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Abstract

We establish the large scale convergence of a class of stochastic weakly nonlinear reaction—diffusion models
on a three dimensional periodic domain to the dynamic <I>§ model within the framework of paracontrolled
distributions. Our work extends previous results of Hairer and Xu to nonlinearities with a finite amount
of smoothness (C? is enough). We use the Malliavin calculus to perform a partial chaos expansion of the
stochastic terms and control their L? norms in terms of the graphs of the standard ®§ stochastic terms.
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Consider a family of stochastic reaction—diffusion equation in a weakly nonlinear regime:
ZLu(t,x)=—e*Fe(u(t,z)) +n(t,z)  (t,2)€[0,T/e*] x (T /e)? (1)

with € € (0, 1], initial condition g : (T /€)® — R, F. € C°(R) with exponential growth at infinity, o > 0 and
L :=(0y — A) the heat flow operator and T =R /(27Z). Here 7 is a centered Gaussian noise with stationary
covariance

E(n(t,2)n(s,y)) =C"(t—s,z,y)
such that C~'€(t —s,2,y)=%(t —s,x —y) if dist(z, y) <1 and 0 otherwhise where ¥: R x R®— R™ is a smooth,
positive function compactly supported in [0, 1] x Bgrs(0,1).
We look for a large scale description of the solution to eq. (1) and we introduce the “mesoscopic” scale variable
ue(t,r) = Pu(t/e? x /e) where 3> 0. Substituting u. into (1) we get
Lt r) = =" P E(Pun(t, 1)+ (5, L), (2)
In order for the term e ~2=# (¢ /2,2 / ) to converge to a non—trivial random limit we need that 3=1/2. Indeed
the Gaussian field n.(t, z): =e~%/?(t /€2, x / €) has covariance C.(t, z) = e 5C°(t /&2, z /) and converges in
distribution to the space-time white noise on R x T3. For large values of « the non-linearity will be negligible

with respect to the additive noise term. Heuristically, we can attempt an expansion of the reaction term around
the stationary solution Y to the linear equation

Let us denote with Cy . the covariance of Y,. We approximate the reaction term as
£25I2F (12 (t, @) = O L2 Vit ).

The Gaussian r.v. e¥/2Y.(¢, x) has variance 0% . = cE[(Y:(t, x))?] = cE[(Y2(0, 0))?] = £Cy (0, 0) independent
of (t, x). Therefore we can expand the r.v. F.(¢}/2 Y.(t, z)) according to the chaos decomposition relative to
e'/2Y.(t, ) and obtain

F(e Yt ) =Y foe Ha(e' P Yi(t, 2), 0% ),

n>0

where Hn(a:,a%/,e) are standard Hermite polynomials with variance a%,e. Note that also the coefficients ( fy, c)n>0
do not depend on (¢, ) by stationarity of the law of 51/2}/;(t, x) since they are given by the formula

fre=nlB[F(e' 2 Yo(t,0)) Ha(e" 2 Yolt, @), 0% )] = ! E[Fe(oy .G) Hu(oy .G, 0% )]
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where G is a standard Gaussian variable of unit variance. Let X be the stationary solution to the equation
LX=-X+¢

with ¢ the space-time white noise and denote by [XV] is the generalized random fields given by the N-th
Wick power of X which are well defined as random elements of S’(R x T?) as long as N < 4. Denote with Cx
the covariance of X. The Gaussian analysis which we set up in this paper shows in particular the following
convergence result.

Theorem 1. Fiz N <4 and assume that 5(”_N)/2fn,g—>gn for 0<n< N ase—0, that (F.). CCVN*tYR) and

there exists constants ¢,C >0 such that
N+1

sup Z |OFF.(z)| < Ceclol,

g,
Then the family of random fields F=0

FN: (t,2) — e N2E.(' /2 Y.(t, 2))
converges in law in S'(R x T?) as e —0 to Zf:;ogn[[XNﬂ.

Now take the smallest n such that f,, . converges to a finite limit as e — 0. Since H,(c'/?Y.,0% )= e/ 2y,

the n-th term in the expansion of F.(e'/2Y.) is f, . *T("=%)/2[Y"]. From Theorem 1 the equation yields a
non-trivial limit only if o = (5 —n)/2. We are interested mainly in the case n=3=a=1and n=1=a=2.
The case o = 2 gives rise to a Gaussian limit and its analysis its not very difficult. In the following we will
concentrate in the analysis of the @ =1 case where the limiting behaviour of the model is the most interesting
and given by the ®3 family of singular SPDEs. In this case we obtain the family of models

Lu(t,z) = —e T Fu(eTuclt, ©)) + no(t, ) 3)

with initial condition wug .(-) :=¢ 2ﬁo’g(s_l-) where g ¢ is the initial condition of the microscopic model (1).
Define for m >0 and (= (t,z) e Rt x T?

O i=elm =212y, (). (4)

where F. is the centered function

F(2):=F.(z) = fo. = frew — fo,Ha(x,0% ) = Z fre Ho(z, 0% )

n=3

and 012/’5 is the variance of the centered Gaussian process £'/2Y.. Note that H,(e'/?Y.(-), O'y g) = e”/Q[[Y”]]
and denote with f,, . the coeflicients in the chaos expansion of Fs(gl/ 2Y€,C)- Define also various e—dependent
constants

1 2] _

i = §/ P(x)E[@§a!), ], A = 267y o / Py(@)[Cy (s, 2)]%

1 2] 1

= [ PEERPSD) & - 5/ Py(x)E[2]"2(,),). °
? ? ?

d = 2d+3d

where Ps(z) is the heat kernel.

Assumption 2. All along the paper we enforce the following assumptions:

1275 and is independent of n;

a) (uo,e)e of eq. (3) converges to a limit uy in €
b) (to,e)e is uniformly bounded in L>, i.e. 3C' >0 such that Ve € (0, 1] |to,c|Loo((T/2)%) < C;

¢) (F.): CC%R) and there exists constants ¢,C >0 such that

sup Z |OFF.(x)| < Cecl®!, (6)

EZI,’kO



BiBLIOGRAPHY 3

d) the vector \.= ()\(50), /\)(51), /\(52), /\(53)) €R* given by

)‘S’) = f3,5 )\1) = E71]01,6_3(1

(
€
? -2 A2
R D (e e T ey CRY S

has a finite limit A= (A9, XD, X2 \B)) e R* as e — 0.
We can now formulate our main result.

Theorem 3. Under Assumptions 2 the random field u. given by the solution to eq. (3) converges in law and
locally in time to a limiting random field u(\) in the space C7€ —*(T3) for every 1/2<a <2/3. The law of
u(A) depends only on the value of A and not on the other details of the nonlinearity or on the covariance of the
noise term. We call this limit the dynamic ®3 model with parameter vector A € R*.

Remark 4. In particular we can take

Fo(z) = 0®Hy(x,0% o)+ 20@ Ho(z,0% ) +e(0® + 4V H(z, 03 ) + 320 4 47)

€

so that
f3,a:0(3)7 571/2]“2,8:0(2)7 5_1f1,5:0(1)+7§1)7 573/2.]00,5:0(0)4’720)7

and

? J?
o™

1 2
iE=3e®)yL,, d Py

0,

€9

where Lo:=2[, Pi(2)(Cy (s, z))? Choosing

? : Iz ,
’Yél) = 3d =9(c®)2L,, ’yéo) = 3d =30B)s@ L.,

we obtain A\, — (0(0)7 oW, o), 0(3)). This shows that all the possible limits A\ € R* are attainable. In this case
(3) takes the form

Lue=—0®u2 —0@u? (oW — 367103 _+ 902 LJuc — 0O+ 0o} 30 eP L4 .. (8)

When the nonlinearity is given by a cubic polynomial like in (8) the corresponding limiting model is called
dynamic ®3 equation or stochastic quantisation equation. In that case the kind of convergence results described
above are originally due to Hairer [6, 7] and constitute one of the first groundbreaking applications of his theory
of regularity structures. Similar results were later obtained by Catellier and Chouk [3] using the paracontrolled
approach of Gubinelli, Imkeller and Perkowski [4]. Kupiainen [10] described a third approach using renormal-
ization group ideas.

Weak universality is the observation that the same limiting object describes the large scale behaviour of
the solutions of more general equations, in particular that of the many parameters present in a general model,
only a finite number of their combinations survive in the limit to describe the limiting object. The adjective
“weak” is related to the fact that in order to control the large scale limit the non-linearity has to be very small
in the microscopic scale. This sets up a perturbative regime which is well suited to the analysis via regularity
structures or paracontrolled distributions.

The first result of weak universality for a singular stochastic PDE has been given by Hairer and Quastel [8] in
the context the Kardar—Parisi-Zhang equation. Using the machinery developed there Hairer and Wu [9] proved
a weak universality result for three dimensional reaction—diffusion equations in the case of Gaussian noise and
a polynomial non-linearity, within the context of regularity structures. Weak universality for reaction—diffusion
equations driven by non Gaussian noise is analysed in Shen and Wu [19]. Important results concerning the sto-
chastic quantisation equation we obtained by Mourrat and Weber. In particular the convergence to the dynamic
®3 model for a class of Markovian dynamics of discrete spin systems [12] and also the global wellposedness of
@3 in space and time [13] and in time for ®3 [14].
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The present work is the first which considers in detail the weak universality problem in the context of
paracontrolled distributions, showing that on the analytic side the apriori estimates can be obtained via standard
arguments and that all the work is related to showing the convergence of a finite number of random fields
to universal limiting objects. The main point of our analysis is our use of the Malliavin calculus [18, 17] to
perform the analysis of these stochastic terms without requiring polynomial non-linearity as in the previous
works cited above. In particular we were inspired by the computations in [16] and in general by the use of the
Malliavin calculus to establish normal approximations [17]. The main technical results of this part of our paper
is not particularly linked to paracontrolled distributions. A similar analysis could be possible for the stochastic
models in regularity structures. Moreover the same tools can also allow to prove similar non-polynomial weak
universality statements for the KPZ along the lines of the present analysis. This is the subject of ongoing work.

1 Analysis of the mesoscopic model

In this section we describe the paracontrolled approach [4] to a solution theory for eq. (3) along the lines of the
Catellier—Chouk [3] analysis. The fundamental results of paracontrolled calculus we use in this section are listed
in Appendix A.

The continuity of the solution map for a paracontrolled equation (already established in [3] and recalled
here) allows us to prove convergence of the solution u. (Theorem 3) by showing the convergence of the enhanced
noise Y, and the remainder R, in the appropriate space. Finally, in Theorem 7 we identify the limiting process
as the solution of a paracontrolled equation.

1.1 Paracontrolled structure

Write u. =Yz + ve, and perform a Taylor expansion of the reaction term Fs(sl/ 2y ¢t/ 2v.) in (3) around el/2y,
up to the third order to get

Lue = 1.— O _ )y _ %@%g _ %@%g — R.(v.)

