
ar
X

iv
:1

00
8.

10
86

v1
  [

m
at

h.
P

R
]  

5 
A

ug
 2

01
0

GLOBAL EVOLUTION OF RANDOM VORTEX FILAMENT
EQUATION

Z. BRZEŹNIAK †, M. GUBINELLI‡ AND M. NEKLYUDOV †

ABSTRACT. In this article we prove existence of global solution for random
vortex filament equation. Our work gives a positive answer toa question left
open in recent publications: Berselli and Gubinelli [4] showed the existence of
global solution for a smooth initial condition while Bessaih, Gubinelli, Russo [6]
proved the existence of a local solution for a general initial condition.

In this article we prove the existence of a global solution for the following ran-
dom vortex filament equation

dγ

dt
= uγ(t)(γ(t)), t ∈ [0, T ](0.1)

γ(0) = γ0,(0.2)

where the initial conditionγ0 is a geometricν-rough path (for someν ∈ (13 , 1)),
see Assumption 2.7. Hereγ : [0, T ] → Dγ0 ⊂ C is some trajectory in the subset
Dγ0 of C of continuous closed curves inR3, uY , Y ∈ Dγ0 ⊂ C is a vector field
given by

(0.3) uY (x) =

∫

Y

∇φ(x− y)× dy.

whereφ : R3 → R is a smooth function which satisfies certain assumptions (see
Hypothesis 3.1). Exact meaning of the line integral above and setDγ0 we consider
will be explained below. This equation appear in fluid dynamics in the theory of
three dimensional Euler equations. It is well known that fortwo dimensional Euler
equations vorticity~ω = curl ~u is transported along the flow of the liquid. The sit-
uation changes drastically in three dimensional case. Additional ”stretching” term
in the equation defining vorticity leads to possibility of blow up of the vorticity.
Furthermore, result of Beale, Kato, and Majda [2] suggest that possible singularity
of Euler equations appear when vorticity field of fluid blows up. Consequently, un-
derstanding of the behaviour of vorticity of ideal fluid is one of the most important
problems in fluid dynamics.

The properties of the motion of the vorticity has been studied for the last 150
years starting from the works of Helmholtz [19] and Kelvin [20]. It has been
suggested by Kelvin to use Biot-Savart law

~u(x) =

∫

~x− ~y

|~x− ~y|3 × ~ω(~y)d~y, x, y ∈ R
3
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combined with assumption that vorticity is supported by some smooth curveγ

ω(~x, t) = Γ

1
∫

0

δ(~x− γ(s, t))
∂γ(s, t)

∂s
ds, x ∈ R

3, t ≥ 0

and definition of the flow

(0.4)

{

d ~Xt(~x)
dt = ~u( ~Xt(~x), t), t ≥ 0,

~X0(~x) = ~x.

to formally deduce random filament equation

(0.5)
∂γ

∂t
(s, t) = − Γ

4π

1
∫

0

γ(s, t)− γ(r, t)

|γ(s, t)− γ(r, t)|3 × ∂γ(r, t)

∂r
dr.

Assumption that vorticity is supported by some curve is substantiated by some nu-
merical simulations of 3D turbulent fluids which show that regions where vorticity
is big have a form of ”filament”, see, for instance [3], [25].

The equation (0.5) has singularity whenr is close tos and initial curveγ is
smooth. As a consequence, the energy of the solution of this equation given by
formula

E(t) =
Γ2

8π

1
∫

0

1
∫

0

1

|γ(s, t)− γ(r, t)|
∂γ(r, t)

∂r
· ∂γ(s, t)

∂s
dsdr, t ≥ 0

is infinite for any smooth curveγ(·, t). Hence different methods are employed to
avoid singularity. For instance, Gallavotti [17] motivated by finiteness of the energy
integral for Brownian Motion1, considers non smooth initial curvesγ0. Rosenhead
[24] has suggested to use the following model

(0.6)
∂γ

∂t
(s, t) = − Γ

4π

1
∫

0

γ(s, t)− γ(r, t)

(|γ(s, t) − γ(r, t)|2 + µ2)3/2
× ∂γ(r, t)

∂r
dr.

The equation (0.1-(0.3)) has been introduced by Berselli, Gubinelli [4] (see also
[5]). It contains equation (0.6) considered by Rosenhead asa very particular case
when

φ(~x) =
Γ

(|~x|2 + µ2)1/2
, ~x ∈ R

3, µ > 0.

Berselli and Gubinelli [4] showed the existence of global solution to equation (0.1-
0.3) if initial condition is a smooth curve. The existence ofa local solution to
equation (0.1-0.3) when initial condition is a non smooth curve has been estab-
lished in Bessaih, Gubinelli, Russo [6]. Our aim is to show global existence of
solution of the equation (0.1-0.3) when initial condition is a non smooth curve.

We will work in the framework of rough path theory developed by T. J. Lyons
and co-authours, see [22], [23] and references therein, andassume that initial con-
dition is a closed curve of Hölder class with exponentν ∈ (13 , 1].

1defined as double stochastic integral
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1. NOTATION

In this section we present framework of Gubinelli, see [7]. Let V be a fixed
Banach space. We define the following two objects:

Cn(V ) = {f ∈ C((S1)n, V ) : f(t, t, . . . , t) = 0, t ∈ S1},
C∗(V ) = ∪

k∈N
Ck(V ).

Operator

δ : Cn(V ) → Cn+1(V ),

(δg)(t1, . . . , tn+1) =

n+1
∑

i=1

(−1)ig(t1, . . . t̂i . . . , tn+1), n ∈ N

satisfies the following fundamental property

δδ = 0,

whereδδ is understood as an operator fromCn(V ) toCn+2(V ). Thusδ induces a
complex and we can denote

ZCk(V ) = Ck(V ) ∩ ker δ,

BCk(V ) = Ck(V ) ∩ im δ.

