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Abstract

We establish the large scale convergence of a class of stochastic weakly nonlinear reaction—
diffusion models on a three dimensional periodic domain to the dynamic ®3 model within the
framework of paracontrolled distributions. Our work extends previous results of Hairer and Xu
to nonlinearities with a finite amount of smoothness (in particular C? is enough). We use the
Malliavin calculus to perform a partial chaos expansion of the stochastic terms and control their
LP norms in terms of the graphs of the standard ®4 stochastic terms.
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Consider a family of stochastic reaction—diffusion equation in a weakly nonlinear regime:
Lu(t,x) = —e*F.(u(t,x)) + n(t, ) (t,x) €[0,T/e?] x (T/e)? (1)

with ¢ € (0,1], T > 0, initial condition wo. : (T/e)? — R, F. € C°(R) with exponential growth at
infinity, « > 0 and .Z := (9; — A) the heat flow operator and T = R/(27Z). Here n is a centered
Gaussian noise with stationary covariance

E(n(t, z)n(s,y)) = C*(t — s, 2,y)

such that C¢(t — s,x,y) = B(t — s, — y) if dist(z,y) < 1 and 0 otherwise where ¥ : R x R? — R™ is
a smooth, positive function compactly supported in [0, 1] x Brs(0,1).

We look for a large scale description of the solution to eq. (Il) and we introduce the “mesoscopic”
scale variable u.(t,z) = e Pu(t/e?, x/e) where 8 > 0. Substituting u. into () we get

—2_ 9 t x
L uc(t,w) = =7 ﬁFa(gﬁua(taw)) +e7 2 <€_2’ g) ' (2)

In order for the term e=27#7(t/e2, x /€) to converge to a non-trivial random limit we need that 8 = 1/2.
Indeed the Gaussian field 7. (t, z) := e~%/2n(t /2, 2 /¢) has covariance C.(t,z) = e °C*(t/e? x/c) and
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converges in distribution to the space-time white noise on R x T2. For large values of a the non—
linearity will be negligible with respect to the additive noise term. Heuristically, we can attempt an
expansion of the reaction term around the stationary solution Y. to the linear equation

LY. =-Y. + Ne-
Let us denote with Cy. the covariance of Y;. We approximate the reaction term as
e PPE (P uc(t ) = e VP F(ePYL(t, ).

The Gaussian r.v. &/2Y.(t,z) has variance aye = eE[(Yz(t,x))?] = eE[(Y-(0,0))?] = eCy.(0,0)
independent of (¢,z). Therefore we can expand the r.v. F.(e'/2Y.(t,z)) according to the chaos
decomposition relative to £/ 2Y_(t,x) and obtain

( 1/2Y t CC ans /QYZ_:(t,x),O'%/ﬁ),

n=>0

where H,(x, 052/ .) are standard Hermite polynomials with variance 052/ .- Note that also the coefficients

(fn.2)n=0 do not depend on (t,x) by stationarity of the law of ¢'/2Y,(t,z) since they are given by the
formula

foe = nIB[FL(e"?Y(t,2)) Hy (¢ Ye(t @), 0%,.)] = nlE[F.(0y,:G) Ho(0y,:G, 0%, )]

where G is a standard Gaussian variable of unit variance. Let X be the stationary solution to the
equation
LX=-X+¢

with ¢ the space-time white noise and denote by [X™V] is the generalized random fields given by the
N-th Wick power of X which are well defined as random elements of S'(R x T?3) as long as N < 4.
Denote with C'x the covariance of X. The Gaussian analysis which we set up in this paper shows in
particular the following convergence result.

Theorem 1 Fiz N < 4 and assume that e("_N)/anﬁ — gn for 0 <n < N ase — 0, that (F.): C
CN*TYR) and there exists constants ¢,C > 0 such that

N+1
Sup Z 08 FL(2)| < Cedll,
Then the family of random fields
FY: (t,2) = e VPE(EVPYL(t2),  (tx) € R x TP,

converges in law in S'(R x T?) as e — 0 to >0 g [XN].



Now take the smallest n such that f,, . converges to a finite limit as ¢ — 0. Since Hn(el/zys, 012/,5) =
e"2[Y2], the n-th term in the expansion of F.(¢'/2YZ) is f,,.e®t(=2)/2[Y*]. From Theorem [ the
equation yields a non-trivial limit only if @« = (5 — n)/2. We are interested mainly in the case
n=3=a=1and n=1= a=2. The case @ = 2 gives rise to a Gaussian limit and its analysis its
not very difficult.

In the following we will concentrate in the analysis of the o« = 1 case where the limiting behaviour
of the model is the most interesting and given by the <I>§1 family of singular SPDEs. In this case we
obtain the family of models

L u(t,x) = —a_%FE(aéug(t,x)) +n:(t, x) (3)

with initial condition ug.(-) = ¢ %ﬂoﬁ(e_l-) where . is the initial condition of the microscopic

model ().
Define for m > 0 and ¢ = (t,z) € Rt x T3

q)ém) — 6(m—3)/2Fém)(61/2}/;’<). (4)

where F. is the centered function

FE(x) = Fe(x) _fO,z-: _fl,e$ f2€H2 x JYz—: ane x JYz—:)

n>=3

and o2 _ is the variance of the centered Gaussian process e'/2Y.. Note that H,(e'/2Y(-), O'YE) =

gn/2 [Y'] and denote with f, . the coefficients in the chaos expansion of Fe(sl/ Y. ¢). Define also
various e-dependent constants

g L oo PR, PG S0 Pu(@)[Cyc(s, )2,
0 2 7 0 1
g Lo P ER 0 ), i L. P B e (5)

d = Qd\K/ + 3d\§/

m
L)
L)

where Ps(z) is the heat kernel and [, = denotes integration on R* x 3.

Assumption 1 All along the paper we enforce the following assumptions:

/2= gnd is independent of n;

a) (uoe)e converges to a limit ug in €
b) (toe)e is uniformly bounded in L, i.e. 3C > 0 such that Ve € (0,1] ||t |0 (T/2)3) < C

¢) (F.)e € C°(R) and there exists constants c,C > 0 such that

supz 08 F. ()| < Cell, (6)



d) the vectors \; = ()\go), /\2”, )\22), )\23)) € R* given by

M = e A )
)\g) = 571/2.]02,5 )\eEO) = 573/2.]00,5_571/2f276d:</_3cz§/_3cz:%/

have a finite limit X = (A0 XD A \G)) e R* as e — 0.

We can now formulate our main result.
Theorem 2 Under Assumptions [l the family of random fields (u.). given by the solution to eq. (3)
converge in law and locally in time to a limiting random field w(\) in the space C7€ ~*(T3) for every
1/2 < a < 2/3. The law of u(\) depends only on the value of X and not on the other details of the

nonlinearity or on the covariance of the noise term. We call this limit the dynamic <1>§l model with
parameter vector A € R*.

Here C7% ~(T?) denotes the space of continuous functions from [0, 7] to the Besov space ¢ ~%(T?) =
B3 (T?) (see Appendix [Al for details).

Remark 3 In particular we can take
F(x) = o®Hy(@,0,)+ePo@ Hy(x,0%.) +2(0®) +11)Hi(2,0%,) + %20+
so that

f3,z—: = 0-(3), 6_1/2]02,5 = 0_(2)’ 6_1fl,z-: = J(l) + 'Yél)’ 6_3/2]00,5 = J(O) + 7(0)a

€
and

J}f = o®e@r,, d} = Aﬁf =0

€
where L. := 2 [, Py(x)(Cy,(s,2))?. Choosing

)

d%/ =3(c®)?L,, ,

58]

A = 3de =9(c®)2L 7O = 35& — 35351,
we obtain A\, — (0(0), o, @) 0(3)). This shows that all the possible limits A € R* are attainable.
In this case (3] takes the form

Lue = —0Pud -2 — o) - 30(3)6_1032/76 +9(6®)2LeJue — o + 0(2)012/,5 —30B 6@ L 4+n.. (8)

When the nonlinearity is given by a cubic polynomial like in () the corresponding limiting model
is called dynamic <I>§ equation or stochastic quantisation equation. In two dimensions, this model has
been subject of various studies since more than thirty years [I3] I, [5]. For the three dimensional case,
the kind of convergence results described above are originally due to Hairer [9, [10] and constitute one
of the first groundbreaking applications of his theory of regularity structures. Similar results were
later obtained by Catellier and Chouk [4] using the paracontrolled approach of Gubinelli, Imkeller and
Perkowski [6]. Kupiainen [I4] described a third approach using renormalization group ideas.



Weak universality is the observation that the same limiting object describes the large scale be-
haviour of the solutions of more general equations, in particular that of the many parameters present
in a general model, only a finite number of their combinations survive in the limit to describe the
limiting object. The adjective “weak” is related to the fact that in order to control the large scale
limit the non-linearity has to be very small in the microscopic scale. This sets up a perturbative
regime which is well suited to the analysis via regularity structures or paracontrolled distributions.

The first result of weak universality for a singular stochastic PDE has been given by Hairer and
Quastel [I1] in the context the Kardar—Parisi-Zhang equation. Using the machinery developed there
Hairer and Wu [12] proved a weak universality result for three dimensional reaction—diffusion equations
in the case of Gaussian noise and a polynomial non-linearity, within the context of regularity struc-
tures. Weak universality for reaction—diffusion equations driven by non Gaussian noise is analysed in
Shen and Wu [23]. Recently, important results concerning the stochastic quantisation equation we
obtained by Mourrat and Weber. In particular the convergence to the dynamic ®3 model for a class
of Markovian dynamics of discrete spin systems [16] and also the global wellposedness of ®3 in space
and time [I7] and in time for ®3 [I8]. The recent preprint [7] analyzes an hyperbolic version of the
stochastic quantisation equation in two dimensions, including the associated universality in the small
noise regime.

The present work is the first which considers in detail the weak universality problem in the context
of paracontrolled distributions, showing that on the analytic side the apriori estimates can be obtained
via standard arguments and that the major difficulty is related to showing the convergence of a finite
number of random fields to universal limiting objects. The main point of our analysis is our use of
the Malliavin calculus [22] 21] to perform the analysis of these stochastic terms without requiring
polynomial non-linearity as in the previous works cited above. In particular we were inspired by
the computations in [20] and in general by the use of the Malliavin calculus to establish normal
approximations [21]. The main technical results of our paper, Theorem [@ below, is not particularly
linked to paracontrolled distributions. A similar analysis is conceivable for the stochastic models in
regularity structures. Moreover the same tools can also allow to prove similar non-polynomial weak
universality statements for the KPZ along the lines of the present analysis. This is the subject of
ongoing work.

The paper is structured as follows. Section [I] contains the paracontrolled analysis of eq. ([B]) which
will allow to obtain uniform estimates to pass to the limit. Section[2lin the core of the paper, it contains
the stochastic analysis based on Malliavin calculus which allows to control the limit of the random
fields involved in the paracontrolled description of eq. (B and to identify their limits. All the rest
of the paper consists in three appendices which do not contain original material but allow the paper
to be self contained. In particular Appendix [A] collects notations and basic results of paracontrolled
calculus. Appendix [C] collects basic definitions and results from Malliavin calculus which will be
needed in the analysis of the stochastic terms. Finally Appendix [B] contains mostly some technical
estimates on kernels needed in the stochastic analysis. The reader not familiar with paracontrolled
calculus and/or Malliavin calculus is encouraged to read Appendix[Aland/or Appendix[Clbefore going
on. In particular please refer to Section [A.]] for the notations and conventions in force all along the

paper.



1 Analysis of the mesoscopic model

In this section we describe the paracontrolled approach [6] to a solution theory for eq. ([B]) along the
lines of the Catellier-Chouk [4] analysis. The basic results of paracontrolled calculus we need in this
section are included in Appendix [Al

The continuity of the solution map for a paracontrolled equation (already established in [4] and
recalled here) allows us to prove convergence of the solution u. (Theorem[2]) by showing the convergence
of the enhanced noise Y. and the remainder R, in the appropriate space. Finally, in Theorem [6] we
identify the limiting process as the solution of a paracontrolled equation.

