any s such that Hs+1/q < 1/q. Therefore by interpolation, for any 6 € (0, 1), it holds

TWHb c Ct(1*1/‘1)(1*0)+9/2BZ(7’117—9a)+9((x+s) N Ct(lf1/q)(1*9)+9/20(1—0)a+9(a+s)—d/p.

In order to deduce that T b (-,0) € CF with 8> H +1/2, we need to find parameters s > 0
and 0 € (0,1) such that

Hs+ 1<

Q—%(1—®+§>H+;

(1—9)0&-‘1-9(04-1—8)—% > 0.
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A few algebraic manipulations show that the above system is equivalent to condition (58); from
interpolation we then obtain, for 5 = (1 —1/¢)(1 — 0) + 6/2 as above,

H
Fllos S 1T bl /s

and since the parameter 6 € (0,1), we deduce that ||h||cs satisfies (55).

In the case b € L{L?, using the embedding LP < B, for any € > 0 (see Appendix A.2) and
applying the previous result for e sufficiently small we get the conclusion. O

In the case b € L{LP, it was already shown in [35] that path-wise uniqueness holds. Here we
have strengthened the result to path-by-path uniqueness. The case b € LqBO‘ with a < 0 to the
best of our knowledge has not been considered in the literature so far. Condltlon (58) actually
holds also in the regime « > 0, but this is not particularly interesting as one can use fractional
Sobolev embeddings (see [17]) to deduce L{BS < LILP" with

S
*

S e
IS o)

and then reduce it to the case (59).

Remark 18 The guiding principle of Lemma 10 is fairly general, but there are situations in
which it is possible to establish path-by-path uniqueness even if Girsanov theorem is not ap-
plicable (or at least we are currently not able to find suitable estimates in order to apply it).
Consider for instance the case of H > 1/2 and b € LPCY for o € (0,1) such that

3 1
o > 5 - ﬁ’
observe that the condition is non trivial for every H € (1/2). Then by Theorem 6 (possibly after
a localisation procedure) ™V b e C{ Lip, (at least locally) and so by Theorem 9 path-by-path
uniqueness holds for the whole ODE. However, lack of continuity in time of b prevents us from
applying Girsanov.

4.3 Regularity of the flow
4.3.1 Variational formula for flow of diffeomorphisms

It follows from Theorem 9 that, if b and T"b satisfy the regularity assumptions, the solution
map (6p,t) — 6; is Lipschitz in space, uniformly in time (more precisely, it follows from (37)
and (38) that it is C} Lip,,.). However we cannot yet talk about a flow, as we haven’t shown
the invertibility of the solution map, nor the flow property; this is accomplished by the following
two lemmas.

Lemma 11 Let T"b € CJC% and 0 € C{* such that v + Ba > 1. Then setting W, = wr—y,
bt = bT—t; it holds

t T
/Owa(ds,Qs):—/ TPb(ds, Op_s). (60)

T—t
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In particular, if 0 is a solution of the YDE

t
0, = 0, +/ Tb(ds, 6,),

0

then 0~t = Or_, satisfies the time-reversed YDE
~ ~ t ~ o~ ~
0, = 0 —|—/ Tb(ds, ;).
0

Proof Let IT be a partition of [0,¢] given by 0 =ty < t; < --- < t, = t and define t; = T — t;,
which defines a partition of [T'—¢,T] (up to the fact that it is decreasing w.r.t. 4); it holds

ZT bt,,tl+1 at ZT bT t T — t1+1(0T t)

= = Z waT—£i+17T_£i (HT_£11+1) + J

i

where the remainder term J satisfies

‘J| = Z[waT—Ei+1,T—£i (eT—t",-,-H) - waT—le,T—fi(eT—tk,;)]

i
< WMo o lflles 3 It — 61 S [IJ71 = o))
K3
By basic properties of the averaging operator we have T%by_; 14 (x) = T%b, ;(x) and so overall

we obtain
ST bt 00) = = T 5, (O 7,,) + oI

Taking a sequence of partitions ITy such that ||IIy|| — 0 and taking the limits on both sides we
obtain the first statement. Regarding the second statement, if 8 is a solution of the YDE, then
by (60) for any ¢ € [0,7] it holds

T t

0=~ [ TUbds,0) = [ T7(ds,60)
T—t 0

which implies the conclusion. O

Similar arguments also provide the following lemma, whose proof is therefore omitted.

Lemma 12 Let T*b € C}CY with v(1 4 v) > 1 and let 6 be a solution of

t
0, = 0, —|—/ T%b(dr,0,) Vtels,T).
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Then setting 0, = Osi¢, Wy = wsyy and by = bsit, it holds

t
ét=é0+/ T®b(dr,0,) Yte[0,T — s].
0

We are now ready to provide sufficient conditions for the existence of a Lipschitz flow.

Theorem 16 Let b, T™b satisfy the assumptions of Theorem 9. Then the YDE admits a
C} Lipy,. flow; namely, setting A = {(s,t) € [0,T)? : s < t}, there exists a map ® : Ap x R —
R® with the following properties:

i. ®(t,t,x) =z for allt € [0,T] and v € R%;
ii. ®(s,-,x) € CV([s,T);RY) for all s € [0,T] and x € RY;
iii. for all (s,t,z) € Ap x R it satisfies

t
B(s,t,x) = o + / T*b(dr, B(s, 7 2)):

. for all0 < s <u<t<T and all v € RY, it holds ®(u,t, ®(s,u,x)) = ®(s,t,7);

v. both ® and ®~" are Cf Lipy,. in the sense that there exists a constant C' = C(v, T, | T*b||c7 c2)
(resp. C'=C(v,T,[[Tb|| v ca2 V [bllLgs,)) such that @i(z) := ©(0, ¢, x) satisfies

Py(z) — @ P -
[®]cLip = sup M + sup |Ds,¢(2) s,t(Y)l <C
te[0,7] |(E—y‘ s#t€[0,T] ‘t—8|7|$—y|
z#yeR? @ #yeRr

and the same inequality holds for 1, (x) defined by 1, = ®; .

Proof The proof is a straightforward application of Theorem 9 and Lemmata 11 and 12. In both
cases of time reversal and translation we have ||[T%b||c~c2 < ||T%b||c~c2 (same for ||| v ¢s/2 and
[[[|£se,) so that uniqueness holds also for the reversed/translated YDE, with the same continuity
estimates; this provides respectively invertibility of the solution map and flow property. O

From now on for simplicity we are going to consider only the map ®;(z), which by an abuse of
notation and language, will be just denoted by ® and referred to as the flow of the YDE. This
is just to keep the notation simple and indeed all the proofs can be easily adapted to the whole
flow ®(s,t,x).

We now state a specialised version of Theorem 9 which is quite useful for practical purposes, as it
clearly identifies a way to approximate the flow associated to T"b, which by the YDE formulation
is well defined when b is only a distribution, by means of more regular flows, associated to drifts
b for which also the ODE interpretation is meaningful.

Lemma 13 Let b, T™b satisfy the hypothesis of Theorem 9 and let {p°}e~o be a family of spatial
mollifiers, b° = p® +xb. Then b° satisfies the hypothesis of Theorem 9 for any € > 0; denote by ®°
and ® the flows associated respectively to b° and b. Then ®° — @ uniformly on compact sets;
more precisely, for any ¥ < v and any fired R > 0 it holds

lim sup ||®(-,z) — ®°(-,x)||cy = 0. (61)
€

—0 r€EBR

In the case b € Lgs,, the above convergence actually holds for any v < 1.
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Proof We only prove the statement in the case T%b € C;C?, the other one being almost
identical. By the properties of mollifiers it holds T%b° = (T"b)%, so that [|[T*b||cacz <
[T*bl|c;yc2 for all € > 0, thus the hypothesis of Theorem 9 are satisfied uniformly in & > 0.
Once we fix R > 0, by the a priori estimates from Theorem 8 we have a uniform bound of the
form

sup sup [|2°(-,x)||cv < C < o0

e>0 z€BR
in particular we can localise T%b and T™b° in such a way that they all have support contained in
a sufficiently big ball (say for instance Bag) in such a way that for « € Bg, ® (-, z) and ®° (-, )
are not affected by it. Now take any 4 € (1/2,~), then by (37) in order to conclude it is enough

to show that T%b* — T™b locally in C} Lip,; but this is an immediate consequence of Lemma 4.
O

From now on we will adopt the following notation: whenever all the Young integrals involved

are well defined, we write
t t .
/ FoA(ds0,) = / fud ( / Adr, 9,3) ,
0 0 0

so that in particular, whenever ¢ is regular enough for 7"y to make sense both as a Young
integral and a Lebesgue integral, it holds

t t
/ fsTVo(ds,05) = / fsp(s, s + ws)ds.
0 0

We are now ready to further improve the regularity of the flow ® and provide a variational
equation for D,®, as well as an expression for its Jacobian. In the case A = T%b € C]C? a
similar result was proved in [30], Section 3.3; our derivation is of different nature and based
on approximating b by more regular 6°, for which standard ODE theory applies. The case
TYb € C'?Cg/2 appears to be new.