To avoid confusion we will use notationδn for operatorδ : Cn(V ) → Cn+1(V ).
Furthermore, it can be noticed that

im δn = ker δn+1,

i.e. ZCk+1(V ) = BCk(V ).
We will mainly consider the casesn = 1 andn = 2. Then operatorδ has

following form

δ1g(t, s) = g(t)− g(s), δ2h(t, u, s) = h(t, s)− h(t, u)− h(u, s), t, u, s ∈ S1.

and we will use special topology in spacesC2(V ) andC3(V ). Let

|f |µ = sup
a,b∈S1

|f(a, b)|V
|a− b|µ , f ∈ C2(V ),

C
µ
2 (V ) = {f ∈ C2(V ) : |f |µ <∞}

|g|ρ,µ = sup
a,b,c∈S1

|g(a, b, c)|V
|a− b|ρ|b− c|µ , g ∈ C3(V ),

C
ρ,µ
3 (V ) = {f ∈ C3(V ) : |f |ρ,µ <∞},
C

µ
3 (V ) = {f ∈ C3(V ) : f =

∑

i

hi, |f |µ =
∑

i

|hi|ρi,µ−ρi <∞, ρi ∈ (0, µ)},

ZCµ
3 (V ) = C

µ
3 (V ) ∩ ZC3(V ),

ZC1+
3 (V ) = ∪

µ>1
ZCµ

3 (V ),

C1+
2 (V ) = ∪

µ>1
C

µ
2 (V ).

Then following fundamental proposition has been proved in [7]:
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Proposition 1.1. There exists an unique linear mapΛ : ZC1+
3 (V ) → C1+

2 (V )
such that

δΛ = idZC1+
3 (V ) .

Furthermore, for anyµ > 1, this map is continuous fromZCµ
3 (V ) toCµ

2 (V ) and
we have

‖Λh‖µ ≤ 1

2µ − 2
‖h‖µ, h ∈ ZC1+

3 (V ).

Now, we define class of paths for which rough path integral will be defined.

Definition 1.2. Let us fixX ∈ Cν(S1, V ). We say that pathY ∈ C(S1, V ) is
weakly controlled byX if there exist functionsZ ∈ Cν(S1, L(V, V )) andR ∈
C2ν
2 (V ) such that

(1.1) Y (ξ)− Y (η) = Z(η)(X(ξ) −X(η)) +R(ξ, η), ξ, η ∈ S1,

Let DX be the set of pairs(Y,Z), whereY ∈ C(S1, V ) is a path weakly con-
trolled byX, andZ ∈ Cν(S1, L(V, V )) is such thatR ∈ C2ν

2 (V ), whereR is
defined by representation (1.1). We notice that this is vector space. Define the
semi-norm inDX as follows

(1.2) ‖(Y,Z)‖DX
= |Z|Cν + ‖R‖C2ν

2
,

where

(1.3) R(ξ, η) = Y (ξ)− Y (η) − Z(η)(X(ξ) −X(η)), ξ, η ∈ S1.

Furthermore, define the following norm

(1.4) ‖(Y,Z)‖∗DX
= ‖Y ‖DX

+ |Y |C(S1,V ).

Then, one can prove that(DX , ‖ · ‖∗DX
) is a Banach space. From now on we will

denote elements ofDX by (Y, Y ′) and the correspondingR will be denoted by
RY . We will often omit to specifyY ′ when it is clear from the context and write
‖Y ‖DX

instead of‖(Y, Y ′)‖DX
.

2. DEFINITION AND PROPERTIES OFROUGH PATH INTEGRALS

In this section we define rough path integral and state some ofits properties. We
mainly follow [7] and [6].

Definition 2.1. LetΠ : DX ∋ (Y,Z) 7→ Y ∈ C(S1,R3) be the natural projection.

We will need following properties ofDX , see [7].

Lemma 2.2. Π(DX) ⊂ Cν(S1,R3).

Proof of Lemma 2.2.Immediately follows from inequality

(2.1) ‖Y ‖Cν ≤ ‖Y ‖∗DX
(1 + ‖X‖Cν ).

�

Lemma 2.3. Letφ ∈ C2(R3,R3) and(Y,Z) ∈ DX . Then

(2.2) (W,W ′) := (φ(Y ), φ′(Y )Z) ∈ DX

and the remainder has the following representation

RW (ξ, η) = φ′(Y (ξ))R(ξ, η) + (Y (η) − Y (ξ))
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+

1
∫

0

[∇φ(Y (ξ) + r(Y (η) − Y (ξ)))−∇φ(Y (ξ))]dr, ξ, η ∈ S1.(2.3)

whereR is the remainder forY w.r.t. X given by(1.3). Furthermore, there exists
a constantK ≥ 1 such that

(2.4) ‖φ(Y )‖DX
≤ K‖∇φ‖C1‖Y ‖DX

(1 + ‖Y ‖DX
)(1 + ‖X‖Cν )2.

Moreover, if(Ỹ , Z̃) ∈ DX̃ and

(W̃ , W̃ ′) := (φ(Ỹ ), φ′(Ỹ )Z̃)

then

|W ′ − W̃ ′|Cν + |RW −RW̃ |C2ν
2

+ |W − W̃ |Cν ≤

C(|X − X̃ |Cν + |Y ′ − Ỹ ′|Cν + |RY −RỸ |C2ν
2

+ |Y − Ỹ |Cν )(2.5)

with

(2.6) C = K‖φ‖C3(1 + ‖X‖Cν + ‖X̃‖Cν )3|(1 + ‖Y ‖DX
+ ‖Ỹ ‖DX̃

)2.

In the caseX = X̃ we have

‖φ(Y )− φ(Ỹ )‖DX
≤ K‖∇φ‖C2‖Y ‖DX

(1 + ‖Y ‖DX
+ ‖Ỹ ‖DX

)2(1 + ‖X‖Cν )4‖Y − Ỹ ‖DX
.(2.7)

Proof of Lemma 2.3.See [7], Proposition4 for all statements of the Lemma, ex-
cept (2.3) (which is actually also proven, though not statedexplicitly). Let us show
(2.3). Denotey(r) = Y (ξ) + r(Y (η) − Y (ξ)), r ∈ [0, 1]. Then

φ(y(1)) − φ(y(0)) =

1
∫

0

φ′(y(r))y′(r)dr(2.8)

=
∑

k

(Y k(η)− Y k(ξ))

1
∫

0

∂φ

∂xk
(y(r))dr

=
∑

k

∂φ

∂xk
(Y (ξ))(Y k(η) − Y k(ξ))

+
∑

k

(Y k(η)− Y k(ξ))

1
∫

0

[
∂φ

∂xk
(y(r))− ∂φ

∂xk
(Y (ξ))]dr

=
∑

k,l

∂φ

∂xk
(Y (ξ))(Y ′)kl(X l(η)−X l(ξ)) +

∑

k

∂φ

∂xk
(Y (ξ))(RY )k(ξ, η)

+
∑

k

(Y k(η)− Y k(ξ))

1
∫

0

[
∂φ

∂xk
(y(r))− ∂φ

∂xk
(Y (ξ))]dr,

and the result follows. �

Now we define integral of pathY weakly controlled byX w.r.t. another pathZ,
weakly controlled byX. We will need one more definition.



