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GLOBAL SOLUTIONS OF THE RANDOM VORTEX FILAMENT
EQUATION

Z. BRZEZNIAK T, M. GUBINELLI¥ AND M. NEKLYUDOV f

ABSTRACT. In this article we prove the existence of a global solutionthe
random vortex filament equation. Our work gives a positivaaTt to a question
left open in recent publications: Berselli and Gubinélli $sowed the existence
of global solution for a smooth initial condition while Bedis, Gubinelli, Russo
[6] proved the existence of a local solution for a generalahcondition.

In this article we prove the existence of a global solutiontf@ following ran-
dom vortex filament equation

©01) D= W), te0,0)
(0.2) 7(0) = .

where the initial conditiony, : [0, 1] — R? is a geometrie-rough path (for some
v e (%, 1)), see Assumption2.7. Here: [0,00) — D,, C C is some trajectory
in the subseD,, of C of continuous closed curves &, v¥, Y € D, C Cisa
vector field given by

(0.3) uY (z) = /V(J5($ —y) X dy.
Y

where¢ : R? — R is a smooth function which satisfies certain assumptions (se
Hypothesid 311). The exact meaning of the line integral ebavd setD,, we
consider will be explained below. Equatidn {0.1) appearthanfluid dynamics
in the theory of three dimensional Euler equations. It isl\kebwn that for two
dimensional Euler equations vorticity = curl # is transported along the flow of
the liquid. The situation changes drastically in three disienal case. Additional
"stretching” term in the equation defining vorticity leadspossibility of blow up
of the vorticity. Furthermore, a result of Beale, Kato, andjti [2] suggests that a
possible singularity of Euler equations appears when thigcitg field of the fluid
blows up. Consequently, understanding the behaviour dicityrof ideal fluid is
one of the most important problems in fluid dynamics.

The properties of the motion of the vorticity has been stidar the last 150
years starting from the works of Helmholtz [22] and KeMB[2 It has been
suggested by Kelvin to use Biot-Savart law

L T—y L L
U($)=/|f_g|3 X &(§)dy, 7€ R
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where x denotes the vector product, combined with assumption thicity is
supported by some smooth curye
1

w(i,t) = r/a(f— y(s,t))%ds,x eR3,t>0
0

and definition of the flow

(0.4) P = a@(Xy(@),1), t20,
to formally deduce the following filament equation
1
0y _ s ) —(nt) o Oy(rt)
(0.5) g (1) = 47T/|7(s D A0 oF X o dr.
0

The assumption that vorticity is supported by some curvelerent with numer-
ical simulations of 3D turbulent fluids which show that ratgoof large vorticity
have a form of a "filament”, see, for instanceé [3].][29].

Equation [(0.b) has singularity whenis close tos and the initial curvey is
smooth. As a consequence, the energy of the solution of ghiat®n given by the
formula

1 1
r? 1 Oy(r,t) 0v(s,t)
EB(®) w//wmw~ww|8r gs  dsdrt =0
0 0

is infinite for any smooth curve(-,t). Hence different methods have been em-
ployed to avoid singularity. For instance, Gallavdttil[18tivated by finiteness of
the energy integral for Brownian Motidnconsiders non smooth initial curves
while Rosenhead [28] has suggested to use the following mode

1

9y r (s, 1) = (1) Oy(r,t)
s t) = —— dr.
o0 i [ B —Gor e o

Problem ((Q.11)£{013)) has been studied by Berselli and &bgg] and then by
Berselli and Gubinelli[[5]. It contains equatidn (D.6) colesed by Rosenhead as
a very particular case when

(0.6)

—

(@) = %,fe R3, 11 > 0.
(12?4 n?)2

Equation[[Q.11) is in fact a nonlinear PDE for a functipn [0, o) x [0, 1] — R3.
A natural setting for the well-posedness of the Cauchy jgmlkk obtained by re-
quiring the vector field: to be well defined and Lipshitz in the space variable. To
this effect the approach followed ihl[4] is to set up the emumas an evolution
problem in the Sobolev spadé! of closed curves ilR3 with square integrable
first derivative (with respect to the parameter). This apphoimplies that the vec-
tor field (once lifted taH ') does not allow good estimates to have global existence.
This is ultimately due to the fact that i incompressible flows vortices strech
and undergo a complex dynamics and that a priori this coald le a explosion of

Lgefined as double stochastic integral
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the H' norm. Such a difficulty should be compared to the more stadtavior of
2d vortex points which, under incompressible flows, are §irtmiansported along
the flow lines. Exploiting the conservation of the kinetieegy of the flow and a
control of the velocity field generated by the vortex line thia associated kinetic
energy Berselli and Gubinelli[5] showed the existence obgl solution to equa-
tion (@) with initial conditions inf!'. After that Bessaih, Gubinelli, Russd [6],
partly motivated by the random filament models suggested dla@tti [18] and
Chorin [12], considered the above evolution problem whenititial condition is
a random closed curve which for definiteness, in the aboverpaps been taken
to be the sample of a Brownian loop (a Brownian motion stgréih0 € R? and
conditioned to return t® € R? at time1). In this case it is no more possible to
set up the problem in the Sobolev spadé since Brownian trajectories almost
surely do not belong to this space. A more serious probleimeisrteaning to give
to the generalized Biot-Savart relatidn (0.3) since the littegral along a Brow-
nian trajectory is a notoriously difficult object to defineto&hastic integration (a
la Itd or Stratonovich) does not provide a good frameworkttaly this problem
and [6] identified the natural setting to have a well posedlam by considering
the evolution as an equation on the space of rough paths.

