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GLOBAL EVOLUTION OF RANDOM VORTEX FILAMENT
EQUATION

Z. BRZEZNIAK T, M. GUBINELLI¥ AND M. NEKLYUDOV f

ABSTRACT. In this article we prove existence of global solution fonadam
vortex filament equation. Our work gives a positive answea fuestion left
open in recent publications: Berselli and Gubinélli [4] sled the existence of
global solution for a smooth initial condition while Bedsaubinelli, Russd [6]
proved the existence of a local solution for a general ihitiedition.

In this article we prove the existence of a global solutiontfe following ran-
dom vortex filament equation

(0.1) Z—Z WO (y(t), tel0,T)
(0.2) 7(0) = 0,

where the initial conditiony, is a geometria,-rough path (for some < (%, 1)),
see Assumption 2.7. Here: [0,T] — D., C C is some trajectory in the subset
D, of C of continuous closed curves B uY,Y € D,, C Cis a vector field
given by

(0.3) u (2) = [ Vo(z —y) x dy.
/

where¢ : R? — R is a smooth function which satisfies certain assumptions (se
Hypothesis 3J1). Exact meaning of the line integral abovksatD.,, we consider
will be explained below. This equation appear in fluid dynesrin the theory of
three dimensional Euler equations. It is well known that¥os dimensional Euler
equations vorticityd = curl @ is transported along the flow of the liquid. The sit-
uation changes drastically in three dimensional case. thadil "stretching” term
in the equation defining vorticity leads to possibility obi up of the vorticity.
Furthermore, result of Beale, Kato, and Majda [2] suggestplssible singularity
of Euler equations appear when vorticity field of fluid blows Consequently, un-
derstanding of the behaviour of vorticity of ideal fluid iseoof the most important
problems in fluid dynamics.

The properties of the motion of the vorticity has been suida the last 150
years starting from the works of Helmholtz_[19] and KelvirD[2 It has been
suggested by Kelvin to use Biot-Savart law

ia) = [ ey % (@ ay € B
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combined with assumption that vorticity is supported by emmooth curve

1
W(Z 1) = r/a(f— y(s,t))avgz’t)ds,w eR3,t>0

0
and definition of the flow

{ aX@ @ R,(2),1), t>0,
T

~di
Xo(7)
to formally deduce random filament equation

8’}/ o T t) (97(7", t)
(0.5) 825 = /|7 Ok X o dr.

(0.4)

Assumption that vorticity is supported by some curve is muimted by some nu-
merical simulations of 3D turbulent fluids which show thajioms where vorticity
is big have a form of "filament”, see, for instanceé [3], [25].

The equation[(0]5) has singularity whens close tos and initial curvey is
smooth. As a consequence, the energy of the solution of thiaten given by
formula

’1

o)
3

11
2
1
// O(r,t) . 9(s,1) dsdr,t > 0
’7(37 t) - 7(7a7 t)’ ar Js

00
is infinite for any smooth curve(-,¢). Hence different methods are employed to
avoid singularity. For instance, Gallavoiti [17] motivatey finiteness of the energy
integral for Brownian Motiofl, considers non smooth initial curveg. Rosenhead
[24] has suggested to use the following model

1
Zal r (s, t) = (1) O(r,1)
) =—— dr.
R PN e

(0.6)

The equation[(0]1-(0.3)) has been introduced by Bersellhic@elli [4] (see also
[B]). It contains equatior (0.6) considered by Rosenheaal\asy particular case

when
r

o) = e

Berselli and Gubinelli[4] showed the existence of globdlison to equation[(0]1-
[0.3) if initial condition is a smooth curve. The existenceaofocal solution to
equation [(Q.11-0]13) when initial condition is a non smoothveuhas been estab-
lished in Bessaih, Gubinelli, Russal [6]. Our aim is to shoabgl existence of
solution of the equatior (0[1-0.3) when initial conditienai non smooth curve.

We will work in the framework of rough path theory developgdTh J. Lyons
and co-authours, see [22], [23] and references thereinassuime that initial con-
dition is a closed curve of Holder class with exponerd (%, 1].

ZeR3 u>0.

L4efined as double stochastic integral
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1. NOTATION

In this section we present framework of Gubinelli, sele [7kt I be a fixed
Banach space. We define the following two objects:

C,(V) = {feCc(SH™V): f(t,t,....t)=0,t € S},

Operator
0 Cp(V)—= Cphia(V),
n+1 A
B9t tnp1) = D _(=1)g(tr,.. L. tng1),n €N
=1

satisfies the following fundamental property
06 =0,

wheredd is understood as an operator frarf) (V') to C,,12(V'). Thusé induces a
complex and we can denote

ZCk(V) = Ck(V)ﬂker(S,
BC(V) = Ci(V)Nnima.