6 Z. BRZEŹNIAK †, M. GUBINELLI‡ AND M. NEKLYUDOV †

Definition 2.4. Let ν > 1
3 . We say that coupleX = (X,X2), X ∈ Cν(S1,R3),

X
2 ∈ C2ν

2 (L(R3,R3)) is aν-rough path if the following condition is satisfied:
(2.9)
X
2(ξ, ρ)−X

2(ξ, η)−X
2(η, ρ) = (X(ξ)−X(η))⊗ (X(η)−X(ρ)), ξ, η, ρ ∈ S1

Remark2.5. If ν > 1 andX is aν-rough path, thenX is identically pair of constants
(X(0), 0). Indeed, in this caseX is Hölder function with exponent more than1 i.e.
constantX(0). Hence,X2 = 0.

Remark2.6. If ν ∈ (12 , 1] thenX2, the second component of aν-rough pathX =

(X,X2), is uniquely determined by its first component. Indeed,

(2.10) X
2,ij(ξ, η) =

η
∫

ξ

(Xi
ρ −Xi

η)dX
j
ρ , ξ, η ∈ S1, i, j = 1, 2, 3

where the integral is understood in the sense of Young, see [26]. One can show that
X
2 defined by formula (2.10) satisfies conditions of Definition 2.4. Let us show

uniqueness ofX2. Assume that there exists anotherX
2
1 which satisfies definition

2.4. PutG(ξ) = X
2(ξ, 0) − X

2
1(ξ, 0). Then by condition 2.9

X
2(ξ, ρ) −X

2
1(ξ, ρ) = G(ξ)−G(ρ),

and, sinceX2 ∈ C2ν
2 ,G is a Hölder function of order bigger than1. Hence,G = 0.

Therefore,X2
1 = X

2.

Note that by identity (2.9) it follows thatX2(ξ, ξ) = 0, ξ ∈ S1.

Assumption 2.7. We say that ourν-rough path(X,X2) is an geometricν-rough
path if there exist a sequence(Xn,X

2
n) such that

Xn ∈ C∞(S1,R3),

X
2,ij
n (ξ, η) =

η
∫

ξ

(Xi
n(ρ)−Xi

n(η))dX
j
n(ρ), ξ, η ∈ S1, i, j = 1, 2, 3,

and

(2.11) lim
n→∞

[

|Xn −X|Cν + |X2
n − X

2|C2ν
2

]

= 0.

Example2.8. Let {Bt}t∈[0,1] be standard three dimensional Brownian bridge such
thatB0 = B1 = x0 and letB2,ij be the area process

B
2,ij(ξ, η) =

η
∫

ξ

(Bi
ρ −Bi

η)dB
j
ρ, i, j = 1, 2, 3

where the integral can be understood either in the Stratonovich or in the Itô sense.
Then, this couple(B,B2) is a ν-rough path see [6, p.1849]. Moreover, if the
integral is understood in Stratonovich sense it is geometric ν-rough path. Indeed,
it follows from Theorem 3.1 in [16] that we can approximateX with piecewise
linear dyadicX ′

n in the sense of assumption 2.7a.s..

From now on we suppose that the geometricν-rough pathX = (X,X2) and the
corresponding Banach spaceDX are fixed.
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Lemma 2.9. Letπ = {ξ0 = ξ < ξ1 < . . . < ξn = η} be a finite partition of[ξ, η]
andd(π) = sup

i
|ξi+1 − ξi| is a mesh ofπ. If Y,Z ∈ DX then the limit

(2.12) lim
d(π)→0

n−1
∑

i=0

[Y (ξi)(Z(ξi+1)− Z(ξi)) + Y ′(ξi)Z
′(ξi)X

2(ξi+1, ξi)]

exists and is denoted by definition by
η

∫

ξ

Y dZ.

Proof of Lemma 2.9.See [7], Theorem1. �

Remark2.10. In the case ofν > 1
2 the line integral defined in the Lemma 2.9 is

reduced to the Young definition of the line integral
∫

Y dZ. Indeed, it is enough to
notice that second term in formula (2.12) is of the orderO(|ξi+1 − ξi|2ν), 2ν > 1.
Obviously, line integral does not depend uponY ′, Z ′ in this case.

Lemma 2.11. AssumeY,W ∈ DX , Ỹ , W̃ ∈ DX̃ . Define mapsQ, Q̃ : (S1)2 → R

by the following identities
(2.13)

Q(η, ξ) :=

η
∫

ξ

Y dW − Y (ξ)(W (η)−W (ξ))− Y ′(ξ)W ′(ξ)X2(η, ξ), η, ξ ∈ S1,

(2.14)

Q̃(η, ξ) :=

η
∫

ξ

Ỹ dW̃ − Ỹ (ξ)(W̃ (η)− W̃ (ξ))− Ỹ ′(ξ)W̃ ′(ξ)X̃2(η, ξ), η, ξ ∈ S1.

ThenQ, Q̃ ∈ C3ν
2 .

Moreover, there exists constantC = C(ν) > 0 such that for allY,W ∈ DX

(2.15) ‖Q‖C3ν
2

≤ C(1 + ‖X‖Cν + ‖X2‖C2ν
2
)‖Y ‖DX

‖W‖DX
.

Furthermore,

(2.16) ‖Q− Q̃‖C3ν
2

≤ C(1 + ‖X‖Cν + ‖X2‖C2ν
2
)

((‖Y ‖DX
+ ‖Ỹ ‖DX̃

)εW + (‖W‖DX
+ ‖W̃‖DX̃

)εY + εX).

where
εY = |Y ′ − Ỹ ′|Cν + |RY −RỸ |C2ν

2
+ |Y − Ỹ |Cν ,

εW = |W ′ − W̃ ′|Cν + |RW −RW̃ |C2ν
2

+ |W − W̃ |Cν ,

εX = (‖Y ‖DX
+ ‖Ỹ ‖DX̃

)(‖W‖DX
+ ‖W̃‖DX̃

)(|X − X̃|Cν + |X2 − X̃
2|C2ν

2
).