(9)
—e 32 fo e —e T 1 (Yot ve) —e 2 fo o([YP] + 20 Ve +02).

with fI)ém) defined in (4) V¢ € R x T and R.(v.) the remainder of the Taylor series.
Define the following random fields:

LY. = = e 2 [V

2y = 90, v . yBoya_ gl

vB = Zat v o yBoyE By, i

R R R "
vEo= e R R

V2 = %@3)

with (™) defined in (4) and Yz, YE, Ys stationary solutions. In the scope of this section we can take any
constants dl that satisfy

d
(S

=
P ) (11)

Equation (9) takes the form

ZLo. = V-V v 3y Pl 3vme? - v

(12)
e 32— ey (Yetv) — e V2 L (2Veve +02) — Re(v.).
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In this expression the products Y. ve, Y202 and Y. v, do not meet the conditions for continuity. In order to
continue the analysis we pose the paracontrolled Ansatz

—YE—YE—3vg<<Y;—&-v£7 (13)

and proceed to decompose the ill-defined products using the paracontrolled techniques recalled in Appendix A .
We start with

stE:v5<YE+vs>-YE+vsoY€.
The resonant term, together with Ansatz (13), yields:
veo ¥ = Yoy v Moy —3u. (v o)
—gom (v, Y27, ) 4 oo v,
So we let
Y80, = v o <Y 4 Buedd 4 .Y )
T T T I R NORLREY

Moreover we have for v.Yz:

0¥ = pe¥e - YV Y- v ¥ oy,

where we introduced the shorthand ¢, =wv. + YE. So we let

>
VoY, =0, Y, 4+ d.

o A R A e A ¢
Finally to analyse the product Y= v?2 we write

Y2 = YY) - 2¥ 2 o 4 Y2,
and consider the products involving only Y factors: first

2 2 2 ? ? 2 ?
veyE—ve e v s ve <y B v dB o yeey

and then we define the term Y;ﬁo(Ya)2 as follows:

veo(vy = ye(v e - ad

9 2 2 2 2 2 2 ?
ve < (VB v2 e (V)24 v2 o (v 0 Y + 200my (V2 V.2, o) + 272y

so that

YPou2 = Y02 4 2d ve = Y00(YIT)2 — 2 (YEY. D) . + Y22

We note also that

Lv.= —.ZYe — .,5,”}75 + .20} =30, < .i”YE — 3coms(ve, YE) — 3 coma(ve, YE)

Substituting these renormalized products into (12) we obtain the following equation for vg :

ZLv? = 3coms(v, Y) + 3 coma(ve, Ye)
~Y. P02 — 3 ou 3Y5<A>Us
Y. — A(f)(m <>Y5 +02)
? ? ?
JS’ (% + )+ 948 + 60D — 3a P, — X0 — R.(w2)
= U\, Yz 0e,0%) — Re(ve) (14)
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with R.(v:) the Taylor remainder which appears in (9) and A\. = ()\(EO), )\(El), )\(62), /\(53)) € R* given by eq. (7) and
where we can use the constraint (11) to remove the term proportional to v.. The enhanced noise vector Y, is
defined by

2] ~[2 ? ? ? ~1? ?
Yoo (v, ve v v yE v v vyl
m
1 1
Xp = Cr€ =" xOr€ 2 " x (07 —1=%)2x L > " x (C1% " x C1¢ 7 " (15)

for every x>0. We use the notation ||Y.||x, =>"_|Y.[/x~ for the associated norm where Y is a generic tree
in Y.. The homogeneities |7| €R are given by

T @ 2] ~
Yo =|ve | ve | Y2 | YE |vE | v v v | v
1 T 1

Notice that for every € >0 eq. (14) is equivalent to (3) together with Ansatz (13).

1.2 A-priori estimates

In this section we show uniform a-priori estimates for the pair (ve, UZ) which solves the following system of
equations

—Y;—Y/E—?WE«YE—HJE—H)E

Ve =
Lo = U(AE,YE;UE,vz+v£)—RE(v5) (16)
(0) = ¥2(0) +Y(0) + 8v. 0 < YT(0)

with v3(t) := P, ve o and ve g: =g . — Yo(0) €4 ~1/2~. U is given in (14). It is easy to see, by taking vf =2+ v,
that this is equivalent to eq. (14) together with Ansatz (13) on v.. We consider the spaces

V%::g%nmle/4,1/2+2nm$1T/2,1+2n7 VT::iﬂ1T/2,1/2—nﬂ$1T/4+3n/2,2n’

with the corresponding norms

1020y, = 02l 3+ 1020 g 1 /2w2n 102|121 420, (17)
||U€||VT = HUEH_% 1/2,1/2—x + ||1)5H$ 1/443K/2,2k. (18)
Define also the quantity
1/2 1/2
Ms(}/a ue’g) — H56/26cs |Yz|+ce ‘P'UE"‘)lHLT’[O,T]LP(’]I“‘y (19)

which will be used to control the remainder R.. The main result of this section is the following lemma.

Lemma 5. There exists a time T, = T.(||Yellxp, |[te,0llg-1/2-x, [Ae]) € (0, T] depending only on |||y,
|te,ollg-1/2-x and |Ac|, a constant M. = M.(Yz,uo,c) >0 defined by (19), and a universal constant C >0 such

that, whenever M, < Tf/Q we have

102, v, < OO+ L+ Ve, )3 (1 + Jlueo

< |<€—1/27ﬁ,>3,
[vellvr, < C(IIYellar + llue,o

@12t ”'UZHV%*)'

Proof. Define v2:=wv, — UE such that

o = YV 3B 4 of) < v e,

and v=(0) =0. Note also v2:=v" —I—YE. Using Lemma 15 (and the fact that || f||o e ST f|l.2 ) we obtain
for x,60 >0 small enough

HIfo;szm,gx—i- HIfH$1T/479+2n,1/2+2~+ |‘If|‘$;/278+2n,1+2mST§(||fHM§—‘—G<g7N—‘l_ Hf||M1/2+2n<571/272~). (20)
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We choose 6 > 2k small enough so that

3;94-3;@/2,2;@031T/4—9+3n/2,1/2+2nm$1T/2—9+3m/2,1+2nngT
We define also the norm

lollyg = 10l 30+ [0 pgrpaqp 22
Now
O 8] 8] @ @
lofllyg S 1Y+ Y lpp+ [0Plle=(1Ye loger—+ 1Ye llopm -1-+)
] @
(18l 172 0 sy o) (1Y gt 1Y g 1) + N2l
S IYellar + T5 {0y + l0e0ll g 172+ 1025

where we used that v™(0) =0 and as a consequence that [|v loppe=<T" HUE||C~L°° <T*R ||UE||V|:| to gain a small

power of T'. So provided T is small enough (depending only on Y,) this yields the following a-priori estimation
O

on vg:
[v2llerre SHvENvR SN Yellar + l[ve,0llg-172-x + [[02]3.
Therefore we have an estimation on v,:

oellve < [02Ive + [1071ve S e 0ll 172+ 10BNy S 1 Vellatr + 10z olleg 1725+ 02y

In order to estimate terms in U(\., Yz; ve, v2 + vg) we decompose the renormalised products as

VB, = vrvB_vA_yE_ 5, vy sy +vlo Y - 3 comy (v., YU, )
veoYe = VI, = 3(0: < Y)Y+ Vo5 (02 +0%) + Yo - (02 4 0f)
YLy yBey v
Yo0u? = YEo(YA)2 4 2(Y2oY ) (Y 4 3u. < YT — 2 (Y2o¥) < (0 + o)
+2 (V2oYH) = (02 4 05) + Y2 < (02 4+ 05)2 + Y2 (07 + 1),
We have U (A, Ye; v, o+ vg) =Q-1/2(Ae; Yz, 00, ¢, Ve, vg) + Qo(Ae, Ye, v ¢, Ve, UZ) + Q».,v. with the definitions

Q_1j2 = —3ve= YD — 30w (ve, VIO, V) + V2 (02 +05)
—6[(YPoY2 ™) (30, < ¥I) 4+ (YY) - (024 0]
+220D(3(0. < VY. — Yo = (02 +05)) + 3 coms(ve, Y22 + 3 coma(ve, YD)
Qo = 3Bu Y. -0 VB oV 4o VAV 5 (o + of) — Y2 (o + 05
—YP02 = AP 2 4 2, 5 (o2 + vﬁn
? 2 2\ 2
Qv = (1= X)W A 37y v a(moy T
)
%}

With the same technique we used above for ’UED, we obtain the following estimate on v/

S A A A e

1021 g 372 48n 12172020+ 02| g 11 S I Vel + v lleg 172w+ 1023

and this yields ||( ) Hg 3/4+45k/2,1/2+2k ||( ) Hg 1/2428, 5 (||Y€||XT+ ||’UE,OH<g*1/2*~+ ”U‘ZHV%)2
We obtain, using the results of Appendix A

1Q-1/2ll /24205 —1/2-20 + | Qoll pgr-oes— S (LHIND (LA 1 Yellae) 3(1 + llve ollg —1/2- + 02ly5)°
1@x v llopg -1 S (L4 1Ael) (1 + [ Yell2r)?
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In order to conclude the estimation of HUEHW we have to bound [[IRc(ve)|lys. By Lemma 6 V4 € (0 1),

C / Ve
V6 > 0 such that ~—2 375 o651 —|— we have ||t — t! TR (v.)(t, )| Lejo,r1Le(me) S Me(Yz, uo E)HU5||3+6 L e,

By Lemma 16 together w1th (50) we obtain then

1/2
I IR(v) s S Me(Ye, o o) o[ 0ec 10 o,

~

Noticing that HPvg(O)HV%S ||'U2(0)||CT<51/2—2.»¢5 (14 [Jve,0llg —1/2-) || Ye|| 2, we obtain that 3C’ >0 such that

02, llys. < C' (LA (L4 1Yz, L) (1 + [0 0ll g —172-)% + O T2(1 4 ) (14 ([ Ve | 2,)°

22,
O MY, e, 6)6061/2(”Y5HXT+”vaO‘lcg*1/2*"@)6651/2”1)2“\}‘77"||fUE||$}+5
ce/?||lv2| K 2|0
< D+ CM(Ye up e b CT 22}y + C Mc(Yeyug e Jo2[ 35
cet/2(||'Ye Ve 12—k
with € := C'[(1 + (1 + [Vellay)® 4 ¢ IXlratleecle a4 4 (1, + [Joe oll-1/2-)279)] and

D:=C"(1+|Ac,|) (14 Ve, [lar)*( ~1/2-n)%,
Let T, € (0,T] such that:

CT?[(5C)% + =" (5 0)2+0) <

| =

and
CT"/?ece*(50) < D
* <D.

n/2

Assume that M. <T."?. Define a closed interval [0, 5] = {t € [0, T.]: ||v2, vy <4D} C[0,T,]. This interval is well
defined and non—empty since ¢+ HUZHHW is continuous and nondecreasing and ||”Zn||vg <4D. Let us assume that

S < T, then we can take € >0 small enough such that S+ e <7 and by continuity va||vg+5 <5C, then

102 Iy, < D oM (Yaue e ey o (S+e) 21213y +C MY uo,e)f”“”z”%HvZH?,gi
< D+ CMo(Yeyug e "GO+ CT (5 C) o]y, + CTE 26 PG (5C) 240 0y
< 2D+ Il
which gives van||vg+g <4D. This implies S =T, (by contradiction). O
Lemma 6. For every v€(0,1), § €[0,1] we have

1/2,,0 i
Ht = t’YR <U€7 Ugv h)(t ZE) ”LP 0,T]LP(T3) < Ma(}/a UO,E) ||’U5Hij{»yé/(3+5)Looecs llve ”OTL

with v2 := —Y8 — }78 — 3. <X Y; + 0.
Proof. We can write the remainder in two ways:

L L (1—7)2

1 1 1 1 _\3
Ro(v) = o / FO (Y.t retor) - FOEE v LT i / FO(3 Y, 4 ren) L2,
0 . 0

3!

From assumption (6) on F' we obtain by interpolation of these two expressions, V¢ € [0, 1], V¢ >0,z € T3,

1
IR0} (t,2)| S 2lus(t, )P G et el o,

and we estimate, Vy € [0, 1),

1 1
ceZ|Ye(t,2)|+ee2|vi(t,a)|

s
£2e |

0l 345 1/2 IEII i
It R (ve) (£, ) | ojo, 7y20r) S 177 ve(t) [ fmes 12 ert o0, TLP(T)

1.3 Identification of the limit

In order to identify interesting limits for equation (3), we introduce the enhanced universal noise X, defined as

7 7 ? ? ?
x=(x, x8, x0, x <[ 512
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where X is the stationary solution to to the linear equation . X = —X + £ and £ is the time-space white noise
on R x T3. We define

X2 = X7,
xH =[x,
e ax o) [ DG e
1,62 (21)
A = A= )X ToxT)= [ (- 1) (IXEINED oo
AXE = [ M ORINED st 6 [ 8K (5,5 =) = A X 2)P) Ox o,

where as before [-] stands for the Wick product, ¢;= (z;,s;) € R x T3, Cx(t,z) is the covariance of X and p¢, ¢,
is defined as

fi¢, ¢t = [/ Kq2(2)) " Kio(9) Kj,o(@2) Pr—i(y — 21)]0(t = 52)d1dCa.
T,y

i~ g

Standard computations (see e.g. [3] or [15]) show that, for any T >0, 0 < x <k’

1 ’ 1 ’ Ll ok’
X €Cse 22 % (C5F —1-25)2 x 567 2 % (CHE0-2'2 x Cp6 72 ",
almost surely. Finally, for every A= ()\(0), A AR /\(3)) € R* we define
Y = (A A®x A& xT \@ xE 36 xE, (A<3>)2X, ()\(3))2X, )\(3)/\(2)X, ()\(3))2X). (22)

Using the paracontrolled structure we developed in the preceding sections and its continuity with respect to
Ye, we can state the convergence of the solution of the mesoscopic equation, under the hypothesis that Y. and
M, converge (this will is shown in Theorem-9 and Lemma 8).