To avoid confusion we will use notatiah, for operators : C, (V) — Cpy1(V).
Furthermore, it can be noticed that

imd,, = ker d,,41,

We will mainly consider the cases = 1 andn = 2. Then operato$ has
following form

5lg(t? S) = g(t) - g(S), 52h(t, u, S) = h(ta 3) - h(ta u) - h(ua S)a t, u,s € Sl'
and we will use special topology in spadgg(1’) andC5(V). Let

o = Sup, % fe V),
Cy(V) = {feCaV): |flu< oo}
’g‘mu — sup \g(a, b7 C)’V
abeest @ —=0P|b—cl#
CYH(V) = {feCs(V): | flpu < o0},
feGV):f= Zhi’ flu= Z |hil ps,u—pi < 00, pi € (0, )},

i

. geCs(V),

Q
S
S

[

ZC5(V) = C5(V)nZ2Cs(V),
ZC5(V) = U ZCH(V),
n>1

CHH V) = U, CHV).

Then following fundamental proposition has been proved]n [
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Proposition 1.1. There exists an unique linear map: ZC;7 (V) — Cy™ (V)
such that

Furthermore, for any: > 1, this map is continuous frolB8C% (V) to C4(V) and
we have

1
ARl < S Il € 2G5 (V).

Now, we define class of paths for which rough path integral véldefined.

Definition 1.2. Let us fixX € C¥(S!,V). We say that paty € C(S*, V) is
weakly controlled byX if there exist functionsZ € C¥(S!,L(V,V)) and R €
C2v(V) such that

Let Dx be the set of pairgY, Z), whereY € C (S, V) is a path weakly con-
trolled by X, andZ € C¥(S', L(V,V)) is such thatkR € C3¥(V), whereR is
defined by representatiofh_(1.1). We notice that this is vespace. Define the
semi-norm inDx as follows

(1.2) 1Y, Z)llpx = 1Zlov + [ Rz
where
(1.3)  R(En) =Y(©)—Y(n) —Zn)(X(€) -~ X(n).&n e St
Furthermore, define the following norm
(1.4) 1Y, 2)llpx = Y llpx + [Yiesv)-
Then, one can prove théDyx, || - ||, ) is a Banach space. From now on we will
denote elements dPx by (Y,Y”) and the corresponding will be denoted by
RY. We will often omit to specifyY” when it is clear from the context and write
|Y|p, instead of||(Y,Y”)|lp -

2. DEFINITION AND PROPERTIES OFROUGH PATH INTEGRALS

In this section we define rough path integral and state soritg pfoperties. We
mainly follow [7] and [6].

Definition 2.1. LetIl : Dx > (Y, Z) — Y € C(S*,R?) be the natural projection.
We will need following properties dPx, seel[7].

Lemma2.2. II(Dx) C C*(S',R3).

Proof of Lemma2]2Immediately follows from inequality

(2.1) Yller <Y llpy (1 + 1 X]Iov)-

Lemma 2.3. Letgp € C?(R3,R3) and (Y, Z) € Dx. Then
(2.2) (W, W') = (6(Y), ¢ (Y)Z) € Dx
and the remainder has the following representation

RY(&,m) = ¢ (Y(&)R(En) + (Y(n) — Y ()
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1

23) + / V(Y (€) + r(Y(n) — Y(€)) — VoY (€)dr &5 € S
0

whereR is the remainder fol” w.r.t. X given by(L.3). Furthermore, there exists
a constantK” > 1 such that

24)  o()lpx < KlIVeller Y oy (1 + 1Y oy )1 + [ X [[ev)?.
Moreover, if(Y, Z) € Dy and
(W, W) = (6(Y), ¢/ (V) 2)

then

W= Wlow + [RY = R | o 4 [W = W]ew <
(2.5) C(IX — X|cv + Y = Y'|cv + |RY — RY\CEV +1Y —Y|ov)
with
2.6)  C=K|olcs(1+ [ Xllcv + X ) |1+ 1Y [lpy + 1Y [lpg )
In the caseX = X we have

I6(Y) = ¢(YV)llpx < K[[VolcallY Ik

(2.7) L+ Y llpyx + [V llpx)* (X + [ X lle) Y = Y [lpy-

Proof of Lemma2Z]3See [7], Propositior for all statements of the Lemma, ex-
cept [2.8) (which is actually also proven, though not statqalicitly). Let us show