Proof of Lemma 2.11.See [7], Theorem 1. For formula (2.16) see [7], p.104, for-
mula (27). �

By Lemmata 2.9 and 2.3 for anyA ∈ C2(R3, L(R3,R3)), Y ∈ DX we can a
define a mapV Y : R3 → R by invoking rough path integral as follows

(2.17) V Y (x) :=

∫

S1

A(x− Y )dY, x ∈ R
3.
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We have following bounds on its regularity:

Lemma 2.12. LetY ∈ DX , Ỹ ∈ DX̃ , then there existsC1 = C1(ν), C2 = C2(X)
such that for any integern ≥ 0,

(2.18) ‖∇nV Y ‖L∞ ≤ 4C1C
3
2‖∇n+1A‖C1‖Y ‖2DX

(1 + ‖Y ‖DX
)

and

(2.19) ‖∇nV Y −∇nV Ỹ ‖L∞ ≤ C(ν)|A|Cn+3C4
X(1 + ‖Y ‖DX

+ ‖Ỹ ‖DX̃
)3

(|X − X̃|Cν + |X2 − X̃
2|C2ν

2
+ |Y ′ − Ỹ ′|Cν + |RY −RỸ |C2ν

2
+ |Y − Ỹ |Cν ),

where

CX = 1 + |X|Cν + |X̃|Cν + |X2|C2ν
2

+ |X̃2|C2ν
2
.

In the case ofX = X̃ , inequality(2.19)can be rewritten as
(2.20)
‖∇nV Y −∇nV Ỹ ‖L∞ ≤ 16C1C

3
2‖∇n+1A‖C2‖Y ‖DX

(1+‖Y ‖DX
)2‖Y − Ỹ ‖∗DX

.

Proof of Lemma 2.12.Inequalities (2.18) and (2.20) were proved in [6], Lemma
7. Now we will show (2.19). It is enough to consider the case ofn = 0. By
formulae (2.15) and (2.14) we have

V Y − V Ỹ (x) = A(x− Y (0))(Y (1)− Y (0))

− A(x− Ỹ (0))(Ỹ (1)− Ỹ (0))

+ (A(x− Y ))′(0)Y ′(0)X2(0, 1)

− (A(x− Ỹ ))′(0)Ỹ ′(0)X̃2(0, 1)

+ Qx(0, 1) − Q̃x(0, 1)

whereQx andQ̃x (given by formulae (2.15) and (2.14)) satisfy inequality (2.16)
and we have identifiedS1 with [0, 1]. Therefore,Y (1) = Y (0), Ỹ (1) = Ỹ (0).
Hence, we have

(2.21)

|V Y −V Ỹ |L∞ ≤ sup
x

|(A(x−Y ))′(0)Y ′(0)X2(0, 1)−(A(x−Ỹ ))′(0)Ỹ ′(0)X̃2(0, 1)|

+ sup
x

|Qx(0, 1) − Q̃x(0, 1)|.

For the first term on the r.h.s. we have

|(A(x− Y ))′(0)Y ′(0)X2(0, 1) − (A(x− Ỹ ))′(0)Ỹ ′(0)X̃2(0, 1)|
(2.22)

≤ |(dA(x− Y (0))Y ′(0)Y ′(0) − dA(x− Ỹ (0))Ỹ ′(0)Ỹ ′(0))X2(0, 1)|
+ |dA(x− Ỹ (0))Ỹ ′(0)Ỹ ′(0)(X2(0, 1) − X̃

2(0, 1))|
≤ |X2|C2ν

2
|dA(x − Y (0))Y ′(0)Y ′(0)− dA(x− Ỹ (0))Ỹ ′(0)Ỹ ′(0)|

+ |A|C2 |Y ′|2L∞ |X2 − X̃
2|C2ν

2

≤ |X2|C2ν
2
|Y ′|2L∞ |A|C2 |Y ′ − Ỹ ′|L∞ + |X2|C2ν

2
|A|C1(|Y ′|L∞ + |Ỹ ′|L∞)|Y ′ − Ỹ ′|L∞

+ |A|C2 |Y ′|2L∞ |X2 − X̃
2|C2ν

2
.
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By (2.16) we can estimate second term as follows

|Qx − Q̃x|C3ν
2

≤ C
[

(‖A(x− Y )‖DX
+ ‖A(x− Ỹ )‖DX̃

)εY

+ (‖Y ‖DX
+ ‖Ỹ ‖DX̃

)εA + εX

]

.(2.23)

where

εY = |Y − Ỹ |Cν + |Y ′ − Ỹ ′|Cν + |RY −RỸ |C2ν
2
,

εA = |A(x− Y )−A(x− Ỹ )|Cν + |A(x− Y )′ −A(x− Ỹ )′|Cν

+ |RA(x−Y ) −RA(x−Ỹ )|C2ν
2
,

εX = (‖A(x− Y )‖DX
+ ‖A(x− Ỹ )‖DX̃

)

× (‖Y ‖DX
+ ‖Ỹ ‖DX̃

)(|X − X̃|Cν + |X2 − X̃
2|C2ν

2
).

By formula (2.5) we can estimateεA as follows

|εA| ≤ K|A|C3(1 + |X|Cν + |X̃ |Cν )3(1 + |Y |DX
+ |Ỹ |DX̃

)2

× (|X − X̃ |Cν + |Y − Ỹ |Cν + |Y ′ − Ỹ ′|Cν + |RY −RỸ |C2ν
2
).(2.24)

By inequality (2.4) we infer that

‖A(x− Y )‖DX
≤ K|A|C2 |Y |DX

(1 + |Y |DX
)(1 + |X|Cν )2,(2.25)

and similarly,

‖A(x− Ỹ )‖DX̃
≤ K|A|C2 |Ỹ |DX̃

(1 + |Ỹ |DX̃
)(1 + |X̃ |Cν )2.(2.26)

Therefore, combining (2.23) with (2.24), (2.25) and (2.26)we get

(2.27)

|Qx − Q̃x|C3ν
2

≤ C(ν)|A|Cn+3(1 + |X|Cν + |X̃ |Cν )4(1 + ‖Y ‖DX
+ ‖Ỹ ‖DX̃

)3

(|X − X̃|Cν + |X2 − X̃
2|C2ν

2
+ |Y ′ − Ỹ ′|Cν + |RY −RỸ |C2ν

2
+ |Y − Ỹ |Cν ).