Theorem 17 Let b, T™b satisfy the hypothesis of Theorem 9. Then ® associated to b is a flow
of diffeomorphisms and ® and 1 = ®~1 belong to C] CL.. Moreover ® satisfies the variational
equation

D, % (z) =T+ /t D, ®s(x) o T D b(dr, ®,.(2)) (62)
0

which is meaningful as a YDE; here o denotes the matriz-type product given by Ao B = BA.
The Jacobian J®;(x) = det(D,D;(x)) satisfies the identity

J®,(z) = exp ( /O " div TUb(ds, @s(x))> (63)

and there exists a constant C = C(v, T, || TUb|lc~c2) > 0 (resp. C(v, T, |TUb|lc~vcsr2 V ||bll=))
s.t.
C71 < Jo(x) <C Y(tz)€0,T] x R

In particular, the flow is Lagrangian.

Proof As before, to avoid repetitions we give a detailed proof only in the case T%b € C] C?; we
provide in the end the main differences of the proof in the case b € L, T%b € C?Ci’/z.

t,x»
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We divide the proof in several steps, but the main idea is the following: in the case of spatially
smooth b, the result is just a reformulation of the standard ODE results; in the general case we
can recover the result by reasoning by approximation with the help of Lemma 13.

Step 1: Proof in the case of regular b. Let us first assume in addition that b € L{C? for some
q > 2; then in this case we know that the YDE formulation is equivalent to the ODE one, so
that the flow ® associated to b satisfies

Oy(z) == +/0 b(s, @s(x) + ws)ds;

moreover by standard ODE theory we have the variational equation

t
D, ®i(z) = I—|—/ D, (x) o Dyb(s, Ps(x) + ws)ds
0

e D, (a0 ([ Dot 20) 4 wyar)

¢
I+/ D, ®s(x) o TV D, b(dr, @,.(x)).
0

The term in the last line now makes perfectly sense as a Young integral, as the term

/. T Db(dr, @, (x))

0

is a well defined C; map for v > 1/2, since b € L{C}, proving the first part of the claim.

Step 2: Approzimation and characterisation of the limit as e — 0 of D, ®°. Consider a sequence
Tvb*, ®° defined by spatial mollification as in Lemma 13. By Step 1, for any € > 0, D, ®¢ satisfies
the variational equation, which for fixed z is a linear YDE in the unknown D, ®¢(-, x) with drift
fo' TY D b®(dr, ®%(z)); thanks to the a priori bounds given by Theorem 8, which for fixed x are
uniform in €, we have the estimate

which implies by Proposition 3 in Appendix A.1 that for fixed x we have the uniform estim-
ate

/ T Db (dr, @5 (x))
0

ST Do Lip, 127 (s 2)l|or S 1Tl v e
Ccv
sup || Dz P (-, z)|lev < o0.
e>0
As in the proof of Lemma 13, for any § > 0 we have T% Db* — T" Db locally in C?_‘SCJ%_‘S, as

well as ®°(-,z) — @(-,x) in C’g_‘s, thus choosing ¢ sufficiently small such that (y —96)(2—9) > 1
by the continuity of nonlinear Young integral it holds

/ T Db (dr, % (z)) — / T Db(dr, ,(z)) in C7°
0 0

By the a priori estimates on D, ®°(-, x), we can extract a subsequence converging to a limit in
CP for any 1/2 < B < 7; let us denote this limit by g(-,z) (the notation will be clear in a
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second). By Step 1, D,® satisfy variational equations with drifts [j T D,b*(dr, ®*(r,z)) —
Jo T Dy b(dr, ®(r, x)), which implies that g(-, z) must satisfy the linear YDE

g(t,x) =1 +/O g(s,z) o TV D, b(dr, @, (x)).

But the solution to this linear equation unique, thus so is the limit of any subsequence we
can extract, showing that the whole sequence {D,®°(-, x)}.s0 converges to such g(-,x). The
reasoning holds for any = € R9.

Step 3: Continuity of the map (t,x) — g(t,x). This step is very similar to the previous one, so
we only sketch it. Continuity in t is clear, we only need to prove continuity in x; by the continuity
of the flow, for any sequence x,, — = we have ®(-, ) — ®(-,2) in C7~° for any J > 0 and since
all 2, lie in a bounded ball, we have uniform estimate both on [ 7% Db(dr, ®,(x,)) and g(-, z,).
Therefore by the usual compactness argument we deduce that g(-,z,) converge in C7~° to the
unique solution of the YDE associated to [; T Db(dr, ®,(x)), namely g(-,z).

Step 4: Flow of diffeomorphisms. We know that for any R > 0, the flows ®° are spatially
Lipschitz in Bg, uniformly in [0, 7] and € > 0, and that they converge uniformly on compact sets
to @, while their spatial derivatives D, ®° converge to the continuous function g(¢,x). Therefore
we deduce that g(t,z) = D,®;(r), thus showing that ® is C! in space, uniformly in time;
moreover by construction g is the unique solution to the variational equation (62). The reasoning
applies to ¥ = &1 as well, as it is the flow associated to the time reversed drift T®p, which
enjoys the same regularity as T™b.

Step 5: Jacobian. As before, let us first assume b spatially smooth, then by standard ODE
theory it holds

J®,(z) = exp (/Ot div b(s, B, (z) + ws)ds> = exp (/Ot div T"b(ds, @S(x))>

which gives equation (63) in this case. The general case is accomplished as above by an approx-
imation procedure, using the continuity of Young integrals. Regarding the bound on J®, by
Point 4 of Theorem 7 combined with the a priori estimates on ®, we obtain

JOi(x) S [ div Tl v rip (L+ [@ (-, 2)]r) < C

which gives the upper bound; the lower bound follows from (J®(x))~! = Jyy(z) < C. Lag-
rangianity follows from the two-sided bound.

Step 6: Differences in the case b € LS, with T"b € C;’C;Z’/Q. The proof in this case goes along
the exact same lines, with only slightly different regularity estimates. Indeed in this case we
know that ®(-, ) is Lipschitz with [®(-, z)]Lip < [|b]|= for all z € R? and so the drift associated

to the variational equation is controlled by

S T DY | v /2 [®°C5 @) [uip < IT0l v earal|bll e
cv

/ T DI (dr, % (r, 7))
0

Moreover by Lemma 13, we now have ®° (-,2) — ®(-,x) in C'~% for all § > 0 and so all
the reasonings related to compactness and continuity of Young integrals still work. A similar
reasoning goes for equation (63) and the two-sided estimates for J (¢, z). a
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Remark 19 A closer look at the proof shows that the result can be further generalised to include
the case of T%b € C7CY with b € LY L2°, under the conditions v > 1/2 and v > 1 + ¢/2, ¢ being
the conjugate of p, i.e. 1/p+1/q=1.

Remark 20 Recall that in the case of spatially smooth b, differentiating the relation 1, (®:(z)) =
x w.r.t. t, one obtains that 1 satisfies the PDE

i) (x) 4+ Dathy(x)b(t,x +wy) =0 for all (¢,2) € [0,T] x R%. (64)

Equation (64) still holds if b € CP, and T"b € 0?03/2, since in this case ® is locally C}, and
the same holds for ; in the general case T%b € C; C?, reasoning by approximation, it is still
satisfied in the following generalised sense:

Y(x) —x = /O t Dby (x)Tb(ds, z) for all (t,2) € [0,T] x R? (65)

where the r.h.s. is a Young integral in time, for fixed z € R<.

4.3.2 Higher regularity

Similarly to the standard ODE case, we can show that the flow ® inherits the spatial regularity
of T"b, i.e. to a more regular averaged functional T"b corresponds a more regular flow of
solutions.