Theorem 7. The family of random fields u. given by the solutions to eq. (3) converges in law and locally in
time to a limiting random field u(X\) in the space C1¢ —*(T3) for every 1/2 < a <2/3. The limiting random
field u(X\) solves the paracontrolled equation

u(d) = X +o(N)
z;(A) = X - AOxE _ @ xE _3)6y0) < xE 4 ot()) (23)
Lo'A) = U Y(N);0(N),v5(N)
VN (E=0) = vo+ AXOXH(t=0) + A\ XE(t =0) + 30, o< XB(t=0)

with U defined in (14) and vo=uo— X (t=0).

Proof. Fix T > 0. Let us denote via I' the solution map for (16) so that u. = I'(ue o, Yz, As, Re(ve)). Denote
by u? = Te(uc 0, Ye, A, R-(v.)) the process u. stopped at the time Ti(||Yz|lxp, [|te 0]l —1/2-x, |Ac]) and Ty the
corresponding solution map. Note that u solves the same equation with Y, replaced by Y(A), uc o with ug,
Ac replaced by A and R. =0. So u(A) = u®*(X) =Te(uo, Y(A), A, 0) up to time Ti(||Y ()|l xps |wollg—1/2-x, [A]).
Let us introduce the random field 4 = To(uc,0, Ye, Ae, 0) which solves the paracontrolled equation (16) but
with remainder R. = 0. Consider the n-uple of random variables (uc 0, Y, ug, u¢) and let p. be its law on
Z =% x Xr x (C7%¢ ~*)? conditionally on &. := {M. < Tf/Q}. Note that we know that P(&;) — 1 from
Lemma 8. By the apriori bounds of Lemma 5 we have tightness of the family (uc).. By standard arguments
it is easy to obtain continuity of the map I’y and also to observe that for any 6 > 0, u.(|jus — @2|| >d) — 0 as
€ — 0 since M. — 0 in probability. This shows that u. concentrates on €~ x Xr x {(z,2) € C7¢ ~*}. Let u
any accumulation point of (pe)e. Then pu(€ — x Xp x {(z, z) € Cr% —2}) =1. Moreover along subsequences we
have that for any bounded continuous function

E(@(uE,Oa Y., ﬂ;)) = IE(‘P(“E,O) Ye, FO(uE,Ov Ye, Ae, 0))) - ]E(Qp(u()a Y(/\)’ F’(uO’ Y(A)v A 0)))
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since by Theorem 9 the vector Y, converges in law to Y(A) and w. ¢ to ug and I, is a continuous function. We
deduce that, still along subsequences, for any test function ¢,

/Zga(xayvzat)du’s(xayvzat)q/zgo(m?yatvt)dlu’(xvyazﬂt):/Z(p(x’yvr.(xayvAaO)?F.(mayv)‘vo))dlu’(xvyazat)

but we know also that since P(E;) — 1 we have

_ E[w(ua,o, YE)HEE}

B[t (ue 0, Y2)[El] P(.)

— E[¢(uo, Y(N))],

for any test function . So the first two marginals of p have the law of (ug, Y(A)) and they are independent
since (ue,0, Ye) are independent for any e. Calling v the law of (ug, Y(X)) we have that

/QO(.I‘, yvzvt)dlu‘(m? ya Z’t) :/ 90(1’" yvri(xv ya A,O),F.(Jj, yvAvo))dV(mv y)
zZ E X X
which implies that p is unique and that the whole family (uc). converges to p. O

2 Convergence of random fields

In this section we prove the convergence of the random fields Y, and M.. The convergence in probability of M,
is easily obtained as we show in the following lemma.

Lemma 8. Under Assumptions 2 the random variable M.(Yz, ug,c) defined in (19) converges to zero in proba-
bility.

Proof. Recalling that ve ¢:=wu0,. — Yz(0) we can use Young’s inequality estimate M. (Yz,ugp ) for some ¢’ >0 as

Mo(Yeyuge) S €%/2es el pogo sy + €%/ e P IPYO| o o
1/2

+€6/2T1/pec’||5

uD.sHLOO

Under Assumptions 2 the term |[¢/2

u,e||Loe (s is uniformly bounded, so the third term above converges to
zero almost surely. Note that ¢'/2Y.(t,z) and P,e'/?Y.(t=0) are centered Gaussian random variables, and then
both IEHeClEI/Z"YE'HfP[O,T]LIJ(TS) and IE||6C(51/2|P‘YE(0)| 1Z#(0, 7727 (T#) are uniformly bounded in € > 0. This yields the

convergence in probability of M.(Yz, ug ) by Markov inequality. a

The central result of this paper is the convergence of the enhanced noises (or trees) Y7 in law, and their
uniform boundedness.

Theorem 9. Under Assumptions 2 there exists C > 0 such that for any p € [2, 00) we have || Ye|lx, < C in
LP(P). Moreover, Y. —Y(\) € X7 in law.

Strategy of the proof

The strategy of proof is the following. Denote X = (X7),, Y(A) = (Y7 ())), and let K™ the measurable
function of the Gaussian process X € Cr% ~'/27% such that X7=K"(X) and Y™(\) = fr(MK7(X) with f-(\)
suitable deterministic functions of . For each 7 we will show that Y.” can be decomposed as

Y7 = fr(A)KT(Yo) + Y (24)

where Y.” are suitable remainder terms. For all p > 2 it is well-known (see [3],[6]) that the term fr(A\e) K7(Yz)
is uniformly bounded in LP(; X7) (with X7 given by (15)), then we will just prove that Y." converges to zero
in LP(Q2; X7). This con be done by showing that, by Besov embedding, for 1 < p < +oc0 and Va < |7| we have

E(IY7 (1)) SEAY 0)lIB )< 2079 A AT (t,0) [y < Co— 0 (25)
q
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thanks to the stationarity of the process Y (¢, ). For this it suffices to show

Z 29P4 sup HAqY;(t,m)pr(Q) —0 ase—0 (26)
q xr

In order to conclude uniform convergence for t € [0, 7] it suffices to show that for 0 €[0,1/2], ¢ > —1:

Sup | AYZT (1 @) = Ag¥ (@) |y < Celt = 5|7727(2 72079 with C. — 0. (27)

Indeed, by the Garsia-Rodemich-Rumsey inequality we obtain for § > 0 small enough and p large enough

- HAqYET(t,x)—AqYET(t,x)pr Q
E( v pd_ ) < T2 2(04—20'—5)pq ()
Slip ” € ||CT 2/p327;2075 X Z s<f2[%,ﬂ Slip |t _ S|UP

q
< CETQZ 2-0pq
q

which by Besov embedding yields an estimation on IE( HY;THCVN/ZCKQ,%,N) for k>0 small enough.
T

This gives us the necessary tightness to claim that Y. has weak limits along subsequences. The only thing
left to prove is that for each 7 we have K7(Y;) — K7 (X) in law. However this is clear since we can introduce
a convolution regularisation of X called X, which has the same law of Y, for any ¢ > 0. At this point an
approximation argument gives that K7(Y;) has the same law of K7(X.). Transposing the regularisation to the
kernels of the chaos expansion we can write K7 (X.)= K7(X) and now it is easy to check that K7 (X)— K"(X)
in probability (as done e.g. in [3],[6]). We can then conclude that K7(Y;) — K"(X) in law for any 7.

Details of the proof

Let us now give the details of the the decomposition (24) and the convergence to zero of the remainder
Y. in LP(Q; X7). We need to introduce some notations based on the results of Appendix C. Looking at the
definitions of trees listed in (10), it is clear that AyY; can be written in the form

—_ )\ . — N3 —=Kk)! i
3 3'J)~/@21) e or W/ <I>g)<1>$) ¢y, ¢, — [renormalisation)]
. ¢ e 1

for ¢, (1, (e R x T3, 0< j, k<3 and some measures p¢ and p¢,,¢,- Note that the k-th Malliavin derivative of
fbém), namely Dkfl)ém) is <I>ém+k)h?k. Then expansion (69) of Appendix C takes a more explicit form Vn > 1:

3
|

1 E((I)(m+k))

(m) _ ¢
e = k!

D2 +om(Qag™ hg)

3
Il
—=o

(28)
+k— +k7 ' 3 n m—+n n
= E(m k 3)/2—<mk‘! ) fm—&-k,s[[)s]?(:]] 5n(Q1 é'l L)h? )

B
Il
=]

with @ :=T[]r-,, (k— L)' and Yz ¢:=Y.(t,z), (=(t,z) €R x T?. Here we used the fact that 6"(h&") = [¥"]
(see Remark 39) and that by the definition of @ém) (4) we obtain V¢ € R x T3

E((I)ém+k)) — g(m+k=3)/2 (m + k‘)! fm—i—k,a

where fn,E is the n-th coefficient of the chaos expansion of 13’5(51/23/;) relative to e!/2 Y.(t, x), so that fn)e =0
for n <3 and fp = fn,c for n>3. Choosing n=4—m in eq. (28) we obtain

m 3 —m —-m —m —m
o™ = pfae Y2+ 84 (QE e ng )

!
(3—m)
3! _ ~ (m
mfs,s [[Yag( "+ ‘I)é )
with

U =gt m(Qlme MR ™). (30)
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This yields:

o = f5 [V2]+04Qiat ),
o = 3f; [V2]+0%(Q3ehE),
o = 6fs.Ye.c+0(QIRNE?),

o = 6f3.+0(Qi0he).

It suffices to substitute this decomposition in (10) to identify the remainder terms Y. for every tree Y.". In the
next two sections we will consider separately first order trees, which are defined a function of CIDém)
order trees, which in turn are obtained by multiplying first order trees (and renormalising). We will show that

each of these remainder terms satisfy (26) and (27).

and second

Remark 10. Notice that for m > 3 we can easily estimate terms of the form E_(m_?’)/QCI)ém) V¢ER x T3. We
have
_m=3
|

where y(dz) is the density of a centered Gaussian with variance 0%78. The integral is finite by Assumption 2.

= IE Y = [Pl
R

2.1 First-order trees

First of all note that the term YE has no remainder and then it can be shown to converge in law to A(2X
by usual techniques. We start with the bound (26) for A, Y AqYE, AYENAY.?. We obtain from (29) that

. = 3—m

fge/[[Y?’ e+ g [

FrODAKET(Ye) (8, 2) + AYC (7).

As said before, f3, Efc[[Y HNC converges in law 1n LP for every 2 < p < +00 to \© fg[[XC )]]ﬂg since
fae— A (3). We can bound the remainder term f( C NC in LP(Q) using Lemma 32 and Lemma 35 to obtain

H/(i)ém)u _ 547m/Q4117m (I)é4)h£®4_mﬂc g‘ zllfm/q)é4)h§§4—muc
¢ LP(Q) ¢ LP(Q) ¢ Di-m.p
-« k4d— (4); ®4— (4); @4— 2 1/2
< e, ey
¢ Lr(Q) ¢ H®4—m LP/Q(Q)
1/2
< <I>(4)d>(4)<h®4 m h Y et i fe!
¢ LP/2(Q)
< i ¢)(4 (b ) h h A—m 1/2
~ ” ¢ N sz (e Ben |27 g e |

1

_ 1 .
S 5/ HE 2@(4)‘ Hg_E(I)(%) he, he[A—m , ]
L Je¢o¢r LP(Q) ¢ Lp(Q)|< ¢ henl [ tcpic]
[ 1
: 2
N 55/ ‘5 2<I>(4)‘ H Rl he, he)B=m+s /} )
~L ¢,¢’ Lr(Q) ¢ LP(Q)|< ¢ <>| ‘MCM(l

for every § > 0, where we used the estimation of Lemma 25. Now using Remark 10 and the fact that
(he,heyp=Cly (¢ — (') we obtain as a final estimation

. 5 1/2
H /C@é e ssz[ [ievat=cppmrss uw@ . (31)

Remark 11. These last computations are one of the key observations of this paper, exploiting the properties of
Malliavin calculus to replace hypercontractivity in the estimation of L? norms with arbitrarily large p without
resorting to explicit expansions.