(2.3). Denotey(r) =Y (&) + r(Y(n) =Y (&)),r € [0,1]. Then
1

(28)  6(y(1) - 6(y(0) = / & (y(r)y (r)dr

1
= Yt - YHe) [
k 0
= YOt - V)
k
1
9o d¢p
+ > (VFm) Yk(&))o/[Tk( (r)) — 8—%(Y( ))ld
0o N ! 0¢ Yk
= Za—%ms»(m (X (n)—X(fS))JrZa—%(Y(&))(R ) (&, m)
k,l k
1
k k 9% iy - 22 ,
+ Zk:(Y (n)—Y (5))0/[ xk(y( ) aQ%(Y( )]dr,
and the result follows. O

Now we define integral of patid weakly controlled byX w.r.t. another patt¥,
weakly controlled byX. We will need one more definition.
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Definition 2.4. Letr > 1. We say that couplX = (X,X?), X € C¥(S',R?),
X2 € C2¥(L(R3,R3)) is av-rough path if the following condition is satisfied:

Remark2.5. If v > 1 andX is av-rough path, theiX is identically pair of constants
(X(0),0). Indeed, in this cas& is Holder function with exponent more thar.e.
constantX (0). Hence X2 = 0.

Remark2.6. If v € (%, 1] thenX?2, the second component ofvarough pathX =
(X, X2), is uniquely determined by its first component. Indeed,
n
@10) X6 = [(X) - Xpaxj&neshig - 1,23
3
where the integral is understood in the sense of Young| $3e@he can show that
X2 defined by formula[{2.10) satisfies conditions of Definitiod.2Let us show
uniqueness oK2. Assume that there exists anott¥f which satisfies definition
24. PutG(¢) = X2(¢,0) — X2(¢,0). Then by condition 219
X2(¢,p) = X1(€,0) = G(6) = G(p),
and, sincék? € C%¥, G is a Holder function of order bigger thanHence G = 0.
Therefore X? = X2,
Note that by identity[{2]9) it follows thaX?(¢, &) = 0,¢ € S

Assumption 2.7. We say that our-rough path(X, X?) is an geometria-rough
path if there exist a sequen¢&’,,, X2 ) such that

X, € C®(S1,R?),

n
X2 (¢, m) = / (X%(p) — X% (n)dXi(p), &m e S*i,j=1,2,3,
£

and
: 2 2
(2.11) lim [1 X5 — Xlow + X5 = X%|czv] = 0.

Example2.8. Let{B;}c[o,1) be standard three dimensional Brownian bridge such
that By = B, = zo and letB> be the area process
n
B2 (¢, ) = /(B; — B})dB),i,j =1,2,3
3
where the integral can be understood either in the Stratdnay in the Itd6 sense.
Then, this couple B, B?) is a v-rough path se€ [6, p.1849]. Moreover, if the
integral is understood in Stratonovich sense it is geometrough path. Indeed,

it follows from Theorem 3.1 in [16] that we can approximatewith piecewise
linear dyadicX’, in the sense of assumptibnR.7a.s..

From now on we suppose that the geometriough pathX = (X, X?) and the
corresponding Banach spabeg; are fixed.
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Lemma2.9. Letr ={{ =¢ <& < ... < &, = n} be afinite partition of¢, ]
andd(w) = sqp |€it1 — &l isamesh ofr. If Y, Z € Dx then the limit

(212)  lim Z Z(&is1) = Z(&)) + Y (6) 2 (€)X (641, 6)]

exists and is denoted by definition by

7
/YdZ.
3

Proof of Lemma2]9See|[7], Theoren. O

Remark2.1Q In the case of/ > % the line integral defined in the LemrhaR.9 is
reduced to the Young definition of the line integyfal’dZ. Indeed, it is enough to
notice that second term in formu(@(212) is of the or@éf¢; 1 — &[*), 2v > 1.
Obviously, line integral does not depend ugéh Z’ in this case.

Lemma 2.11. Assumé&’, W € Dx, Y, W € Dy. Define map€),Q : (S')? — R
by the following identities
(2.13)

n
Qn.€) = / YAW — Y (€)(W (1) — W(€)) — Y (W' (€)X2(1,€),1,€ € S,

(2.14)

n
QUn8) :/ VAW — Y (€)(W(n) = W(€)) = V(W (OX*(n,€),n, € € 5",
£

Then@,Q € C3”.
Moreover, there exists constafit= C(v) > 0 such that for ally, W € Dx

(2.15) 1Qllcgr < C(L+[IXlov + X2l c2) Y oy W Dy -
Furthermore,
(2.16) 1Q = Qllcgr < CA+ [ Xllow + I1X* ] czv)

(1Y llpx + ¥ lpg)ew + (IWllpy + WDy Jey +ex).

where B 3 B
ey = [Y' = Y'|ov +|R" = RV |cav +|Y = Ylcw,

= W' = W)cw + [RY — R |ga + W = Wcw,
ex = (1Y lpx + 1Yo ) (IWllpy + Wl )(1X = Xlov + [X* = X?|a0).