Theorem 18 Letn € Nyn > 1, v > 1/2 and assume that one of the following conditions holds:
e T¥he CJCHL; or
o TVhe CYCy™? and b e Ly,

Then the YDE associated to 6 admits a locally C2-reqular flow (t,x) — ®(t,x).

Proof As before, we give a detailed proof in the case T%b € C;C"*! and in the end highlight
the main differences in the other case. The idea of the proof, similarly to that of Theorem 17,
is to reason by approximation and establish first that, for b° = p x b, it holds ®¢ € C]Cnt!
with an estimate which is uniform in ¢ > 0; then the conclusion follows from taking the limit
as € — 0. In order to get uniform estimates, we will show that for any k < n, DF¥®° satisfies
a variational type equation in which the leading term is a linear Young integral. We split the
proof in several steps.

Step 1: k-th order variation equation. We start by assuming b € LICS° in addition to the
assumptions, so that by standard ODE theory the associated flow has C'*° spatial regularity. We
now adopt the following convention: the symbol o denotes a suitably chosen matrix product,
which can change from line to line. We claim that, for any 1 < k& < n, DF® satisfies the
variational-type equation

DE®(t,2) = /0 DE®(s, ) 0 DT b(dr, B(r, 2)) + Fo({DL0(, ) }ick_1) (66)

where the first integral makes sense in the Young sense and the Fj are “polynomial” functions
of the form

k t k—1
Fo({Did(-,2)}) = Zzaﬂ/o R (D'd(s,2))®% o DT b(dr, &(r, )
a=1 g i=1
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where the internal sum is taken over all possible 8 = (81,..., 8k—1) with 8; € {1,...,k} such
that ), i6; = k and ag are suitable coefficients of combinatorial nature. Observe that, in terms

of the variable DX®(-, x), equation (66) is a linear YDE of the form y;, = fg Aqsys + hy, as the
second term does not have any dependency on D¥®.

The proof is by induction on k, the case k = 1 being immediate. In the case k = 2, differentiating
both terms in the variational equation associated to the drift (¢,2) — b(t, z + w;)

t
D,®(t,z)=1 +/ D, ®(s,x) 0 Db(s, P(s,x) + ws)ds,
0

we obtain

t t
Dg@(t,x):/ Di@(s,x)oDrb(s,é(s,x)ers)der/ D, ®(s,2)%% 0 D2b(s, ®(s,z) + w,)ds
0 0

t t
:/ Dg@(s,x)oDIT“’b(dr,q)(r,x))—i—/ D, ®(s,2)%? 0o D2T™b(dr, ®(r,x))
0 0

which is exactly of the form (66). Now assume that the statement is true for k, then differenti-
ating (66) on both sides we obtain

t
D’;+1q>(t,x):/ D 1®(s, ) o D,TYb(dr, ®(r, z))
0

+ /0 (DE®(s,2) @ D, ®(s,x)) 0 D2Tb(dr, ®(r, x)) + Fyy1 ({D'®(-, ) }ick)

where Fj, 1 ({D'®(-,2) }ichi1) = Do Fi({D'®(-, ) }ick) and it is easy to check that it is still of
“polynomial type”.

Step 2: Inductive estimate on DE®. Fix R > 0; we claim that, for any 2 < k < n, there exists
a constant Cj < oo (which depends on R), which is independent of [[b| La¢o0, such that

sup sup [ D'd(,)]cy < oo.
i<k z€Bgr

Again the proof is inductive, mainly relying on the fact that D?® solves the linear YDE (66) in
combination with the a priori bounds given by Proposition 3.

We start by proving the claim in the case k = 2. In this case we already know by Theorems 8
and 17 that sup,cp, ([[®(,2)| + [[D®(-,z)|lc;) < C; moreover by properties of Young integral
we have

S Do (-, )2
cv

/ D, ®(s,2)%% o D2Tb(dr, ®(r, x))
0

/ D2T*b(dr, ®(r, z))
0 c

S D@(, 2) 1212, 2) e 1 DZTbll oy o
ST blicyes
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as well as the bound || [; D.T*b(dr, ®(r,z))|| ., < |
position 85 yields the conclusion in this case.

Tb||cac2||(-, z)||o~. Applying again Pro-

Assume now that the claim holds for k, then by the inductive hypothesis all the term appearing
in the sum defining Fj.1 can be estimated by
Hfo 05, (DL®(s,x))®P o DITb(dr, ®(r, x) H
ST, C2 ||y DT b(dr, B(r, ) Hm
ST, CﬂLCkHDgwaHCQC; ST bl gt

which together with the estimate for Hfo DT*b(dr, ®(r, ) H
tion 3 yields a new constant Cj 1.

o~ and the application of Proposi-

Step 3: Approximation procedure. Let b° = p° x b denote by ® and ®° the flows associated to
b and b° respectively. Then ||wa6||cjc§;“ < IT0|] cycp+ for all € > 0 and so by the previous
step we deduce that for any R > 0 there exists a suitable constant C' such that

sup ||©€||LQQWW,,OC(BR) < C
e>0

But ®¢ — @ uniformly in [0,7] x Bg, which together with the weak-* compactness of balls in
W™ (Bgr) implies that ® € LPW™>°(Bg). A slightly more refined argument, analogue to the
one from Theorem 17, allows to show that, for any fixed € R, D"®°(-, ) must converge as
e — 0 to the unique solution of the variational-type equation (66) associated to ®; with this
information at hand it is then possible to show that the limit varies continuously in z and must
coincide with D"®(-,z), thus showing that ® is not only in W)":> but also C"™. We omit the
details in order to avoid unnecessary repetitions.

Step 4: The case b € L%, with T*b € C’A’C’Hl/2 In this case Step 1 and Step 3 are identical to
the ones above, the only change is in the estimates from Step 2, as we can use the information
[© (@), < oo uniformly in # € Bg to require less regularity for T*b. For instance in the

case k = 2 we have the estimates

| [y Da®(s,2)¥% 0 D2T*b(dr, ®(r, ) S ID2®(,2) |13+ || fo DETb(dr, ®(r, x))]| .,
SND®( ) 12, 2) lLip [ DZT ]| /2

< T g

M-

and || [y DaTb(dr, ®(r, z)) T“’bHCch/z |®(-, z)|lLip- The general inductive step similar.

O
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5 Application to transport type PDEs

The aim of this section is to apply the theory of Section 4 in order to solve perturbed first order
linear PDEs of the form
Ou+b-Vu+cu+w-Vu=0, (67)

where w denotes the time derivative of w; at this stage, the equation is only formal. However,
if we assumed everything smooth, then applying the change of variables (t,z) = u(t,r + wy)
(similarly for b, ¢), (67) would be equivalent to

i+ b- Vi + éi = 0. (68)
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Equation (68) is now meaningful in the classical sense if for instance b, ¢ € C? ., which is equival-
ent to b,c € C’gw; it also makes sense in the weak sense under suitable integrability assumptions
on b,c. Moreover the transformation that defines @ in function of u is well defined whenever w
is a continuous path.

Based on the above reasoning, we will adopt the convention that w is a solution to (67) if and only
if @ defined as above is a solution to (68) and we will study systematically the latter equation.
Let us mention that in the case w is a rough path, it is possible to give meaning to (67) and the
passage from (67) to (68) can be rigorously justified, see [9].

Although the above discussion holds for general ¢, we will focus only on two cases of interest,
given by transport and continuity equations, namely for ¢ = 0 and ¢ = divb (resp. ¢ = 0 and
¢=0).

While in Section 4 all the proofs were almost identical for b € Cp, with T"b € C7 C3? and
Tvb € CJC?, here the difference becomes relevant and the first case is much easier to treat
compared to the latter; to our surprise, even if the existence of a Lipschitz flow for the associated
ODE is already known, the case T%b € C]C? requires the application of refined tools like
commutators and the Sewing lemma. For this reason, we split the results in two subsections,
with the proofs becoming gradually more complex, so that the difficulties arising in the second
case become apparent.

5.1 The case of continuous bounded b

Let us mention that in this case the transport equation has been treated with similar techniques
in [9], while the continuity equation in Chapter 9 from [38]. More recently, in the case b € L§S,,
the transport equation has been investigated with different techniques in [2].