1.1 Paracontrolled structure

Write u. = Y; + v, and perform a Taylor expansion of the reaction term FE(EI/QY; + 81/2?}5) in (@)
around £'/2Y, up to the third order to get

Lue = 1. — 00 — oWy, — 1o@y2 - %@(3)03 — R.(ve)

9
_5_3/2f0,5 - 5_1f1,5(ys + Us) - 5_1/2f2,e([[yaz]] +2v.Y: + Ug) ( )

with @ém) defined in @) V¢ € R x T? and R.(v.) the remainder of the Taylor series.
Define the following random fields:

?

35/6 = e ev = 571/2.]02,8[[}/52]]7

2v.) = a0, vV = v evi—a¥,

Yev = %q)(l) YVE\%/ = Y;\Vonv_dz@y’c‘_d;@’ (10)
Yo oy o WY v Y

LY. =Y Y.© = Y. oY, e

v et A A !

Y2 = 100

with ®(™) defined in M) and Yz, Y;V, YaY stationary solutions. In the scope of this section we can take
any constants d that satisfy
L

£

2d}/ + 3d:<V. (11)
Equation (@) takes the form

L. = 1’5—5?"—579’—31?”%—31? g_YeQU?

12
—6_3/2]00,5 — 6_1f1,5(yg +v:) — 5_1/2f2,e(2Y€U€ + U?) — Re(ve). 12)

In this expression the products Y.V'v., Yv? and Y.v. do not meet the conditions for continuity. In
order to continue the analysis we pose the paracontrolled Ansatz

ve = —Y. =V  —3u, < Y.+, (13)

and proceed to decompose the ill-defined products using the paracontrolled techniques recalled in
Appendix [Al . We start with

veiffevzv€—<§/;v+v€>-}/;v+v€OY'€v.



The resonant term, together with Ansatz (I3)), yields:
oYY = Y ovY -V 0¥ — 301 0 ¥2) - seom (v, V.Y YY) 4ok 0 VY.
So we let
YVove = 0. Y. —ve <Y 4 (3ved, \ﬁ/ + d%/Y + d%/ + d\ﬁ(
= - Y — Y\@ %” 3UEY\<V + vt oYV — 3com, (vg,YeY, YY)
Moreover we have for v:Yz:
Y. = YY) <YV Y. -V oY

where we introduced the shorthand ¢, = v, + Y;V. So we let

oY= Yt dl =¥V <v. v sy v.Y
Finally to analyse the product Y.v? we write
AR AN S AL A

and consider the products involving only Y7 factors: first
vy v v ey <v vV ral = viovY 4 aY,
and then we define the term Y] ¢ (Y;V)2 as follows:

vielp = vty
S Y Al S A R AP A FE P AR AR N ACAE
so that
Vot = ¥iu 4 20, v = V] o (V)2 -2 0 ¥V 4 112
We note also that
L. =-ZL YE\V — .i”ffEY + Lot - 3v. < XY;Y — 3com3(v5,Y;Y) — 3comy(ve, Y2Y).
#

Substituting these renormalized products into (I2]) we obtain the following equation for vz :
ZLv? = 3coms(ve, YY) + 3com2(v€, YY)
~Y2v2 - 3Y! ov? — 3V b0,
1Y, = A2 (20, 0 V. + 02

_)\gl)(y; +ve) + [9d:§/ + Gd}( - 3d}(]v€ - Ago) — Re(ve)
= U(AEaYE;U&:aUg) _Re(ve) (14)



with Rc(ve) the Taylor remainder which appears in (@) and A\; = ()\go), )\gl), )\22), )\23)) € R* given by
eq. ([0) and where we can use the constraint (1) to remove the term proportional to v.. The enhanced
noise vector Y. is defined by

Y. = (Y:-:QvE?vazvvn\}/?}/;%vn\@vz\@?n%)
ke 1, 12 1/2—x 3 1,
XT = CTCg X CTCg 2 X (CTCK ) X XT X (CTCK ) X CTCg 2 (15)

for every k£ > 0. We use the notation || Y.||x, = >, ||[YZ||x- for the associated norm where Y is a
generic tree in Y.. The homogeneities |7| € R are given by
R R A e Pal PAdE A FA FA

[ [=[0 [=1/2] =1 |-1]1/2] 0 | 0 | 0 |—-1/2

Notice that for every € > 0 eq. ([I4]) is equivalent to (B) together with Ansatz (L3]).

1.2 A-priori estimates

In this section we show uniform a-priori estimates for the pair (v, vz) which solves the following system
of equations

Ve = —Y;\V—Y/;Y—:i’l)g‘«yz_:Y—i—UZ—{—Ug
gvz = U(AE)Ye;/UE)UZ + UE) - Re(ve) (16)
2(0) = Y.V (0) + .7 (0) + 3vz < Y. (0)
with vE-(t) = Pz and v. g = ug . — Yz(0) € €12 U is given in (I4). It is easy to see, by taking
vg = vz + vg, that this is equivalent to eq. (I4]) together with Ansatz (I3]) on v.. We consider the
spaces
VbT :: "E/ﬂ%ﬁ mbng/zl,l/z-yzm ﬁDng/Q,l-yzf-;’ Vi = ng/Q,l/z—m A gé/4+3n/2,25’

with the corresponding norms

IIUEHWT = va\lz%n+Hv§\|ng/4,1/2+2n+Hv§\|ng/2,1+2m (17)
[vellve = lvell.g 1/2072-n + Vel g 174130 /2,20 - (18)

Define also the quantity
M.(Ye,upe) 1= HE&/Qe%l/zpfg\+C51/2|P.us,o| ”LP[O,T]LP(W)_ (19)
which will be used to control the remainder R.. The main result of this section is the following lemma.

Lemma 4 There exists a time Ty = Ty (||Ye|lap, [|ueollg-1/2-x,1A]) € (0,T] depending only on
I Yellag, [|ueollg-1/2-x and |Ae|, a constant M, = M. (Yz,up.) > 0 defined by (I3), and a univer-

sal constant C' > 0 such that, whenever M, < Tf/Q we have

3
HvanvbT* < O+ e, A+ Ve, ) (14 flueollg-12-+)7

b
lvellve, < C (Iellatr + Nutciollg -1a-s + 1021l ) -

8



Proof Define v := v, — v such that

P AR AR R S AR

)

and vZ(0) = 0. Note also v2 := v —i—Ya\V. Using Lemmal[A.Tl (and the fact that || f[|y ~e ST"[fll2g)
we obtain for ,60 > 0 small enough

(TP ) i Jevaeavy | 7 pvAremeenr % o (I W [ Jv
(20)
We choose 6§ > 2x small enough so that

—0 2,2 1/4—6 2,1/242 1/2—6 2,142
$T+3Ii/,lim$T/ +3/€/,/+/im$T/ +3Ii/,+ligvg—‘

We define also the norm

v llve = HUDHWTH+HUDHM1T/4%1/2+2K-
Now
Y | oY Y
loellve S IV + Y llve + o llo, oo (1Ye loper—w + 1Y llopg-1-x)

Y b
(Il egig—1/2s + 10 gty ) (¥ Nopgrn + 1Y logg 1) + le2lvg
b
S IWelly + T7lv2 g + llveollg 12w + 10211y
where we used that v”(0) = 0 and as a consequence that [|vg[|c, Lo < THHUEDHC;LOO < T“||UE\|V%

to gain a small power of T. So provided T is small enough (depending only on Y.) this yields the
following a-priori estimation on v :

b
v llerzee S vglve S I ellaer + [lveolle -1/o-n + [02]115 -
Therefore we have an estimation on v,:
loellvr < 2 v + 107 ve S lveollg -1 + [0 1Ive S I¥ellar + 00l —1/2-x + 0211y -
T

In order to estimate terms in U(\;, Y¢;ve, vz + vg) we decompose the renormalised products as
YYove = we =YY — 57;@ — Y;KV — 31)5Y:<V + oYY 4ol — 3(:0—m1(v5,YEY, YY)
veoYe = VY. -3(0 R Y)Y 4 Yo < (04 0k) + Ve - (o) + o)

R AN A AR A
Yo = Ylo(Y. )2 +20¥ oY )V 430 < V) = 2(Y2 o Vo ) 5 (02 + o)
12V 0 YY) = (o 4 0f) + ¥ < (02 + 082+ Y] = (02 + 0h)2.



We have U(Ae,Ye,ve,,UE + UE) Q I/Z(AEaYEanOEanEa 5) + QO(AeyyeanOEavE, 5) + Q)\g Y. with
the definitions

Quijp = —3[e =YY — 3com (v, Y, YY) + Y = (0 +09)?]
[V o Y. )(Bu. = V. )4 (VI oYL ) (1 + )]
—i—2)\£2)(3(vE < Y;Y)Y8 Y. - (vz + vh)) + 3 comg(ve, Y;Y) + 3 coma(ve, Yev)

Qo = 3[3051/;\@ — oYY — vl oYY +2(Y! <>Y\V) < (W 401 =Y < (02 4+ 09?2
Y2 - AP [? 42V, < (o} + o)

Qrv. = (1220 1379 v vz oYy -2 0 v )PY)
AR SIS A SR AAS
With the same technique we used above for vZ', we obtain the following estimate on v?
el o yyzvansanjzvan + 1[0l o yyatnn S [ Yellar + Ve oll -1/2-s + 10211y,

2
and this yields [|(v2)21] g sassm/a1/2ea + (022 1/2020n S ([¥ellar + lozolls -12s + 02y, )
We obtain, using the results of Appendix [A]

3
(L D+ IVella)® (1 ol -vams + 02y
(1 D+ [Yellr)?

1Q—1/2ll pr/2+2ng -1/2-20 + [|Qoll a0 s

A4

HQ}‘Eyys ”C’T‘ié’_l/Q_’i

In order to conclude the estimation of ||vb||vb we have to bound HIR&:(UE)HV;- By Lemma
V6 € (0,1), V6 > 0 such that % 5 > 1+ 2 we have

V2 8lyo

~

[t = t' IR (vo) (t, 2) | oo,y 20(3) S A4g(12,ztae)HvsHiiéeC€

By Lemma [A.2] together with (50]) we obtain then

V2 2lya

~

||IR€(1)€)||V% S OM(Y, u07€)||v€||§’;;5eca

Using that ||Pvz(0)\|vbT < HUE(O)HCT%U%M S (T4 |lveollg —1/2-x) [[Ye||ap we obtain that 3C” > 0 such
that
02,1l < C'(LF e, )L+ 1Yo, llar)® (14 lloe olleg -1/2-0)°
FOT2 (L + D)L+ [ Yl ) 10215

_i_C/Ma(YE’uO’a)eCEI/Q(||Ys||XT+||va,0||<g—1/2—n)e ”%”v" A EH3+5

cel/2 b”

< D+ CM(Yz,upe)e

llve
cet/2 |2
FCT P2, + OMe(Yesup)e™ V|02

10



with
C 1= (1 + D)L+ [ Vel )? + e 2 (Nellertlteole ) (14 (¥, g + oeollg -1/2-0)" )],

and
D= C"(1+ Ao, ) (1 + [ ¥e, L )* (1 + [0zl -1/2-4)* -

Let T, € (0,T] such that:

CTIP((50)2 + &= EOGOPH < o) and - T P60 < D,

)

DO | —

Assume that M, < 752, Define a closed interval [0,S] = {t € [0,1}] : ||vgnHth < 4D} C (0,14
This interval is well defined and non-empty since  — [v2 ||th is continuous and nondecreasing and
HUZnHVg < 4D. Let us assume that S < T, then we can take e > 0 small enough such that S + € < T,
and by continuity vaHVnge < 5C, then

ce/2 02

o2l < D+CM.(Vauose” e+ O(S+ef et

3490
V5+6

D+ CM(Yz,ug,)e 20 1 CTER (502 o2l
+e

csl/?llvillvg

FOM(Ye, uge)e +eloZ

N

2 1/2 C 9 b
—|—CTf/ € (5 )(50)2+ ”QzHV%_H
Loy
< 2D+§Hve”vg+e

which gives |[v” va < 4D. This implies S = T, (by contradiction). O
n te

Lemma 5 For every v € (0,1), 6 € [0,1] we have

1/24,,0
[t = £ Re (v, 02, )t )l ooty ars) S Me(Ver o) oel 250 1 s

with vZ = —Y;\V - fst —3Jv: <X YsY + 0.
Proof We can write the remainder in two ways:
L (1-1)° L4

1
Re(v) = [ 1FOYtredo) - O ar = ot
0 .

(1 —1)3

1
/ F§4)(6%Y5+7—6§v5) dr.
0 3!