LP(Q)
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The measure fi;—(s,y) being either [[ Ky z(z)P;—s(x — y)]d( for AqYE or K, #(y)d(t — s)d¢ for the other
trees, the Lh.s of (31) can be estimated with Lemma 27 to obtain for every Z € T3, ¢ > 0:

~[Z s _1-9 - S 1+4
|adZeo),, 0 5 275 AT Dl $ B2

@, 5 245 N 58
HAqYE(t,x)HLP(Q) < g2z 4 HAqu@(t,x)HLp(Q) < 2221

The time regularity of trees
We want to show (27). In order to do that, we compute

H / @ sy < e / QI (B{nEE ™ — el e
LP(2) LP(Q)
2 1/2
< [ e -otmimn
H®4—m LP/Q(Q)
@) 1 4 . 2 1/2
+H '/¢s,z(h§w_m_h§w_m)uﬁ .
¢ H®4=m||LP/2(Q)
We focus on the first term above to obtain that it is bounded by
1/2
‘/ (@F = @L0) (@F — @ ) (e hE e ™ pres—m i pcs
LP/2(Q)
@) a@\(p® _p® Yz
'S /C C,H((I)t,z (I)s :r)( t,x! (I)s,x’) |LP/Q(Q) |<h87$7hs,$’>|4_m |MCMC’|]
— 1
_ 4 4 4 4 — 2
© [e o0 a0 0 |
_ 1
S 56/4 4’”6 H( @1 - 280) (@ = 80 Loy [ (hs.a hs,xf>3m+5|u<u<f}2

now notice that

1 1 1
e F(@fh - 2lh) = FUEY(t,2)) - FY(eYi(s,2))

)

= e / FOEY(s, ) + 122(Ya(t,2) = Yils, )] (Yalt, 7) - Vs, 2))

and we can estimate Heif(égg — <I>£42£)

L) by hypercontractivity and using Lemma 28 as

1/2
51)5/

/01“5)[551@(8, 2) + =3 (Ya(t, @) — Yols, 7))

1Yo(t, ) = Yo(s, 2) |22
12#(9)

< Y20y (0,0) = Cy (t —s,0)]/?
5 6_20|t - S|07
for any o €[0,1/2]. The other term can be estimated more easily by
7
[66/4 C,|<hsw’ hs,a) |20 (it o — Dy Bt wr — his 2] |H<M<’}

1

< e-%—srf[eé/ (s )P m+6+2<f|u<u<}
¢, ¢’

)

and finally obtain
1

m —2K o —m o z
| [ —aimud st [ b g |

Which yields estimation (27) by applying Lemma 27 as before.

Lr(Q)
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2.2 Second-order trees

In this section we show the decomposition (24) and the bound (26) for the trees Y . The
time regularity (27) of Y can be obtained with the same technique as in the prev1ous sectlon assumlng that
(F.): € C°(R), and we do not repeat the argument here Looking at the definitions in (10) it is clear that we

M

can write the Littlewood-Paley blocks of Y Ve >0 as:
. 1 l
VO = g o8 g A0)
1,62
L .
AY.T(0) = 5/ 6 1o d!Aq )(©),
C1,¢2 (32)
-2 - 1 - =
AT = 5[ 800 e d A0,
C1,G2
z 1 2] z
80 = g a0l e, dT A0 ~d A0

for ( = (t,%) where <I>ém) is defined in (4), &)8) =e1/2f, [V2(¢1)] and the measure ju¢, ¢, on (R x T?)? is given
by

[h¢, 6ot = / Kqo(2)) ] Kia(y)Kj a(@2) Pimg,(y — 21)]6(t — 52)d1dCe

inj
with §;=(si, ;) i=1,2.
The first step for decomposing (32) is to expand them using the partial chaos expansion (69) to obtain
o0 = E[0V0)]+6Q.D c1> Do),
ool = E[eel)] +sQ:D (@ <I><1>)
ool = E[oVel)] + 4] D(<1>(°>c1> N +52Q2D2(<1>(°)<1>(1>)
[P0 ]+ Yo(Q)E[@ 0] + Yo()E[2) 0] +6°QiD2(2 ) o).

(33)

Like the trees appearing in the ®3 model, we expect second-order trees to require a further renormalisation, on
top of the Wick ordering.

2.2.1 Renormalisation of second-order trees

In this section we show how to renormalise (32) by estimating the terms of the type E[(bgn)@g)] in expansion

(33). We are going to need the following result:

Lemma 12. We have

/ (Cl) [ q)(l)]MCLCQ / Aq}/’e(saf*x) G(tfsax)'
¢1,62 s,z

and

/ Yo GYERD S e, o= /AY ) H(t, ),
(1,62

where

G(t—s,z) ;:/ 37 Kiw(@h) K o(22) P o(a) B[OV ],
ESE)

’
ajzif\/j

H(t,x) :

/ > Kiwl@)) K,2(0) P (] —a)E[e e, ]

Tl'LN]

Proof. We have

1
Yo(COE[@V RN ey
C1,C2

= / Ko a(0)> " Ki o(@) Kj o(22) Py (25 — 21)Ya(s1, 2) B[ 0§V | ]
$1,1,Z2,T,T1

i~
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and by change of variables, exploiting the translation invariance of the problem we obtain:

= / Kyo(z +21)Y (51,21) / 3 Ko@) Ky o) Py (eDE[@VD]) | .
$1,%1, 117

T255
Using the definition of K, we have
= AY(s,7—x) / > Km(xi)Kj,z(xg)Pt_sl(m;)E[ég”@E?_sl,xz)].
$1,% 1171’21‘,\/]'
Finally we can write

/ Ye(Q)E [ @(1)]%,@:/ AY (s, —x) G(t — s1,x).
¢1,¢2 s1

S1,T
Similar computations holds for the other term, indeed

0 2
Yo(G)E[@V 02 e, ¢,
¢1,¢2

/ Ky 2(2) ) Ki o)) Kj 2(w2) P, (1 —fcl)Ye(taxz)E[‘I’SO)‘I’E?ZSI,xrm
81,21,Z2,T,T1

inj

= /A Yo(t / 37 Kiw(@) K 2(0) P, (2] — 2) B[00 | ]

/
Tljinj

/AY H(t, )

O

Using the lemma above and the partial chaos expansion (33), we can write (32) as:

20 = 5[ s @080) e+ 205 [ G- —al” ]
870 = 5[ 50D @) e Q5[ Ges =i
Ayt = 1 | SD (@) et Ayl s / H(t,x)—d}
a0 = 5 <a?@%D?(@é?@é?)u@,@+Aq<1><§>[§ [ B 8 i
+AqY€(C)B ”G (t—s,z) /H ]
+3 A R(§)+ IA R(é)

with the additional definitions

G(t—s,z) ;:/ 3" Kia(@) K o(0) P, (] —2)B[O§VD) ],
T,

/
9311‘~j

ey = / [AYo(5,7 — ) — ANt )] Gt — 5, 3),

Sy

Q) = /[AqYE(t,:Ef:c)—AqY;(t,a’:)]H(t,x).

)]

/ Ky (@ +z2)Ya(t, 2) / 3 Kia(@) K o(0) Py, (2] — z) B[00 | ]
$1,Z1,T (El,LN]

|

15
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To proceed further in the estimation of these integrals, we need to characterise the local behaviour of IE[(PZH)QE-Z)].
From the decomposition (29) we can write

312 3—m 3—n 3—m 7
E[e{Ve()] = W(ﬁ% B2 S + Gom) ) e fa B[V 0]
3! 3—n m m n
+(3_n>!f3€ [ C2 H@( )]+E[(I)( )(I)( )]
where IE[[[YE?’ZIW]] [[YE?’ZZ”]H =3 -m)!6(3—m,3—n)Cy ({1 — (2)3~" and to bound all other terms we introduce
the following result.

Lemma 13. Under Assumption 2 we have, for every 0 <m,n<3 and m<n:

|E[ ’”<I>(">I<Z€ T e he) [ S (e b)) . Weelo,1].

Moreover for every 0 <m,n<3,

~ m+mn—3
|E[[Y )] < e [(hey he)|™ if m>4—n,
E[[y%]e0] = 0 if m<4—n.

Proof. Using the integration by parts formula (72) we decompose

E[@(m)q)(”)] _ E[54fm(Qéllfmq)(‘f)hg4—m)54—n(Qlilfnq)g)h?f—n)]

4—n
4—m\(d—n —m—-n—iF(8—n—1 —m—n—ix (8 —m—i o
Z ( i )( i ) 'E( 5—n—i él i) gfmﬂ» ‘I>22 m z))<h(1,h<2>8 m-n-—t

1=
We can bound the term

m+n

62+25(QSmnz(I)(SnZQSngQ)(SmZ) ’n+10
5 5

(D(S n—i) H m+1 O(I)(S m—t)
L

L2

(see Remark 10) and therefore, using the bound e|(h¢,, he,) | =Cy (1 — (2) S,

MG < N
[E[&(72())] Z
i=0
For the second bound we compute

B[V 190 ] = B[em™(h&™M)o(Qf e hg )]
mA4—n

4 — . ; m4+4—n—i m—1i —n—i
=Y ()P, Qe I ),
i=0

"t mEn s
’ hC17hC>|4 m+l<66|<hC1’hC2>| 2 :

Since Dhgm =0 we obtain ]E[[[Y;ml]](i)g)} =0if m<4—n and

m+n—3 3—m-—n

[E[[Yo: ]88 S 6 2 Ele 2 Quyn s ™ [(he, he)|™

if m>4—n, with
3— —n

Ele™ = Qmpns®l S 0
Using Lemma 13 we obtain
E[00)00)] = 9E[(fs.[V20]+ 0L (. V20] + 98] =18 (f3,0)2 [Cy o(G1 — G) 2+ E[ @3]

and thus G(t —s,x) =18(f3..)%[ , >. K (wi)Kj,m(ﬂiz)Pt—s(ﬂ?i)[CY,E(Cl—Cz)]2+é(t—5733) with

i, T2 i~ j

Gt—s,z):= / 37 Kia(@) K o(2) P (e B[SV, 7.
T,

’EQZNJ
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We have the estimation
|E[(i)8)ég)” <0y (G — ). (34)
Similarly

E[60l)] = 3712 f  B[[Y2 (3. [Y2] + 80| =662 fo o fs [Cy o(C— G2,

BV ]+ 60) (65 o+ 62| S DS + BEOSR)
66(|f3,s| +1)Cy (G — <2)2+6’

A

E[200)]| = B0 Y20+ W) S | fo B[ ]08)] + E[ 60 ]
S (| fael +1)Cy (G~ G2)*.

We have by Lemma 29 that for all 6 € (0, 1) |G’(t—s,x)| < 55(\t_5|1/2+ \gy\)*5*5 . Using estimate (64)

together with Lemma 23, we have that for all § € (0, 1), ¢’ € (0, §) that |H(t, z)| < (|t — s|*/2 + |z|)~?
Furthermore, letting

(36)

- :/ ALt 7 — o) — AY(t, )] Clt —5,2),

we have
1 ? 1, A2
FARE =607 [ (ANt 5.0 0) — AYALDPA)Cy ol o)+ 5ARET

8,7

G(fs,s)Q/ [AYe(t +5,& —x) — AgYa(t, )] Py(2)[Cy <(s, )]

The term

can be shown to converge in law to 6 [ [AX(t+ s, — x) — AX (¢, )| Py(x) [Cx(s,x)]? in C5§% ~1/272% with
the standard techniques used in the analysis of the ®4 model. For all § >0 sufficiently small we have the bounds,

? NE
H AqR + AqR
L

< 55||Y5HC%%q/zfzn?q(lm““”‘”/ (|x|+|t—s|1/2)5*5

o ’
L s,z

S | ¥ellgpog —1/2-2n 2001 /220420,

which shows that these remainders go to zero in ¢ /2

? [z
Moreover, it is easy to see that AqR - AqR

/ Gt —s,2)= / Py(2) B[00, ] =18(fs,.)? / P(2)[Cy <(s,2)) / Py()E[&VD(.),,],

as € —0, since [|Yz[| opeq 1722+ is bounded in LP(€2).

is bounded in L?(Q, ¢ ~'/?). Note that

)

/ Hit o) = / P@)E[0{0? ] = / P2)E[o?)].