Hence, the result follows from (2.22) and (2.27). �

We will denote for anyY ∈ DX , Ỹ ∈ DX̃

|Y −Ỹ |D = |X−X̃ |Cν+|X2−X̃
2|C2ν

2
+|Y ′−Ỹ ′|Cν+|RY −RỸ |C2ν

2
+|Y −Ỹ |Cν .

3. RANDOM FILAMENTS EVOLUTION PROBLEM

LetDX,T = C([0, T ],DX ) be a vector space with the usual supremum norm

(3.1) |F |DX,T
= sup

t∈[0,T ]
|F (t)|∗DX

.

ObviouslyDX,T is a Banach space. Assume also that the functionφ appeared in
the formula (0.3) satisfies following hypothesis.

Hypothesis 3.1.(i) φ : R3 → R is even function.
(ii) the Fourier transform ofφ is real and non-negative function:

φ̂(k) ≥ 0, k ∈ R
3
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(iii)
∫

R3

(1 + |k|2)2φ̂(k)dk <∞

Example3.2. The functionφ = φµ, µ > 0 defined by

φ(·) = Γ

(| · |2 + µ2)1/2

is smooth and satisfies hypothesis 3.1, see p.6 of [4].

Then the following local existence and uniqueness Theorem for problem (0.1)-
(0.3) has been proved in [6], see Theorem3,p.1842.

Theorem 3.3. Assumeφ ∈ C6(R3,R), ν ∈ (13 , 1), X = (X,X2) is a ν-rough
path,γ0 ∈ DX . Then there exists a timeT0 = T0(ν, |φ|C5 ,X) > 0 such that the
problem(0.1)-(0.3)has unique solution inDγ0,T0 ⊂ DX,T0.

Our aim is to prove global existence of solution of the problem (0.1)-(0.3) under
assumptions of Theorem 3.3 and additional hypothesis 3.1 i.e. we shall prove

Theorem 3.4. Assume thatT > 0, γ0 is a geometricν-rough path,φ ∈ C6(R3,R)
satisfies satisfies Hypothesis 3.1 andν ∈ (13 , 1). Then the problem(0.1)-(0.3)has
unique solution inDγ0,T .

We will need the following definition.

Definition 3.5. Letφ ∈ C4(R3,R), γ ∈ DX . Put

(3.2) Hφ
X(γ) =

1

2

∫

S1

~ψγ(γ(ξ)) · d~γ(ξ),

where
~ψγ(x) =

∫

S1

φ(x− γ(η))d~γ(η).

Hφ
X(γ) is called the energy of pathγ. We will omitφ below.

Remark3.6. Definition (3.2)-(3.5) is well posed. Indeed, by Lemma 2.12~ψγ ∈
C2(R3,R3) and, therefore, it follows by Lemma 2.3 that~ψγ(γ(·)) ∈ DX .

Remark3.7. Assume thatν > 1
2 andγ ∈ C1(S1,R3). Then by Remark 2.10 the

line integrals in the definition of energy are understood in the sense of Young and

(3.3) HX(γ) =
1

2

∫

S1

∫

S1

φ(~γ(ξ)− ~γ(η))(
d~γ

dξ
(ξ),

d~γ

dη
(η))dξdη.

Lemma 3.8. Assumeφ ∈ C4(R3,R). Then there exists constantC = C(ν,X)
such that for allγ ∈ DX

(3.4) |HX(γ)| ≤ C|φ|C4 |γ|4DX
(1 + |γ|DX

)2.

Moreover, the mapHX : DX → R is locally Lipshitz i.e. for anyR > 0 there
existsC = C(R) such that for anyγ, γ̃ ∈ DX , |γ|DX

< R, |γ̃|DX
< R we have

(3.5) |HX(γ)−HX(γ̃)| ≤ C(R)|γ − γ̃|∗DX
.
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Furthermore, for anyR > 0 there existsC = C(R) such that for anyγ ∈ DX ,
γ̃ ∈ DX̃ ,

|γ|DX
< R, |γ̃|DX̃

< R,

CX,X̃ = |X|Cν + |X̃ |Cν + |X2|C2ν
2

+ |X̃2|C2ν
2
< R

we have
(3.6)
|HX(γ)−HX̃(γ̃)| ≤ C(R)(|X−X̃ |Cν+|X2−X̃

2|C2ν
2
+|γ−γ̃|Cν+|γ′−γ̃′|Cν+|Rγ−Rγ̃ |C2ν

2
).

Proof of Lemma 3.8.First we will show inequality (3.4). By representation (2.13)
we have

HX(γ) =
1

2
(~ψγ(γ(0))(~γ(1)− ~γ(0)))

+
[

d~ψγ(γ(0))γ′(0)
]

γ′(0)X2(1, 0) +Q(0, 1)

= I + II + III, γ ∈ DX .

Since~γ(1) = ~γ(0) we infer thatI = 0. Concerning the second term by Lemma
2.12 we have the following estimate

|II| ≤ ‖X2‖C2ν
2
‖∇~ψ‖L∞ |γ′|2L∞

≤ C(ν,X)|φ|C3 |γ|4DX
(1 + |γ|DX

).(3.7)

For third term we infer from inequality (2.15)

(3.8) |III| ≤ ‖Q‖C3ν
2

≤ C(ν,X)|~ψ(~γ)|DX
|~γ|DX

.

Then by Lemmas 2.3 and 2.12 we have

|~ψγ(~γ)|DX
≤ C(ν,X)|ψγ |C2 |~γ|DX

(1 + |~γ|DX
)

≤ C(ν,X)|φ|C4 |~γ|3DX
(1 + |~γ|DX

)2(3.9)

Combining (3.7), (3.8) and (3.9) we get inequality (3.4).
Now we will prove inequality (3.6). By formula (2.14) we have

HX(γ)−HX̃(γ̃) =
1

2

[

(∇ψγ(γ(0))γ′(0)γ′(0) −∇ψγ̃(γ̃(0))γ̃′(0)γ̃′(0))X2(1, 0)

+∇ψγ̃(γ̃(0))γ̃′(0)γ̃′(0)(X2(1, 0) − X̃
2(1, 0)) +Q(0, 1) − Q̃(0, 1)

]

=I+II+III(3.10)

The first term in (3.10) can be represented as follows

I = (∇ψγ(γ(0))γ′(0)γ′(0)−∇ψγ̃(γ̃(0))γ̃′(0)γ̃′(0))X2(1, 0)