We start by considering the case ¢ = 0. Recall that b(t,z) = b(t,z + w;) and that in this case

the YDE associated to 6 corresponds to the ODE associated to b, for which existence of a locally
C}, flow @ is known. Let us also recall the notation from Theorem 16, namely ®;(z) = ®(0,t, z)
and ¢, = ¢, ! With a slight abuse, from now on we will denote % with u instead.

Proposition 1 Letb € CtO,I such that T"b € C?Ci/Q, then for any ug € CL there exists a unique
solution of ~
Ou+b-Vu=0 (69)

with initial condition ug, which is given by uy(x) = up(we(x)).

Proof Recall that by Remark 20 ¢ € C’tlx solves equation

Therefore u(t, z) := uo(¥(t, x)) € C}, and satisfies

dyu(t, z) + Vu(t,z) - b(t, z) = Vuo((t, x)) - [0:0(t, ) + Dytb(t, 2)b(t,z)] = 0
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which shows that it is a solution.

Conversely, let u be a solution and for a given 2 € R? define z; = u(t, ®;(z)). ®4(z) = b(t, D4(x)),
therefore z solves

,é't = atu(t, (I)t(fﬂ)) + Vu(t, (I)t(l')) . b(t, CIJt(x)) =0
which implies that u(t, ®¢(x)) = up(x) for all x and thus u(t, z) = ug(Y(t, z)). O

We now turn to the case ¢ = div, i.e. the continuity equation. Since in general divb is only
define as a distribution, it makes sense to interpret the equation in a weak sense.

We adopt the following notation: M, (R?) = M, denotes the Banach space of all finite signed
Radon measures on R? endowed with the total variation norm. We say that v € L{°M, is
weakly continuous if the map ¢ — v; is continuous M, endowed with the weak-* topology,
equivalently if for any ¢ € C2°(R?), the map t + (v, @) is continuous.

Definition 5 Let b € Cgm, v € LP°M,. We say that v is a weak solution of the continuity

equation ~
v+ V- (bv)=0 (70)

if v is weakly continuous and for any p € C°([0,T] x RY) it holds

t
(ver e) — (0, 90} = / (03, 0sps + By - Vigs)ds. (71)
0

Let ®(s,t,x) be the flow associated to b, then we denote by ¥(s,t,-) the inverse of ®(s,t,-) as a
map from R? to itself.

Proposition 2 Let b € CP . such that T*b € CgCg/Q, then for any vy € My (R?) there ezists a

s

unique weak solution v of (70) with initial data vg, which is given by

t
vi(dx) = exp (—/ div wa(ds,z/)(s,t,x))) vo(dx) (72)
0
or equivalently vi(dx) defined by duality as
[ e@utdn) = [ o@@)us),  vpec (73)
R R
Remark 21 Whenever divd € C’gm, equation (72) corresponds to the classical formulation
t ~
ve(dz) = exp (—/ div b(s,zﬁ(s,t,x))ds) vo(dz).
0
Under the above assumptions equation (72) is still meaningful as a nonlinear Young integral,

since divT*b = T* divbd € C;’C;/z and the map s — (s, t,z) is Lipschitz. However, we will
only use formula (73) in the proof, as it is more practical for explicit computations.
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Proof Let v be defined by (73), then for any ¢ € C2°([0,T] x R?) we have
) = (o) = | [ ®i(o) = pola)lon(d)

= [ [ seem(dods
0 Jra d$

= [ [ (@) + T (@1 0)) b (@0 oo da)as
0 Rd

= [ [ 0u(@) + Veoula) bu(olus s,
0 Jra

which shows that v is a weak solution of (70).

Since equation (71) is linear, it is enough to establish uniqueness in the case vg = 0. Let v be a
given weak solution, then by standard density arguments (71) extends to all p € C1([0,T] x R9);
take ¢4 () = u(v(z)) with u € C°(R?), so that ¢ € C1([0, T] xR?) and it solves 0y p+ Vb = 0.
Then we obtain

[ u@)n@n) = (o) = (o) =0 Ve €

By usual density arguments, the relation then extends to all continuous bounded w; for fixed ¢,
taking u(z) = @(®;(z)), we deduce that (i, v;) = 0 for all @ € CP, which implies v; = 0 for all ¢.
O

5.2 The case of distributional b

We now pass to the case T%b € C7C?, without assuming any regularity on the distribution b.
To the best of our knowledge, this case has never been considered in literature so far. However,
our approach in the “Young regime”, namely for time regularity v > 1/2, is undoubtedly similar
(and even simpler) to that in the “rough regime” v € (1/3,1/2] treated in [5]. The use of a
commutator lemma also reflects the work [18] and Chapter 9 from [38]. Abstract transport
equations in Holder media have been treated also in [30]. However the results there are, in our
opinion, not completely clear, see Remark 24 below.

Definition 6 Let T%b € CJCY; we say that u € C}C}L

oe 18 a strong solution of the Young
transport equation

u(dt, x) + Vu(t,z) - Tb(dt,z) =0 (74)
if for all x € R and all t € [0,T), the following Young integral equation holds

u(t,z) — u(0, ) +/O Vu(s,z) - TYb(dt, ) = 0. (75)

Remark 22 It is clear that for regular b, any classical solution of (69) is also a solution in the
sense of Definition 6. Let us also point out that by the assumptions and relation (75) it follows
that for any compact K C R% and any s < t it holds

|us,t(2) + Vus(z) - T2b(2)| S [V (2)]o; [T 0] o [t = s < lulleger 1T Blloy oot — s>
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where the last bound is uniform in z € K. Equivalently, (75) can be interpreted as a functional
Young integral and for any compact K it holds

s, + Vus - Tbll oo Sk [t — 5|7 uniformly in 0 < s <t < T. (76)

We start by showing that our candidate solution satisfies Definition 6.

Lemma 14 Let ug € C? and define u(t,z) = uo(¢s(z)), then u € CJCL
solution of the Young transport equation (74).

oc and it is a strong

Proof The fact that u € CCL . follows from ¢ € C/CL,. and standard computations. Recall

that ¢ solves equation (65), therefore by Young integral chain rule, for any fixed z it holds

u(t, z) - u(0,2) = / Vup(ths(z)) - 1(ds, z)

- / Vo (s () - Vipa(2)Tb(ds, z)

t
—/ Vu(s,z) - TYb(ds, x),
0

which gives the conclusion. O

Remark 23 If ug and 1 have higher regularity, then the solution w constructed above is also
more regular. For instance if ug € C?*1 and ¢ € C] CP_ (true by Theorem 18 for T%b € C; CH1)
then u € C} CP.

By the method of characteristics, we are able to obtain the following preliminary uniqueness
result. It is however of limited applicability, see Remark 24 below.

Lemma 15 Let T%b € C]C?, u € C] C?

loc

be a solution of (74). Then u(t,z) = ug(¥(x)).

Proof In order to conclude, it is enough to show that the function f; := u(t, ®;(x)) is constant.
In particular it suffices to show that |fs.| < |t — s|?7 since v > 1/2. Recall that by (76) it
holds

lus,e(x) + Vug(z) - Tb(2)| Sk |t — s[>, Vy € Bg.

Choosing appropriately R we have

fot = us t(q)t(x)) + US(q)t( ) — US( S(m))
= Ust(Ps(2)) + Vus(Ps(2)) - @se(2) + O(It = 5/*7)
= —Vus(95(2)) - TSb(y )+Vus(‘l’s(ﬂf)) Oy (@) +O(It = 5|*7)
= O(Jt - s*")
where in the last passage we used the fact that ®, ,(z) = f: Tb(dr, @, (z))dr. O
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Remark 24 The hypothesis u € C;C? is required in order to justify the passage
Us(@4(2)) — 1s(D4(2)) = Tty (@,(2)) - By 1 () + Ot — 5127)

which is not true in general under the sole assumption u € C}CL. However, for general T¥b €
CJC2, we only know that ¢ € C]CL and so the solution constructed by u;(z) = ug(¢(z)) is
not a priori in the class C;C2. For this reason, Lemma 15 is potentially vacuous, in the sense
that it might only imply the non existence of C} C2-solutions, while leaving open the problem of
uniqueness in the class C7 C, where u constructed as in Lemma 14 lives. We believe the same
issue arises in Theorems 3.6 and 3.7 from [30], which do not settle the problem of uniqueness.