Rough path theory has been introduced by T. J. Lyons in thinsépaper[25]
(see alsd[17,26,27]) as a way to overcome certain diffesibtf stochastic integra-
tion theories and have a robust analytical framework toesstachastic differential
equations and similar problems involving integration oh+regular vector-fields.
It turns out that rough paths theory and in particular théomoof controlled paths
introduced in[[20] allows to give a natural interpretatianthe Biot-Savart rela-
tion (0.3) and obtain a well-posed problem. Using this apphoBessaih, Gu-
binelli, Russol[6] could obtain existence of a local solntto equation[(0]1) when
initial condition is a closed curve of Holder class with erpnty € (%, 1] (suitably
lifted to rough path space).

The aim of the present paper is to extend the energy methoceisfei and
Gubinelli to the rough path setting to obtain the global ®xise of solution of the
equation[(0.1) when the initial condition is a (geometrm)gh path, thus complet-
ing the analysis of [6].

Recently there have been some progress in the study of roleguations in
the space of (controlled) rough paths. In particular Hajgdi] showed how to
use rough path theory to have well-posedness of a multidiineal Burgers type
equation driven by additive space-time white noise. Thetkefnical tool to ob-
tain these results has been the observation that the near-ltarm in the Burgers
equation has the same structure of the Biot-Savart relfd) and thus can be
similarly handled via rough paths techniques.

Acknowledgments.The present paper is an extended version of a chapter from
the PhD Thesis of M. Neklyudov.
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1. NOTATION

In this section we present the controlled path frameworkothiced by Gu-
binelli [20]. Let V be a fixed Banach space. We introduce the following two
objects, wheres! denotes the unit circle:

Co(V) = {feC((SH™V): f(tt,---,t)=0,t € S},
The operatob is defined by
0 Cp(V)— Cpya(V),

n+1
(69)(t15 ,tn+1) = Z(_l)zg(tla ,tAZ'a"' ,tn+1)a neN
i=1
satisfies the following fundamental property
00 =0,

wheredd is understood as an operator frarf) (V') to C,,12(V'). Thusd induces a
complex and we can denote

ZC(V) = Ci(V)Nkerd,
BCk(V) = Ck(V)mmé

To avoid confusion we will use notatian, for operators : C, (V) — Cpi1(V).
Furthermore, it can be noticed that

imd,, = kerd,11,

We will mainly consider the cases= 1 andn = 2. Then the operataf takes
the following form

5lg(t7 S) - g(t) - g(s)a 52h(t7 u, S) = h(ta S) - h(ta U,) - h(ua 3)7 l,u,s € Sl-
We will use special topology in spacés (V) andCs (V). Let, for u, p > 0,

_ |f(a,b)|v
e = S g TR
Cy(V) = {feCaV): |flu < oo}

l9(a, b, c)lv
9lpp = sup ———m——0, g€ C3(V),
i abeest [a—blP|b—clt

Cg’“(V) = {f € C3(V) : ’f’p,u < 00}7 ’Zhi‘u = Z ’hz"pi,u—pi

C{(V) = {feCs(V):3(hi), Ap:) C(O,p) = f= th [flu < o0},

ZC5(V) = CE(V)NZCs(V),
ZCIT(V) = U ZCH(V),
p>1

V) = U ).

Then following fundamental proposition has been prove@j:[
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Proposition 1.1. There exists an unique linear map: 2G5 (V) — Cy™ (V)

such that

Furthermore, for any. > 1, this map is continuous froBC% (V) to C4 (V) and

we have

1
ARy < S Il € ZCE(V).

Now, we define class of paths for which rough path integral véldefined.

Definition 1.2. Assume that € (0,1). Let us fixX € C¥(S', V). We say
that pathY € C(S',V) is weakly controlled byX if there exist functionsZ ¢
Cv(SY, L(V,V))and R € C% (V) such that

(1.1) Y (&) =Y (n) = Z(n)(X(€) — X(n) + R(&n),&n € S,

Let Dx be the set of pairgY, Z), whereY € C(S', V) is a path weakly con-
trolled by X, andZ € C¥(S',L(V,V)) is such thatR € C2"(V), whereR is
defined by representation (1.1), i.e.