=
[

(∇ψγ(γ(0)) −∇ψγ̃(γ̃(0)))γ′(0)γ′(0)

+ ∇ψγ̃(γ̃(0))(γ′(0) − γ̃(0))γ′(0)

+ ∇ψγ̃(γ̃(0))γ̃(0)(γ′(0)− γ̃(0))
]

X
2(1, 0) = A+B + C(3.11)
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The first term in (3.11) can be estimated as follows

|A| = |(∇ψγ(γ(0)) −∇ψγ̃(γ̃(0)))γ′(0)γ′(0)X2(1, 0)|(3.12)

≤ ‖X2‖C2ν
2
|γ|2DX

(|∇ψγ(γ(0))

− ∇ψγ(γ̃(0))| + |∇ψγ(γ̃(0))−∇ψγ̃(γ̃(0))|)
≤ ‖X2‖C2ν

2
|γ|2DX

(|ψγ |C2 |γ(0)
− γ̃(0)| + C4

X |φ|C4(1 + |γ|DX
+ |γ̃|DX̃

)3|γ − γ̃|D
≤ KC4

X |φ|C4(1 + |γ|DX
+ |γ̃|DX̃

)3|γ − γ̃|D,
where second inequality follows from inequality (2.19) andthird one from inequal-
ity (2.18). For second term we have by inequality (2.18)

|B| ≤ C‖X2‖C2ν
2
|γ|DX

|φ|C3 |γ̃|2DX
(1 + |γ̃|DX

)|γ − γ̃|D
≤ CCX(1 + |γ|DX

+ |γ̃|DX̃
)3|γ − γ̃|D.(3.13)

Similarly, we have for third term

|C| ≤ C(ν,X, |γ|DX
, |γ̃|DX

)|γ − γ̃|D.(3.14)

TermII in (3.10) can be estimated as follows

|II| ≤ |∇ψγ̃ |L∞ |γ̃|2DX
|γ − γ̃|D

≤ C3
X |φ|C3(1 + |γ|DX

+ |γ̃|DX̃
)3|γ − γ̃|D.

Thus it remains to estimate third term of equality (3.10). Wehave by inequality
(2.16)

|Q(0, 1) − Q̃(0, 1)| ≤ ‖Q− Q̃‖C3ν
2

≤ CX

[

(|ψγ̃(γ̃)|DX̃
+ |ψγ(γ)|DX

)|γ − γ̃|D
+ (|γ̃|DX̃

+ |γ̃|DX̃
)|ψγ̃(γ̃)− ψγ(γ)|D

+ (|ψγ̃(γ̃)|DX̃
+ |ψγ(γ)|DX

)(|γ̃|DX̃
+ |γ̃|DX̃

)

× (|X − X̃|Cν + |X2 − X̃
2|C2ν

2
)
]

Term |ψγ̃(γ̃)|DX
is bounded by the constantC = C(ν,X, |γ̃|DX

) by inequality
(2.18). Therefore, to prove estimate (3.5) it is enough to show that there exists
constantC = C(ν,X, R) such that forγ, γ̃ ∈ DX with |γ|DX

, |γ̃|DX
≤ R

(3.15) |ψγ̃(γ̃)− ψγ(γ)|D ≤ C|γ̃ − γ|D.
By triangle inequality we have

|ψγ̃(γ̃)− ψγ(γ)|D ≤ |ψγ̃(γ̃)− ψγ̃(γ)|D + |ψγ̃(γ)− ψγ(γ)|D
= I + II.(3.16)

The first term can be estimated using inequality (2.5) as follows

(3.17) |I| ≤ KC3
X |ψγ̃ |C3(1 + |γ̃|DX̃

+ |γ|DX
)2|γ̃ − γ|D.

By inequality (2.18) we have

(3.18) |ψγ̃ |C3 ≤ C|φ|C5 |γ̃|2DX
(1 + |γ̃|DX

)
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Combining (3.17) and (3.18) we get necessary estimate forI. It remains to find an
estimate for termII. By inequalities (2.4) and (2.20) we have

II = |ψγ̃(γ)− ψγ(γ)|D
≤ (1 + |X|ν)|ψγ̃(γ)− ψγ(γ)|DX

≤ K|∇ψγ̃ −∇ψγ |C1 |γ|DX
(1 + |γ|DX

)(1 + |X|ν)3

≤ K|φ|C5C7
X(1 + |γ|DX

+ |γ̃|DX̃
)5|γ̃ − γ|D.(3.19)

Hence the inequality (3.6) follows. Inequality (3.5) is a consequence of inequality
(3.6). �

Corollary 3.9. Under assumptions of Lemma 3.8 and assumption 2.7 energyHX :
DX → R is a continuous function onDX . Furthermore, for anyγ ∈ DX

0 ≤ HX(γ) <∞.

Proof of Corollary 3.9.We only need to show thatHX(γ) ≥ 0, for anyγ ∈ DX .
Other statements of the Corollary easily follow from Lemma 3.8. Fixn ∈ N. Let
C(0) = ∪n6

i=1C(ki)
n be a partition of the cubeC(0) with center0 and lengthn2 on

the cubesC(ki)
n of the length of1n with centerski and nonintersecting interiors.

Defineφ̂n(k) = φ̂(ki), k ∈ C(ki)
n and0 otherwise. Consequently, define

φn(x) =
n6
∑

i=1

φ̂(ki)

∫

C(ki)n

ei<k,x>dk, x ∈ R
3

Thenφ = lim
n→∞

φn in C4 norm because of the assumption 3.1. Consequently,

(3.20) Hφ
X(γ) = lim

n→∞
Hφn

X (γ).

Now formula

(3.21) Hz
X(γ) =

1

(2π)3

∫

R3

ẑ(k)
∣

∣

∣

∫

S1

ei(k,γs)dγs

∣

∣

∣

2
dk, γ ∈ DX .

is correct forz = φn, becauseφn is a sum of a finite number of Fourier modes.
Therefore,

(3.22) Hφn

X (γ) ≥ 0.

Thus, the result follows from identity (3.20) and inequality (3.22). �

Now we are going to show that energy is a local integral of motion for problem
(0.1)-(0.3).

Lemma 3.10. Let γ ∈ Dγ0,T0 be a local solution of problem(0.1)-(0.3) (such
solution exists by Theorem 3.3). Then

dHγ0(γ(s))

ds
= 0, s ∈ [0, T0).