Observe that the above issue is typical of the Young regime and is completely absent in the case
be Cg »» Where uniqueness follows immediately from standard arguments.

In order to prove uniqueness of solutions to (74) in the class Cj ClL ., we need to use an appropriate
commutator lemma, in the style of [18]. The basic idea is as follows: let {p.}c>0 be a family of
standard mollifiers (assume p; = p to be supported on By for simplicity), denote u® = p. * u;
applying convolution with p® on both sides of (76) we deduce that for any R > 0, adopting the

notation C% = C%R, it holds
Jug,e + Vug - T+ RE (us, T3%b) oo, Sk 1t — 5|7 uniformly in 0 < s <t < T

where the estimate is uniform in € > 0 and the commutator R® appearing is the bilinear oper-
ator

RE(h,g) = (9-Vh)* —g-Vh®=p"x(g-Vh)—g-V(p° xh). (77)
Now u® € CJ/CZ. and so we can apply the same idea of the proof of Lemma 15, i.e. study the
function ff = u§(P:(x)), which we expect to be quasi constant; in the estimates, terms of the
form R®(us, T3%b)(®s(x)) will then start to appear, and so we need to control them as ¢ — 0.
For this reason we need the following lemma.

Lemma 16 The operator R¥ : CL . x CL_— CQ . defined by (77) is such that:
i. There exists a constant C independent of € such that |[R*(h, g)|lco, < C|[h|[co

R+1

lglley,,, s

R+1’
ii. For any fized h € C°, g € C' it holds R (h,g) — 0 uniformly on compact sets as € — 0.
Similar statements hold for R® : C x C2  — CL

loc loc loc*

Proof The proof is analogue to the one of Lemma II.1 from [18]. It holds

RE(h,g)(x) = [ h(z— gz)w - Vp(2)dz — (hdiv g)* (z).
B,
Thus claim 4. follows from [[(hdiv g)*[lco < ||h||c%+l||g||cl1Hl and

h(z — gz)w - Vp(z)dz

j - < Il
1

R+1

||V/)||L1

lgllcy

R+1
where the estimate is uniform in x € Br. Now fix R > 0; we can assume that h, g, Dg all have

modulus of continuity w on Bry1. By known properties of convolutions, (hdivg)® — hdivg
uniformly on compact sets; moreover for all z € By it holds

— Dyg(z)z| =

‘g(w —¢ez) —g()
€

1
/0 [Dg(x — e6z) — Dg(x)]2df| < w(e);

o1



combined with a similar estimate for |h(z — €z) — h(x)|, this implies that, uniformly in z €
BRa

h(x — ez)w -Vp(z)dz — h(z) Vp(z) - Db(x)zdz = h(x) div b(z)
B, € B

which implies claim 4. . The statements for R° : C}_ x CZ . — CL _ follow immediately once we
observe that 9;R¢(h,g) = R*(9;h, g) + R¢(h,0;g) as we apply the previous results. a

We have now all the ingredients to show uniqueness.

Theorem 19 Let T%b € C;/C2? and u € C]'C} be a solution of (74). Then u(t,z) = ug(¢s(z)).

Proof As before, it is enough to show that for any z € RY the function f; := u(®;(z))
satisfies |fs | < |t — s[*7, as it implies that f is constant. Recall that ® satisfies the estimate
|z — @4 (x)| < |¢|Y uniformly in z, therefore we can fix Bg such that ®;(z) € Bag for all ¢t € [0,T]
and all z € Bp; from now on all the norms appearing will be localised on Bsp without writing
it explicitly.

Since u is a solution of (74), it satisfies (76) and therefore u® satisfies
lug ; + Vug - Tb + R (us, Tg'b)[|co S [t — 5|7 uniformly in 0 < s <t < T.

Defining ff = u$(P¢(x)); using the above property and going through similar calculations as in
the proof of Lemma 15, we deduce that

[for = B (us, D) (@u ()] e [t — s[>

The estimate above a priori depends on ¢, as it involves ||uf||c~c2, but we are now going to show
that under the assumption 7%b € C;C? it is actually uniform in € > 0. This is accomplished
with the help of the Sewing lemma, see Lemma 20 from Appendix A.1. Define

IS0 o= B (us, Ti0) (s (1))

so that relation (5.2) can be rephrased as |f$, — 'S ;| < [t — s[*7. , we can estimate [|6T¢||2, as
follows:

6T

s,u,t

IT5e = T5u — Lol

|R€(uS7T;’tb)(<I>S(x)) - RE(“S,Tﬁjtb)(q)u(x))l + |R5(us’ungftb)(q>u(x))|
1R (s, Tyyb) | o1 | (2) — Pu(@)| + || R (ts,ur Tyb) || co

It = sV R®[| 22 (01 x o2y llulleror [TD) v oz (1 + [@.(2)]4)

|t — s[>

N AN ININ

where we used the fact that [®.(z)], < 1 by Theorem 16 and the estimate is uniform in ¢, since
| R¥|| 22 (c1 xc2501) < C by part i. of Lemma 16. It follows that ||61%(|2, < C” for some constant
independent of ¢ and therefore by Lemma 20 (specifically estimate (91)) there exists C” such
that

[ug (Pe(2)) = ug(Ps(2)) = R (us, T0) (R (@) = |£2, =TS, < CJt =5 Ve>0,5 <t (78)
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Since ug (®¢(x)) — us(P¢(x)) and by part ii. of Lemma 16 R®(us, T¢%b)(®s(x)) — 0, taking the
limit as ¢ — 0 in (78) we deduce that |us(®:(z)) — us(®s(x))| < C”|t — s|*7, which gives the
conclusion. O

We now pass to study weak solutions of the continuity equation associated to T%b. Given a
distribution v, we say that v € (C1)* if there exists a constant C' such that |(v, p)| < C||¢||c1 for
all smooth ¢. We denote by |[v][(c1)- the optimal constant C. Note that, when v is a measure
then [[vg¢||(c1)- is the 1-Wasserstein distance between v; and v,.

Definition 7 Let T%b € C/C. and let v € C}(CL)*. We say that v is a weak solution of the

Young continuity equation
(dt) + V- (v, Tb(dL)) = 0, (79)

if there exists a constant C' such that for all p € C?(R?) the following holds:
Vs, 0) = (05, Te4b - V)| < Cligllcalt — 5. (80)
Remark 25 As before, it can be shown that for smooth b, any classical solution of
o + V- (vb) =0,

is also a solution in the sense of the definition above. Equations (79) and (80) can be rephrased
as v satisfying the functional Young integral equation

¢
Vst =V / v TVb(dr),

where the integral inside the divergence is a well defined element of (C!)* since the product
between C* and (C1)* is still an element of (C1)*. Formulation (80) is however more useful for
our purposes.

Lemma 17 Let T%b € C]C?, vy € M, and define v € L M, by

) = [ o@i@)m(de) Ve Ce.
R
Then v is a weak solution of (79) with initial condition vg.

Proof Let us first show that v defined as above belongs to C}(CL)*. It holds
(00l = | [ (@i(0)) = p(@:(Doola)
S llelluip sup [@oi(@)lljvollae S 8 = sl lip [voll v
HAS

where we used estimate (35); it follows that [[v]lc7(c1y+ S [lvollam. We now check that v is a
solution in the sense of Definition 7. It holds

|0(@¢(2)) = P(Ps(2)) = Voo(@s(2)) - Psp(2)] S llellcz | Pse(@)* < Nollozlt — s>
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where as before we used (35) and the estimate is uniform in ; similarly

st (@) = TEb(Ps(2))] S |t = s T bl coor [@.(2)]en S [t = s>
Combining the two estimates we obtain

|0(@4(x)) — @(@s(2)) — V(s (@) - Teb(Ds(2)] < llellczlt — s
which yields

(0nts) = (0n TVl < | [ [0(01(0)) = (@) ~ T(@0) - DD, () )
S lellcglivollale = s

and thus the conclusion. O

Theorem 20 For any given vy € M,, there exists a unique weak solution of (79) in the class
v € CJ(CH*, which is given by the one from Lemma 17.

Proof As before, by linearity it is enough to show that there exists a unique solution for the
initial condition vy = 0. The basic strategy is the usual one: given any ug € C2°, setting u.(x) =
uo(1(x)), it is enough to show that the function f; := (vs,uy) is constant, as it implies

(verue) = / o () ur (de) = 0,

and thus reasoning as in the proof of Proposition 2 that v, = 0. Observe that the function v has
compact space-time support, so we don’t need to introduce localisations here.