From assumption (@) on F' we obtain by interpolation of these two expressions, Vé € [0,1], V¢t > 0,z €
T3,

Ro(v.) (1, 7)| < &2 (t, ) |3+5eca% |Ye (£,2)|+-ce 3 |0l (t,2) | +cle 2 00 ()l

11



and we estimate, Vv € [0, 1),
It = £ Be(02) (82 o o,pemsy S (8575 0 () [ = I8 Nomioe

s % o
5 08 2 [Ye (t,2) | +ce2 |vz (t,)]

X ||lE2

L2 ([0,T]xT3) '

1.3 Identification of the limit
In order to identify interesting limits for equation (3), we introduce the enhanced universal noise X,
defined as

X = (X, XV,X\V,X\K/,X\@,X%”),

where X is the stationary solution to to the linear equation .2 X = —X + £ and £ is the time-space
white noise on R x T3. We define

X\V = [[Xg]]a
XV = [[Xz]]a
AgX = Aq(X\V °X)=Jo e [X0 1 Xehcr o

AX Y = A - J)X 0 XYY = [ (= J)(IXEIXE ey coo

AgX = fgl,@ Jl)([[X MX Drcy e
+6 [, o[ X (E 45,7 — ) — A, X (1.5)]Pa(2)[Ox (5, 2)),

SRS

where as before [-] stands for the Wick product, ¢; = (x;,s;) € R x T3, Cx(t,z) is the covariance of
X and pg, ¢, is defined as

H¢1 6o = / Ko3(2) Y Kiw()Kja(r2) P, (y — 21)]0(t — 52)d(1dG.
inj
Standard computations (see e.g. [4] or [19]) show that, for any T'> 0, 0 < k < K/,

2k'

’ N 2 _1_
X e Crg 32 x (c;fgflf%) x Crg 32 x (c;fgof%) x Ot 72
almost surely. Finally, for every A = ()\(0), AW A@) )\(3)) € R* we define

V() = (A AD X AOxV 2@ xv 20 xY 002y ¢ @32y Y00 x ¥ @z ¥
(22)
Using the paracontrolled structure we developed in the preceding sections and its continuity with
respect to Y., we can state the convergence of the solution of the mesoscopic equation, under the
hypothesis that Y. and M. converge (this is shown in Theorem{d and Lemma [§]).
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Theorem 6 The family of random fields u. given by the solutions to eq. (3) converges in law and
locally in time to a limiting random field u(\) in the space O ~*(T3) for every 1/2 < o < 2/3. The
limiting random field u(\) solves the paracontrolled equation

u(d) = X +v())
o) = X - AOXT _2@xY Z3®u() < X7 +of(\)
L) = UNY(N);0(N), 0 ()
FO)E=0) = v+ ADXT (£ =0) 4+ AXOXY (£ =0) + 3\ v < X (t = 0)
with U defined in (13)) and vo = up — X (t = 0).

Proof Fix T > 0. Let us denote via I' the solution map for (I6) so that u. = I'(uc 0, Ye, As, Re(ve)).
Denote by u? = I'e(uc 0, Y, Ae, Ro(ve)) the process u. stopped at time T (|| Ye||xp, [|te,0llg —1/2-x5 | Ae])
and I'y the corresponding solution map. Note that u solves the same equation with Y. replaced by
Y(A), ueo with ug, A: replaced by A and R. = 0. So u(A) = u*(\) = T'e(up, Y(A),A,0) up to
time T} (|[Y (M)l xps [[wollg —1/2-x, [A]). Let us introduce the random field 42 = I's(uc 0, Ye, Ae, 0) which
solves the paracontrolled equation (I8) but with remainder R. = 0. Consider the n-uple of random
variables (uc 0, Y, u?,u?) and let p. be its law on Z = €~ x Xp x (C'TCK*O‘)2 conditionally on
E = {M: < Tf/Q}. Note that we know that P(€.) — 1 from Lemma [l By the apriori bounds of
Lemma [4 we have tightness of the family (u.).. By standard arguments it is easy to obtain continuity
of the map I'q and also to observe that for any 6 > 0, u.(|lud — a2 > ¢6) — 0 as € — 0 since
M. — 0 in probability. This shows that pu. concentrates on ¢~ x Xp x {(z,2) € Cp€ ~*}. Let
w any accumulation point of (u.).. Then p (¢~ x Xr x {(2,2) € Cr€~“}) = 1. Moreover along
subsequences we have that for any bounded continuous function

]E(QD(U&Q, YS? ﬂ;)) = ]E(SD(UE,Oa YE’ Fo (ue,Oa YE) >\€? 0))) — ]E(SD(UO, Y()‘)’ F' (UOa Y(A)’ >" 0)))

since by Theorem [ the vector Y. converges in law to Y(X) and u.o to up and I'y is a continuous
function. We deduce that, still along subsequences, for any test function ¢,

/w(w,y,z,t)due(x7y7z7t) - /@(ﬂc,y,ti)du(ﬂc,y,z,t)
zZ zZ

_ /Z oy, Ta (2,9, A, 0), T (2, y, A, O))dpa (1,9, 2, 1)

but we know also that since IP(£.) — 1 we have
]E[T;Z)(ue,OaYE)]IEE]
P (&)

for any test function . So the first two marginals of p have the law of (ug, Y(A)) and they are
independent since (uc 0, Y.) are independent for any e. Calling v the law of (ug, Y (\)) we have that

E[w(ue,O,Y€)|g€] = — E[¢(UO,Y()\))],

/@(xayazat)dﬂ(%%%t) :/ gp(mayar°(x7y7)‘70)7P°(x7y7)‘70))dy(way)
zZ C —axXp

which implies that g is unique and that the whole family (u.). converges to p. O

Remark 7 In particular this proves Theorem 21
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2 Convergence of random fields

In this section we prove the convergence of the random fields Y, and M.. The convergence in proba-
bility of M, is easily obtained as we show in the following lemma.

Lemma 8 Under Assumptions [ the random variable M. (Yz,uoc) defined in (I3) converges to zero
in probability.

Proof Recalling that v. g := ug. — Yz(0) we can use Young’s inequality estimate M. (Yz, ug.) for
some ¢ > 0 as

/-1/2 /1/2
M (Ye,uoe) S e ¥ oo aypaqmsy + €2 e TP ON oo 1y 0w
1/2

+€5/2T1/pec’||€

“O,EHLOO_

Under Assumptions [Il the term ||€1/2u07€”Loo(']I‘3) is uniformly bounded, so the third term above con-

verges to zero almost surely. Note that e'/2Y.(t,z) and P,e'/?Y.(t = 0) are centered Gaussian ran-
. 1/2 1/2

dom variables, and then both B|e¢s ¥l ||Lp 0.1)L(T?) and E|[ec's’ " 1PY=(0)] HLP[O )

bounded in ¢ > 0. This yields the convergence in probability of M. (Yz,up.) by Markov inequality. O

are uniformly

The central result of this paper is the convergence of the enhanced noises (or trees) Y7 in law, and
their uniform boundedness.

Theorem 9 Under Assumptions[ there exists C > 0 such that for any p € [2,00) we have ||Y¢||x, <
C in LP(PP). Moreover, Y. — Y(\) € Xr in law.

Strategy of the proof The strategy of proof is the following. Denote X = (X7),, Y(A) = (Y7 (N)),
and let K™ the measurable function of the Gaussian process X € Cr% ~1/>7* such that X™ = K7(X)
and Y7(\) = fr(M)K"(X) with f-()) suitable deterministic functions of A. For each 7 we will show
that Y can be decomposed as

Y7 = fr(A)KT(Ye) + Y7 (24)

where Y7 are suitable remainder terms. For all p > 2 it is well-known (see [4], [9]) that the term
fr(Ae)K7(YZ) is uniformly bounded in LP(Q; X7) (with X7 given by (IH])), then we will just prove
that Y; converges to zero in LP(2; X7). This con be done by showing that, by Besov embedding, for
1 <p < +o0 and Ya < |7] we have

B (Ol ma) S BT O, < 302 |18z ) lpgde < Cov 0 (25)

thanks to the stationarity of the process Y (¢,z). For this it suffices to show

g 2°P4 sup || A, Y (t, x)||1£p(ﬂ) —0 ase—0 (26)
€T
q

In order to conclude uniform convergence for ¢ € [0, 7] it suffices to show that for o € [0,1/2], ¢ > —1:

sngAqY;(t,x) AYT ()b, @) S Celt — P2~ (@=20)Pa  ith C, — 0. (27)
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Indeed, by the Garsia-Rodemich-Rumsey inequality we obtain for § > 0 small enough and p large
enough

HAqu(t,x) - Aq?;(tﬂ)Hip [¢)

SHPE(HYTHPU 2/p po—20- ;) < T222(°‘72075)pq sup sup

s<tel0,T] = |t - S|Up
< CT?)y 270

which by Besov embedding yields an estimation on E (HY I o ) for k > 0 small enough.

o—K/2 020k

This gives us the necessary tightness to claim that Y, has weak limits along subsequences. The
only thing left to prove is that for each 7 we have K7(Y.) — K7(X) in law. However this is clear
since we can introduce a convolution regularisation of X called X, which has the same law of Y, for
any € > 0. At this point an approximation argument gives that K7 (Y:) has the same law of K7 (X.).
Transposing the regularisation to the kernels of the chaos expansion we can write K7(X.) = K7 (X)
and now it is easy to check that K7(X) — K7(X) in probability (as done e.g. in [4], [9]). We can
then conclude that K7(Y;) — K7 (X) in law for any 7.

Details of the proof Let us now give the details of the the decomposition (24)) and the convergence
to zero of the remainder Y in LP(2; X7). We need to introduce some notations based on the results
of Appendix[Cl Looking at the definitions of trees listed in (I0), it is clear that A,Y; can be written
in the form

— 7! . — N3 — |
(3 'J)- / o0 or w / DM e, ¢, — [renormalisation],
3! ¢ 313! 1,Co

for ¢,¢1,6 € R x T3, 0 < j,k < 3 and some measures p¢e and pe, ¢, Note that the k-th Malliavin

derivative of @gm), namely D’WI)ém) is @ém+k)h?k. Then expansion ([69) of Appendix [(] takes a more

explicit form Vn > 1

m n E m+k) m-+n n
o = T T I+ Qe )

e (28)
= UM A BT

with QM = [}, (k — L)™' and Y. := Y(t,2), ( = (t,z) € R x T3. Here we used the fact that
5"(h?") = [Y"] (see Remark [C.9) and that by the definition of @ém) @) we obtain V¢ € R x T3,
m—+k m e
((I)( * )) ( R 3)/2(m+k)'fm+k,€7

where fn . is the n-th coefficient of the chaos expansion of F. (e 1/2Y5) relative to 51/2Y5(t, x), so that
fne =0 for n < 3 and fnE = fne for n > 3. Choosing n =4 — m in eq. (28) we obtain

m —m —m —m 4 —m
‘1>é) = (3,3—,!n)gf3,s[[yﬁg ]+ 64m(Q1 ‘I)é)th )

= (;»,_3—i71)!f3,s[[yﬁg ]]+‘I)é ),
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with

= (m —-m —m g (4 —-m
o = ot (@il P, (30)

This yields:
@

G

%) = frelY. ¢ﬂ+64<cz4<1><4 h®4>
%1) = 3f3€[[ g]]+53(Q3(I) h®3)
)
)

S

D= 65 g,¢+52(Q1‘1>§4 h?2>,
D= 6fset+ 6(@Qehe).