Proof of Lemma 3.10.Sinceγ(0) = γ0 ∈ Dγ0 is a geometric rough path there
exist sequence{γn0 }∞n=1 ∈ C∞(S1,R3) such that

|γn0 − γ0|Cν + |γ2 − γ2|C2ν
2

→ 0, n → ∞.
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Now γn0 ∈ Dγn
0

, γ0 ∈ Dγ0 . Thus we can put(γn0 )
′ = (γ0)

′ = 1 andRγn
0 = Rγ0 =

0. Hence we deduce that

|γn0 − γ0|D → 0, n→ ∞.

Denoteγn ∈ C([0,∞),H1(S1,R3)) the global solution of problem (0.1)-(0.3)
with initial conditionγn0 . Existence of such solution has been proved in Theorem
2 of [4]. Then according to [4] (Theorem4, p.1846) we have

sup
t∈[0,T0]

|γn(t)− γ(t)|D → 0, n→ ∞.

Therefore, by continuity of energy functionalHγ0 we have

(3.23) Hγ0(γ(s)) = lim
n→∞

Hγn
0
(γn(s)), s ∈ [0, T0].

Furthermore, by Lemma2 of [4], we have

(3.24) Hγn
0
(γn(s)) = Hγn

0
(γn0 ), s ∈ [0, T0].

As a result, combining (3.23) and (3.24) we get statement of the Lemma. �

Let us recall definition of along withν-rough pathY

(3.25) uY (x) =

∫

Y

∇φ(x− y)× dy, Y ∈ DX .

Now we show that if energy functional ofY is bounded then associated velocity is
a smooth function. We have

Lemma 3.11(See Lemma3 in [4]). For anyn ∈ Z, n ≥ 0, we have following
bound

(3.26) ‖∇nuγ‖L∞ ≤ 1

(2π)3/2





∫

R3

|~k|2(1+n)φ̂(~k)d~k





1/2

H1/2
X (γ), γ ∈ DX ,

provided that the integral
∫

R3

|~k|2(1+n)φ̂(~k)d~k is finite andφ ∈ Cn+4(R3,R3).

Proof of Lemma 3.11.For smoothγ Lemma has been proved in [4] Lemma3. In
general case, whenγ ∈ DX , it is enough to notice that both sides of inequality
(3.26) are locally Lipshitz and therefore, continuous w.r.t. distanced(Y, Ỹ ) :=

|Y − Ỹ |D, Y ∈ DX , Ỹ ∈ DX̃ . Indeed, continuity ofHX has been proven in
Lemma 3.8 and continuity of‖∇nuγ‖L∞ follows from Lemma 2.12. �

Now we are ready to prove Theorem 3.4.

Proof of Theorem 3.4.According to Theorem 3.3 there exists unique local solution
of problem (0.1)-(0.3). Then, we can findT ∗ > 0 such that there exists unique
maximal local solutionγ : [0, T ∗) → Dγ0 and

(3.27) lim
t↑T ∗

‖γ(t)‖Dγ0
= ∞,

see e.g. [12]. Notice that we will have

(3.28)
dHγ0(γ(s))

ds
= 0, s ∈ [0, T ∗).
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Indeed, by Theorem 3.3 for anyt0 ∈ [0, T ∗) there exists unique local solutioñγ of
problem (0.1), (0.3) with initial conditionγ(t0) on segment[t0, t0 + εt0 ] for some
εt0 > 0. Therefore,γ = γ̃ on the segment[t0, t0 + εt0 ]. Hence,

dHγ0(γ(s))

ds
= 0, s ∈ [t0, t0 + εt0 ], t0 ∈ [0, T ∗),

and identity (3.28) follows. We need to show thatT ∗ = ∞. Therefore, it is enough
to prove

sup
t∈[0,T ∗)

‖γ(t)‖Dγ0
<∞.

Indeed, by contradiction with (3.27), the result will follow. In the rest of the proof
we show such estimate. We recall that

(3.29) γ(t) = γ0 +

t
∫

0

uγ(s)(γ(s))ds.

Firstly we have

|γ(t)|L∞ ≤ |γ0|L∞ +

t
∫

0

|uγ(s)|L∞ds

≤ |γ0|L∞ + C

t
∫

0

Hγ0(γ(s))ds

≤ |γ0|L∞ + CHγ0(γ0)t, t ∈ [0, T ∗).(3.30)

It follows from (3.29) that

(3.31) γ′(t) = γ′0 +

t
∫

0

∇uγ(s)(γ(s))γ′(s)ds, t ∈ [0, T ∗).

Therefore, by Lemmas 3.10 and 3.11

|γ′(t)|L∞ ≤ |γ′0|L∞ +

t
∫

0

|∇uγ(s)|L∞ |γ′(s)|L∞ds

≤ |γ′0|L∞ +

t
∫

0

CH1/2
γ0 (γ(s))|γ′(s)|L∞ds

= |γ′0|L∞ +

t
∫

0

CH1/2
γ0 (γ0)|γ′(s)|L∞ds, t ∈ [0, T ∗).(3.32)

Then by Gronwall inequality we infer our second estimate

(3.33) |γ′(t)|L∞ ≤ |γ′0|L∞eCH1/2
γ0

(γ0)t, t ∈ [0, T ∗).
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We will need one auxiliary estimate. We have

|γ(t)|Cν ≤ |γ0|Cν +

t
∫

0

|uγ(s)(γ(s))|Cν |ds

≤ |γ0|Cν +

t
∫

0

|∇uγ(s)|L∞ |γ(s)|Cνds

≤ |γ0|Cν +

t
∫

0

CH1/2
γ0 (γ(s))|γ(s)|Cνds

= |γ0|Cν +

t
∫

0

CH1/2
γ0 (γ0)|γ(s)|Cνds, t ∈ [0, T ∗).(3.34)

Thus, by Gronwall inequality we get

(3.35) |γ(t)|Cν ≤ |γ0|CνeCH1/2
γ0

(γ0)t, t ∈ [0, T ∗).