Now we reason following the same lines as in Theorem 19, namely we spatially mollify u so that
now u° solves

ug (@) + Vug () - Tb(w) = R (us, T2b) () + Oc (|t — s[*7) (81)

and all the terms are in C! due to the mollification. Define ff = (v, u5), then

;t = <'Us,t, ui) + <US’ ui,t> + <U5,t’u§,t>'
The last term trivially satisfies vy, uS ;)| < |t — s[*?. Combining the estimates

Vs, ug) = (vs, Totyb - Vud)| < Jugllcalt — s e [t — s[>
[(vs, u5 ) + (v, Vg - Tb) — (vs, R (us, T30))| Se lvsll(ony+ [t — 5|

which come respectively from v being a solution of (80) and (81) above, we overall obtain

|f§t - <7)57R8(u57Tsu,}tb)>‘ Selt— 3|27~

As before, the estimate a priori depends on e, but we can apply the Sewing lemma for the
choice T's ; = (vs, R®(us, bs,¢)) for which, by analogue computations to the ones of Theorem 19,
it holds

10T ][2y < 1R |l 22(cr xcziomy lullcror [Tb] cvex (1 + ol e er)<) S 1
uniformly in € > 0. Therefore there exists a constant C' independent of € such that

(e, ug) — (vs, ug) — (v, RS (ug; bs,0))| < CJt — s*7.

By the properties of R, taking e — 0 we deduce |{v;, u;) — (vs, us)| < |t — s|*? which implies the
conclusion. a

54



A  Some tools

This appendix collect some technical estimates and some reminder of various standard results,
from certain functional spaces to stochastic integration in Banach setting.

A.1 Some useful lemmas
The following chaining lemma is a slight variation on the one from [10], Lemma 3.1.

Lemma 18 Let E be a Banach space and let X : [0,T] — E be a continuous stochastic process
such that, for some A > 0,

E{exp (AMH <C Vs#tel0,T) (82)

[t — s[2e

Then P-a.s. X € C¥E for the modulus of continuity w(|t —s|) = |t — s|*\/—log|t — s| and there
exists 5 > 0 such that
Elexp(B[X]¢w )] < oo

In particular, if Xo =0, then for any v < « there exists B > 0 such that

Elexp(B]| X[+ )] < oo

Proof Without loss of generality we can assume 7' = 1. Also, we will only show that proof in the
case o = 1/2, the other cases being entirely analogue. Let us define the random variable

2" —1

X —-n — X —n 2

neN k=0

Then it follows from the assumption that E[R(A)] < C. We can then apply Lemma 3.1 from [10]
to deduce that there exist deterministic positive constants K, 8 such that

”Xt _XSH?E

exp <ﬁ T ) S|t—s| KRN Vs#t

which implies by taking the logarithm and dividing by — log |t — s| that

2
X — Xlle ( |1 Xe — X% )
ex su = sup ex < R(A

P ﬁ(;f It — s|\/—log |t — s] e P ﬁlt—sl(—loglt—sl) *)

which yields the conclusion. Alternatively, it follows from the assumption that

X — X,|?
/ exp <A“2||E) dtds| < o0
[0,T]2 |t — s[>

which implies that we can apply Garsia-Rodemich-Rumsey Theorem (see [28]) for the choice
P(z) = 6)‘962, p(x) = 2%, which gives

E[B] :=E
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[t—s]|

1X: — Xl < VB —log uu® ' du < (\/E+\/flog\tfs|) t—s®  (83)
0

and from which we can again deduce that

1X: — Xslle

sup <1++VB
s#t [t — s|y/—log |t — s
and the exponential integrability bound. The final claim follows immediately. O

We also provide here a simple lemma on a priori bounds on solutions to linear Young differential
equations, in the style of Section 6.2 from [36].

Proposition 3 Let A € C](0,T; L(R%;R?)), h € CV([0,T];R?) and v > 1/2. Then there erists
a unique solution to the YDE

Ty = o + /Ot Adsxs + hy (84)

and there exist suitable positive constants which only depend on - such that
[z]cr < [Alelllco + [hlons (85)
lallco S e“MIET (2o + ho| + [hlcn). (86)

Proof Since A € C7C°, uniqueness of solutions is well known (see for instance [36]), so we are
only interested in proving the bounds (85) and (86). Up to renaming x, we can assume hg = 0;
we can also assume up to rescaling everything that 7" = 1.

We adopt the following notation: for A < 1, we consider

o= s L%l
o<s<t<T [t—38[7
s <A

Let A > 0 to be chosen later, s < t such that |t — s| < A, by (84) it holds

t
/ Adrir'r‘
s

< sl + Clt = s [Aler[o]y.a + [t = s/ [[Bllcs
<[t =s|"([Alem lzlco + [l ov) + CAT[A] v [2],a

|zs,6] < + s ¢

and so dividing both sides by |t — s|7, taking the supremum over s,¢ and choosing A such that
CA"[A]ev < 1/2 we obtain

[z]+,a < 2([Alcv llzllco + [R] ). (87)

We now distinguish two cases. If [A] ¢~ is such that (24+C)[A]c+ < 1/2, then it follows from (87)
with the choice A =1 and the trivial estimate ||z|co < |2o| + [z], that

[z]y < [Alov|zol + [Plen S faol + [Alo
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which immediately implies the conclusion. Suppose instead the opposite and choose A such that
1/4 < 2+ C)A"[A]c~ < 1/2; define I, = [(n — 1)A,nA], J, = sups¢y, |2¢], then estimates
similar to the one done above show that

< |an| + A7 [[xﬂC’Y(I")
< |37nA|(1 +2A7 [[A]]ow) + 2[[h]]cw

J7L+1

which implies recursively that for a suitable constant C' it holds J,, < C™(|xg| + [h]cv). Since
n~A"1l~ ﬂA]]lc/] we deduce that

1/y
|zllgo = sup Jp S CVIET (a| + [R]cn)

which gives (86); this combined with A™7 ~ [A]¢~, estimate (87) and the basic inequality
[z]lov S A7 lzllco + [2]y.a

yields estimate (85). a
Similarly to the above lemma, we also have the following result.

Lemma 19 Let A € C} Lip, such that A(t,0) =0 for allt >0, h € C; and let x be a solution
of the nonlinear YDE

t
T = Xp —|—/ A(ds, xs) + hy.
0
Then there exist suitable positive constants which only depend on v such that

1/
lzllcr < eCMe7T (1 + [A o Lip) (|20 + hol + [Rlcn)- (88)

Proof Since z is a solution to the nonlinear YDE, for any s < ¢ it holds

|75,

< A (@) + Clt = s [Al e Lip [l o ((s,11) + s (89)
< |t = s [Aler viplas| + Clt = s [Al e Lip[2l o (gs,) + [t = s [Alen (90)
where in the second line we used the fact that A(s,0) = 0 by hypothesis. The rest of the
proof from here on is identical to the one of Lemma 3 and we omit it. The inequality (88) is a
combination of inequalities (85) and (86). O

We conclude this section by recalling the Sewing lemma, which is a fundamental tool in the theory
of rough paths. Consider an interval [0, 7] and a Banach space E; let A,, denote the n-simplex
on [0,T], so that A, = {(t1,...,t,) : 0<t; < ... <t, <T}. GivenamapI': Ay — E, we
define 0" : A5 — E by

6Fs,u,t = Fs,t - Fs,u — Dy

)
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We say that T' € C5°7([0,T]; E) if Ty; = 0 for all ¢ € [0,T] and ||T'||a.5 < 0o, where

Tr
[Pl = sup 1l
s<

Hérsut”E
oT|, := i
|t —s|e’ IoTls Ssup

S i gp 0 Mg = ITlla+ 19T 5
u

Let us remark that for a map f : [0,7] — E, we still denote by fs, the increment f; — fs.