Proof of Lemm&2.11See|[7], Theorem 1. For formula(2]16) sek [7], p.104, for-
mula (27). O

By Lemmatd 2.8 and 2.3 for any € C?(R3, L(R?,R3)),Y € Dx we can a
define amap’Y : R? — R by invoking rough path integral as follows

(2.17) VY(z):= /A(m —Y)dY,z € R3.

Sl
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We have following bounds on its regularity:

Lemma2.12.LetY € Dy, Y € Dy, then there exist€'; = C1(v), Cy = C2(X)
such that for any intege > 0,

(2.18)  [[V"VY | <ACICE V" Al [V 1By (1 + (1Y [lD)
and
(219) [V"VY = V"V |1 < C0)|AlntaCk (1 + |V oy + ¥ [0y )?
(1X = Xlew + X2 = K20 + [V = V'|ev + [RY = R |z + Y = Vew),
where
Cx =1+ [X|ov + [ X|ov + XP|cze + [XP|czv.

In the case ofX = X, inequality(Z.19)can be rewritten as
(2.20)

IV"VY = V"V [ < 16C1C3IIV" Al 2 |V oy (L4 1Y 1oy )Y =YDy

Proof of LemmaZ.12Inequalities [(2.118) and_(2.20) were proved!ih [6], Lemma
7. Now we will show [2.19). It is enough to consider the caserof 0. By

formulae [(2.15) and (2.14) we have
VY VY (@) = A(z-Y(0)
— A(z = Y(0))(Y
+ (A(z-Y)) (0
— (A(x = Y))(0)Y'(0)X*(0
+ Q7(0,1) = Q"(0,1)
whereQ?® andQ” (given by formulae[(2.15) and (2.114)) satisfy inequalityl@

and we have identified with [0,1]. Therefore,Y' (1) = Y (0), Y(1) = Y (0).
Hence, we have

(2.21)
VY VY| < sup [(A(z—Y)) (0)Y(0)X*(0, 1)~ (A(z—Y))'(0)Y'(0)X*(0, 1)|

+5up|Q7(0,1) = Q*(0,1)].

Y(1) -
(1) -
"(0)Y"(0)x?

Y(0

( )
(Y (1) - Y(0))

1)
1)

For the first term on the r.h.s. we have
(2.22)

|(A(z = Y)) (0)Y'(0)X*(0, 1) — (A(x — Y)Y (0)Y"(0)X>(0,1)]
)Y )

< |(dA(z = Y (0)Y'(0)Y'(0) — dA(z — Y (0))Y(0)Y"(0))X*(0, 1)
+|dA(z — Y (0)Y'(0)Y(0)(X?(0,1) — X*(0, 1))
< X2 v |dA(z — Y(0)Y'(0)Y(0) — dA(x — Y (0)Y(0)Y"(0)]

+ Al [V 70X = X2 a0
< X2 eae [V [Fecl Al [V = Yo + [XP|cpv [ Alor (1Y | poe + [V poe) [V = V| 100
+ Al 2 [V [0 X2 = X a0
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By (2.18) we can estimate second term as follows
Q7 = Q%lcgr < C|(IA(x = Y)|lpy + Az = Y) Dy )ey
(2.23) + (1Y llox + 1Y [lpg)ea +ex|.
where
ey =Y = Y]ev + V' = V'|cw +|RY — RV |ca,
ea=Axz-Y) - Az —Y)|cv + |A(z = Y) — Az = Y)'|cv
4 |RAGY) _ RA(:):—Y)|C§V,
ex = (JA(z = Y)|py + Az = V)lpy)
< (1Y oy + 1V D (X = Xlow + X2 = X2|ca0).
By formula [2.5) we can estimate, as follows
leal < K|Ales(1+ [ X|ov + [X]en)* (L + YDy + [V pg)?
(224) X (IX = Xlev +[Y = V]ew + Y = V']cv + [RY = RY |ea0).
By inequality [2.4) we infer that
(2.25) Az —Y)llpy < K|Alc2|Y [py (1 +[Y|py) (1 + | X|cv)?,
and similarly,
(2.26) [|A(x — V), < K|A|o2|V]p (1+ V] )1+ |X|cv)2
Therefore, combinind (2.23) with (Z.24)), (2125) ahd (2.2@)get
(2.27)
Q7 = Q%legr < CW)|Algnss(1+ | X|ev +[X|on) L+ [[Y oy + Y [[pg)?
(1X = Xlew + X2 = K20 + Y = V'|ev +[RY = R |0 + Y = V]cw).
Hence, the result follows froni (2.22) and (2.27). O
We will denote for anyy” € Dy, Y € D¢

Y -Y|p = \X-X]CVHX?—X?\C%V+yY’—Yf'yCV+\RY—RYyC§V+yY—?yCV.

