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GLOBAL SOLUTIONS OF THE RANDOM VORTEX FILAMENT EQUATION

Z. BRZEZNIAK T, M. GUBINELLI¥ AND M. NEKLYUDOV f

ABSTRACT. We prove the existence of a global solution for the filamentation with inital
condition given by a geometric rough path in the sense of &yfid]. Our work gives a positive
answer to a question left open in recent publications: Blemed Gubinelli [5] showed the
existence of global solution for a smooth initial conditiwhile Bessaih, Gubinelli, Russbl[6]
proved the existence of a local solution for a general ihitiedition given by a rough path.

1. THE FILAMENT EQUATION

In this note we prove the existence of a global solution fa thllowing rough filament
equation

{% = WO (y(£)(€)), te€[0,00),&€0,1] (1.1)
7(0) =0

where the initial conditiony, : [0,1] — R3 is a geometria/-rough path (for some ¢ (%, 1)),
see Assumptioh 2.6. Here: [0,00) — D,, C C is some trajectory in the subsBt,, of the
spaceC C C([0,1];R?) of continuous closed curves R? parametrized by the intervé, 1].
Finally u7, v € D, is a vector field given by

1
W(z) = /0 Vol — () x dr(). (1.2)

where¢ : R? — R is a smooth function which satisfies certain assumptioresHsgothesi 3]2).
The exact meaning of the line integral above andzgtwe consider will be explained below.
Equation[(T.11) has its origin in the theory of three dimenalduler equations. It is well known
that for two dimensional Euler equations vorticity= curl « is transported along the fluid flow.
The situation changes drastically in three dimensionat.cAdditional “stretching” term in the
equation defining vorticity leads to possibility of blow uptbe vorticity. Furthermore, a result
of Beale, Kato, and Majda [2] suggests that a possible samigylof Euler equations appears
when the vorticity field of the fluid blows up. Consequentlgdarstanding the behaviour of the
vorticity of an ideal incompressible fluid is an importanbplem in fluid dynamics.

The properties of the motion of the vorticity has been stda the last 150 years starting
from the works of Helmholtz[[15] and Kelvin_[16]. It has beemggested by Kelvin to use
Biot-Savart law

T —y 3
u(x) = — = X w(y)dy, reR
@)= [ =l <t
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where x denotes the vector product, combined with assumption teavaorticity is supported
by a smooth closed curve evolving in time R, x [0,1] — R3

w(x,t):F/Olé(x—’y(t,f))afygzg)df, zeR3t>0

and definition of the flow

XQ(.%') = .
to formally deduce thélament equation
vy F/1 1(t,€) —A(tn)  dy(tn)
—(t,&) = —— X dn. (1.4)
ot "= Tam Jy e At oy

The assumption that vorticity is supported by some curvelierent with numerical simulations
of 3D turbulent fluids which show that regions of large vatyithave a form of a “filament”, see,
for instancel[8],[[21].

Equation [[T.4) has singularity whehand n are close together and the initial curyeis
smooth. As a consequence, the energy of the solution of goiat®n given by the formula

r2z (bt 1 ov(t,n) 0v(t,€)
FE(t) = — . déd 0
Q 877/0 /0 RGO @ on o fedm 1=z

is infinite for any smooth curve(t,-). In order to avoid the singularity Rosenhead|[20] intro-
duced the regularized model

@(t g) _ _L ! V(tvf) - ’Y(t777) % aV(tvn)
ot dm Jo (|y(t, &) —~(t,n)|? + p2)3/2 on

which is widely used in aereonautics to study the dynamicsailing vortices at the tips of
airplane wings.

The problem[(1.1) has been studied by Berselli and Besshibnd then by Berselli and
Gubinelli [5]. It contains the equatiof (1.5) as a partic@ase when

T
o(zr) = ————, zeR3 u>0.