A

It suffices to substitute this decomposition in (I0) to identify the remainder terms YET for every tree
Y. In the next two sections we will consider separately first order trees, which are defined a function
of ™ and second order trees, which in turn are obtained by multiplying first order trees (and
renormalising). We will show that each of these remainder terms satisfy (26]) and (27).

Remark 10 Note that for m > 3 we can easily estimate terms of the form e~ (m—3)/ 2<I> VC € RxT3,
We have

= | F Y, ), / F™) () P (da)

where «y(dz) is the density of a centered Gaussian with variance ‘7)2/75- The integral is finite by As-

sumption [II

2.1 First-order trees

First of all note that the term Y/v has no remainder and then it can be shown to Converge in law

to A@ XV by usual techniques. We start with the bound (@8] for A, Y\V ALY AY AYE. We
obtain from (29) that

ayrw) = O /C o e

= Jr(A)AKT(Ye)(L,7) + AqKT(t,f)-

As said before, f3. fc[[ (37m)]],u4 converges in law in LP for every 2 < p < oo to AB3) fc[[Xé?’*m)]]MC
since fz. — A3 We can bound the remainder term fC )MC in LP(Q) using Lemma and
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Lemma [C.H] to obtain

H/q)u

—m —-mg, (4 —-m
N

o fote

Lr(@) Ly (@) D=
4—m 2 1/2
_ 4 _ 4 _
k=0 ¢ LP(Q) H®4=m || 1p/2(0)
(4) (4) 2
S /(I)g o (R G ea-m e pier
¢ Lr/2(Q)
- W 1/2
< /< 19080 ke, ) i

- 1

1 1 !
. sol|| | |lerel| I hed T e
| 1
S ' 2 (4)‘ ’l<1>(4)‘ ,\|3—m+6 Nk

for every & > 0, where we used the estimation of Lemma Now using Remark [10 and the fact
that (h¢, he')n = Cy,e(¢ — ¢’) we obtain as a final estimation

) y 1/2
|fae0n], st [fievec-onr gl 1)
¢

Remark 11 These last computations are one of the key observations of this paper, exploiting the
properties of Malliavin calculus to replace hypercontractivity in the estimation of LP norms with
arbitrarily large p without resorting to explicit expansions.

The measure jic—s,) being either [ [ Kqz(z)Pi—s(x — y)]d¢ for Y\V or K4 z(y)o(t — s)d¢ for the
other trees, the Lh.s of ([BI) can be estimated with Lemma [B.7] to obtaln for every z € T3, ¢ > 0:

SN S .18 - _ S o148
HAqY‘2 (t,2) Lr(Q) s et HAqu(t,x) LP(Q) S e
- _ 5,248 - _ 5.8
HAM(M)HW < e3of \\Aqnfa(t,x)(m(m < edof

The time regularity of trees We want to show (27). In order to do that, we compute

@ a5 et ot i - el
¢ LP(Q) LP(Q)
" 9 1/2
. HH/(‘PW STl
C H®4—m LP/Q(Q)
9 1/2
B
H®4—m LP/Q(Q)
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We focus on the first term above to obtain that it is bounded by

1/2

' st

H/ (13(4 (13(4 ‘13(2/ - ‘13(4) )<h®4 m h®4 >H®47m,u4/¢</

Lr/2(Q)

N

1/2
4 4 4 “m
Acm@;—@@X@}—@QNMWmmmxmmw4 mwd}

— 4 4 4 —m
S alcm1@$—¢ﬁx@;—¢$mmmmmmmmw4rmm@

1

[ — 4 4 4 —m 2
= glck1@8—¢@%@}—¢$Nmmm%mﬁmﬂg*ﬂmmﬂ

)

Now note that

e 3@ —all)) = FO(EIYL(t,0)) — FO(e3Ya(s,2))

S,z

1 1 1 1
:574F@wnmm+mﬂnmm—n@mmnmm—n@@x

2@ — o)

t,x

@) by hypercontractivity and using Lemma [B.§] as
P

and we can estimate

1
&)WQ/F@@n@m+mﬂnm@—n@mn
0

I¥e(t,2) = Ye(s,2) [ 20
L2r(Q)

! /2[0y£(0,0) — Cyo(t — 5,0)]*/2

S
5 6720|t _ S|0

for any o € [0,1/2]. The other term can be estimated more easily by
1

s 2—m+4 2
[5 /cc/ [(Ps,z, s )| (e — Ps oy Poar — hs’x,ﬂmwg,@

2

S B Tl
C /

)

and finally obtain

”/ cp(m) (p(m)

Which yields estimation (27) by applying Lemma [B7] as before.

g 86/2—25“_8’0 [/ ’<h8$’ o >‘3 m+6+20‘ﬂ(ﬂ(”]
LP(Q) ¢.¢’
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2.2 Second-order trees

In this section we show the decomposition (24]) and the bound (26]) for the trees Y:K/, Y;@, ?;ﬁf, YE%/
The time regularity ([27)) of Y can be obtained with the same technique as in the previous section
assuming that (F.). € C°(R), and we do not repeat the argument here. Looking at the definitions in

it is clear that we can write the Littlewood-Paley blocks of Y\K/ \ﬁf \éf and Y\Ky Ve > 0 as:
(@) y

AV Q) = b 800 g, - 4. 2,00,
8O = b0 000 - d 2,000 )
AEHQ = 4 8080 g, 48,000
A Y@ = L)@ °><1><”u<1,<2 0¥ AY(0) - d ¥ a0,
for ( = (¢, %) where <I>é ™ is defined in @, <I> = e~ 1/2f, [Y2(¢1)] and the measure pg, ¢, on (RxT3)?

is given by
H¢i G *= / Koz(2) Y Kiw()Kja(r2) P, (y — 21)]0(t — 52)d(1d G
inj

with ¢; = (sj,x;) i@ = 1,2. The first step for decomposing ([B2) is to expand them using the partial
chaos expansion (69)) to obtain

200® = E@%8?] 1 5QD@Ya?),

(I)E?(I)é) _ E[qj?‘bé)]+5Q1D(<I>%?‘I>é)), 43

@E?’@é’ - E[@g?@é)]+5[J0D(<I>§?)<I>%i))]+62Q2D2(<1>(0) §2>) (33)
= E[@ﬁ%@]m(g)m[@ﬁ’@éﬁ] + Y6 )E[<1><°><1><2 |+ 02Q30% (@) o).

Like the trees appearing in the <1>§)l model, we expect second-order trees to require a further renormal-
isation, on top of the Wick ordering.

2.2.1 Renormalisation of second-order trees
In this section we show how to renormalise ([32]) by estimating the terms of the type IE[CIDéT)CIDg)] in
expansion ([B3). We are going to need the following result:

Lemma 12 We have

V(BN oW, ¢, = / AYa(5, 7 — 2)G(t — 5,3).
¢1,C2
and
[ vcmm o . = / AY(t,F — 2)H(t2),
1,62 T
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where

Gt —s,2) = / N K (@) Kj(22) P () B[R0 ],
T1,22 inj
H(t,z) = / D Kiw@h)Kja(0) Py (@t — ) E[@FD .
$,21,T7 i~

Proof We have

1
Yo(C)B[@Y 0 g, o,
(1,2

- / Kqz(2) Y Kia(@h) Ko (02) Py (2 — 21)Ye(sr, ) B[22 ]
81,21,22,T,T7

i~vj

and by change of variables, exploiting the translation invariance of the problem we obtain:

- / | Easle )Y (n,a) N Ko (3 Kjn(w2) Prsy (B[R

/
T2 g

Using the definition of K, we have
_ 1
= [ Axma-n) / S Kl G ) P (B
S1,% T2

Finally we can write

1 _
/ Y.(¢G1)E [ )<I>( )]:“41,(2 = AgYo(s1,2 —x)G(t — s1,).
¢1,¢2 S1,T
Similar computations holds for the other term, indeed
0) = (2
- Y;(C2)IE[(I)21)(I)E‘2)]/‘C1,C2
1,62

_ / (#) Y Koo (0 K ja(2) Prosy (& — 20) Vet wp) B@ V0P ]
$1,T1,T2,T :1:1

ZN_]

= /Kq7m(ﬂz—|—x2)Y}(t,x2)/ > Kiw(a)Kj2(0)Prg, (2 — s BlOg 0 ]
i) 81,%1,Z,2] inj

= [ayta-a) [ Y Kl K0P - B0 ]
T S1 :1:1,:1:1 inj

:/AY — 2)H(t, )
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Using the lemma above and the partial chaos expansion (B3]), we can write (32) as:

A : /m6Q1D<<I>§?<I>§?)u<l,<2+Aq<1)<g) / (t— 5,2) d\ﬁ’]

A Mo = %/CC 5Q1D(&>8>q>g>)%,@+Aq(1)(g) g/ (t—s,x) d\ﬁ’]
2300 = g [ a0 e+ 24,000 [§ [ Ho0) - 0]

2000 = 3 [ P ede g + 40003 /{mm[@(”@(”]ml@—dYV]

+A,Y.(C [/G +%/$H(t,w)—d2ﬂ

s gAqRZK/(C)

with the additional definitions

Glt=sm) = [ S Kealeh) K0P (= B0
8m¥ Q) = [ 1Ao7 ) - A0 5.0),
V@) = [IAYelt ) - YD 1 2),

To proceed further in the estimation of these integrals, we need to characterise the local behaviour of
E[q)gn)q)g)]. From the decomposition (29) we can write

E[2{" 2] = (B + e o BV
G Teld T B om)(3—n) e e et B—m)"P T ea e
3' n m z(m) x(n
Fa s BIY LY + BleV e )

where IE[[[YE?’CIm]] [[Yeg@" ] =B -=m)6(3 —m,3—n)Cy.({1 — ()3 ™ and to bound all other terms we

introduce the following result.