3. RANDOM FILAMENTS EVOLUTION PROBLEM

LetDx r = C([0,T],Dx) be a vector space with the usual supremum norm

(3.1) ‘F‘DX,T = Ssup ‘F(t)’%x
t€[0,T]

ObviouslyDx 7 is a Banach space. Assume also that the functi@ppeared in
the formula[(0.B) satisfies following hypothesis.

Hypothesis 3.1()) ¢ : R3 — R is even function.
(i) the Fourier transform ob is real and non-negative function:

d(k) >0, keR?
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(i)
/(1+\/<:y V2o(k)dk < 0o

R3
Example3.2 The functiong = ¢,,, 1 > 0 defined by
r
R (REaTIE

is smooth and satisfies hypothésis 3.1, see p.6 of [4].

Then the following local existence and uniqueness Theomrprbblem [(0.11)-
(Q.3) has been proved inl[6], see Theorgm.1842.

Theorem 3.3. Assumep € CS(R3,R), v € (3,1), X = (X, X?) is av-rough

path,~y € Dx. Then there exists a timg, = Ty (v, |¢|cs,X) > 0 such that the
problem(0.1)-(0.3) has unique solution i®,, 7, C Dx 1.

Our aim is to prove global existence of solution of the prob{@.1)-[0.3) under
assumptions of Theorem 8.3 and additional hypothesis &. Wi shall prove

Theorem 3.4. Assume thal’ > 0, v is a geometria-rough path,¢ € C5(R3,R)
satisfies satisfies HypotheEis]3.1 and (1,1). Then the problenf0.1)-{@.3) has
unique solution irD,, .

We will need the following definition.

Definition 3.5. Let¢ € C4(R3,R), v € Dx. Put

(32) He) =5 [ () - a7(e),
Sl

=/¢@—7WWWW)
Sl

’H?((y) is called the energy of path. We will omitg below.

where

Remark3.6. Definition (3.2)(3.5) is well posed. Indeed, by Lemma 22 €
C?(R3,R?) and, therefore, it follows by Lemnia 2.3 that (y(-)) € Dx.

Remark3.7. Assume that > % andy € C'(S!,R?). Then by Remark 210 the
line integrals in the definition of energy are understoochingense of Young and

. ay
33) =5 [ [ ot ~ s, L mndean
St §1
Lemma 3.8. Assumep € C*(R3 R). Then there exists constaft = C(v,X)
such that for ally € Dx
(3.4) [Hx (V)] < Clgles Dy (1 + Iylpy ).

Moreover, the mag{yx : Dx — R is locally Lipshitz i.e. for anyk > 0 there
existsC' = C'(R) such that for anyy, ¥ € Dx, |v|p, < R, |7|py < R we have

(3.5) Hx(v) —Hx(3)] < CR)|y —Alpy-
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Furthermore, for anyR > 0 there exist® = C(R) such that for anyy € Dy,
7 € Dy,

Vlpx <R, |5/|D5( <R,
Cxx = | Xlov + | Xlev + X% czr + [XP|pr < R

we have
(3.6) B 3 i
[Hx(7)-Hz(3)| < CR)(IX =X |ow+[X2=X2| cav +Iv=Alow +17 =7'|ev + BT =R | cv).-

Proof of Lemma_318First we will show inequality[(3]4). By representation &)1
we have

Hx () = 5 (GO)F) - 7(0)

+ (a8 (1(0)7'(0)] 7 (0)%3(1,0) + Q(0, 1)
=1+ II1+1III,v € Dx.

Since#(1) = 7(0) we infer thatl = 0. Concerning the second term by Lemma
[2.12 we have the following estimate

1) < X2 0 [Vl e 1Y B
(3.7 < O, X)|gloslyIpy (1 + rlpy)-
For third term we infer from inequality (2.15)
(3.8) 11| < [Qllzr < Cw, X[ (F) oy [FIDs -

Then by Lemmaks 2|3 aimd 2112 we have

10 (A)|px < O, X) 97|02 [T (1 + |FlDx)
(3.9) < C(w,X)[8lca |71, (1 + |Flpy)?