(12)  R(Enm) =Y(©)-Y(nm) —Zm(X(E) —X(n),&n € S

Let us notice thaDx is a vector space. Let us define semi-ndrni|p, in Dx by
(1.3) 1Y, Z)lpx = |Zlcv + (1Rl czvs

where Furthermore, let us define a nofm||;,. in Dx by

(1.4) 1Y, 2)lpy = IV llox +[Yesv)-

one can prove thdDx, || - |5, ) is @ Banach space. From now on we will denote
elements ofDx by (Y,Y”) and the corresponding functidi will be denoted by
RY". We will often omit to specifyy”” when it is clear from the context and write
1Y ||y instead of (Y, Y")][p, -

2. DEFINITION AND PROPERTIES OFROUGH PATH INTEGRALS

In this section we define rough path integral and state soritg pfoperties. We
mainly follow [20] and [6]. We assume th&t = R3.

Definition 2.1. LetIl : Dx > (Y, Z) — Y € C(S*,R?) be the natural projection.
We will need following properties of th® x, see([20].

Lemma2.2. II(Dx) C C*(S',R3).

Proof of LemmaZ2]2lt follows from equality [1.1)

(2.1) Yller < Ylpy (1 + 1 X]lcv).

The proof is complete. O

Lemma 2.3. Letgp € C?(R3,R3) and (Y, Z) € Dx. Then

(2.2) (W, W) = ((Y),¢'(Y)Z) € Dx
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and the remainder has the following representation

RY(gn) = Y(E)REn)+(Y(n) - Y(€)
1
@y + [[V©+ (V) - Y(©) - Y (Eldr, €me S
0
whereR is the remainder fo” w.r.t. X given by(L.2). Furthermore, there exists
a constantX” > 1 such that
24)  o(W)lpx < KlIVeller Y oy (1 + 1Y oy )1 + [ X [[ev)?.

Moreover, if(Y, Z) € Dy and

(W, W) = (¢(Y),¢'(Y)Z)

then

05 W' = W|ew + R = RV | a0 + W = Wlew <

2.5 3 3 : )
C(IX = X|ev +[Y' = Y'|ev + |[R = R oo +[Y = Yow)

with

26) C=Kl[¢llcs(1+ IX]lov + 1 XNlew)* |1+ 1Y lpy + 1Y Iy ).
In the caseX = X we have
[6(Y) = ¢(Y)|lpx <K|IVe|lcel]Y|py

A+ lpx + 1Yl )* (L + [ X lon) Y = Yoy

Proof of Lemm&aZ2]3See[[20], Propositiod for all statements of the Lemma, ex-
cept [2.3) (which is actually also proven, though not statqalicitly). Let us show
(2.3). Denotey(r) =Y (&) +r(Y(n) — Y (£)),r € [0,1]. Then

1

(2:8)  o((1) - d(y(0) = / & (y(r)y (r)dr

2.7)

1
= S0t - vH©) [ S lrar
k 0 k
- Y @)t - vHe)
k
1
k k 9¢ 0¢
+ 2t - rhe) 0/[7k<<>> V()N
¢ NI ! 0¢ Yk
= D 5, VX () = X€) + 30 5 (V)R ()
kel k
1
o0} ¢
+ 2t -rhe) 0/ o () = (Y ()

and the result follows. O
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Now we will define an integral of a weakly controlled B¥ pathY w.r.t. to
another weakly controlled by path Z. For this aim we will need one more
definition.

Definition 2.4. Assume thatr > % We say that coupl&X = (X,X?), X €
Cv (S, R3), X2 € C2¥(L(R3,R3)) is av-rough path if the following condition is
satisfied:

(2.9)

X2(&, p) = X2 (& m) = XP(n, p) = (X (&) = X (1) @ (X (n) = X(p)), & m,p € S
Remarlk2.5. If v > 1 andXis av-rough path, theiX is identically pair of constants
(X(0),0). Indeed, in this cas& is Holder function with exponent more thar.e.
constantX (0). Hence X2 = 0.
Remark2.6. If v € (%, 1] thenX?, the second component ofvarough pathX =
(X, X2), is uniquely determined by its first component. Indeed; fgr= 1, 2, 3,
n

2.10) x24(e ) = [(X) - Xpaxj e ne st

13
where the integral is understood in the sense of Young| $8e@e can show that
X2 defined by formula{2.10) satisfies conditions of Definifiofl. 2_et us show the
uniqueness oK2. Assume that there exists anotf¥f which satisfies definition
24. PutG(¢) = X2(¢,0) — X2(&,0). Then by condition 219

and, sinc&k? € C%, G is a Holder function of order bigger thanHence G = 0.
Therefore X? = X2,
Note that by identity[(219) it follows thaX?(¢, &) = 0,¢ € St

Assumption 2.7. We say that our-rough path(X, X?) is an geometria-rough
path if there exist a sequen¢&’,,, X2) such that

X, € C™(S1,R?),

n
X% (g, n) = / (X% (p) — XL (m)dXi(p), &m e Si,j=1,2,3,
£

and
: 2 2
(2.11) lim [1 X5 — Xlow + X5 = X%|czv] = 0.