Lemma 13 Under Assumption [ we have, for every 0 < m,n <3 and m < n:

4—n
m n n—m 3 —m—i _m+n
BB < S 55 (g, he IS O (he, h P, s € [0, 1),
i=0

Moreover for every 0 < m,n < 3,

m+n 3

\E[[[agl]]fb NS e [(heshe)|™ i m =4 —n,
E[[y7 190 = o if m<4-—n.
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Proof Using the integration by parts formula (72]) we decompose

2 (m) 2 (n) o 4—m  A—m a (4) 1 @4—mN sd—n  d—n 5 (4) ;. @4—n
B[R, 0] = EBTT(QU "0 he)OTHQLT R Ry )]
A —m)\ (4—n
— - . —m—n—i 5 (8—n—i —m—n—ix(8—m—1i —m—n—i
- Z( i >< i )Z!E(ani oI TG e B )Y
=0

We can bound the term

min 5 8—m—n—i g (8—1—1) A8—m—n—i g (8—m—i) nti=5 o (8—n—i) mti=5  (8—m—i)
e B(QS somoneigTmel) < ‘g o8 p Hg ol .
(see Remark [I0) and therefore, using the bound €|(h¢, , he,)| = eCy (G — C2) S 1,
A~ A~ ) 47” — . . +
[B&¢ G S Y7 e he )l S (g hey) P
i=0
For the second bound we compute
m 15" m m\ s4—n —ng (4 —n
E[Y.} 180, = EE™ (M5 Q20 hg )]
mAd—n
m\ (4 —n\ . i m mat-d—n—ix (A+m—1) ; @m+d—n—i
= > ()( Z. )z!E<<D4 (hE™), Qurtmn i@ I pEm A nl) i),
i=0
Since Dhgm = 0 we obtain IE[[[YZ’ZI]]@&Z)] =0ifm <4 —nand
m ~(n m+n—3 _3—m—n m m-—+n m
BIYEIRG) S B2 Qi s® ke he)|
if m > 4 — n, with
_3-mon L, m-+n
]E[6 2 m+n—3q)£“2 )] 5 1.
O
Using Lemma [I3] we obtain
1) £ (1 (1 (1 S (1) 2 (1
B2y 2f)] = 9B((fse[¥2e] + 80 ) (fel¥2e] + 8] = 18(f5.)[Cre(Cr - @) + B2 @)

and thus G(t — s,z) = 18(f3.)? fx’l,xz i Kin(71) Ko (22) Pres (2)[Cye (G — ()2 + G(t — s, x) with

G(t—s,2) = / / ZKi7z(x’1)Kj7z(x2)Pt,s(x'l)IE[@él)@g)_sm)].
i,

T2 g
We have the estimation

@YD) < Cye(¢r — )*. (34)

Similarly
EBVel)] = 37V f BIV2,(f3[Y20] + B0 = 6672 fo f3,:[Cye (Gt — Q)12
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B e = E(fs] Y31+ 8063 Yo, + SN S 1| [EIYE ]2 + IE[G 62
S (| fael + DOy (G — ()2H,
(35)
and o
E@Vel)| = |E[@O3f;[v2,] + &0 >]|<|f35|Eu[sclnég?]w[@g?)@g)] (36)
< V(| fael + 1)Cve (G — ()P,

We have by Lemma [B.9 that for all § € (0,1) |G(t —s,z)| < &(|t — s|V/2 +|z|)~59 . Using es-

timate (64) together with Lemma [B.3] we have that for all 6 € (0,1), & € (0,9) that |H(t,z)| <
e (|t — s|/? + |x|)~%. Furthermore, letting

At = [ 18007 - 0) - ARG - 5,2,
we have

€

éAqR}V = 6(f375)2/ [AYe(t+ 8,7 — x) — A Ye(t, 7)) Ps(2)[Cye(s,z)]* + éAq}?\ﬁ/.

)

The term
6(fs.)? / AY(t + 5,7 — 2) — AY.(t, 2)| Py (@)[Cye (s, 2)]

can be shown to converge in law to 6 [, [A X (t+s,Z2—z)— A X (t, )] Ps(z)[Cx (s, 2)]? in CpE ~H/2-2%
with the standard techniques used in the analysis of the ®; model. For all § > 0 sufficiently small we
have the bounds,

HAqR}/ AR

q-ve

+1

s Y 0=
< Yol -rane2t W20 [ (o] g o of1/2)0S

Lo® L S,T

&|lYz HC;%,UQ,% 99(1/2+2r+20)

—1/2—2k

which shows that these remainders go to zero in & as € — 0, since ||Y§.;HC:,F<571/272,i is bounded

in LP(€2). Moreover, it is easy to see that A, RYV AW R\ﬁf is bounded in L” (£, %‘1/2). Note that

| ca-sm=[ PEEele,) =180 [ @O+ [ PEREE,)

S, T

/H(t,x):/ Py()E[e o) ] / Py(@)E[ef 2 .

Here we used the fact that

/mZwal ja( /ZKM j2(0) = d(x7),

n~]

23



since [ Kjo(2})Kj(0) = 0, where |i—j| > 1. This is readily seen in Fourier space taking into account
the support properties of the Littlewood-Paley blocks. Now,

/ Py(z )E[@g>@gs3x)], / Py(2)E[®” @Es)@]

)

converge to finite constants due to the bounds (34 and (B5) and by LemmaB.8l [,  Ps(2)[Cy.(s, 2)]* <
|loge|.
Finally, from (36]) we have

/C C [ (0)(I>( )]/1’(1,(2 _/ PS(x)E[ (0)(I>8)m)] = 0(571/2)-
1,2 s,z

Indeed Lemma [B.6] again yields e f 7)Cy(s,2)% < 1.

Thus [, e <I>(O)<I>g)]u<1 ¢, gives a dlverglng constant which depends on all the (fy),. Making
the choice to define the renormalisation constants d” as in eq. (Bl we cancel exactly these contributions
which are either (F.). dependent and/or diverging. In particular we verify that we can satisfy the
constraint ([IT]).

Finally, noting that §Q1D = (1 — Jp) and §2Q?D? = (1 — Jy — J1) we can write the trees of (32]) as

AYYQ = ool o= I V22 Do
€ 1 1 1
f3 fC1 2 01D (ID( [[ € CQ]] + [[Y 7<1]](b(2 )'U’Clv@ +3 fCl 2 5Q1D( )(I)( ))/1'41,(27

= 3 focfae Joroo (= Y2 Y2 Db + 5 Je, ¢, Q1D (‘1>(1)‘I)( ))MCL@’
(f3.0)° Jo, o [Y2 0 1Yoty o

+Ls [ 0QIDESYY. ¢, + Y2 19D e, o + 5 [ ¢, 0QID(@Y O ) e, .
AYEYQD = (e oo, (1 = IV D o + lAquﬁo

#0030 AV 55— 0) = Al DI ol )+ 2, RV

0 1
P L PO + V3180, + 1, P00 i,
(37)
with 18,R.(0) ~ Oy (200212420 and 18,8.9(©) + 18,R8.7(€) ~ Opoe (c92001/24 26829,
Comparing (37) with the canonical trees in (2I)) we can identify the remainder terms A,Y that
need to converge to zero in order for A,Y to converge to A X7.

2.2.2 Estimation of renormalised second-order trees

In this section we show that the remainder terms identified in (37]) converge to zero in probability.
First notice that we can bound (37) using Lemmas [C.2] and as

H/ Dk q)(])):uﬁ,éb
¢1,C2

rar [ oAGR
¢1,¢2

Lp
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Therefore, taking the derivatives in ([37) we see that it suffices to bound in LP(H®*+¢) the term

(4—m) & (4-n) @k o _ | 33e m-17 , &@é=m) 35 n—1 2 (4-n) | ; ok )
q)Cl (I)C2 hCl ® hCQ (3 —m)! [[YCl + P (3—n)! [[YC2 I+ (I)C2 h(l ® hCz (38)

for m+mn=>5and 0 < k+ ¢ < 2. This yields some constraints on the number of branches of trees:

Aq}/';{y < m+k=3 n+l=3
Aqiff‘” o m=3k=0n=2/0=1
%, (3
AGY, < m+k=4 n+l=2
AGY, < m+k=4 n+Ll=3.

In (B7), the terms proportional to (fs.)? will generate finite contributions in the limit. In particular

it is easy to see that they converge respectively to ()\(3))2X\</, ()\(3))2X\<V, )\(3))\(2)){\@, ()\(3))2X\KV.
All other terms will vanish in probability, verifying (26]), due to estimates we are going to establish
now.

We consider the terms proportional to égfm)cﬁ(‘;")

, all the other similar terms featuring at least
one remainder @ém) can be estimated with exactly the same technique, and are easily shown to be
vanishing in the appropriate topology. One of the key observations of this paper, Lemma [C.6] allows
us to rewrite products of divergencies in the form 6™ (u)d"(v) as a sum of divergences 6°(w), which
are then easy to estimate in LP using Lemma We obtain

(i)g_m) é;l n) _ 5m(Q71ncI) 4)h®m)5n(Qn 4)h®n)
- ¥ g, o (i QraRgm DI QYR o)
(g,rp)el
T+flmn r m-+r—i m+r—i N 1 n+q—i
= Y O T (O ()R O (G)hG T eare )
(g,rp)el

with I = {(q,7,i1) e N>: 0<¢<m,0<r<n,0<i<gAr}and
, i (3w
Ol(¢)=¢ Qng)é ),

By Remark [C3] for every n,m > 1 and ¥ € Dom §" we can write 6"(¥)h®™ = §"(¥ @ h®™), and
therefore

£ (4=m) & (4—n); @k
/q)Cl q)@ hC ® hC2 Héige =
2+q+7‘ 21 —q — _ —3
=2.C. 7 [ O GO G T S e he)I T
I

The following result allows us to estimate the quantity above in LP(H®F*6).
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Lemma 14 Under Assumption [ we have the bound

2
Jomenor [ oot o 1 &gk o 1 g he)™ g

LP(H®k+€)

S / |<hC1’ h({>|m+k_q|<hC2’ h(é>|n+z_r|<hC1’ hC2>|q+r_i|<hC{ ) h(é>|q+r_i|:U’C17C2||:U’C{,Cé .

Proof Thanks to Lemma the integral can be estimated with

m+n—q—r 2
h i i hontg—i ®@m— - k ¢ —i
Z /D @71n+t7;il(<1)DJ @?+g—;(<2)hg1m ® h?;n "® h?l ® h® ‘(hCI ) hC2>’q+r "Bér G )
j=0,h<j Lo (V)
with V = H®m+ktnt=a=r+j e have that || - H%P(HMH) =] - H%{@?’““HIL/PQ/? and therefore we can

bound each term in the sum above as
S (fIDrer (D e ), DO (D O G o e
[y he )™ (e B )T (e, s e T ey s e T ey callier e DY
Using Holder’s inequality we get the estimate
1D O (C)D 0T 7 (G), DMOT T (CHDY 0TI (E)) e | e
Wy . . i - i
S IKDMOTE (¢), DOV (C)) o e (D OT 171 (G2), DI OV 171 (¢)) sl o

Now to bound terms of the type [(D"©71%(¢), D" *((")) gren||L» we consider the cases h < m and

h > m. In the first region we use Lemma to estimate

h h h _1t+a _ (44 2 h _1ta (44 2
D" O (@), DO (ponllr 5 [Dreipee 5™ prepe el
a 2 a 2
< He*l%cbg‘” ) S |
1 LAp ¢ LA4p

If h > m we first commute h — m derivatives in the expression DhQTIT;La using formula (68) and then

apply Lemma to obtain the bound

2 2

< Dh—mg—H'T“ @(44-(1)
)~ S

h _lfa (44
[prapsee s el

[

LA» (H®h L4p Dh—mdp

Thus, we need to know @éN) up to the order (44+r—i+h—m)V(4d+qg—i+j—h—n) < (44+n)V(4+m)
to perform this estimates. O

From Lemma [T4] we obtain V4§ € [0,1/2):

24q+r—2i —a— i —i — _ i
HHE gy [ OGO IR 9 B @ B 9 b (b, b Tk

LP(H®k+€)
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N

5 —2i—5 k— - —i —i
Se (62“” & /|<h<1,h<;>|m+ UWheys hep) " ey s o) |7 [Cher s g )| 77 Z|H41,Cz||ﬂq,¢§|>

= e3(J)3.
Our aim now is to estimate the quantity J. The idea is to use the bound ¢|(h¢, her)| = eCy((—¢) S 1

to cancel strategically some of the covariances |(h¢, h¢r)|. We will consider three regions:
If ¢ + r < 2 we use the bounds

e 2 ey hep) |7 [(her s heg )T S €2 ((hey s heo )| ey he) [
and then (we suppose r < 2)
62_r_6|<hC2’ h(é>|n+£_r S |<hC2a h(é>|n+z_2+6
to obtain
~ —0 — —
s /I(hqnhq>|m+k Uheys b)) "2 hey s hea )| Chey he) e i ¢

S [ 1B I™ A e Pyl ol - (40)

(If vice-versa ¢ < 2 it suffices to put § on the term |(h¢, , he,)|77°.) Notice that in this case m+k—g > 0.
In the case g +r =3 if m + k — ¢ > 2 we estimate like before to obtain

q+

r atr
2 [{hep el 2 e oy

3 < e / (R, e ) ™79 (hey he ) "7 [y s by )|
S / (P, e )79 (g heg )T gy s e ) Ly ot - (41)
Note that m+k—qg+d—1>0and m+k —q+25—3 > —1 here. If m+ k —q =1 we bound
~ _ . 348 548
J 3 / [(acy s e )9 gy ey )PP ey he) L TE e he) 2 Liencolliier el (42)

and note that m+k—q—1/24+6/2 >0, m+k—q—14+6>0,n+{—r—2> 0. Finallyif m+k—q=0
we can only have m +k =3,¢=3,r = 0,7 = 0 and thus