Combining [3.7),[(318) and (3.9) we get inequality {3.4).
Now we will prove inequality[(316). By formuld{2.14) we have

Hx(y) —Hz () = % [(VW(W(O))W’(U)W’(O) = V47(3(0))7(0)7'(0))X*(1,0)

+ V7 (3(0)7 (07 (0)(X(1,0) — X2(1,0)) + Q(0,1) — Q(0,1)]
(3.10) —J+II+IIT

The first term in[(3.10) can be represented as follows

I = (V¢7(7(0)
(Ve

+ +
<
<
2

(3.11)
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The first term in[(3.111) can be estimated as follows
(3.12)  |A] = (V" (7(0)) — V47 (5(0)))7' (0)y' (0)X*(1, 0|
< X v B (IV97 (7(0))
— VYI(F(0)] + [V (3(0)) — VT (3(0))])
Xl czv 1B (1972 |7(0)
— (0)| + Cx|les (1 + oy + [Flpg)*ly = Alp
< KC%|oloa(1+ Wlpy + 1Alpg )1y — Alp,

where second inequality follows from inequalify (2.19) &hidd one from inequal-
ity (2.18). For second term we have by inequality (2.18)

1Bl < ClX|czr loxldlosilby (1 + [Flox)ly = Alp

IN

(3.13) < COx(1+ oy + Alpg )1y = Alp-
Similarly, we have for third term
(314) ‘C’ < C(vav ‘7’@){7’5”@){)‘7_5”D-

Term 7 in (3.10) can be estimated as follows
11| < V97| [3lDy |y = 31D
< CXI8les (L + ylpy + il )1y = Flp-

Thus it remains to estimate third term of equallfy (3.10). Néee by inequality
(2.18)

1Q(0,1) = Q(0,1)] < [|Q = Qll ez
< Cx [([WT(A)pe + 17 (V)loy)ly —Flp
+(Alpg + Ao )7 (3) = (M)
+ ([ A)py + [T (Vo) (VD + 17IDy)
X (1X = X|ov + [X* = X?|c20)

Term |47 ()|p, is bounded by the constant = C(v,X, |7|p,) by inequality
(2.18). Therefore, to prove estimafe (3.5) it is enough wnsthat there exists
constantC = C(v, X, R) such that fory,5 € Dx with |y|p,,|Y|px < R

(3.15) [¥7(3) =" (b < C1F =l
By triangle inequality we have

W73 = MNp < W G) =T (Mp + 17 () =" (Ip

(3.16) =I+1I.
The first term can be estimated using inequality](2.5) as\idl
(3.17) 1] < KCX 147 |os (L + Flpg + [lox)*17 = 7D

By inequality [2.18) we have
(3.18) %7 les < ClolosAlny (1 + D)
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Combining [(3.1F) and_(3.18) we get necessary estimaté. fthremains to find an
estimate for ternf 1. By inequalities[(2.4) and (2.20) we have

IT =47 () = ¢"(0)p
<(1+ |X|u)|¢&(7) - W(VNDX
< K|V = Vi |caylpy (1 + [ylpx ) (1 + [X)?

(3.19) < K[¢lesC% (1 + Iloy + Ao )17 = 71p-
Hence the inequality_(3.6) follows. Inequalify (B.5) is amsequence of inequality
3.6). O

Corollary 3.9. Under assumptions of Leminal3.8 and assumpiidn 2.7 efexgy
Dx — Ris a continuous function oPx. Furthermore, for anyy € Dx

0 <Hx(y) < 0.

Proof of Corollary[3.9.We only need to show th& x (y) > 0, for anyy € Dx.
Other statements of the Corollary easily follow from Lenim@ Fixn € N. Let
c(0) = U?ﬁlc(kl-) be a partition of the cub€'(0) with center0 and length:? on
the cubeg”(k;)™ of the length of% with centersk; and nonintersecting interiors.