Sy Sy

Here we used the fact that
/Z Kz ,T :L'l 7, a: /Z Kz x :L'l 7, :I?(O) 6(1'1)
inj

since [ K (1)K 2(0) = 0, where |i — j| > 1. This is readily seen in Fourier space taking into account the
support properties of the Littlewood-Paley blocks. Now,

| P@EEE,). [ A@EePE,),

8,

converge to finite constants due to the bounds (34) and (35) and by Lemma 26 f Py(z)[Cy (s,2)]* < |loge].
Finally, from (36) we have

0 1 0 1 —
/C ¢ ]E[(I)él) ‘I)éz)} :uCl,Cz:/ P?(x)]E[(I)g) )‘I)gs?m)] =0(e 1/2).
1,62 s,x
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Indeed Lemma 26 again yields 6f Py(z)Cy (s,2)3 < 1.
Thus [ uta [CDE?) <I>( )] ¢y, ¢o gives a diverging constant which depends on all the (f, c)n. Making the choice

to define the renormahsatlon constants d” as in eq. (5) we cancel exactly these contributions which are either
(F:)e dependent and/or diverging. In particular we verify that we can satisfy the constraint (11).

Finally, noting that §Q,D = (1 — Jy) and 62QD?= (1 — Jy — J1) we can write the trees of (32) as

AV = (ho /< =2 b

1 A A
+‘f?:)s’€/ CéQlD( b0 [Y20] + [V219E) newce + 9/ 0QiD (250E)) i, o
1,62

17<2

_ 1 1 1y
€) = ¢ 2f2,ef3,e/C ) (1*Jo)([[1€2,41ﬂ[[3€2,42ﬂ)M<1,<2+§/ 3D (VD)) e,

C1,¢2

AY G = (fa0? /< Ealra

. A 1
“r%/c X 5Q1D (6@2?)}/6,42 + [YE%CJ]‘I)g)) K¢y, ¢ +6/§ 5@ D ( )(I)(Z)) K¢, ¢
1,C2

1,62

80 = ([ A= MDD rec AR ()

#60? [ (ANE-+.8 =)~ AN DRy (o) AR +

1 0) 1 1 2 (0)4 (1
+§/ 52Q2D2( (I)( [[YQCQH + [Ygfl]]q)(z)) K¢, ¢o +§/ 52Q%D2((I)(1)®(2)) K¢y, ¢y
¢1,¢2 C1,C2

21 — 1?0 — 21 —
with gAqR(g) ~ Opos(20(1/2426%420)) apq %AqR(C) +§AqR(<) ~ Opo(g0 20(1/242k420)y

Comparing (37) with the canonical trees in (21) we can identify the remainder terms A,Y." that need to
converge to zero in order for A,Y." to converge to A X",

2.2.2 Estimation of renormalised second-order trees

In this section we show that the remainder terms identified in (37) converge to zero in probability. First notice
that we can bound (37) using Lemmas 32,34 and 35 as

Lr

5”@?/ Dk (20Y)) uclcz H/ D (@0Y)) ¢, ¢,
¢1,¢C2 ¢1,¢2

Therefore, taking the derivatives in (37) we see that it suffices to bound in LP(H®**) the term

4-m) g (4—n); @k ¢ 3!fs, a—m) || _3Ss, (4-n) |, @k ¢
UMl TIpEk @ pE = {(3 Gy X 1+ >H( IACE T+ el k@ nd (38)

for m+n=5 and 0< k+£<2. This yields some constraints on the number of branches of trees:

AqY; = m+k=3, n+l=3
qu — m=3,k=0,n=210=1 (39)

Yg o mik=4, nil=2

Ys — m+k=4, n+l=3.
n (37), the terms proportional to (f3 .)? will generate finite contributions in the limit. In particular it is easy
to see that they converge respectively to ()\(3))2X, ()\(3))2X, )\(3))\(2)X, ()\(3))2X. All other terms will

vanish in probability, verifying (26), due to estimates we are going to establish now.
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(4 m)<I>(4 ™) all the other similar terms featuring at least one

We consider the terms proportional to (I)
remainder <I>( ™) can be estimated with exactly the same technique, and are easily shown to be vanishing in the

appropriate topology. One of the key observations of this paper, Lemma 36, allows us to rewrite products of
divergencies in the form 6™ (u)d™(v) as a sum of divergences §*(w), which are then easy to estimate in LP using
Lemma 32. We obtain

SETMRETY = m(QrBAE™) QIR hE")
= Z c,. 6m+" (DT RE™ DI QIR EE") s )

T+

TrgmAn e (O )RS O T () hE T T et e—i)

I
=
3
M-
m
~

Q

(g,ryi)erl
with I={(q,7,i) EN3:0<qg<m,0<r<n,0<i<gAr} and
0l(Q)=c 2 QI o,
By Remark 33, for every n,m >1 and ¥ € Dom 6" we can write 6"(V)h®™ =4¢"(¥ @ h®™), and therefore

/(i)(é—m)(i)g—n)h?k h®zl‘€1 [T

24+qg+r—2i ) _ _ _ .
=Y C,. . °* 5m+n_q_r/eﬂtr_il(Cl)@?if—f(Cz) hEM TR RE T @ hEF @ hE |(hey he)| T e ¢
I

The following result allows us to estimate the quantity above in LP(H®F+¢).

Lemma 14. Under Assumption 2 we have the bound

. 4 2
Ham—i—n—q—r/@mj;?“ zz(Cl)e?ig:Z(<2) hgqu ® h?;nir ® hgk ® h?;ZKhCU h’C2> |q+T_ZILL<17C2

LP(H®1€+€)

S;/ | <hC17 hC{>|m+k_q|<hC27 h(2’>|n+€_r|<hC17 hC2>|q+r_i|<hC{v hCQ/>|q+T_i‘:U’(1,C2‘ |MC1/»CQ/|'

Proof. Thanks to Lemma 32 the integral can be estimated with

m+n—q—r ) ) ) 2
> /Dh@ﬁtﬂ?(ﬁ) DI~ IZ () RE™ IR hEM T @ hEF @ R (hey, he,) | T e ¢ ,
j=0,h<j LP(V)
with V = H®m+k+n+l—a=r+j We have that |- ||Lp(H®k+Z) = ||H®k+£||LP/2 and therefore we can bound each

term in the sum above as
( / (D O (¢)DI 07 = (¢), DMOY 5 (CHDY 01 {1 =i () el ez X
X |<hC17 hC{>|m+k_q|<h(2> hCz’) |n+€—r‘<h<1) hC2> |q+r_i|<hC{7 hC2/>|q+T_i|MChCQ| |MC{aC2/|)1/2
Using Holder’s inequality we get the estimate
[(DPOTA T (G)DI 0T IZ] (¢), DT 5 (DI O =i () e o/
[(DROTY 5 (), DROTY 5 (C)) e e [ (DI ~hOTF 271 (¢o), DI~ PO A7} (C)) e —»|v

Now to bound terms of the type [[(D"O7'1%(¢), DPOT'14(¢’)) yen||L» we consider the cases h <m and h>m. In
the first region we use Lemma 35 to estimate

m-+a m+a m+ta _——5—a(4+a m+a 4+a
|(DOT4(), DO enller S [|DQp "7 0 >L4P(H®h) prQpe el
1+a 1+a
(4+a) — (4+a)
5 HE (I)Cl LApr Cl L4P

If h > m we first commute h — m derivatives in the expression DhQ{T;“ using formula (68) and then apply

Lemma 35 to obtain the bound

1+a _1l+4a

) (I)(‘H‘a)

(I)(‘H'a)

1

m a +a 2
|prQuse el

S HDh—m
L4p(H®h)

<l

e Dk —m.4p
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Thus, we need to know q)éN) up to the order (d+r—i+h—m)V({4d+qg—i+j—h—n)<(4+n)V(4+m) to

perform this estimates. O

From Lemma 14 we obtain Vd € [0,1/2):

2+qg+r—2i o . o _ _ 0 .
e T gminoa ’”/@ﬂt@l(ﬁ)@ﬁgi(ﬁz)h?im TG T @ RE" @ hE [(hey )| g o

LP(H®1€+€)

1

2

565(82””Qi‘;/(hcuhc{)lm*quhcm hCé>n+éT|<hC17hfz>q+ri|<hC{7hC2/>|q+Ti|ﬂ§1a§2||ﬂ({,(é|>

5 1

=e2(J)z.

Our aim now is to estimate the quantity J. The idea is to use the bound |{(h¢, h¢/)| =eCy (¢ — (') S1 to cancel
strategically some of the covariances |(h¢, h¢/)|. We will consider three regions:
If ¢+ r <2 we use the bounds

et 2 (hey, hep) |7 ey, heg) |74 S e((hey, hea) |l (e heg) |
and then (we suppose r < 2)

27 heg )| T Sy, heg) [0

to obtain
J < 6“5/|<h<uhg{)lm“*q\(hcm hep) "2 (hey b 17 Che gy hep| ™ iy, call e, 4]

S /\(hcuhg{)\m+k_q|<h<2,h<5>|”+€_2+6|<hcuhc2>|q|u<1,<2||u<{,<2’|- (40)

(If vice-versa g < 2 it suffices to put & on the term |{h¢,, h¢,)|7F?.) Notice that in this case m +k — ¢ > 0.
In the case g+ r=3if m+k — g > 2 we estimate like before to obtain

2—46 m-+k— n+l—r atr atr
IS« /|<hC17hC1’>| U Ry hes)| [(heys head |2 [(hegs e |2 e, coll e 4l
S /Wbcl,h<{>|m+k_q|<h<2’hcgﬂ"”_TI(hcuh<2>\H‘Slucl,cgl\uc{,ggl- (41)
Note that m+k—qg+d—1>0and m+k —q+25§ —3>—1 here. If m+k — g=1 we bound
N . PR 345 345
J 3 /|<hC17hC1’>|m+ TRy hep) M2 ey hea) |2 ey hep 72 Ty, call et 4] (42)

and note that m+k—q¢—1/2+6/2>0,m+k—q—1406>0,n+£¢—r—220. Finally if m+k —¢=0 we
can only have m+k=3,¢g=3,r=0,9=0 and thus

83_26/|<h<m hep) " ey, hea) 1270 Kheg e P =0 e, cal it 4]

/|<hcz»h<2’>|"”+m+k_6|<h<uh<2>|2_5|<h417h<é>|2_5|ucl,<2||ll<{,<é| (43)

J

A

N

If g+ r >4 we bound first
it _i —i 2-2 2-2
24220 ey, heo)| T (g )| T S ey ha) | 2 ey g |2
(note that 2¢+2r —2i+§ —4 > §) to obtain:
~ g—r— _ o 2-2 2-2
Igebmar 5/|<h<uh4{>\m+’“ (o e "Ry hea) ™ 2K hegs hep) ™ 2 ey, call e, ¢l

Now in the cases m +k=3,n+/=3 and m+k=4,n+/¢=2 we can just write 69770 =gmthk—q6—m—k—r—9
and cancel the corresponding number of covariances to obtain

~ 2-2 2-2
J g /|<h<2,hcg>\5|<hcphgz>| 2[(hegs hep) ™ 2l iey, call e ¢l (44)
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while for the case m+k=4,n+{=3 we have either £>1 or k> 1 and therefore with one of the following bounds

6m+k—1—q€n+€—r—6|<hcl7h<{>|m+k—q‘<h<2,h<é>|n+é—r /S |<hC17h({>||<hC2ahC2’>|é
e TR agn T (e he) TR Cheyy e " T S I heg 1P

we obtain the estimates
~ 2-2 2-2
S /|<h427h<5>|1+5|<h<1,h<2>| 2| (hep hepl™ 2 ey, ool lieq ¢l (45)

~ 2-2 2-2
J 5 /|<hC17hC{>||<hC27h(é>|5‘<hC1’h’€2>| 2|<h(1’ahC2’>| 2|U’C1,C2HUCLC2’|' (46)

We can use directly Lemma 30 to obtain a final estimate of (40), (41), (42), (45). For (43),(44) and (46) notice
that the integral over (i, ({ is finite and thus the whole quantity is proportional to |(h¢,, h¢s)|". Globally, we have

< 2(m+k+n+276)q

as needed to prove (26). Lastly, by taking one more derivative of F as done in Section 2.1, we can show (27)

? 2] ~
for v~ =y 5y 7y,

thus proving that Y7 — 0 in C”/ € " in probability Yo <|7]|.

Appendix A Basics of paracontrolled analysis

In this section we recall the notations and the basic results of paracontrolled calculus introduced in [4] without
proofs. For more details on Besov spaces, Littlewood—Paley theory, and Bony’s paraproduct the reader can refer
to the nice recent monograph [1].