J

AN

¥ / (B heg) "1 ey heo )P0 by )P0 ey o ey |
S / (B Py [T by By ) P70 |y by )Pl ol (43)
If ¢ +r > 4 we bound first
222 e, )T gy heg) TS (W, hey) PR (g heg )22

(note that 2q + 2r — 2i + 0 — 4 > §) to obtain:
~ —g—r—36 _ _ _9 _9
Jget /\(hcuhg>\m+k UW(heys hep) "By hea) P72 [Cher s By P2 gy colltaey |
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Now in the cases m +k = 3,n+¢ =3 and m+k =4,n+ ¢ = 2 we can just write e6-77779 =

gMth—agb=m—k=r=0 and cancel the corresponding number of covariances to obtain

_d _é
J S /|(h42,h<§>|5|<hcl,hcz>|2 2|(hey s hep) P2 ke ca iy ) (44)

while for the case m +k =4,n+ ¢ =3 we have either £ > 1 or k£ > 1 and therefore with one of the
following bounds

MR T e he ) T (g he )T S (e he) (e By
€m+k*q6n+€flfrf5|<hcl’ hq>|m+k*Q|<hC2’ hgé>|n+277’ 5 |<hC2’ h(§>|1+5
we obtain the estimates
~ S _9 _9s
J = /’<hC27hCé>’1+ (R, hea) P72 [(her s he) 1P 2 ey o ey ¢ (45)
_d _3
J = /|<h<1,h<;>||<hcg,h<§>|5|<h¢1,h<2>|2 2|(heps hey) P72 necalliegy - (46)

We can use directly Lemma [B.10] to obtain a final estimate of ({Q), (@), (#2), {@3). For (43), [@4)
and (46) notice that the integral over (i,(] is finite and thus the whole quantity is proportional to
[(h¢y, by )| Globally, we have

5 S 2(m+k+n+f—6)q’

as needed to prove (26). Lastly, by taking one more derivative of F; as done in Section [ZI] we can

show 7)) for Y7 = K\K/,K\@,K\@,K\Ky, thus proving that YT = 0 in C’;/ 2ga—r ip probability
Va < |7].

A Basics of paracontrolled analysis

In this section we recall the notations and the basic results of paracontrolled calculus introduced in [6]
without proofs. For more details on Besov spaces, Littlewood—Paley theory, and Bony’s paraproduct
the reader can refer to the monograph [2].

A.1 Notation and conventions.

Throughout the paper, we use the notation a < b if there exists a constant ¢ > 0, independent of
the variables under consideration, such that a < ¢- b, and we write a ~ b if a < band b < a. If
we want to emphasize the dependence of ¢ on the variable x, then we write a(z) <, b(z). For index
variables ¢ and j of Littlewood-Paley decompositions (see below) we write ¢ < j if there exists NV € N,
independent of j, such that i < j + N, and we write i ~ 7 if i < j and j < 1.

An annulus is a set of the form &/ = {x € R? : a < |z| < b} for some 0 < a < b. A ball is a set
of the form % = {z € R? : |z| < b}. If f is a map from A C R to the linear space Y, then we write

fsie= f(t) — f(s). For f € LP(TY) we write Hf(w)leg(TS) = fps | f(2)[Pda.
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Given a Banach space X with norm || - [[x and 7" > 0, we write CrX = C([0,T],X) for the
space of continuous maps from [0,7] to X, equipped with the supremum norm |[|-||c,x, and we set
CX = C(R4,X). For a € (0,1) we also define C$X as the space of a-Hélder continuous functions
from [0,7] to X, endowed with the seminorm || f|cex = supgcsi<r |f () — f(8)[x/[t — s|¥, and we
write C}2 X for the space of locally a-Hoélder continuous functions from R4 to X. For v > 0, we
define

MEX = {0 C((0,T1,X) : ol g = I = £0(8)lor x < oo}
The space of distributions on the torus is denoted by 2/(T?) or 2’. The Fourier transform is defined
with the normalization
Fu(k) =1u(k) = / e~ Ry () da, ke 73,
Td

so that the inverse Fourier transform is given by .Z ~lv(x) = (2m)7' Y, e*®®v(k). Throughout the
paper, (X, p) will denote a dyadic partition of unity such that supp(p(27%-)) N supp(p(277-)) = 0 for
li—j| > 1. The family of operators (A;);>_1 will denote the Littlewood-Paley projections associated
to this partition of unity, that is A_ju = F ! (xFu) and A; =.F 1 (p(277-).F u) for j > 0. We
also use the notation S; = ZK]. A;. The Holder-Besov space Bgo’oo(’]l‘?’, R) for a € R will be denoted
by €< and equipped with the norm

[flle = IflBg, . = $>U71)1(2m||Az‘f||L°°(T3))-

If fisin €“7¢ for all € > 0, then we write f € €“. We let K, the kernel of A, so that A,f(Z) =
Js Kag(2) f(2)da.

A.2 Schauder estimates
For a € (0,2), we define the space £ = C’%/QLOO N Cr%€“, equipped with the norm
1112 5 = max {1 Fll e | Flloece § -

The notation is chosen to be reminiscent of ¥ = 0;—, by which we will always denote the heat
operator with periodic boundary conditions on T¢. We also write £ = C2[% 0 0F . When

loc
working with irregular initial conditions, we will need to consider explosive spaces of parabolic type.

For v > 0, a € (0,1), and T' > 0 we define the norm
1l o = max { > O F @Ol s 1 iz |

and the space .Z 1% = {f (0, T] = R:||fll& re < oo} In particular, we have X%a =Z% We
introduce the linear operator I : C (R4, 2'(T)) — C (R4, 2'(T)) given by

If(t)= /0 Pi_sf(s)ds,

where (F;)¢>0 is the heat semigroup. Standard estimates in exposive spaces that are summarized in
the following Lemma.
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Lemma A.1 Let a € (0,2) and v € [0,1). Then

1 fllg po S N lmyea—2 (47)

for allt > 0. If further 8 > —«, then
ls = Psuoll y s+er/2.0 S Iluolles s (48)

For alla € R, v €[0,1), and t > 0 we have

I fllpgga S Nl agea—2 (49)
For all « € (0,2), v €[0,1), e € [0,a A27), t >0 and f € L] with f(0) =0 we have
11l g y=er2iame S 1FILe 3 (50)

Proofs can be found in [8]. We need also some well known estimates for the solutions of the heat
equation with sources in space-time Lebesgue spaces.

Lemma A.2 Let S € R and f € I5.Bp .
Then for every k € [0,1] we have If € C*/1CA+2(1=r)=(2=26+d)/p 4yt

||IfHC;/qcﬂ+2(17n)f(2f2n+d)/p fST HfHL’}Bg,oo’
with % + % = 1. Moreover, for every v <~ <1—1/p and every a« <2 —5/p+ 3 we have
170y ye S o o F @l

Proof We only show the second inequality as the first one is easier and obtained with similar
techniques. Let u = I f, we have

A 1 0 g pt 1/p
| Aju(t)||pe < t1/a9di/p [/ s Va2 t(l_s)ds] [/ stAif(s)H’ipds
0 0

' A t 1/p
<y 2P [ / SW\IA@-f(s)\Iipds]
0

which allows us to bound [[1f[|yz4«- In order to estimate || +— t“/IchamLoo we write
T

t
1 Au(t) — 87 Au(s)| e / V[ Agu(v) || e dv + [t — [21F2P |y 1 07 AGF ()|

+ /t 07 A f (v)dv

oo

We can estimate the first term as

t t
/ 07 Y Agu(v)]| peedv < 20HD/P |y VA f (), / v =1,
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For the third term we have

We obtain then if 2%t — s| < 1

A

t 1/q t 1/p
o] | [ oo
Lo S S

< 2/pp g ey s UvAif(U)HLf’x

/t vTA; f(v)do

167" Agu(t) = 7" Agu(s)llzee S 2VP[t — 5[V |o = 0T Aif (0)| o
and if 2% |t — s| > 1 we just use the trivial estimate
167 Asu(t) - 8 Agu(s) = S 2727200 5 A S ), S 270t = 5] l0 > T AF W)

Therefore, for every x € [0, 1]:

dra _
» 2

187 Asu(t) — 87 Agu(s)|| oo < 2 24— 5[ s VA f ()|

Choosing k/q = /2 we obtain the desired estimate. O

A.3 Bony’s paraproduct and some commutators

Paraproducts are bilinear operations introduced by Bony [3] in order to linearize a class of non-linear
PDE problems. They appear naturally in the analysis of the product of two Besov distributions. In
terms of Littlewood—Paley blocks, the product fg of two distributions f and g can be decomposed as

fog=Ff=<g+f>g+/fog,
where
j—2
f=g=g=f:=> Y AfAjg and fog:= > AifAg.
jz—1li=—1 li—jl<1

This decomposition behaves nicely with respect to Littlewood—Paley theory. We call f < gand f = ¢
paraproducts, and f o g the resonant term. We use the notation f < g = f < g+ f og. The basic
result about these bilinear operations is given by the following estimates, essentially due to Bony [3]
and Meyer [15].

Lemma A.3 (Bony’s paraproduct estimates) For any f € R we have

If < glles S l1fllLe<llglle s (51)
and for a < 0 furthermore
If < gllgars Sap lfleallgllze. (52)
For a+ 8 > 0 we have
1f o gligars Sap I fllealgles (53)
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A natural corollary is that the product fg of two elements f € € and g € €7 is well defined as
soon as a + > 0, and that it belongs to €7, where v = min{«, 5, « + 5}.

We will also need the several commutator lemmas:

Lemma A.4 (Bony’s commutator estimate) Let a >0, 3 € R, and let f,g € €%, and h € €P.
Then

If < (g <h) = (f9) < hllgars S I fllealglealhlles.

When dealing with paraproducts in the context of parabolic equations it would be natural to
introduce parabolic Besov spaces and related paraproducts. But to keep a simpler setting, we choose
to work with space-time distributions belonging to the scale of spaces (C7% *) g for some T' > 0.
To do so efficiently, we will use a modified paraproduct which introduces some smoothing in the time
variable that is tuned to the parabolic scaling. Let therefore ¢ € C*°(R,R4) be nonnegative with
compact support contained in Ry and with total mass 1, and define for all ¢ > —1 the operator

Qi: CE% = CE0, Quf(t) = /0 T (22t — 5)) f(s)ds.

We will often apply @Q; and other operators on C%” to functions f € Cr%€? which we then simply
extend from [0, 7] to R by considering f(-AT'). With the help of Q;, we define a modified paraproduct

f=<g:=> (QiSi-1/)Aig

(2

for f,g € C(R4+,2'(T)). We collect in the following lemma various estimates for the modified
paraproduct, proofs are again in [g].

Lemma A.5
a) For any B € R and v € [0,1) we have

I < g@®llgs SNl agreellg®lle s, (54)

for allt > 0, and for a < 0 furthermore
ONf < g@llgars SN lmgeallg@lles. (55)
b) Let a,d € (0,2), v€1[0,1), T >0, and let f € .,%}’5, g€ Cre®, and £ g € Cr€ 2. Then
If < gllz g <177 (l9llcrws + 12 glloygas) (56)
c) Let a € (0,2), y€(0,1), T >0, and let f € L. Then for all 6 € (0,a] we have

Ifllgs < 1fOlgs + T2 flleg,

N 57
IFlppe S T2 f] g g o7
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Finally we introduce various commutators which allow to control non-linear functions of parapro-
ducs and also the interaction of the paraproducts with the heat kernel.