Example2.8. Let {B;},c(o,1) be the standard-dimensional Brownian bridge such
that By = B, = x and letB>¥, 4, j = 1,2, 3, be the area processes defined by
n
13
where the integral can be understood either in the Stratdnay in the It6 sense.
Then, the coupléB, B?) is av-rough path seé[6, p.1849]. Moreover, if the integral
is understood in Stratonovich sense it is geometiough path. Indeed, it follows

from Theorem 3.1 ir [16] that one can approximatevith piecewise linear dyadic
X, in the sense of assumptibnP.7a.s..
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From now on we suppose that the geometriough pathX = (X, X?) and the
corresponding Banach spafk are fixed. For a finite partitiom = {{) = £ <
§1 <+ <&, =n} beofthe interval, 7], letd(r) = sup |€;+1 — &| denote the

mesh of the partitionr.

Lemma 2.9. LetIf Y, Z € Dx then the limit
n—1

212)  lim B [V(E)(Z(Ein) = Z(6) +Y'(6) 2/ (6)X (61, &)
=0

exists and is denoted by definition by

n
/YdZ.
3

Proof of Lemm&2]9See[[20], Theoren. O

Remark2.1Q In the case of > 3 the line integral defined in the LemrhaR.9 is
reduced to the Young definition of the line integfal’dZ. Indeed, it is enough to
notice that second term in formu@{212) is of the or@&f¢; 1 — &|%V), 2v > 1.
Obviously, line integral does not depend ugéh Z’ in this case.

Lemma 2.11. Assum&, W € Dy, Y, W € Dy. Define mapg), Q : (S')? — R
by the following identities
(2.13)

n
Qn.€) = / YW — Y(£)(W () — W(€)) - YW (€)X2(,€),1,€ € S,
£

(2.14)

n
Qn,§) == / YVdW =Y (§)(W(n) = W (&) = Y (W' (€)X3(n,&),n,& € S*.
13

ThenQ,Q € C3”.
Moreover, there exists constafit= C(v) > 0 such that for ally, W € Dx

(2.15) IQllcgr < CA+ [ Xllcw + IX2lleg )Y o W Il
Furthermore,
(2.16) [1Q = Qllcgr < C(L+[IXlcv + X%l cg0)
(Y llox + 1Y llog)ew + (IWllox + [Wlng ey +ex).
where )
ey =Y =Y'|cv + |R” = R |cpv + Y = Ylev,
ew = W' = Wlew +|BY = RV | a0 + [W = Wlcw,
ex = (IYlox + I¥lo )W s + Wil ) (X = Xlov + [X* = X2|cg0).

Proof of Lemm&a2.11See [20], Theorem 1. For formula (2]116) seel[20], p.104,
formula (27). O
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By Lemmatd 2.0 and 2.3 for any € C?(R3, L(R?,R3)),Y € Dx we can a
define amapg’Y : R? — R by invoking rough path integral as follows

(2.17) VY (z) = /A(m —Y)dY,z € R>.
S1
We have following bounds on its regularity:

Lemma2.12.LetY € Dy, Y € Dy, then there exist€'| = C1(v), Cy = C2(X)
such that for any integen > 0,

(218) V'V | <ACICHIVTT A Y (1 [V [y )
and
(2.29) [V'VY = V'V |1 < C0)|Alcnss Cx (1 + [V |[py + [V |py)?
(1X = Xlew + X2 = K20 + [Y = Vew + [RY = B |0 + Y = V),
where
Cx =1+ X|ov + [ X|ov + X ez + [XP|czv-

In the case ofX = X, inequality(Z-19)can be rewritten as
(2.20)

IV"VY = V"V L < 16CIC3|[V Al 2 |V oy (L4 1Y oy )Y =Yy

Proof of Lemm&Z.12Inequalities [[2.18) and (Z.20) were proved![in [6], Lemma
7. Now we will show [Z.ID). It is enough to consider the caseicf 0. By

formulae [Z.1b) and(2.14) we have

VY —VY(x) = A(x-Y(0)(Y(1)-Y(0)
— A(z = Y(0)(Y(1) = Y(0))
+ (A(z —Y))(0)Y'(0)X3(0,1)
- Y )X%(0,1)

+ Q%(0,1) —Q%(0,1)

whereQ?® andQ* (given by formulae[[2.15) and (Z.114)) satisfy inequalityl@

and we have identified! with [0,1]. Therefore,Y' (1) = Y (0), Y(1) = Y (0).
Hence, we have

(2.21)
VY VY| < sup [(A(z=Y))'(0)Y"(0)X(0,1)—(A(z—Y))'(0)Y’(0)X*(0, 1)]

+sup|Q(0,1) — Q*(0,1)].
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For the first term on the r.h.s. we have
(2.22)

|(A(z = Y)) (0Y(0)X*(0, 1) — (A(z = ¥))"(0)Y"(0)X%(0, 1)
< |(dA(z = Y(0)Y'(0)Y'(0) — dA(z — Y (0))Y"(0)Y"(0))X*(0, 1)
+|dA(z — Y(0)Y'(0)Y(0)(X*(0, 1) — X*(0, 1)