A.1 Notation and conventions.

Throughout the paper, we use the notation a < b if there exists a constant ¢ > 0, independent of the variables
under consideration, such that a < ¢ - b, and we write a ~ b if a <b and b < a. If we want to emphasize the
dependence of ¢ on the variable x, then we write a(x) <, b(x). For index variables ¢ and j of Littlewood-Paley
decompositions (see below) we write ¢ < j if there exists N € N, independent of j, such that i <j+ N, and we
write i~ j if i <j and j<i.

An annulus is a set of the form & = {z € R*: a < |z| < b} for some 0 < a <b. A ball is a set of the form
B ={xeR3|z|<b}. If fisa map from ACR to the linear space Y, then we write fs .= f(t) — f(s). For
§ € LP(TY) we write | £(@)]|Zars)i= fopolf (@) P

Given a Banach space X w1th norm ||-||x and 7> 0, we write C7 X =C([0,T], X) for the space of continuous
maps from [0,7] to X, equipped with the supremum norm ||-||¢,.x, and we set CX =C(R4, X). For a € (0,1)
we also define C#X as the space of a-Holder continuous functions from [0,7] to X, endowed with the seminorm
| flleex =supocs<i<r || f(t) — f(s)|lx /|t —s]%, and we write C{5.X for the space of locally a-Hélder continuous
functions from Ry to X. For v >0, we define

MEX ={v:C((0,T], X) : [[vllpmzx = It =0 (t)lerx < o0}

The space of distributions on the torus is denoted by 2/(T?) or 2. The Fourier transform is defined with the
normalization

ﬁu(k)za(k):/ e~ ky(z)dx,  keZ?,
Td

so that the inverse Fourier transform is given by % ~lv(z) = (27r)_1zkeb<k"m>v(k). Throughout the paper, (¥,
p) will denote a dyadic partition of unity such that supp(p(2~%))Nsupp(p(277:)) =0 for |i — j| > 1. The family
of operators (A;),;>_1 will denote the Littlewood-Paley projections associated to this partition of unity, that is
A ju=.7 Y (xFu)and Aj=.F ~Y(p(277-).F u) for j >0. We also use the notation S;=3", ;Ai. The Holder-
Besov space BS (T3, R) for a € R will be denoted by ¢ and equipped with the norm

IFlla=11fll, .= sup @ Aif Lo re))-
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If fisin €€ for all ¢ > 0, then we write f € €>~. We let K, the kernel of A; so that A,f(z) =
S ,q(2) f(z)da.

A.2 Schauder estimates

For « € (0,2), we define the space .£ = C’gf/QLOo N Cr% @, equipped with the norm

1f1l.2 3 = max {|| fl| gar2 s | fllore o }-

The notation is chosen to be reminiscent of .Z =0d; — A, by which we will always denote the heat operator with
periodic boundary conditions on T¢. We also write & « = C2/2L% N 0% . When working with irregular initial

loc
conditions, we will need to consider explosive spaces of parabolic type. For v >0, a € (0,1), and T >0 we define

the norm

1f1l.2 o= = max {t = 7 f ()] gar2pocs | f lLmtzese}
and the space £ 7“={f:[0,T] = R: | f|l 3~ < oo}. In particular, we have £ %% = 2%, We introduce the
linear operator I: C(R4, 2/'(T)) — C(R4, 2'(T)) given by

If(t) :/OtPt_sf(s)ds,

where (Pt)¢>0 is the heat semigroup. Standard estimates in exposive spaces that are summarized in the following
Lemma.

Lemma 15. Let o€ (0,2) and y€[0,1). Then

I1flle7eSIfllvgee—2 (47)
for all t > 0. If further 8> —a«, then

I8 = Psuol| g (42,0 S [luollz - (48)

For alla€R, v€10,1), and t >0 we have

I fllmzee SIFllmgea—2 (49)
For all € €(0,2), v€1[0,1), e€[0,aN27), t>0 and f € L 7" with f(0)=0 we have
1fllgy=crza-eSIflle e (50)

Proofs can be found in [5]. We need also some well known estimates for the solutions of the heat equation
with sources in space—time Lebesgue spaces.

Lemma 16. Let 3€R and f € LEB? __ | then for every k €[0,1] we have If € C#/4CAT20—r)=@2=25+d)/p yitp

p,007
||If||C;/qcﬂ+2(lfn>f(272~+d>/p SJT Hf”L?Bf,oo’
with %—i—%: 1. Moreover, for every y<~'<1—1/p and every a <2—5/p+ 3 we have
1151l 370 S 0 00 (0) e

Proof. We only show the second inequality as the first one is easier and obtained with similar techniques. Let
uw=1f, we have

1/p

) 1 ; a[ pt
PlAu®) - < tl/qzdz/p[ / <>d] [ / YA F($) |2 d s
0 0

” 0i t 1/p
<, 2P0 Z/Q[ / sw|Aif<s>|£pds]
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which allows us to bound ||1 7@ «. In order to estimate ||t +— tY'Tf| a2, .. we write
Mo Cp' L
t
187" Agu(t) = 7 Aju(s) = S / VT A () [[edo + [t — 527D Pl 0T A f (0) |1,
S

+

/tlﬂlAZ— fw)dw

LOO
We can estimate the first term as

t t
/v”’*HAiu(v)HLmdv§Qi(d+2)/p||v»—>UVAZ-f(U)HLgm/ Y =7 1dy.

S

t 1/qT pt 1/p
[T [eriaseiea]
Loe s s

< 2007 [t — | o oI AF (0)lp

For the third term we have

/tqﬂAif(v) dv

AN

We obtain then if 22|t — s| <1
67" Asu(t) — 57 A u(s) o S 2Pt — 5] o 0 Acf )]y
and if 2|t — s| > 1 we just use the trivial estimate
187 Avult) — 57 Asu(s) e S 2VP22/8 0 A () g, S 2PNt — 550 0T A ()] p

Therefore, for every & € [0,1]:

(H2-2)i

147" A u(t) — 7' Az u(s) Lo <27 92ki/q |t — S|f</q ‘lU’—)U’YAif(U)Hfo~

Choosing k/q=« /2 we obtain the desired estimate. O

A.3 Bony’s paraproduct and some commutators

Paraproducts are bilinear operations introduced by Bony [2] in order to linearize a class of non-linear PDE
problems. They appear naturally in the analysis of the product of two Besov distributions. In terms of Little-
wood—Paley blocks, the product fg of two distributions f and g can be decomposed as
fa=f=g+f-g+fey,
where
j—2
f=g=g=f:=> > AifAjg and  fogi= Y AifAjg.
j>—1i=—1 li—jl<1

This decomposition behaves nicely with respect to Littlewood—Paley theory. We call f < g and f > g para-
products, and f o g the resonant term. We use the notation f<g= f < g+ fog. The basic result about these
bilinear operations is given by the following estimates, essentially due to Bony [2] and Meyer [11].

Lemma 17. (Bony’s paraproduct estimates) For any S €R we have

1f =< gllws Sp lflle=llgliss, (51)
and for a <0 furthermore
[f < gllgats Sa.pllfllexlglles (52)
For a+ 23>0 we have
1f e gllgere Sa.pllfllellgllee. (53)

A natural corollary is that the product fg of two elements f € € and g € €7 is well defined as soon as
a+ >0, and that it belongs to €7, where y=min{«a, 5,a+ [}.

We will also need the several commutator lemmas:
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Lemma 18. (Bony’s commutator estimate) Let a >0, 3€R, and let f,g€€*, and h€ € P. Then
|f<(g=<h)=(fg)<h

ot S leallgllealhlles.

When dealing with paraproducts in the context of parabolic equations it would be natural to introduce
parabolic Besov spaces and related paraproducts. But to keep a simpler setting, we choose to work with
space-time distributions belonging to the scale of spaces (C1€ “)necr for some T > 0. To do so efficiently, we
will use a modified paraproduct which introduces some smoothing in the time variable that is tuned to the
parabolic scaling. Let therefore ¢ € C*°(R, R4) be nonnegative with compact support contained in Ry and
with total mass 1, and define for all ¢ > —1 the operator

Qi: C¢P—CEP, Qif(t)= /(JOOQ’Qigo(?zi(t —35)) f(s)ds.

We will often apply Q; and other operators on C% ? to functions f € Cr% ? which we then simply extend from
[0,7T] to R4 by considering f(- AT). With the help of Q;, we define a modified paraproduct

f=g:=> (QiSi-1/)Aig

for f, g€ C(R4, 2/(T)). We collect in the following lemma various estimates for the modified paraproduct,
proofs are again in [5].
Lemma 19.

a) For any BER and v€[0,1) we have

N f=g@llgs SN lmir=llg®)lles, (54)
for allt >0, and for a« <0 furthermore
N f < g@)llgors SIf lmgellg®t)lles. (55)

b) Let o, 6 €(0,2), y€[0,1), T >0, and let f € L 3°, ge Cr€*, and £ ge CrE€>=2. Then
If < gllz SNz zollgliorse+ 12 gllore—2)- (56)
¢) Let «€(0,2), v€(0,1), T>0, and let f €L F. Then for all § € (0,a] we have

1fllzs S 1£O)lles + T2 flleg,

Z e (57)
1flgps S TOO2f]lgppe.

Finally we introduce various commutators which allow to control non-linear functions of paraproducs and
also the interaction of the paraproducts with the heat kernel.

Lemma 20.
a) For a,,v€R such that a+ B+~ >0 and a € (0,1) there exists bounded trilinear maps
comp,Com;: € X € P x €V —E€>Tht,

such that for smooth f,qg,h they satisfy

comi(f,g,h)=(f<g)oh—f(goh). (58)
comi(f,g,h)=(f<g)oh—f(goh). (59)

b) Let a€(0,2), BE€R, and y€[0,1). Then the bilinear maps
coma(f,g):=f<g—f=<g. (60)
coms(f,g):=[L, fx]g:=2L (fxg)—[KZLy. (61)

have the bounds
t7lcoma(f, 9)O)la+s S flleyllg®)llgs,  t>0. (62)
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as well as
tlcoms(f, @) (Dlla+s—2Z1flleyllg®)lgs,  t>0. (63)

Proofs can be found in [5].

Appendix B Estimation of the kernels

In this section we recall a few well-known results on convolution of functions with known singularities around
zero. We remand to Section 10.3 of [6] for an extensive treatment of this subject. First of all we need to
characterize the local behaviour of the heat kernel P;(x) and of the covariance Cy (¢, z) of the Gaussian field Y;.

_l=p?
:(“—1)3/26 1 T;>0 has the bound
v

IPOIS (12 +[a]) 5.
Let k € N* a multi-index with |k|=2ky + ks + -+ ks. Then for every multi-index |k|<2 we have:

|DFPy(2)| S (M2 + |2 ]) =37,

Lemma 21. The heat kernel P:R x R®* — R defined by Py(z)

Remark 22. In this article we use a slightly different version of the heat kernel, namely

| _mn
Po) = e ¢ Tz

in order to have that X (¢, z) = fioofTSPt,s(x — y)v(s, y)dsdy is the stationary solution to ¥ X = —X + v.
However, every estimate remains trivially valid in this setting.

Proof.

|=|?

|Pe(@)| (12 + [ )* S [+ (][t H/2)%e

la]

MT=(1+al¥)e T <+o0

In the same way we prove that |0:Py(z)| < ([t[*? + |2])% 02, Pe(2)] S ([t]*? + |z|)* and |95,04,Pi(x)| <
(112 + [])®. O

We recall a special case of Lemma 10.14 of [6], which is enough for our purpose. We use the notation
lI¢H = (]2 + [a]) for (= (t,2) € R x T*.

Lemma 23. Let f, g: R x T%\ {0} — R smooth, integrable at infinity and such that |f({)| < |I</|* and
lg(OIZNICI? in a ball B={¢€ R xT3:|||¢|l| <1,(#0}. Then if a, 3€ (=5,0) and a+ 3+5<0 we have

[fxg(O Sl Po+s
in a ball centered in the origin.
Moreover, if a, 3 € (=5,0) and 0 < a+ B+ 5 <1 and for every multi-index |k| <2 we have |D¥f({)| <
IICH*~ " and [D*g(C)| S ICNPIF, then

£ % 9(¢) = fxg(O) S IlCletro+?

in a ball centered in the origin.