Lemma A.6
a) For a,f,v € R such that « + B+~ > 0 and « € (0,1) there exists bounded trilinear maps
comy,com; : €% x € x €7 — €T,
such that for smooth f,g,h they satisfy
comy(f,g,h) = (f <g)oh— f(goh). (58)
comy(f,9,h) = (f < g) o h— f(goh). (59)

b) Let a € (0,2), B € R, and v € [0,1). Then the bilinear maps

comp(f,g) == f<g—f=<g. (60)
comg(f,g) =L, f<]g:=2L(f<g)-f=xZLy. (61)
have the bounds
] coma(f, 9)(t)llavs S N fllz y=llg®)llps, > 0. (62)
as well as
t7]| coms(f, 9)(B)lla+s-2 S flle pollg®llgs, >0 (63)

Proofs can be found in [§].

B Estimation of the kernels

In this section we recall a few well-known results on convolution of functions with known singularities
around zero. We remand to Section 10.3 of [9] for an extensive treatment of this subject. First of all
we need to characterize the local behaviour of the heat kernel P;(x) and of the covariance Cy (¢, )
of the Gaussian field Y.

2|2
Lemma B.1 The heat kernel P : R x R?® — R defined by Pi(x) = %]It>0 has the bound

1 —
(ant)32 ¢
IPOIS (Y2 + ).
Let k € N* a multi-index with |k| = 2ky + ko + - - + kq. Then for every multi-indez |k| < 2 we have:

ID*Py()] S (812 + ) 7>,
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Remark B.2 In this article we use a slightly different version of the heat kernel, namely

1 |z
P(z) = ——=e 2 e 'T
t( ) (47Tt)3/2 t>0
in order to have that X (¢,x) f ng P,_s(x — y)v(s,y)dsdy is the stationary solution to £ X =
—X 4+ v. However, every estimate remains trivially valid in this setting.

Proof
1/2 3 12137~ L2 3y,—lal
[Pe(@)|(1t[2 + |2)* S [1+ (Jal[t]72)%)e™ T = (1 + |af?)e™ T < +o0
In the same way we prove that |0, P;(z)| < (|t|Y2+|2])°, |0x, Pe(x)| < (Jt]/?+|z|)* and 0,0z Py ()| S
(1t + [a])°. 0O

We recall a special case of Lemma 10.14 of [9], which is enough for our purpose. We use the
notation [||C]|| := (|t|'/2 4 |z|) for ¢ = (t,z) € R x T3.

Lemma B.3 Let f,g: R x T3\ {0} — R smooth, integrable at infinity and such that |f(¢)| < ||I<]|®
and |g(Q)| < NICIP in a ball B = {C € Rx T : |||l < 1, # 0} Then if 0,f & (-5,0) and
a+ B +5 <0 we have

VEVI(QIY 14] st

in a ball centered in the origin.
Moreover, if a, € (=5,0) and 0 < a+ S+ 5 < 1 and for every multi-index |k| < 2 we have
DA S lIclle=M and [DFg(C)] < NICIIF, then

|f *g(C) — f*g(0)] <[] FAts

in a ball centered in the origin.

Remark B.4 The covariance Cy. of Y. can be written as Cy. = P * C. * P with C. (t,z) =
E(n.(t,2)n-(0,0)). Recall from the introduction that C.(t,z) = e 505( ~2t,e~'x) where C® is the
covariance of the Gaussian process 1 defined on R x (T/¢)3, and C¢(t — s,z —y) = 2(t — s,z — )
if dist(z,y) < 1 and 0 otherwise (so that the family of functions C¢ is bounded uniformly on e
by a C° function). Then there exists a family of functions C§ defined on R x (T'/¢)? such that
Cy.(t,z) = e 105 (e 2t, e x) and C5(t,x) = [P % C°  P|(t,z).

Lemma B.5 The covariance Cy. has the bound, for every multi-indez |k| < 2
ID*Cye(t )| S (182 + | ¥

Moreover, we have
eFH D Cy . (t,2)] S 1

Proof The first bound is obtained directly from Lemma [B.] and Lemma [B.3l Indeed, since by
hypothesis C has compact support, it is easy to see that |C.(t,z)| < (|t['/? + |z|)~. The second
bound is obtained by a simple change of variables in the convolution defining Cy.

O
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Lemma B.6 We have for everyn > 3

/ PS(.%')[CY,g(S,x)P < |loge| and 5"2/ Py(z)[Cye(s,x)]" < 1.

)

Proof From the fact that P.o,(ex) = e 73 P,(z) together with Remark [B.4] we obtain
/ Py(2)[Cy.e(s,2))?dsda < / Py(2)[C5 (s, 2))?dsdz < |log €|
RxT3 (0,e71)

with B(0,R) = {¢ € R* : |||<||| < R,¢ # 0} a “parabolic” ball centered in the origin. The second
estimation is obtained in the same way. O

Lemma B.7 For m € (0,3), n € (3,5), define for (,’ € R x T3
Ly = / Cye(C — O Mpperl, Lpi= / Cye(C — &) ficiic!|

with pe = Kqz(y)6(t — $)d¢ and fic := [ [ Kqz(@)P—s(x — y)] d¢ for ¢ = (s,y). Then
I, <2m and I, < 2(=9a,

Proof The estimation of I, is easily obtained by Lemma [B.5] and a change of variables. For I,
observe that for every ¢ > 0

fic = /K Yooz — ) — Pl — y)))dC

and then we can apply Lemma [B.3] to obtain the result. O

Lemma B.8 We have for every o € [0,1]

sup |Cyc(t,x) — Cyc(0,2)| S e ' 2|t]”
zeT3

Proof It is easy to obtain by interpolation knowing that |0,Cy(t,z)| < e73 from Lemma[B5 O
Lemma B.9 We have for every a < 3

|Kj(x — 1
K P d <
/ 8 y‘/ (vl +t1/2 W e T ompre

Proof We will show that

ZN]

‘ [ it - y)Pt(y)dy‘ <o (fa] 412 127, (64)
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and that

L R
/(|y|+t1/2) dy < (Jo] +£12 + 279, (65)

from which we deduce that

271'
<
/K y)by dy‘/ ]y\+t1/2 dy 3 Z(‘x’+t1/2+24)4+a'
(3

Bounding the sum over ¢ with an integral, we conclude

ZN_]

Ldx A 1 /1/<x+t”2> dx 1
)3+a 0 (

s = < .
o X (al+ 07N " (ol + 072 TN (Jal + 0P

Let us show (B4). We want to estimate
I = /Ki(w —y) P (y)dy = /Ki(x —Y[P(y) — P(2)]dy
_ /dT/Kx— Pl + 7y — ) (y — 2)|dy
s / ar [ 1= a)Kie = plIPl @+l =2y 5277 [ ar [P+ 72 )y

fc\:v+7-2 iy|2/t
N / dT/\?/Kl ———dy
where , ,
—|=z|%/t —clz|/t
, PG z e
|Pt (Z)| - C t4/2 m RS t2 .

When t'/2 > 277 |z| we have
I S22 <27 (jal + 2 427!
When 2% > /2 |z| we estimate simply

1= / |Ki(x — )| P(y)dy £ 2% <27 (Ja] + 217+ 277

When |z| > 27 i, t1/2 we have instead that either || > 2727|y| or |z| < 2727|y|. In the first region
|z + 727 y| > c|x| S0

- el AP 1/2 | o—iy—4
nge o [l ay 2 G £l £ 2 e+ 02 427
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while in the second region |y| > 2*|x|/(27), then |yKi(y)| < |yK1(y)|'/2F(2'|z|/(27)) where F is a
rapidly decreasing function and in this region

rl ) efc|m+7—2_iy|2/t
15 2 [ arreialen) [

t2

o i =<2yt B . e—</lvl*/t
< 2 /OdTF(Q \x!/(QT))/i dy $2 /dTF(2 |z]/(27)) 3|x|/ e

13/2| 721y

9—1 1 ) 923113 9—1
o | arp@islem =R $ T <2+ 02 27y
0

So we conclude that (64]) holds. Let us turn to B5). When t'/2 > 277 |z| we have

S

|Ki(x o
/(\y!+t1/2 [Ki(z —y)ldy S N(|w|+t + 27
When 277 > ¢1/2, |z| we estimate
| K (z . . b
/(\y!+t1/2 IQZx—i—y]Oé yS2su , +y,a $2% S (|lof + V2 4277

and finally when |z| > 27% ¢t/2 we have either |z| > 2_’+1|y| or |z| < 27" |y|. In the first region
|z + 2 %y| > c|z| so

|K / « 1/2 —\—
< (|| + 24270
/(th - +2 ZW y < el < (o] )

while in the second |y| > 2%|z|/2, then |K;(y)| < |K1(y)|"/?F(2|x|/2) where F is another rapidly
decreasing function and in this region

| Ki(z — )\ K1 ()] o _ i
[y < paly2) [y < 2 p2al/2) S ol £ (el 07 270
concluding our argument. O

Lemma B.10 For m,n € (0,5), k,¢ € [0,2) define
Ik,m,n = /C o CY,s(Cl - C2)kCY,6(<1 - C2)£CY,€(C1 - Ci)mCY,E(@ - Cé)n“‘ChCzHMC{,CQL
1,2,61 2

with p¢, ¢, for ¢ = (t, %), G = (si,2;) i = 1,2 defined as

): G
ess = [ Kaale) ¥ Kial)Kia@2) Py = )00 = 52)d146
inj
Ift=0,0<m+k—-2<5 m+k—-2¢€(-1,5) and k+m+n—4 € (0,5) we have the estimate

Temn < 2(k+m+n—4)q.

If(k+m—2),l+m—2)e(0,5), k+m+L{—4¢€(0,5) and k+¢+m+n—4¢€ (0,5) we have the
estimate

Loonn < 2(k+€+m+n74)q.
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Proof Observe that

T

K¢ = [Z / . Kqz(22) Ki 2 (Y) Kj o (22)(Presy (Y — 21) — Pies, (T — 21))]6(t — 82)d(1d (o

invj
+[Z/ (Kq,i:(x) - Kq,f(xz))Km(y)Km(xz)Pt_sl(y — 21)]6(t — 52)d¢1déy

= Kga(@2)[Pisy (72 = 31) = Prosy (7 = 21)]0(t = 52)dC1d G
+[Z/ [Kq,i:(x) - Kq,a’c(DUZ)]K@m(y)Kjﬂ;(xg)Pt_sl(y —21)]6(t — 59)d¢1d¢y

= M6t ﬂC17C2

where in the first line we used fy K;(y) = 0 and the fact that [ K;,(2})Kjq(x2) =0if i —j| > 1
and 3, K o (y) Kjo(22) = 6(x2 — y)d(22 — x). Now the estimation of the term

fk,m,n = /C o CY,s(Cl - C2)kCY,6(C{ - CQ)KCY,«E(CI - Ci)mCY,E(Cl - C2)n|/_‘C1,C2||ﬂC{,C§|,
1,2,61 2

with fic, ¢, = Kqz(22)[Pi—s, (22 — 1) — Pi—s, (T — 21)]6(t — s2)d(1d¢2 can be done with Lemma [B.3]
and gives the expected result. The integral

fk,m,n = /C c CY,s(Cl - <2)kCY,6(C{ - CQ)KCY,«E(CI - Ci)mCY,E(Cl - Cz)"|ﬂ<1,<z||ﬂq,<g|,
1,2,61 2

with fic; ¢, = Do fLy[Kq@(a:) — Kgz(22)| K o (y) Kjo(22) Pi—s, (y — 21)]0(t — s2)d(1d(2 can be esti-
mated by multiple changes of variables. We have K, z(z) — K, z(z2) = 231(z9 — ) fol K'(29(zg — )T —
29(Z — x2))dr, and by the scaling properties of Cy. and P, namely Cy.(27%s,27'z) < 2/Cy (s, z)
and P, 2:4(27%x) < 23 P,(x) given by Lemma [B.1] and Lemma [B.5, we obtain easily the bound on
fk,m,n by rescaling the integral. O