)
< [X?|ez0|dA(z — Y (0)Y'(0)Y'(0) — dA(z — Y (0)Y'(0)Y"(0)]
+ Al [V ]X? = X2
< X2 [V o Al [V = Y| poo + X2 v [ Al or ([Y |10 + [V 10) [V
+ Al Y X2 = X2 a0
By (2.18) we can estimate second term as follows
Q7 = Q%leg < C|(IA(x = Y)llpy + |A(z = Y)lpg ey
+(IYllpx + 1Y llpg)ea +ex |-
where
ey = [Y = Vlev +[Y' = V'|ev + [RY = R | a0,
ea=A(x—Y)—Alz - Y)|ov + |[A(x = Y) — Az = V) |cv
4 |RAEY) RA(x—Y)‘C§V7
ex = (|A(z = Y)lloy + Az = Y)|lpy)
X (Y lpx + 1Y 0 )(IX = Xlov + X% = X2|cav).
By formula [2.5) we can estimate; as follows
leal < K| Ales (14 [X|ew + [ X|ew)*(L+ Y|y + VD)
(223)  x (X = X|cv +[Y = View +[Y' = V']ev + [RY = RY|a).
By inequality [2.4) we infer that
(2.24) Az = Y)llpy < K|Alc2 YDy (14 Y |py ) (1 + [ X]cw)?,
and similarly,
(2.25) [ A(x —V)lpy < K|Alo2 |V, (1+Vp (1 + | K]ew)2.
Therefore, combinind (2.23) with (Z.23], (2124) ahd (2.2%)get
(2.26)

- 5}/|Loo

Q7 = Q%lcgr < CW)|Alenss (1 + [Xev + [ X[e) 1+ [V Ilpy + [VIpg)?

(IX = Xlov + X2 = Rl + [V = V]ow + |RY = R g0 +[Y = Vow).

Hence, the result follows froni (Z.22) aid (2.26).
We will denote for anyy” € Dx, Y € Dy

O

Y -Y|p = \X-X]CVHX?—X?\C%V+yY’—Yf’yCV+\RY—R?yC§V+yY—?yCV.
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3. RANDOM FILAMENTS EVOLUTION PROBLEM

LetDx r = C([0,T], Dx), where has been defined affer {1.1), be a vector space
with the usual supremum norm

(3.1) ‘F‘DX,T = Ssup ‘F(t)’jkDX
t€[0,T]

ObviouslyDx r is a Banach space. Assume also that the functi@ppeared in
the formula[(0.B) satisfies following hypothesis.

Hypothesis 3.1()) ¢ : R? — R is even function.
(ii) the Fourier transform of is real and non-negative function:

d(k) >0, keR3
(iii)
/(1 + k)20 (k)dk < oo

R3
Example3.2 The functiong = ¢,,, 1 > 0 defined by
T
()= ———7
(112 + )2

is smooth and satisfies Hypothesis| 3.1, see p.6lof [5].

Then the following local existence and uniqueness Theommprbblem [(0.11)-
(0.3) has been proved inl[6], see Theorgm.1842.

Theorem 3.3. Assumep € C5(R3,R), v € (3,1), X = (X,X?) is a v-rough

path,~y € Dx. Then there exists a timg, = Ty (v, |¢|cs,X) > 0 such that the
problem(0.1)-(0.3) has unique solution in the spaé®,, 7, C Dx 7.

Our aim is to prove global existence of solution of the prab@.1)-[0.3) under
assumptions of Theorelm 8.3 and additional hypothesis &. e shall prove

Theorem 3.4. Assume thaty is a geometric’-rough path,¢ € C%(R3,R) sat-
isfies satisfies Hypothegis B.1 amd: (%, 1). Then for everyl” > 0, the problem
(@.1)(0.3) has unique solution i®., 7.

We will need the following definition.

Definition 3.5. Letg € C*(R3,R), v € Dx. Put
1 [ -
(32) () =5 [ 36 - avte)
Sl

where

&@wa/wx—wmuﬂm.
Sl

H?((fy) is called the energy of path. We will omit¢ below.

Remark3.6. Definition (3.2)-(3.5) is well posed. Indeed, by Lemma 22 €
C?(R3,R?) and, therefore, it follows by Lemnia2.3 that o v € Dy.
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Remark3.7. Assume that > 1 andy € C*(S*, R?). Then by Remark2.10 the
line integrals in the definition of energy are understoochmgense of Young and

dy
33) =5 [ [ ot — sl Fncan
St 51
Lemma 3.8. Assumep € C4(R? R). Then there exists constaat = C (v, X)
such that for ally € Dx
(3.4) [Hx ()] < Clelealp, (1 + oy ).

Moreover, the mag{y : Dx — R is locally Lipshitz i.e. for anyk > 0 there
existsC' = C'(R) such that for anyy, 5 € Dx, |v|py < R, |7|p, < R we have

(3.5) Hx(v) = Hx(H)] < C(R)ly — Flpy-
Furthermore, for anyR > 0 there exist® = C(R) such that for anyy € Dy,
7 € Dy,
|7|DX < R’ |5/|D5( < R’

Cx 3 = [ Xlov + 1 Xlev + X ez + X% c2r < R
we have
(3.6)
Hx (V) =Hz ()] < CRY(IX=X|ov+[X*=X2| cav+[y=Alov + 17V =7 [ev +HI R =R | cz0).