A~

Define¢™ (k) = ¢(k;), k € C(k;)™ and0 otherwise. Consequently, define

n6
¢" () = o) / e<ke>dk ¢ e R3
=1 C(ki)n

Theng = ILm #™ in C* norm because of the assumption] 3.1. Consequently,

(3.20) Hi () = lim HE (7).
Now formula
1 ) ; 2
(3.21) Hi(y) = W/z(k;)( /e *7) | dk,y € Dx.
R3 S

is correct forz = ¢, becausey™ is a sum of a finite number of Fourier modes.
Therefore,

(3.22) HY (1) > 0.
Thus, the result follows from identity (3.20) and inequal.22). O

Now we are going to show that energy is a local integral of arofor problem
@.1)-0.3).
Lemma 3.10. Lety € D,, 1, be a local solution of problenf0.1)(0.3) (such
solution exists by Theordm 8.3). Then
dH, (7(s))
ds

Proof of Lemm@a3.10Since~(0) = v € D,, is a geometric rough path there
exist sequencéy 12, € C*°(S1,R3) such that

=0,s5€ [O,To)

G = oler + 172 = lege — 0,n = oo
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Now 7§} € Dyn, 7o € Dy, Thus we can puty})’ = (1)’ = 1 andR" = R0 =
0. Hence we deduce that

170 — Ylp — 0,m — oo.

Denotey™ € C([0,00), H'(S!,R3)) the global solution of probleni{d.1)-(0.3)
with initial condition~7. Existence of such solution has been proved in Theorem
2 of [4]. Then according td [4] (Theorer p.1846) we have

sup [y"(¢) = (t)|p = 0,n — oo.
te(0,To]

Therefore, by continuity of energy functional,, we have

(3.23) Hop(4(5)) = lim My (17(s), 5 € [0, Ty).

Furthermore, by Lemma of [4], we have

(3.24) Hyp (7" () = Hyp (00), s € [0, To].

As a result, combinind (3.23) and (3]24) we get statemertisfemma. O

Let us recall definition of along with-rough patht

(3.25) u¥ (z) = /V(b(x —y) xdy,Y € Dx.
Y

Now we show that if energy functional &f is bounded then associated velocity is
a smooth function. We have

Lemma 3.11(See Lemma in [4]). For anyn € Z,n > 0, we have following
bound
1/2

1 o N o o
328) V'l < G / KGRk | HY?(4),7 € Dx,
3

provided that the integrall |k|2(+) ¢(k)dF is finite andp € C™H4(R3 R3).

RS
Proof of Lemm&3.11For smoothy Lemma has been proved in [4] LemrBaln
general case, when € Dy, it is enough to notice that both sides of inequality
(3.28) are locally Lipshitz and therefore, continuous tw.distanced(Y,Y) :=
Y = Y|p, Y € Dy, Y € Dg. Indeed, continuity of{x has been proven in
Lemmd 3.8 and continuity dfV"u"|| .~ follows from Lemmd 2.1P. O

Now we are ready to prove Theoréml3.4.

Proof of Theorerh 3]14According to Theorerm 313 there exists unique local solution
of problem [[0.1){(0.B). Then, we can firfd* > 0 such that there exists unique
maximal local solutiony : [0, 7%) — D, and

(3.27) lim [9(t) >, = o0,

see e.g.[[12]. Notice that we will have

A, (v(s))

(3.28) >

=0,s €[0,T%).
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Indeed, by Theorein 3.3 for any € [0, 7*) there exists unique local solutignof
problem [(0.1),[(0.3) with initial condition(ty) on segmentto, to + £¢,] for some
e, > 0. Therefore;y = 4 on the segmerft, to + £4,]. Hence,

dH, ((s))
ds

and identity [(3.2B) follows. We need to show that = oo. Therefore, it is enough
to prove

=0,s € [to,to —l—e’:‘to],to S [O,T*),

sup [[7(8)[lp,, < oc.
te[0,T%)

Indeed, by contradiction with (3.27), the result will faloIn the rest of the proof
we show such estimate. We recall that

t
(3.29) 1O =+ [ (s)ds.
0

Firstly we have

t

Ol < holi= + [ [7]1ds
0

t
< Iroliw + C / Hoo (1(5))ds
0

(3.30) < [volLee + CHag(0)t,t € [0,T7).
It follows from (3.29) that

t
(3.31) V() =+ / Va () (5)ds, t € [0,T°).
0

Therefore, by Lemmds 3.110 and 3.11
t
I (6)le < Il + / V1) oo |7/ (5) | oo s
0
t
< Il + / CHY2(y () (s) = s
0

¢
(3.32) = |v)|r~ + /C’?—l%Q(wO)h'(s)uwds,t €[0,77).
0

Then by Gronwall inequality we infer our second estimate

(3.33) Y ()]s < |7l O™ 00 ¢ € [0, 7).
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We will need one auxiliary estimate. We have

t
rwmwg%w+/MWWmem
0
gmw+/WMWWW@ww
< boler + /c#ﬂ<mwﬂww

(3.34) - /cwﬂwh«mmmemfw

Thus, by Gronwall inequality we get

1/2 "
(3.35) v(®)lev < |yolaveCo (0 ¢ e o, T).