Remark 24. The covariance Cy . of Y. can be written as Cy . = P+ C.* P with C.(t,z) :=E(n.(t,2)n-(0,0)).
Recall from the introduction that C.(t,2) = 2C®(e~2t,e~'z) where C* is the covariance of the Gaussian process
n defined on R x (T /¢)3, and C*(t — s, — y) = N(t — s,z — ) if dist(z, y) <1 and 0 otherwhise (so that the
family of functions C° is bounded uniformly on & by a C2° function). Then there exists a family of functions
C% defined on R x (T /&) such that Cy .(t,z) = 'C5(e~2t, e 'z) and C§(t,x) =[P+ C°x P)(t, z).

Lemma 25. The covariance Cy ¢ has the bound, for every multi-index |k|<2:

|D*Cy o(t, )| < ([t]M2 4 [ar]) 711K
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Moreover, we have
MDAy (¢, @) S1

Proof. The first bound is obtaned directly from Lemma 21 and Lemma 23. Indeed, since by hypothesis C¢ has
compact support, it is easy to see that |C.(t, )| < (Jt|'/2 + |z|)~5. The second bound is obtained by a simple
change of variables in the convolution defining Cy . O

Lemma 26. We have [, P.(z)[Cy (s,)]* S|loge| and for every n>3 "2 [ Pu(x)[Cy (s, z)]" S 1.

Proof. From the fact that P.2,(e ) =& 3Ps(z) together with Remark 24 we obtain
/ Pi(z)[Cy (s, 2))*dsdx §/ Ps(2)[C5 (s, 7)])?dsdx < [loge|
RxT3 B(0,e~1)

with B(0, R) = {¢ € R* ||[¢]|| < R, ¢ # 0} a “parabolic” ball centered in the origin. The second estimation is
obtained in the same way. O

Lemma 27. For me(0,3), n€(3,5), define for (,('€R x T3

Ti= [ 10y 6= luciel, L= [ 1Cy,¢ = O cric
with pe:=Kq,z(y)d(t — s)d¢ and fic:=[[ Ky z(2)Pi—s(x — y)ld¢ for (=(s,y). Then
I,<2m4  and  I,<200-%9

Proof. The estimation of I,, is easily obtained by Lemma 25 and a change of variables. For I,, observe that
for every ¢ >0

fie=| [ Ko@) (Pl =) = Proola = )l
x
and then we can apply Lemma 23 to obtain the result. O

Lemma 28. We have for every o € [0, 1]

sup |Cy o(t,x) — Oy ,(0,2)| Se=' 727 t]”
zeT3

Proof. It is easy to obtain by interpolation knowing that |0;Cy (t,z)| e~ from Lemma 25. O

Lemma 29. We have for every a <3

1
Ki(x —y)P(y)d / <
/ H ‘”' |y|+t1/2 WS (el o2

i~

Proof. We will show that

‘ [ y)Pt(y)dy‘ <ol + 12 42 (64)
and that
Ko=)l 4 < 1122
/—(| TS el #1227 (65)

from which we deduce that

K;(
Ki(x —y)Pi(y)d | < .
/ Q y‘/ H‘tl/z dy Z \m\+t1/2+2 i)ita

Bounding the sum over ¢ with an integral, we conclude

i~

dA A 1 L(=l+t7%) gy 1
/0 A (] + /2 4 N)d+e (|$|+t1/2)3+a/0 (L4 X (|| 4 1/2)3+0
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Let us show (64). We want to estimate
I = /K — ) Py(y)dy = /K 2 — ) [Puy) — Pua)ldy

_ / dr | Ki(z — 9)[Pl(z+7(y —2))(y —2)|dy

FARSS /dT ((y —2) Ki(z — y)||P{(z +7(y —2))|dy 27 ’/ dr [ [y Ki(y)||Pi(z +727"y)|dy
7c|a:+7'2 iy |2/t
<2 / ar [ lyKa(y)l———dy
where
—|=]?/t —clz|?/t
e z e
|Pz<z>‘c | <O

When ¢'/2>27% |z| we have
S22 527 (| + 412 4270

When 277>#'/2 2| we estimate simply
1< / Ko — )| Pr(y)dy < 28 <27 (ar| 4+ 4Y/2 4 271) 4

When || >27% /2 we have instead that either || >272"|y| or || <2727%|y|. In the first region |z + 72 iy| >
clz| so
o—c'lal?/t o—c'lal?/t

1
N2 [ ar [ Iyl Sy S 27 2 el 2 al + 2 27
0

while in the second region |y| > 2%|z|/(27), then |yK(y)| < |yK1(y)|"/2F(2¢|x|/ (27)) where F is a rapidly
decreasing function and in this region

p 1 ‘ efc|$+72_iy\2/t

| < 2 /0 dTF(TIxI/(QT))/t—zdy
3 27i 1d . 2i ) e_c/lTQﬂ'y‘Z/td < g F(9i 2 23z —c/|y| /t
< / TE(2Yz|/( T))/—3/2| 2y Y / TF(2%z|/(27) 3|x|/ £3/2

i 2% |33‘ 270 1/2 | o—i\—4
S | |4 dTF?|90|/( 7)) 5‘ ‘4§2 (Jo[+t7=+277)

T
So we conclude that (64) holds. Let us turn to (65). When #'/2>27% |z| we have

/(|K( /|K x—y)|dy < ia (|| +tY/2 4270~

|y|+t”2

When 277>t'/2 || we estimate

|Ki(x—y)| ai |K1(y)| 2t |K1(3/)| 2i 1/2 —i\—a
/Wdyy iy Y S 2 [ Ry SPS (fel+ #1427

and finally when || > 277 t'/2 we have either |z|>2""t|y| or |z| <27 1|y|. In the first region |z 42 y| > c|z|
$0
— — T |+t 27
/(|y|+t1/2 |z +2 s S L

while in the second |y| > 27|z|/2, then |Ki(y)| < |K1(y)|'/2F(2¢|x|/2) where F is another rapidly decreasing
function and in this region

|Ki(z —y)| F(20 ‘Kl(y)|1/2 i (91 - 1/2 | 9—iy—
— 2 5 2% x| /2 —=rd ,520” 24 x| /2 ,SJ? 045 x|+t +27Y) @
/(|y| t1/2)a ) ( | |/ ) |2_zy|a Y ( ‘ ‘/ ) | | (| | )

concluding our argument. O



28 AprPENDIX C

Lemma 30. For m,n€ (0,5), k,£€[0,2) define
I mn = /{LMLZCY,E(Q —)FCy (G — ) Oy (G = )™ Oy (G — 62)" 1y, call it ¢
with e, ¢, for (= (t,7), ¢i=(si,x;) i=1,2 defined as
peci=1 [ K@) Koal)K ol Py = o)l 52)dGG
1 i~
Ift=0,0<m+k—2<5, m+k—2¢€(—1,5) and k+m+n —4€(0,5) we have the estimate
Ik,m,nSQ(kerJrnizl)q-

If (k+4m—=2),+m—-2)€(0,5), k+m+{—4€(0,5) and k+{+m+n—4€(0,5) we have the estimate

Ik o < 2(k+€+m+n74)q.
Proof. Observe that
Her e = [Z/ Kq,3(22) Ki o(y) Kj 2(22) (Pe—s,(y — 21) — Pr—s,(Z — 21))]6(t — $2)d(2d (2
ing Y EY

+> / (Kq.2(2) — Kq,5(22)) Ki 2(y) Kj,o(22) P —s, (y — 21)]0(t — 52)d(1d G

ing VY
= Kqa(22)[Pi—s,(w2 = 21) = P, (T — 21)]0(t — 52)d(1d G,

+> / [Kq,3(2) = Kq,3(22)| Ki o(y) K o(22) Pr—s, (y — 21)]0(t — 52)d1d (2
invg Y
= ¢ ¢t gy ¢

where in the first line we used ny“;(y) = 0 and the fact that [ K;.(21)Kj.(z2) = 0if [i — j] > 1 and
> Ki oY) Kj o(22) = 6(22 — y)d(22 — x). Now the estimation of the term

Tkm.n ::/g ; Cy (1= Q)*Cy (¢ — &) Cy (G — )™ Cy (¢ — )™ ficy, ol et ey

with fie, ¢, = Kq z(x2)[P—s,(x2 — 1) — Pr—s,(Z — 1)]6(t — $2)d(1d (s can be done with Lemma 23 and gives the
expected result. The integral

Timom :/C y Cy (1= Q)*Cy (G = &) Cy (G — )™ Cy (G — )™ facy, ol et ¢4

with fic,,c, =30, fr7y[Kq7f(m) — Ky 72(22)| K 2(Y) K o(x2) Pi—s,(y — 21)]0(t — s2)d(1d {2 can be estimated by
multiple changes of variables. We have K, z(z) — Ky z(72) = 239(23 — x)folK’(Qq(xg —x)T — 29T — x2))dr, and
by the scaling properties of Cy . and P; ,, namely Cy (27%s,272) <2'Cy o(s,2) and Py-2i,(27x) <23 Py(z)
given by Lemma 21 and Lemma 25, we obtain easily the bound on I &,m,n Dy rescaling the integral. O

Appendix C Some Malliavin calculus results

Let D be the Malliavin derivative, § the divergence (defined as the adjoint of D) and P; the Ornstein-Uhlenbeck
semigroup. We refer to [18] for an extensive discussion on these operators. Call {W(h)}nen the isonormal
Gaussian process indexed by H some real separable Hilbert space. For every ¥ € L?(Q), P; can be written via
the well-known Mehler’s formula for ¥ = F (W (h)):

P =P,F(W(h))=Ey.[F(e W (h) + (1 — e 2)Y2W"(h))] (66)
where {W’(h)}ne m is an independent copy of W. In our case we will consider the Gaussian process Yz indexed by
hio V(t,z) €R x T3, with H=L?(R x T?), with Y-(¢,z) defined as in Section 1. By a direct calculation we obtain

DPU=c'Ew[F'(e"'W(h)+(1—e )/2W'(h))|h=etP,D V. (67)
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This gives a commutation result between the Malliavin derivative D and the generator of the Ornstein-Uhlenbeck
semigroup L (defined by P;=e!L, recall that L=—4D ([18], Proposition 1.4.3)). Indeed, let ¥ such that E(¥)=0,
then we have for every a >0 and every j > 0:

1 o ; 1
D(—L *O‘\I/:D—/ toleitetlUdt = ——
S O A @)
and the same works for every ¥ (not necessarily centered) if j > 0. It is well-known (see [18]) that L acts on
square integrable functions ¥ as

/ te=le= UV P DU =(j+1— L) DV (68)
0

L\I!:fi n Jp, ¥

n=0
where J,, U is the projection of ¥ on the n-th Wiener chaos. We can define (j — L) ™! by its action on n-th order

chaoses as (j — L)™' J,¥ = H;n‘]" WU Vn > 0,7 > 1. The results recalled above allow for the following partial
chaos expansion :

Lemma 31. Let ¥ e L?(2). Then for every n € N\{0}:

n—1
V-3
k=0

|~

5% Jo DR + §*QrD™ (69)

=

!
with Q=TI (k— L)1,
Proof. We have for any ¥ € L?(Q):

U~ JoU=LL (¥~ Jol)=—6DL (¥ — Jol)=6(1— L) 'D ¥

where we used (68) and the fact that the Malliavin derivative of a constant is zero. This yields

UV=EW)+6(1-L)"'D¥ (70)
Iterating this formula up to an order n and using the fact that Jo(k — L)~* zéJo we obtain the result. O
Notice that the lemma above implies §"QTD"¥ = (1 — Jo... — J,—1) V.

In order to have LP estimations of the terms d"Q7D"V¥ generated by expansion (69), we will need the
following lemmas:

Lemma 32. ([18], Proposition 1.5.7) Let V be a real separable Hilbert space. For every p > 1 and every
qE€EN,k>q and every u€ D*P(H1® V) we have

1]09(w) H]D’““““(V) Skop ||u||]DkvP(H‘1®V)

Remark 33. Using Lemma 32 we can state a simplified version of Lemma 38 in the case where F € V is
deterministic. Let V be a real separable Hilbert space. For every F' € V and every u € D¥2(H®9) with ¢ € N
we have u ® F' € Dom §9 and

0N u)F =61 (u®F).
We can prove this formula as follows. First notice that for every smooth G € D%2%(V) and every smooth
u € D?2(H®9) we have
E((§(u® F),G)v)=E(u® F,D!G)geagy) =E((§(u)F,G)v).