Proof of Lemma&_318First we will show inequality[(3]4). By representatidn &)1
we have

Hx () = 5@ GO)ED) - 7(0)
+ (a8 (1(0)7'(0)] 7 (0)%2(1,0) + Q(0, 1)
=TI+ II1+1III,~ € Dx.

Since¥(1) = 7(0) we infer that! = 0. Concerning the second term by Lemma
[2.12 we have the following estimate

[T] < (X2l oo IVl oo 7o

(3.7) < O, X)[8loslpy (1 + iy ).
For third term we infer from inequality (2.15)
(3.8) 11T < [|Qllegr < Cw, X)W (F)lpy [Flpx -

Then by Lemmak 23 ald 2112 we have
[ F)loy < CW, X)W |2 Ty (1+ Floy)
(3.9) < O, X)|dles[Tlhy (1 + 1Dy )?
Combining [3.7),[(318) and (3.9) we get inequallfy {3.4).
Now we will prove inequality[(316). By formuld(2.14) we have
1 -
Hax(7) = Hg(3) = 5 | (V4 (7(0)'(0)7/(0) = V47 (3(0))7' (0)7(0)X*(1,0)

+ VU (H0) (07 (0)(X(1,0) = X%(1,0)) + Q(0,1) — Q(0,1)]
(3.10) =I+IT+I11
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The first term in[(3.10) can be represented as follows
I = (V¢ (4(0)7'(0)7'(0) = V47 (3(0)7' (0)7'(0))X>(1,0)
(VY7 (7(0)) = V47 (5(0)))7 (07 (0)
+ VYT (5(0)(7'(0) = 5(0))7'(0)
(311)  + V¥I(3(0)F(0)(+'(0) = 5(0)] X*(1,0) = A+ B+ C
The first term in[(3.111) can be estimated as follows
(3.12)  |A] = [(VY"(7(0)) — V47 (5(0)))7' (0)y' (0)X*(1, 0|
< Xz I Ip, (V97 (7(0))
— VYT(H(0)] + [V (3(0) = V¢ (3(0))])
Xl ez [ [B (1972 |7(0)
— A0)| + Cx[éles (1 + oy + Al )’ 1y = Alp
< KCk|oloa(1+ oy + 1Alpg )1y — Alp,

where second inequality follows from inequality (2.19) dmidd one from inequal-
ity (2.18). For second term we have by inequalify (2.18)

1Bl < ClX?llege [ylpx[éles 11Dy (1 + Dy )y = 31D

IN

(3.13) < CCx(1+ oy + [Alog )’y = Al
Similarly, we have for third term
(3-14) ‘C’ < C(vav ‘f)/"DXJ:ﬂ'DX)‘fY_;ﬂD'

The termI in (3.10) can be estimated as follows
11| < [V |1 3By [v = Alp
< C¥lgles (1 + ylpx + 131D Iy — Flp-

Thus it remains to estimate third term of equallfy (3.10). héee by inequality
2.16)

1Q(0.1) = Q(0,1)] < |Q — @l cer
< Cx [([WT(A)pe + 1 (V)loy)ly —Flp
+(1Alpg + Ao )7 (3) =¥ (v)p
+ (Ao + [T (Vo) (VD + 17IDy)
x (IX = Xlov + X2~ K| c0)
By inequality [ZI8), the termjy)7(7)|p, is bounded by the constadt =

C(v, X, |7|py ). Therefore, to prove estimate (B.5) it is enough to show ttnere
exists constant’ = C'(v, X, R) such that fory, ¥ € Dx with |y|p,,|Y|p, < R

(3.15) [%7(3) =" (M)lp < C1F = b
By the triangle inequality we have

W7 (3) = (Mo < WG =T (Mo + [T () = ¢ ()b
(3.16) =1+1I.
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The first term can be estimated by using inequalityl(2.5) bevis

(3.17) 11| < KC% ¢ |cs (1 + lpy + I7lpx )27 — lD-
By inequality [2.18) we have
(3.18) 1973 < Cloles |3, (1 + [FlDy)

Combining [3.1FV) and (3.18) we get necessary estimaté. ftiremains to find an
estimate for ternf 1. By inequalities[(2.4) and_ (2.20) we have

I =47 (7) = ¢"(0)Ip
<(1+ |X|u)|¢;/('7) - W(V)bx
< K|V = Vi o ylpy (1 + [ylpx ) (1 + [X)?

(3.19) < K|¢losCx(1+ [yloy + Ao )° 15 = lp-
Hence the inequality (3.6) follows. Inequalify (B.5) is axsequence of inequality
@9). O

Corollary 3.9. Under assumptions of Lemral3.8 and assumpfioh 2.7 the energy
functionH x : Dx — R is continuous. Furthermore, for anye Dx

0< Hx(’y) < 00.