Now we can estimaté’” norm of~’. We have

t

IﬂMmS%W+/WWWWWﬂﬂm@
0
t

< olor + /(WW(S)ILOOIV'(S)ICU + 7 (8) L [VaT® (7(5)) | o ) ds
0
t

< Iolcer + /(\VW(S)!LwW(S)!cv + [V ()| 2o [ V2™ e [y (5) | ov ) ds
0
< |olev
(3.36)

t
+ [ @O or + il holore o) ds,t € [0.77),
0

where last inequality follows from Lemmas 3110 dnd 8.11. nMTbg Gronwall
inequality we get third estimate

(3.37) Y (t)er < (Whlev + 7l Le ol v )eCHo 00 1t € [0,T%).

It remains to find an estimate foRY(*) |,,,. We have

t
(3.38) RO = g 4 / RV 0 gs ¢ € [0,T7).
0
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By identity (2.3) we have fos € [0, T*)
RO (¢ 1) = v ® (4(s, )R (€,m) + S (7" (s,m) — 7 (5, €))%
k

1
U w7 ()
(339 12 5,0 5 o =105, 0) ~ 2 35,89 | a
0
Therefore,
(3.40)

1 s .
§|7(5)IQCVIV2W( 1,5 € 0,T7).

Thus, by inequalitied (3.40) and (3135) we havetfer [0, 7*)

|Ru7(5)(’y |02” < |VU’Y |L°° |R“{(s |02u

t
1
ROl < IRl + [ (9671 R + 51(5) B 727 1)

0
t

< [R7|ga + /(|VU7(S)|L°°|R’Y(S)|@% + Folr eS8 (0 |7210) e )ds
0
1/2
< |R®| g + Cl|olev, Hag (70)) €70 00
(3.41)

t
4 / CHY2(10) [R5 dis
0

where in the last inequality we used Lemnhas B.10[and] 3.11. hAgdsult, by
Gronwall Lemma we get
(3.42)

/ /
R, < (R +C(ol o, Mo (10))eCH0 0))CH" 000 ¢ & [0,77),
and combining estimate§ (3130), (3.33), (3.37), dnd _(3wi&)prove following
a'priori estimate
(3:43) [1(1)|p,, < K(1+H(10))(1 + [olp,, )0l €00 ¢ € 0,T7),
and the result follows. O

4. FUTURE DIRECTIONS OF RESEARCH

It would be interesting to consider problem (0.0)-[0.3)hndidded white noise
i.e. to consider problem

(4.2) dy(t) = WO (y(t))dt +V2wdws,v > 0,t € [0,T]

wherey, is a geometria-rough path, vector field of velocity! is given by [0.2)
andw; is D,,—valued Wiener process. This model would correspond to évavi
Stokes equations rather than Euler equations. There anedsgible mathematical

frameworks for the model.
First one is to make change of variables

alt) = ~(t) — V2w, t € [0,T].
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Then we can fiw, };>0 and system(4]1]-(4.2) is reformulated as follows

(4.3) Ccll—i‘ = OV (1) 4V 2wwy), v > 0, € [0, T)
(4.4) a(0) = 7.

Now the problem[(4]3)-(414) is ordinary differential eqoat(ODE) with random
coefficients inD,,, and it can be studied by methods of the theory of random dy-
namical systems, see [1] and [15]. This approach works ortlya case of additive
noise.

Second approach is to consider problémlI(4.1)}4.2) as SDEaimach space
D,,. Then, we can consider more general system with multipheatoise:

(4.5) dy(t) = wO(y(t))dt + V2wG(y)dws,v > 0,t € [0,T]
(4.6) 7(0) = .

The problem which appear here is to define Stochastic integitae Banach space
D,,. Stochastic calculus in M-type 2 Banach spaces developedriks [13]-[14],
[8], [9] does not work in this situation. It seems that it ixassary to try to alter
definition of D,,; to be able to apply the theory.

Other possible direction of research is the theory of cotimes on infinite di-
mensional manifolds, sele [18], 117, [21]. In]10] the autt®claimed, see p. 251
therein, that it is possible to define the topological spdoc8awedzki’'s [18] line
bundle over the set of rough loops in the sense of Lylons [2BEeShe trajectories
of the Brownian loop are almost surely rough paths, thisnalos to define the
topological space of Gawedzki's line bundle over the Briamrbridge, because
it is possible to define the integral of a one-form over a ropgth. It would be
interesting to write down a complete proof of this claim. Theory presented in
this article could be seen as a first step in realizing suclogramme.
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