Now we can estimateCν norm ofγ′. We have

|γ′(t)|Cν ≤ |γ′0|Cν +

t
∫

0

|∇uγ(s)(γ(s))γ′(s)|Cνds

≤ |γ′0|Cν +

t
∫

0

(|∇uγ(s)|L∞ |γ′(s)|Cν + |γ′(s)|L∞ |∇uγ(s)(γ(s))|Cν )ds

≤ |γ′0|Cν +

t
∫

0

(|∇uγ(s)|L∞ |γ′(s)|Cν + |γ′(s)|L∞ |∇2uγ(s)|L∞ |γ(s)|Cν )ds

≤ |γ′0|Cν

+

t
∫

0

(CH1/2
γ0 (γ0)(|γ′(s)|Cν + |γ′0|L∞ |γ0|CνeCHγ0 (γ0)s))ds, t ∈ [0, T ∗),

(3.36)

where last inequality follows from Lemmas 3.10 and 3.11. Then by Gronwall
inequality we get third estimate

(3.37) |γ′(t)|Cν ≤ (|γ′0|Cν + |γ′0|L∞ |γ0|Cν )eCHγ0 (γ0)t, t ∈ [0, T ∗).

It remains to find an estimate for|Rγ(t)|2ν . We have

(3.38) Rγ(t) = Rγ0 +

t
∫

0

Ruγ(s)(γ(s))ds, t ∈ [0, T ∗).
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By identity (2.3) we have fors ∈ [0, T ∗)

Ruγ(s)(γ(s))(ξ, η) = ∇uγ(s)(γ(s, ξ))Rγ(s)(ξ, η) +
∑

k

(γk(s, η)− γk(s, ξ))×

1
∫

0

[

∂uγ(s)

∂xk
(γ(s, ξ) + r(γ(s, η) − γ(s, ξ)))− ∂uγ(s)

∂xk
(γ(s, ξ))

]

dr.(3.39)

Therefore,
(3.40)

|Ruγ(s)(γ(s))|C̃2ν ≤ |∇uγ(s)|L∞ |Rγ(s)|C̃2ν +
1

2
|γ(s)|2Cν |∇2uγ(s)|L∞ , s ∈ [0, T ∗).

Thus, by inequalities (3.40) and (3.35) we have fort ∈ [0, T ∗)

|Rγ(t)|C̃2ν ≤ |Rγ0 |C̃2ν +

t
∫

0

(|∇uγ(s)|L∞ |Rγ(s)|C̃2ν +
1

2
|γ(s)|2Cν |∇2uγ(s)|L∞)ds

≤ |Rγ0 |C̃2ν +

t
∫

0

(|∇uγ(s)|L∞ |Rγ(s)|C̃2ν + |γ0|CνeCH1/2
γ0

(γ0)t|∇2uγ(s)|L∞)ds

≤ |Rγ0 |C̃2ν + C(|γ0|Cν ,Hγ0(γ0))e
CH1/2

γ0
(γ0)t

+

t
∫

0

CH1/2
γ0 (γ0)|Rγ(s)|C̃2νds,

(3.41)

where in the last inequality we used Lemmas 3.10 and 3.11. As the result, by
Gronwall Lemma we get
(3.42)

|Rγ(t)|C̃2ν ≤ (|Rγ0 |C̃2ν+C(|γ0|Cν ,Hγ0(γ0))e
CH1/2

γ0
(γ0)t))eCH1/2

γ0
(γ0)t, t ∈ [0, T ∗),

and combining estimates (3.30), (3.33), (3.37), and (3.42)we prove following
a’priori estimate

(3.43) |γ(t)|Dγ0
≤ K(1 +Hγ0(γ0))(1 + |γ0|Dγ0

)|γ0|Dγ0
eCHγ0 (γ0)t, t ∈ [0, T ∗),

and the result follows. �

4. FUTURE DIRECTIONS OF RESEARCH

It would be interesting to consider problem (0.1)-(0.3) with added white noise
i.e. to consider problem

dγ(t) = uγ(t)(γ(t))dt+
√
2νdwt, ν > 0, t ∈ [0, T ](4.1)

γ(0) = γ0,(4.2)

whereγ0 is a geometricν-rough path, vector field of velocityuY is given by (0.2)
andwt is Dγ0–valued Wiener process. This model would correspond to Navier-
Stokes equations rather than Euler equations. There are twopossible mathematical
frameworks for the model.

First one is to make change of variables

α(t) = γ(t)−
√
2νwt, t ∈ [0, T ].
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Then we can fix{wt}t≥0 and system (4.1)-(4.2) is reformulated as follows

dα

dt
= uα(t)+

√
2νwt(α(t) +

√
2νwt), ν > 0, t ∈ [0, T ](4.3)

α(0) = γ0.(4.4)

Now the problem (4.3)-(4.4) is ordinary differential equation (ODE) with random
coefficients inDγ0 and it can be studied by methods of the theory of random dy-
namical systems, see [1] and [15]. This approach works only in the case of additive
noise.

Second approach is to consider problem (4.1)-(4.2) as SDE inBanach space
Dγ0 . Then, we can consider more general system with multiplicative noise:

dγ(t) = uγ(t)(γ(t))dt+
√
2νG(γ)dwt, ν > 0, t ∈ [0, T ](4.5)

γ(0) = γ0.(4.6)

The problem which appear here is to define Stochastic integral in the Banach space
Dγ0 . Stochastic calculus in M-type 2 Banach spaces developed inworks [13]-[14],
[8], [9] does not work in this situation. It seems that it is necessary to try to alter
definition ofDγ0 to be able to apply the theory.

Other possible direction of research is the theory of connections on infinite di-
mensional manifolds, see [18], [11], [21]. In [10] the authours claimed, see p. 251
therein, that it is possible to define the topological space of Gawȩdzki’s [18] line
bundle over the set of rough loops in the sense of Lyons [22]. Since the trajectories
of the Brownian loop are almost surely rough paths, this allows us to define the
topological space of Gawȩdzki’s line bundle over the Brownian bridge, because
it is possible to define the integral of a one-form over a roughpath. It would be
interesting to write down a complete proof of this claim. Thetheory presented in
this article could be seen as a first step in realizing such a programme.
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[16] P. Friz, Continuity of the Itô-map for Holder rough paths with applications to the support
theorem in Holder norm, Probability and partial differential equations in modernapplied math-
ematics, 117–135, IMA Vol. Math. Appl.,140, Springer, New York, 2005.

[17] G. Gallavotti, FOUNDATIONS OF FLUID DYNAMICS. TRANSLATED FROM THE ITALIAN .,
Texts and Monographs in Physics. Springer-Verlag, Berlin,2002.
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