Proof of Corollary(3.9.We only need to show th&{x(y) > 0, for anyy € Dx.
Other statements of the Corollary easily follow from Lenim@ Fixn € N. Let
c(0) = U?ﬁlc(kl-) be a partition of the cub€'(0) with center0 and length:? on
the cubeg” (k;)™ of the length of% with centersk; and nonintersecting interiors.

A~

Define¢™ (k) = ¢(k;), k € C(k;)™ and0 otherwise. Consequently, define

n6
@) =Ytk [ dhg e B
=1 C (k)"
Theng = ILm ¢™ in C; because of the AssumptibnB.1. Consequently,

(3.20) () = Jim HE ().
Now formula
1 A : 2
(3.21) Hi(y) = W/z(k;)( /e *7) | dk,y € Dx.
R3 St

is correct forz = ¢", because)™ is a sum of a finite number of Fourier modes.
Therefore,

(3.22) HY () > 0.
Thus, the result follows from identity (3.20) and inequali8.22). O

Now we are going to show that energy is a local integral of arofor problem
@.1)-0.3).
Lemma 3.10. Lety € D,, 7, be a local solution of problenf0.1)-(0.3) (such a
solution exists by Theorem B.3). Then

A, (v(s))

=0 0,7p).
ds 786[70)
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Proof of Lemm&3.10Since~(0) = vy € D,, is a geometric rough path there
exist sequencéy} 12, € C°°(St, R3) such that

76 = oler + 172 = 7lczr — 0,n — oo
Now g € Dyn, 0 € Dy,- Thus we can putyy)’ = (1) =1 andRY = R =
0. Hence we deduce that
176 —Y0lp = 0,n — oco.

Denote byy” € C([0,00), H! (S, R?)) the global solution of probleni{d.1)=(0.3)
with initial condition~{'. Existence of such solution has been proved in Theorem
2 of [B]. Then according td 5] (Theorery p.1846) we have

lim sup [y"(t) —~(t)|p = 0.
n—oo te[QTO]

Therefore, by the continuity of the energy functiofé), we have

(3.23) Hop(1(s)) = lim Hop(37(s)), 5 € [0, Tp).

Furthermore, by Lemma of [5], we have

(3.24) Hop (7(5)) = Hop (), 5 € [0, T ).

As a result, combinind (3.23) and (3]24) we get statemeriiefemma. O

Let us recall the definitior {0.3) of the vector field generated by a-rough
pathY

(3.25) u¥ (z) = /V(b(x —y) xdy,Y € Dx.
Y

Now we will show that if energy functional df is bounded then associated veloc-
ity field is a smooth function. We have

Lemma 3.11(See Lemma in [B]). For anyn € Z,n > 0, we have following
bound

1 . e
@20 [Vl < o / R0 $(R)dR | Hx (1), 7 € D,
3

provided that the integrall |k|2(+)¢(k)dF is finite andp € C™H4(R3 R3).

R3
Proof of Lemm&3.11For a smooth curve Lemmal3.1ll has been proved lin [5],
see Lemma 3. In the general case, whe® Dy, it is enough to notice that
both sides of inequality_(3.26) are locally Lipshitz andréfere, continuous w.r.t.
distanced(Y,Y) := [V — Y|p,,Y € Dx,Y € Dy. Indeed, continuity ofy
has been proven in LemrhaB.8 and continuity of*«" || . follows from Lemma

2.12. O
Now we are ready to prove Theoréml3.4.

Proof of Theorerh 314According to Theorer 313 there exists unique local solution
of problem [0.1){{0.B). Then, we can firik* > 0 and a unique maximal local
solution~ : [0,7*) — D-, and

(3:27) Jim (0o, = oo.
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see e.g.[[11]. Notice that we will have

d
(3.28) Ho (v(5)) =0,5€[0,7T7).

ds

Indeed, by Theorein 3.3 for amy € [0, T*) there exists unique local solutignof
problem [0.1),[{013) with initial condition(ty) on segmentty, to + £,] for some
e, > 0. Therefore;y = 4 on the segmerty, to + £4,]. Hence,

dH, ((s))
ds

and identity [[3.2B) follows. We need to show that = co. Therefore, it is enough
to prove

=0,s € [to,to —l—e’:‘to],to S [O,T*),

sup |[v(t)[lp,, < oo.
te[0,7+)

Indeed, by contradiction witti_(3.27), the result will foloIn the rest of the proof
we show such estimate. We recall that
t

(3.29) 1O =+ [0 (s)ds.
0
Firstly we have
t

I (®)lz < Polze + / RICIA
0

t
< Jolpe + C / Hoo(1(s))ds
0

(3.30) < ol + CHqg(0)tt € [0,T7).
It follows from (3.29) that

t
(3.31) V() =+ / Va () (5)ds, £ € 0,T7).
0

Therefore, by Lemmds 3.110 and 3.11
t

I (8)] e < Ilee + / V1) oo |y (5) | oo s
0

t
1
< Il + / CHE, (1() (5) | oo ds
0

t
1
(3.32) = |v|pe + /CH§0(70)|7’(5)|Loods,t €0, 7).
0

Then by the Gronwall inequality we infer our second estimate

1
(3.33) Y ()] poe < [ eCM0 0 ¢ € [0,T).
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We will need one auxiliary estimate. We have

h®lo < holer + /MW $))lov|ds
< Jole + / V)| Jy(s) v dis
1
ﬂWm+/m%W@M®w@
0

t
1
(3.34) = Iole + / CHE, (10) [1(s) e ds, t € [0,T°).