C Some Malliavin calculus results

Let D be the Malliavin derivative, § the divergence (defined as the adjoint of D) and P, the Ornstein-
Uhlenbeck semigroup. We refer to [22] for an extensive discussion on these operators. Call {W (h)}nen
the isonormal Gaussian process indexed by H some real separable Hilbert space. For every ¥ € L2(Q),
P, can be written via the well-known Mehler’s formula for ¥ = F(W (h)):

PV = PF(W(h) = By [F(e”'W(h) + (1 — e ) 2W'(h))] (66)

where {W'(h)}nep is an independent copy of W. In our case we will consider the Gaussian process
Y. indexed by hy, V(t,xz) € R x T3, with H = L*(R x T?), with Y.(¢,z) defined as in Section [l By
a direct calculation we obtain

DRV = e 'Ey [F' (e tW(h) + (1 — e 2)Y2W'(h))]h = e *P,DU. (67)
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This gives a commutation result between the Malliavin derivative D and the generator of the Ornstein-
Uhlenbeck semigroup L (defined by P; = e!X, recall that L = —6D ([22], Proposition 1.4.3)). Indeed,
let ¥ such that E(¥) = 0, then we have for every a > 0 and every j > 0:

1 o0 . o0 .
D(j— L)V =D—— / to eIt b pdt = —— / to e UHIPDY = (j+ 1 — L) DV (68)
I(a) Jo I(a) Jo

and the same works for every ¥ (not necessarily centered) if 7 > 0. It is well-known (see [22]) that L
acts on square integrable functions ¥ as

o
LU =— Z nJ, ¥
n=0

where J,, ¥ is the projection of ¥ on the n-th Wiener chaos. We can define (j — L)~! by its action on

n-th order chaoses as (j — L) 1.J,¥ = jj%n!]n\I’ Vn > 0,5 > 1. The results recalled above allow for the
following partial chaos expansion :

Lemma C.1 Let ¥ € L*(Q). Then for every n € N\{0}:
n-1
v=>" HékJODk\II + 6" QD" (69)
k=0
with Q7 = [[iZ;(k — L)~L
Proof We have for any ¥ € L%(Q):
U — JoU =LL YW — Jy¥) = —6DL (¥ — Jo¥) = 6(1 — L)'D¥
where we used (68]) and the fact that the Malliavin derivative of a constant is zero. This yields
U =FE(V)+46(1—-L)"'D¥ (70)

Iterating this formula up to an order n and using the fact that Jo(k—L)~! = %Jo we obtain the result.
a

Notice that the lemma above implies §"QTD"V = (1 — Jy... — Jp—1)V.
In order to have LP estimations of the terms 6" Q7 D" ¥ generated by expansion (69), we will need
the following lemmas:

Lemma C.2 ([22], Proposition 1.5.7) Let V be a real separable Hilbert space. For every p > 1
and every ¢ € N, k > q and every v € DPP(HI ® V) we have

169 (u) ||]D'€—Q7P(V) Skip HUH]D’%P(H‘IQ@V)
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Remark C.3 Using Lemma we can state a simplified version of Lemma in the case where
F € V is deterministic. Let V be a real separable Hilbert space. For every F' € V and every
u € D92(H®) with ¢ € N we have u ® F € Dom §? and

§1(u)F = 89(u® F).

We can prove this formula as follows. First notice that for every smooth G € D%?(V) and every
smooth u € D%2(H®?) we have

E((6?(u® F),G)y) = E((u @ F,DIG) geagy) = E((8* () F, G)v ).

Now since DY(u® F) = Du® F and u € D% ?(H®4) we have that u® F € D¥?(H®?®V). LemmalC.2]
yields the bound [[67(u @ F)||r2(v) < |u @ F||pa2(g@agy) which allows to pass to the limit for G and
§(u® F) in L3(V).

Lemma C.4 For every n,m € N\{0}, the operator Q™ = [}, (k— L)~ is bounded in LP for every
1<p<oo.

Proof We have Q;¥ = (j — L)™'0U = > (j + n)"1J,¥ = (1//)E(Y) + T,¥ with T,V =
oo 0 d(n)J, ¥ and ¢(0) = 0. Then the operator T, satisfies the hypotheses of Theorem 1.4.2 of

[22], with ¢(n) = h(n~!) and h(z) = 7277 analytic in a neighbourhood of 0. Therefore

1Q; ¥l S E(Y) + [|To¥|zr S [W]|2e

and the result follows applying repeatedly this inequality. O

Lemma C.5 Let j € N\{0} and p > 1. There exists a finite constant c, such that for every ¥ € LP:

DG -0 Fe||  <elvl

J Le(H) SRY3 Lr

(where the operator D(j — L)fé is defined on every ¥ polynomial in W(hy),..., W (hy) and can be
extended by density on LP).

Proof First notice that we can suppose w.l.o.g. E(¥) = 0 thanks to the commutation (68]). Therefore

NI

we can write D(j — L)™2 as

=

. _1 —_ . —_
D(j = L)72 =D(=C)"(=0)(j — L)
with C' = —v/—L. We decompose the second part as:

%) 1
—C(j _L)—%\p — Z ( i >2 JoU =T,V
n=1

j+n
With TuW :=>"> ( #(n)J,¥. We can apply Theorem 1.4.2 of [22] to show that Ty is bounded in L?,
indeed ¢(n) = h(1/n) and h(z) = (jx + 1)~'/? which is analytic in a neighbourhood of 0. Finally, we

can apply Proposition 1.5.2 of [22] to show that DC~! is bounded in LP, thus concluding the proof.
O

The following lemma is the most useful tool we used in the paper. It allows us to write products
of decompositions of the type (69) as sums of iterated Skorohod integrals.
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Lemma C.6 Let u = F,(W(h,))h&™, v = F,(W(hy))h&" with F,, F, € C™(R) such that u €
D2 (O € DO, Then;

5 (o) = S S no (qT Z) (q * Z) ( n > (T * Z'>¢!5m+"q’"22‘((1)%, D) yoairss). (71)

7 r—+1 7
i=0 ¢q=0 r= +

And also
oSS ()o@ s

Proof We have using Cauchy-Schwarz inequality and Lemma that (D"6"(v), & (u)) ger €
L2(Q2, H®™=377) for every 0 < r + j < m. Then we can apply Lemma to obtain

n

5" ()5 (v) = Y (7:) ST ((D7E™ (w), v) grer ).

r=0
Then using the commutation formula (73]) we rewrite the r.h.s. as
n n rAm r m
& (u)8"™ (v) = 167" (6™ (D o).
e =3 (7) 2 (7) (7)o e

We write (6™ (D" ""u), v) gor = (6™ 4D '), By (W (hy))hE") gerhE™ =" and verify in the same way
as before that (6™~ %(D"~tu), F,(W (hy))hE") yer satisfies the hypotheses of Lemma [C.I0 We obtain

1

)i (w) = 3 j () () (1) im0y P 0 i o

_ 5 f (“) () <m>v "ﬁ; (m s i)anrwm”«D”u, DEF (W () )R gror )07

14

=01
n rAmm-—i n , m m ; | |
= <'r> <z> ( ; ) 0 )i!5m+nrzf(<Dr2u’ DZU>H®1~+£)
r=0 =0 ¢=0

where we used the fact that 6% (¥)A®"" = §8(¥ @ h®" ") for ¥ € Dom 6*, as seen in Remark
Call ¢ = £ + 1, then

@ = 303 () (7 (02 Jamsnmer (- D g,

=0 g=i r=t

and noting that

<7> (?—_ > T (a- i)!g - 2>!$<!m —i)! g — mn —ql <q> (?)
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we have the nicer symmetric expression

o= 3353 () (9) (7)o -t .

=0 g=1i r=t

Finally we perform the change of variables ¢ — i — ¢, r — 7 — r to get

5™ ()8 (v mzmninz <q+2> <q:,”> <Tii> <T:”> 1502 (DT, DIY progsoss).

i=0 ¢=0 r=0

The second formula is a straightforward change of indexes of the first one. O

Remark C.7 Our choice of giving two distinct but closely related formulas in Lemma is due
to the fact that the first formula has a more evident “physical meaning”. Indeed, vertices u and
v (being non-polynomial) have an infinite chaos decomposition, which can be represented as having
infinite “legs” in a Feynman-like diagram. It is apparent that the index ¢ in first equation denotes
contractions between the already existing legs of the vertices u, v and that r, ¢ stay for new legs in each
vertex created by the Malliavin derivatives which are then contracted with other legs from the other
vertex. This leaves m +n — r — q¢ — 2¢ legs overall uncontracted which are arguments to the iterated
Skorokhod integral and would be contracted with other composite vertices in the LP estimates. The
second formula however, is more practical in the calculations.

We give below the results we used to prove Lemma

Lemma C.8 ([20], Lemma 2.1) Let ¢ > 1, F € D%2, u € Dom(89) and symmetric. Assume also
that VO < r+3j < q (D"F, & (u)) ger € LZ(Q,H@"] "=7). Then Y0 < r < q (D"F,u), € Dom(69"") and

q

Fsi(u) =Y <z> 57 (D" F, ) grer ).

r=0
Remark C.9 Note that
§* (h®%) = [WH(h)]

where [-] stands for the Wick product. Indeed VF € D2 we know that E[§(h®")F] = E[W (h)h®" 1]
using the definition of ¢ and therefore 6" (h®") = §"~L(W (h)h®"~1). We have also 6"~ (W (h)h®"~1) =
S HREDYW (h) — (n—1){h, h)6"2(h®"~2) using Lemma[C.8 and the result is proved by induction.

Lemma C.10 Let £ € N, F € D92(H®"), v € Dom(d9) with values in H®I and symmetric. As-
sume also that (87 (u), D" F) yeewr € L?(Q, H®I 7)Y V0 < r+j < q. ThenV0 <7 < q (u, D"F) yoer €
Dom(§97") and

q
(09(w), F)goe = » <T> 697" ((u, D" F) eoesr)

r=0
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Proof Let ¢ = 1. We have for smooth G € D2, FF € D%2(H®’) and u € Dom(59):

E(((u, F>H®e, DG>H) = E((u, DG ® F>H®z+1)
— E((6(u), F) yer Q) — E((1, DF) yorir G)

where we used the fact that D(GF) = DG ® F' + GDF for smooth functions.
The equality ((u, F') e, DG)g = (u, DG ® F) geer1 holds because u is symmetric. We can pass
to the limit thanks to the assumption (67 (u), D" F) yserr € L2(Q, H®97"=7) and obtain

8((u, F) got) = (8(u), F) o — (u, DF) yaesr.

Now suppose the statement true for ¢ — 1. We have that

—

(0% (u), F)gee = <q ; 1> ST ((8(u), DT F) goesr)

<

3
= O

1

— (q B 1) 69" ((u, D" F) goesr) + qz_: (q ; 1) 897" ((u, D" F) raesrin)

r
0 r=0

=}

\3
I

I
M=

(q) 67" ((u, D" F) goetr)

r

\3
Il
o

a

Lemma C.11 Let j,k € N, u € DITF2(H®I) symmetric and such that all its derivatives are sym-

metric. We have
KA i
DF§ (u) = 1674 (DF?
=3 (5)(]) w0t (73)

=0
Proof If j=0,k=1o0r k=0,j =1 we have identities. Now let j = k = 1 and u € D*2(H). We
have that DY2(H) C Dom(6) ([22], Proposition 1.3.1), and since Du € DY2(H®?) it is easy to see
that Vh € H (Du, h) € DY2(H) by computing its norm. Then we can apply Proposition 1.3.2 of [22]
to obtain Vh € H
(Dé(u), h) = (u, h) + 6({Du, h))

and since by hypothesis Du is symmetric we have §((Du, h)) = (§Du, h) and then Dé(u) = u + dDu.
The proof by induction is easy noticing that dv is symmetric whenever v is symmetric, and using the
fact that D&/ = 67D + jo/—1. O
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