Now since DY(u® F)=D% ® F and v € D9?(H®%) we have that u® F € DT2(H®?® V). Lemma 32 yields the
bound [|09(u® F)||2v) S [|u ® F|lpa.2(reagyy which allows to pass to the limit for G and §%(u® F) in L*(V).

Lemma 34. For every n,m €N\ {0}, the operator Q' =T, (k—L)~" is bounded in L? for every 1 <p<oc.

Proof. We have Q; ¥ = (j — L)' U =3%"" (j+n) " J,¥ = (1/j)E(V)+ T,¥ with T,¥ =>">°  ¢(n)J,¥
and ¢(0) =0. Then the operator T} satisfies the hypotheses of Theorem 1.4.2 of [18], with ¢(n) =h(n™!) and

h(z)= jxg:_ T analytic in a neighbourhood of 0. Therefore

1Q;¥ |y SE(Y) + | T¥|zr < ([ W|e
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and the result follows applying repeatedly this inequality. O
Lemma 35. Let j € N\{0} and p>1. There exists a finite constant ¢, such that for every U e LP:
1
DG-0)2Y| <l ¥l
|pG-n=||,, . <clvls

1
(where the operator D(j — L) 2 is defined on every ¥ polynomial in W (hy), ..., W(hy) and can be extended by
density on LP).

Proof. First notlice that we can suppose w.l.o.g. E(¥)=0 thanks to the commutation (68). Therefore we can
write D(j — L) 2 as

-

D(j—L) 2=D(-C)"}(-C)(j—L) =
with C'=—+/—L. We decompose the second part as:

—C(j—L) U= 3 <jZn)2J"\Ij:T¢\IJ

n=1

With Ty := "> $(n)J,¥. We can apply Theorem 1.4.2 of [18] to show that Ty is bounded in L?, indeed
d(n) = h(1/n) and h(z) = (j = + 1)~'/2 which is analytic in a neighbourhood of 0. Finally, we can apply
Proposition 1.5.2 of [18] to show that DC~! is bounded in L?, thus concluding the proof. O

The following lemma is the most useful tool we used in the paper. It allows us to write products of decom-
positions of the type (69) as sums of iterated Skorohod integrals.

Lemma 36.
Let u = F,(W(h,)hE™, v = F,(W(hy))hE™ with F,, F, € C™T™(R) such that u € D™t2(H®™) o €
D™+ 2(H®™), Then:

<.

mAn T n—

o f%;(fz»(qm(rwti>w+n—q—r—2f<<wwa m

i=0
And also

DS 5 E I
=0 i=0

Proof. We have using Cauchy-Schwarz inequality and Lemma 32 that (D"6"(v), 87 (u))ger € L2(Q, H&™ =177
for every 0 <r+ 7 <m. Then we can apply Lemma 38 to obtain

HM:

5 () () =3 (M)am (D™ (), v)grer).

r=0

Then using the commutation formula (73) we rewrite the r.h.s. as

5m(u)5"(v):i (:‘)f (2)(?)2’!5”’T(<5m*i(DT*iu),U>H®r).

We write (6™ D"~ ), v)ger= (6"~ (D" "), Fy(W (h))hE") ger h2™ " and verify in the same way as before
that (0™~ D" "), F,(W(hy))hE") er satisfies the hypotheses of Lemma 40. We obtain

>
3

Frane) = 35 (")) )sr 5D ), FuW () s b
r=0 =0
- irm (:)( )( ) Z_ ( )5" "o (DT, DEF (W (hy) )Ry Y gren )by ™
r=0 =0 £=0

S S YO e Doy

£=0

I
M=

ﬂ
I
o
~
I
o
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where we used the fact that 6%(W)h®"~" =% (¥ @ h®"~7) for ¥ € Dom 6*, as seen in Remark 33. Call g=/+1,

then
=35 353 ()OI om0 D,

and noting that

(T)(?:Z) (- z)'Ez : Z))"Tgém —)l il(g— z')q!!(yll(!m —! (3)(?)’

we have the nicer symmetric expression

mAn m

S S (IO D

=0 g=1i r=1

Finally we perform the change of variables ¢ —i— ¢, 7 —i—r to get

. mAn m—i n—i m )(q—f—l)( n )(T+1)| m+n—q—r—2i r q s
)8 S (TG e (D", DW) yyosrss).
=0 q=0 r=0
The second formula is a straightforward change of indexes of the first one. O

Remark 37. Our choice of giving two distinct but closely related formulas in Lemma 36 is due to the fact that
the first formula has a more evident “physical meaning”. Indeed, vertices u and v (being non-polynomial) have
an infinite chaos decomposition, which can be represented as having infinite “legs” in a Feynman-like diagram.
It is apparent that the index ¢ in first equation denotes contractions between the already existing legs of the
vertices u, v and that r, g stay for new legs in each vertex created by the Malliavin derivatives which are then
contracted with other legs from the other vertex. This leaves m +n —r — g — 2¢ legs overall uncontracted which
are arguments to the iterated Skorokhod integral and would be contracted with other composite vertices in the
LP estimates. The second formula however, is more practical in the calculations.

We give below the results we used to prove Lemma 36.

Lemma 38. ([16], Lemma 2.1) Let ¢ > 1, F € D92, u € Dom(§9) and symmetric. Assume also that
VO<r+35<q (D"F,8(u))gor € LA(Q, H®I7"~ J). Then YO<r< q (D"F,u), € Dom(67~") and

F§(u i( )5q "(D"F, u)ger).

Remark 39. Note that
*(h®) = [Wh(n)]
where [-] stands for the Wick product. Indeed VF € D%? we know that E[§(h®")F] = E[W(h) h®"~1]

using the definition of § and therefore 6*(h®") = 6"~ YW (h)h®"~1). We have also 6" 1(W (h)h®"~1) =
S HREP YW (h) — (n —1){h,h)6"~2(h®"~2) using Lemma 38, and the result is proved by induction.

Lemma 40. Let €N, F € DT2(H®*), u € Dom (§9) with values in H®4* and symmetric. Assume also that
(89(u), D"F)goe+r € L2(Q, H®1""=0) YO<r +j < q. Then YO<r<q (u, D"F)yecr- € Dom(§7-") and

q

(09(w), Fyggoe= 3 ()37 (w0, DF) gocr)

r=0

Proof. Let ¢=1. We have for smooth G € D*2, F € D92(H®*) and u € Dom (§9):

E(({u, F)gor, DG)r) = E((u,DG® F)poes)
— E((5(u), F)yoc G) — E({u,DF) jroes: G)

where we used the fact that D(G F) = DG ® F + G DF for smooth functions. The equality ((u, F')ger,
DGy =(u,DG ® F)yeer1 holds because u is symmetric.
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We can pass to the limit thanks to the assumption (67(u), D"F)gecir € L2(Q, H®97"~J) and obtain
6((u, Fypgoe) = (6(u), F)ger — (u, DF ) gocsr.

Now suppose the statement true for ¢ — 1. We have that

Q
|
Ju

(31w, Fyroe = > (1 1)00 (00, D yror)

Il
= o

q—1

— (q - 1)5(14(@, D'F)gece)+ Y (q . 1)5@!*“1(@, D" F)geciri1)
r=0

Qs
|

r

ﬂ
I
o

Il
M=

(9)69=((u, D" F)procer)

d

ﬁ
Il
o

Lemma 41. Let j, k€N, uc DI F2(H®I) symmetric and such that all its derivatives are symmetric. We have
kN N/
DRoi(u) =Y (i)(g)u(sa‘—i(Dk—iu) (73)
i=0

Proof. If j =0, k=1o0r k=0, j = 1 we have identities. Now let j = k = 1 and u € D*?(H). We have
that DY2(H) C Dom(d) ([18], Proposition 1.3.1), and since Du € DV2(H®?) it is easy to see that Vh € H
(Du,h) € DY2(H) by computing its norm. Then we can apply Proposition 1.3.2 of [18] to obtain Vh € H

(Dé(u), h)y = (u,h)+5((Du, h))

and since by hypothesis Du is symmetric we have 6((Du, h)) = (dDu, h) and then D§(u) = u + 6Du. The
proof by induction is easy noticing that dv is symmetric whenever v is symmetric, and using the fact that
D67 =D + joI — L. O

Bibliography

[1] Hajer Bahouri, Jean-Yves Chemin, and Raphael Danchin. Fourier analysis and nonlinear partial differential equations.
Springer, 2011.

[2] Jean-Michel Bony. Calcul symbolique et propagation des singularites pour les équations aux dérivées partielles non linéaires.
Ann. Sci. Ec. Norm. Supér. (4), 14:209-246, 1981.

[3] Rémi Catellier and Khalil Chouk. Paracontrolled Distributions and the 3-dimensional Stochastic Quantization Equation.
ArXiv:1310.6869 [math-ph/, oct 2013. ArXiv: 1310.6869.

[4] Massimiliano Gubinelli, Peter Imkeller, and Nicolas Perkowski. Paracontrolled distributions and singular PDEs. Forum Math.
P4, 3(6), 2015.

[5] Massimiliano Gubinelli and Nicolas Perkowski. KPZ Reloaded. Communications in Mathematical Physics, 349(1):165-269,
jan 2017.

[6] Martin Hairer. A theory of regularity structures. Inventiones mathematicae, 198(2):269-504, 2014.

[7] Martin Hairer. Regularity structures and the dynamical 4 model. ArXiv:1508.05261 [math-ph/, aug 2015. ArXiv: 1508.05261.

[8] Martin Hairer and Jeremy Quastel. A class of growth models rescaling to KPZ. ArXiv:1512.07845 [math-ph/, dec 2015.
ArXiv: 1512.07845.

[9] Martin Hairer and Weijun Xu. Large scale behaviour of 3d phase coexistence models. ArXiv:1601.05138 [math-ph/, jan 2016.
ArXiv: 1601.05138.

[10] Antti Kupiainen. Renormalization Group and Stochastic PDEs. In Annales Henri Poincaré, pages 1-39. Springer, 2014.

[11] Yves Meyer. Remarques sur un théoréme de J.-M. Bony. In Rendiconti del Circolo Matematico di Palermo. Serie 11, pages
1-20. 1981.

[12] Jean-Christophe Mourrat and Hendrik Weber. Convergence of the two-dimensional dynamic Ising-Kac model to P h i3.
ArXiv:1410.1179 [math-ph], oct 2014. ArXiv: 1410.1179.

[13] Jean-Christophe Mourrat and Hendrik Weber. Global well-posedness of the dynamic Ph i* model in the plane. ArXiv preprint
arXiv:1501.06191, 2015.

[14] Jean-Christophe Mourrat and Hendrik Weber. Global well-posedness of the dynamic P h i% model on the torus.
ArXiv:1601.01284 [math/, jan 2016. ArXiv: 1601.01234.

[15] Jean-Christophe Mourrat, Hendrik Weber, and Weijun Xu. Construction of Ph i4 diagrams for pedestrians. ArXiv:1610.08897
[math-ph/, oct 2016. ArXiv: 1610.08897.



BiBLIOGRAPHY 33

[16]
[17]

[18]
[19]

Ivan Nourdin and David Nualart. Central limit theorems for multiple Skorohod integrals. ArXiw:0707.3448 [math/, Jul 2007.
ArXiv: 0707.3448.

Ivan Nourdin and Giovanni Peccati. Normal Approximations with Malliavin Calculus: From Stein’s Method to Universality.
Cambridge University Press, May 2012.

David Nualart. The Malliavin calculus and related topics. Probability and its applications. Springer, 2nd ed edition, 2006.
Hao Shen and Weijun Xu. Weak universality of dynamical $\Phi"4 3$: non-Gaussian noise. ArXiv:1601.05724 [math-ph],
jan 2016. ArXiv: 1601.05724.



	1 Analysis of the mesoscopic model
	1.1 Paracontrolled structure
	1.2 A-priori estimates
	1.3 Identification of the limit

	2 Convergence of random fields
	Strategy of the proof
	Details of the proof
	2.1 First-order trees
	The time regularity of trees

	2.2 Second-order trees
	2.2.1 Renormalisation of second-order trees
	2.2.2 Estimation of renormalised second-order trees


	Appendix A Basics of paracontrolled analysis
	A.1 Notation and conventions.
	A.2 Schauder estimates
	A.3 Bony's paraproduct and some commutators

	Appendix B Estimation of the kernels
	Appendix C Some Malliavin calculus results
	Bibliography