Thus, by the Gronwall inequality we get

1
(3.35) (#)lev < Iolove®™ 00t 1 € 0,T7).

Now we can estimaté” norm of~’. We have

t
[ Olor < hiler + [ 9676 (5)levds
0

t

< hbler + [ (O iely Glow + B @i 70O 5Dl ds
0
t

< hbler + [ (V0O (lew + ()= F0 L b (5o )ds
0
< olev
(3.36)

t
+ [ @00 o + hili=holore o)) ds.t € 0.1,
0

where last inequality follows from Lemmhbs 3110 @and 8.11. MThg the Gronwall
inequality we get the third estimate

(3.37) ' ®)ler < (oler + gl holer)eo 00 ¢ € 0, T).

It remains to find an estimate foRY(!)|,,. We have

t
(3.38) RO = g 4 / R0 gs ¢ € [0,T7).
0
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By identity (2.3) we have fos € [0, T*)
U (5) s s s
RTOED (¢ m) = VO (y(5,)) R (€,m) + D (¥ (5,m) — 75 (s,6)) %
k

1
(s ()
(339) 12 5,0 4 0 =5, ~ 2 35,89 |
0
Therefore,
(3.40)

RO Ly, < [V o[ RYO) | 5, + = \'y( e V2| oo, s € 0,T7).

Thus, by inequalitied (3.40) and (3135) we havetfer [0, T™)
t
‘Rw(t)‘éb < [R50, + /(]VuV(S)\Loo\R'Y(S)]CQV +
0

1
S (6) B |92 ds

t

1
< |R™ | + / (VU oo |[RY a, + 0] cveP0 0072009 | o) s
0

1
< |R| g + C 170l v, Hop (70))eC 0 C0)
(3.41)

1
+ / CHE, (30)| BT | o s,

where in the last inequality we used Lemrhas B.10[and 3.11cédry the Gron-
wall Lemma we get
(3.42)

1 1
IR®| 55, < (|R| g0 + C10lcvs Hoo (0))eCTH0 (108))CH3H 00 4 € [0, T),

and combining estimate§ (3130, (3.33), (3.37), dnd {3w&)prove following
a'priori estimate

(3.43) [ (t)lp,, < K(1+Hq,(70))(1 + [0lpy, )0l €70 00 1 € [0,T7),

and the result follows. O

4. FUTURE DIRECTIONS OF RESEARCH

It would be interesting to consider problem (0.0)-[0.3)hndidded white noise
i.e. to consider problem

(4.1) dy(t) = WO (y(t))dt + V2wdws,v > 0,t € [0,T]
(4.2) Y(0) = 0,

wherey, is a geometria-rough path, vector field of velocity!” is given by [0.2)
andw; is D,,—valued Wiener process. This model would correspond to évavi
Stokes equations rather than Euler equations. There anedsgible mathematical
frameworks for the model.
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First one is to make change of variables
a(t) =~(t) — V2vwy, t € [0,T).
Then we can fiw, };>0 and system({4]1J-(4.2) is reformulated as follows

(4.3) Cfl—? — OV (o (1) 4V 20wy), v > 0, € [0,T]
(4.4) a(0) = 7.

Now the problem[(4]3)=(414) is ordinary differential eqoat(ODE) with random
coefficients inD,,, and it can be studied by methods of the theory of random dy-
namical systems, se€é [1] and [15]. This approach works ortlye case of additive
noise.

Second approach is to consider probléml(4.1)}(4.2) as SDEairach space
D.,. Then, we can consider more general system with multiphieatoise:

(4.5) dy(t) = wO(y(t))dt + V2wG(y)dw,v > 0,t € [0,T]
(4.6) 7(0) = .

The problem which appear here is to define Stochastic integttae Banach space
D,,. Stochastic calculus in M-type 2 Banach spaces developedriks [13]-[14],
[8], [10] does not work in this situation. It seems that it &cassary to try to alter
definition of D, to be able to apply the theory.

Other possible direction of research is the theory of cotimes on infinite di-
mensional manifolds, see [19[,1[7],_[24]. In/[9] the auth®wtaimed, see p. 251
therein, that it is possible to define the topological spdc@awedzki’s [19] line
bundle over the set of rough loops in the sense of Lylons [26LeXhe trajectories
of the Brownian loop are almost surely rough paths, thisnalos to define the
topological space of Gawedzki’s line bundle over the Briamrbridge, because
it is possible to define the integral of a one-form over a ropgth. It would be
interesting to write down a complete proof of this claim. Theory presented in
this article could be seen as a first step in realizing suclogramme.
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