Lemma 20 (Sewing lemma) Let a, 3 be such that0 < a <1 < . ForanyT € C5**([0,T); E)
there exists a unique map ZT' € C*([0,T]; E) such that (ZT'), =0 and

H(Ir)s,t - Fsvt

|, <Clorllslt — s/ (1)

where the constant C only depends on 3. In particular, the map T : C’Qaﬁ — C° is linear and
bounded and there exists a constant C' which only depends on 8 and T such that

IZTca < C'[T]a,p- (92)

For given T, the map ZT is characterised as the unique limit of Riemann-Stjeltes sums: for any
t>0

(ZT), = lim

|10 Ftivti+1'
7

The notation above means that for any sequence of partitions I, = {0 =to < t1 < ... < tg, =t}
with mesh |Il,| = sup;_; p [t —ti1| = 0 as n — oo, it holds

kn—1
(Ir)t = nh—>Holo Z |
=0

For a proof, see Lemma 4.2 from [26]. Let us point out that estimate (91) is extremely useful even

in cases even when Z T is already known, as it asserts that in order to control H(I T )S’t -y

it is enough to have an estimate for ||0T| 3.

A.2 Function spaces

We recall here the definition and basic properties of the function spaces we consider, which are
Bessel potential spaces L*?(R?) and Besov spaces Bj ,(R?). In particular, in view of application
to regularity estimates from Section 3.3, we need interpolation estimates and heat kernel estim-
ates for such spaces. Bessel potential spaces are a subclass of Triebel-Lizorkin spaces, which
will be also introduced. Most of the material is classical and covered in the monographs [4]
and [48].

Definition 8 Let s > 0, we call Bessel potential and we denote it by G° the linear operator with
Fourier symbol given by (1 + |£]?)~5/2, with the convention that G = I. For any p € (1,00), G*
is a continuous embedding of LP into itself and it satisfies the semigroup property G'G* = G2,
Forp € (1,00) and s > 0 we define the Bessel potential space L*P as G*(LP) (with the convention
LY = LP), endowed with the norm

/1

rew = |gllee if f=Gg.
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It follows immediately from the definition and the semigroup property that G provides an
isomorphism of L%? and L*T*P in the sense that ||G'f||ps+t0 = ||f]|,.»- This allows also to
define L*P for negative values of s, as the set of distributions f such that G°f € LP. Whenever
s = m integer, the space L®P coincides with the classical Sobolev space W™ P  with equivalent
norm. Similarly to Sobolev spaces, Bessel embeddings are available; in particular if sp > d, we
have the continuous embedding L*P — C7 with v = s—d/p, whenever + is not an integer.

Definition 9 Let A be the annulus Bs/g \ B3/s. A dyadic pair is a couple of functions (x,¢)
such that x € C(Byys), ¢ € C°(A) and such that

XE)+> p7) =1 VEeR?
j=0

as well as ‘ )

i =3'1 22 = suppp(277-) N suppp(277 ) = 0.
Given such a dyadic pair, we define A_1 the operator with symbol x (namely A_1f = F~1(x -
Ff)) and by A; for j >0 the operator with symbol ¢(2779-).

Definition 10 For s € R, (p,q) € [1,00]?> we define the Besov space By, as the set of all
tempered distributions f such that

o0
1%, =S 2 0A fllE, < oo.

=0

The spaces B3 5 coincide with the (fractional) Sobolev spaces H*® which also coincide with L*?;
however, for pl;é 2 Bessel and Besov spaces do not coincide. B, , coincide with C* whenever
s is not an integer. Also in the case of Besov spaces, embedding theorems are available; in
particular, By . — B Zép , which coincides with C whenever v = s —d/p is not an integer. Let
us also point out that the exponent ¢ is most of the time not particularly relevant, as for any

¢ < q and any € > 0 we have the embeddings B, ; — B, , — B;:f.

Definition 11 For s € R, (p,q) € [1,00]? we define the Triebel-Lizorkin space F;, as the set
of all tempered distributions f such that

- 1/q
o= | [ S 2e9a £ < oo,
=0

Lr(R%)

/]

Both definitions of Besov and Triebel-Lizorkin spaces are independent of the dyadic pair (x, ¢),
in the sense that different pairs yields the same space of distributions with equivalent norms.
Bessel spaces L*? correspond to Fj,; the spaces FJ and B, coincide if and only if p =
g, in which case F , = B, , = W?P? are sometimes referred to as fractional Sobolev spaces,
see [17]. In the case p # ¢, suitable embeddings between F;, and B} , follow immediately from
Minkowski’s inequality, since their norms can be regarded respectively as LP(R? \; ¢4(N, ))-
and (4(N, y; LP(R%, \))-norms, where \ is the Lebesgue measure in R? and y is the counting
measure on N. In particular, for p > ¢ it holds B, , < F} . while for p < ¢ we have the reversed

embedding.

We now state a simple interpolation-like inequality for Bessel and Besov spaces. Since we don’t
have a direct reference for this result, we also provide a quick proof.
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Lemma 21 Let s >0, p € [2,00), then for any € > 0 there exists a constant c. such that

S
s+e’

9L5+5,p, where 6 =

—0
1£llzev < cell £l l1f]

The same statement holds with the L*? norm replaced by B .

Proof We use here the equivalent norm for L*P given by || - |
N € N it holds

Fs, as defined above. For any

1/2
1fllFs, = D 2% |A f|
J
P
1/2 1/2
< || 22 21 +{{ D 2214, 1]
J<N i>N
LP Lp
1/2 1/2
< 9sN Z ‘A]f| + 9—eN Z 22(s+8)j‘Ajf|
JSN . J>N .

< 2Nl + 27N fll s

Choosing suitable N such that 25V || f||z» ~ 27V|| f|

s+ We obtain the conclusion for L5P,
p,2

An similar proof can be carried out for B, ; alternatively in this case one can use Holder
inequality as follows:

1-0

0
b = DTV < | 29I | (1AL | =11
J J J

/]

q (1-0)q
B;{q@ ||fHngq

which gives the conclusion for the choice 6 = s/(s + ¢). O

We also need to recall the action of the heat flow P, on such spaces; with a slight abuse of notation
we will denote by P; both the convolution operator and the Gaussian density itself.

Lemma 22 For any s €R, p> 0, p € (1,00) and for any f € L>P, t > 0 it holds

| P2/

Similarly, for any s € R, p >0, p,q € [1,00] and for any f € B,

Lo S| ]l e (93)

q» > 01t holds

1P|

Bitr S t_p/2||f||l3;;_,q- (94)

Both statements are classical, the first one following immediately from the fact that, due to
the scaling P, = t~%2P;(t~'/2.) which implies || P;| zon = t~?/2||Py||e.1; see Proposition 5 at
page 2414 of [39], for a proof in a more general context of the second statement.

60



A.3 A primer on stochastic integration in UMD Banach spaces

In this appendix we recall several results on abstract stochastic integration which are needed
in order to complete the proof of Theorem 3; we believe they are also of independent interest
and therefore provide a general presentation. In view of application to Section 3.3 we only need
results for martingale type 2 spaces, which however yield the restriction to work on LP-based
spaces with p > 2; weakening this condition to the case p = 1 would highly enhance the results,
as discussed in Remark 8, which is why in this appendix we also discuss UMD Banach spaces.
Even with this more general theory we are currently not able to overcome the obstacle, we believe
it might be of help for future developments and improvements.

All the material presented here is taken from [49], [50]. Also, we restrict for simplicity to the
case W is a real valued Brownian motion (the extension to the vector valued case W € R?
being straightforward) but the theory is far more general as it considers the case of H-cylindrical
Brownian motion, H being an abstract Hilbert space. This gives rise to y-Radonifying norms
v(H, E); in our simple setting, H = R, for any Banach space E it holds |- ||, #,r) = |- || -

Definition 12 Letp € [1,2]. A Banach space E has martingale type p if there exists a constant
C > 0 such that for all finite E-valued martingale difference sequences (d,,))_, it holds

N
D dn
n=1

The least admissible constant is denoted by Cp, k.

p

E

N
<CPY Eflldn]-
E n=1

Examples of martingale type spaces are the following:
e Every Banach space has martingale type 1.
e Every Hilbert space has martingale type 2.
e A closed subspace of a Banach space of martingale type p has still martingale type p.

e If E has martingale type p and (S, A, i) is a measure space, then L"(S; E) with r € [1,00)
has martingale type p A7; in particular Lebesgue spaces LP(R?) have martingale type pA 2.

e Let (Ep, E1) be an interpolation couple such that F; has martingale type p; € [1,2], let
¢ € (0,1) and consider p € [1,2] such that 1/p = (1—6)/po+6/p1. Then both the complex
and real interpolation spaces Ey and Fy have martingale type p.

For the last two examples see Propositions 7.1.3 and 7.1.4 from [33]. It follows from the previous
list of examples that Sobolev spaces W*?(R9) with p € [2,00) have martingale type as they can
be identified with closed subspaces of LP(R%)®" for suitable n; Bessel potential spaces L*P(R?)
with general s are isomorphic to LP(R%), with isomorphism given by G = (1—A)*/2, therefore for
p € [2,00) they have martingale type 2. In the case of Besov spaces B , with p,q € [2,00), again
it can be shown that they have martingale type 2, either by constructing them as interpolation
spaces (see for instance Section 17.3 from [37]) or reasoning as follows: by definition, any ¢ € B; ,
can be identified with a sequence {A;¢}; C LP(R?) with suitable summability, namely such that
it belongs to ¢4(N, u; LP(R?)), where u({j}) = 27°%; in the case p,q € [2,00) by the previous
examples it has martingale type 2.
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Now let W be a real valued F;-Brownian motion on a filtered probability space (Q2, F, {F: }i>0, P),
{Fi}t>0 being a filtration satisfying the usual conditions. For martingale type 2 spaces it is
possible to define stochastic integrals analogously to the standard case: for an adapted elementary
process ¢ : Ry x  — E, namely of the form

n—1

Gt w) =Y @il p)xr (tw)

=1

where 0 <t <ta < -+ <tp,z; € E, F; € Fi,, we set

. n—1
/ GAW =Y " 2Ly, (Wt — Worr,).
0 i=1

Using the martingale type 2 property it is then possible to show that the L? norm of the process
defined in this way is controlled by |¢| r2(r, xo,r), see Theorem 4.6 from [50]. By standard
approximation procedures, together with Doob’s maximal inequality, the following analogue of
standard Ito integration can then be proven.

Theorem 21 Let ¢ : Ry x Q — E be a progressively measurable process satisfying

“+o0
||¢H%2(]R+><Q,E’) =K {/0 ||¢t||2Edt} < 0.

Then [ ¢dW is well defined as an E-valued martingale with paths in Cy(Ry; E) and satisfies

t
/ 6.V,
0

Let us also remark that it follows immediately from the definition for simple processes and the
usual approximation procedure that, for any ¢ as above and any deterministic ¢* € E*, the
following identity holds

2 +oo
<«3ﬂﬂ/ wm%ﬂ. (95)
E 0

t>0

E lsup

(", /0 6,dIV,) — /0 (") o) AW, (96)

where the integral on the r.h.s. is a standard real valued stochastic integral.
We are now ready to complete the proof of Theorem 3.

Proof Let us first show the following general fact: given a separable Banach space E and two
FE-valued random variables X and Y such that for any ¢* in a linearly dense subspace of E* it
holds

(", X) = (¢",Y) Pas. (97)
then necessarily X = Y P-a.s. Indeed, it follows from the linear density assumption that rela-
tion (97) holds for any ¢* € E*; by separability of £ and Hahn-Banach Theorem, it is possible
to find a countable collection {¢}}, C E* such that ||¢} || g+ = 1 for all n and

|z|| = sup|{¢},x)| Vae€E.
n

By (97) and the fact that the supremum is over a countable set, we can find a set I" of full
probability such that

IX = Ylls = sup (g5, X —Y)| =0 VweT

62



which proves the claim. Now let b € C°([0,7T] x R%;R), so that it can be identified with an
element of L2(0, T; H*(R?)) for any s > 0; choose s big enough so that H*® embeds into continuous
functions vanishing at infinity. Then thanks to relation (96), equation (15) can be written as:
for any = € R?,

t t
(O, [ b(r, + W) dr) = (04, | Poyppogen b(r,- + W2H) dr)

S

t ot
+<5z,/ / Py |r—u2n Vb (7“7- + Wff) culr — u|H_1/2 dr -dB,) P-as.

where the first two integrals are interpreted as (random) Bochner integrals while the last one as a

stochastic integral in H® (with the inner integral being a random Bochner integral); integrability

and predictability are straightforward due to the regularity of b and the properties of W,ff .

Finally, as the collection {0} cpa is linearly dense in H~° and H? is separable, we can apply

the general fact above to deduce that, for s < ¢ fixed, the random variables above coincide on

a set of full probability, without the need of testing against d,. This is exactly formula (16).
O

In the setting of martingale type 2 spaces a one-sided Burkholder’s inequality is available; we
state it with the optimal asymptotic behaviour of the constants, which is needed in the estimates
in Section 3.3. It was first shown by Seidler in [47].

Theorem 22 (Theorem 4.7 from [50]) Let E be martingale type 2. Then for any progress-
ively measurable process ¢ : Ry x Q@ — E and p € (0,00) there exists a constant Cp, g such

that
t [e'e] pﬂ
/ 6, dIW, (/ ||¢s||2Eds> ] (98)
0 0

In particular, it is possible to choose CN'p,E such that ép’E < Cgy/p for any p > 2, where Cg is a
universal constant that only depends on the space E.

~p
S CP,EE

2
E lsup
E

t>0

This concludes the exposition of results needed in the proofs of this work. In the rest of this
appendix, we present a brief account on stochastic integration in UMD Banach spaces.

Some of the major drawbacks of martingale type 2 spaces are the fact that they do not include
LP spaces with p < 2, Burkholder’s inequality is in general only one-sided and it is not sharp,
which is troublesome in applications to maximal regularity of mild solutions of SPDEs. This
motivates the introduction of a larger class of spaces. As before, we only consider the case of
a real valued W, but the theory extends to W being a cylindrical H-Brownian motion for an
Hilbert space H.

Definition 13 A Banach space E is called a UMD space (i.e. it has unconditional martingale
differences) for some p € (1,00) if there exists a constant B > 0 such that for all E-valued
LP-martingale differences (dn)n>1 and signs (€,)n>1 one has

d P N
Elandn ]gﬂpE[Zdn
n=1 E n=1

The least admissible constant is denoted by By .

P
] VN > 1.
E
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It can be shown that if E is UMD for some p € (1, 00), then it is actually UMD for all p € (1, c0).
Examples are the following (here p’ € (1, 00) denotes the conjugate of p):

e Every Hilbert space H is UMD with 5, g = max{p,p'}.

o If £ is a UMD Banach space and (5, A, 11) is measure space, then LP(u; E) is a UMD space
with /3p7Lp(‘u;E) = ﬁp}E.

e E is UMD if and only if E* is UMD and it holds S, g = By E=-

In the case of UMD spaces, it is possible again to construct stochastic integrals in a suitable class
of predictable processes and to obtain two-sided Burkholder inequalities.

Theorem 23 (Theorem 5.5 from [50]) Let E be a UMD Banach space and let p € (1,00).
For all progressively measurable processes ¢ : Ry x Q — E we have

/OOO AW

In the above statement, v?(L?(Ry), X) stands for the p-th y-Radonifying norm; we omit the
precise definition, which can be found in [49], [50]. There are special cases in which the 7-
Radonifying norm is equivalent to other norms with a simpler expression, in particular when
E = L9(u), in which case there is an isomorphism of Banach spaces

V(L (R4), LP (1)) = LP(p; L* (R4))

and so the previous inequality can be reformulated as

: U /OOO it I;q(u)] e :H</Ooo ¢§(')d5>1/2 La(p)
- E ( /( /Ooo&(s,x)ds)mdu(x))

:D] 1/p

1
7E||¢||LP(QWP(L2(R+),X)) <E H < By, Blldll Lo (@me (L2 (R4, X)) -

P,

p

p/q

In the case ¢ > 2, an application of Minkowski’s inequality then yields

o D 00 9 p/2
E U / ¢sdWs ] Sp,q E (/ ||¢(S’ ')HLQ(H)dS) ]
0 La(u) 0

which is consistent with the aforementioned results for martingale type 2 spaces. In the general
case instead, assuming we want to estimate the L?(R%) norm of an averaged operator by means
of the It6—Tanaka formula (16), we would then need to estimate a term of the form (we omit the
constants for simplicity)

t t 2 a/2
E / (/ (/ Pr_ume(r,a:JrWi’fﬂru|H1/2dr> du> dx
R4 s u

which we are currently not able to do. The techniques employed in Section 3.3 rely quite crucially
on the simplifications given by a formula of the form (98).

r/q
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