(I2f? + 22)2
Equation [[T11) is in fact a nonlinear PDE for a functign [0,00) x [0,1] — R3. A natural
setting for the well-posedness of the Cauchy problem isiddaby requiring the vector field
to be well defined and Lipshitz in the space variable. To tfiecethe approach followed ifn[4]
is to set up the equation as an evolution problem in the SulsgaceH ! of closed curves in
R3 with square integrable first derivative (with respect topaeameter). This approach implies
that the vector field (once lifted tB') does not allow strong enough estimates to deduce global
existence. This is ultimately due to the fact that3ih incompressible flows vortices strech
and undergo a complex dynamics and that a priori this cowdd te a explosion of theéf!
norm. Such a difficulty should be compared to the more stablevior of 2d vortex points
which, under incompressible flows, are simply transportedagthe flow lines. Exploiting the
conservation of the kinetic energy of the flow and a contrdhefvelocity field generated by the
vortex line via the associated kinetic energy Berselli anti@Gelli [5] showed the existence of
global solution to equatiof_(1.1) with initial conditions #!.

dn (1.5)
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Bessaih, Gubinelli, Russdl[6], partly motivated by the @ndfilament models suggested
by Gallavotti [11] and Chorin[]8], considered the above atioh problem when the initial
condition is a random closed curve. For definiteness thegidered initial condition sampled
from the law of a3-dimensional Brownian loop (a Brownian motion startingdat R? and
conditioned to return té € R? attime1). In this case it is no more possible to set up the problem
in the Sobolev spac&® since Brownian trajectories almost surely do not belondni® $pace.
A more serious problem is the meaning to give to the genelRiot-Savart relation (11.2)
since the line integral along a Brownian trajectory doesatiatwv a straighforward definition.
Moreover stochastic integration (a la 1td or Stratonbyidoes not provide a good framework
to study this problem since it does not posses a naturattifiitran the parameter space stable
under the time evolution. For these reasans [6] identifiedsfraces of controlled rough paths as
a natural framework to have a well posed problem.

Rough path theory has been introduced by T. J. Lyons in thaxs¢paper([[17] (see alst [10,
[18,[19]) as a way to overcome certain difficulties of stodbaisttegration theories and have
a robust analytical framework to solve stochastic difféetrequations and similar problems
involving integration of non-regular vector-fields. It grout that rough paths theory and in
particular the notion ofontrolled pathsntroduced in[[12] allows to give a natural interpretation
to the Biot-Savart relatior_(1.2) and obtain a well-posesbfgm. Using this approach Bessaih,
Gubinelli, Russo[[6] obtained existence of a local solutrqg. [I.1) when initial condition is
a closed curve of Holder class with exponent (1/3, 1] (suitably lifted to rough path space).

The aim of the present paper is to extend the energy methoérseBi and Gubinelli to the
rough path setting and obtain a global existence resulthfereguation[(1]1) when the initial
condition is a geometric rough path, thus completing thdyaisof [6].

Recently there have been some deep progresses in the stedplofion equations in the
space of controlled rough paths. In particular Hairer [18)vged how to use controlled path
theory to have well-posedness of a multidimensional Berggre equation driven by additive
space-time white noise and later [14] used similar ideaadki¢ the longstanding open problem
of the Kardar—Parisi—-Zhang equation for which he descri@awbtion of solution for which
existence and unigueness can be proven.. The key techodalalot obtain these results has
been the observation that the more singular non-linear it@ratved in the fixed-point argument
has the same structure of the Biot-Savart relationl (1.2)tand can be similarly handled via
controlled paths techniques.

A major open problem which remains largely unexplored isrigerous study of the un-
regularized filament equation (1.4), whose singularityns®¢o defy any reasonable analytic
approach. On this respect the very suggestive heuristiputations of Gallavotti[11] seems
to hint to the fact that rapid oscillations of the curyecould provide a natural regularization.
Another very interesting problem is the study of the rougimfiént equation as an Hamiltonian
system on the space of parametrization invariant pathseohirts of [1] and[[7].

Acknowledgments.The authors would like to thank the anonymous referees @ dareful
reading and the detailed comments which helped us to imghavpresentation.
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2. DEFINITION AND PROPERTIES OFROUGH PATH INTEGRALS

In this section we present the controlled path frameworkaadiefine rough path integral
and state some of its properties. We mainly follow! [12] drd [6

In what followsV, W will usually denote fixed Banach spaces dnd’, W) the Banach space
of bounded linear maps froi to W andC' (X, Y") the space of continuous function fraf to
Y. Moreover we lefl' = [0, 1] and

C,(V) = {feC(TV): f(t1,ta, - ,tn) =0if t; = t;4, forsomei =1,..,n — 1}.
We will understand that’ (V') = C (V') and if f € C1(V') we will consider the Holder norm
o= suplit@) + sy OO,

while for f € C2(V), g € C3(V') consider the norms
L I e B e
and the associated normed spaces
CHV)=CL(V) ={f € Ci(V) : |f|u < o0},
Cy(V)={feCa(V): |flu<oo},  C{(V)={g€Cs(V): |g|u <oo}.
Forn = 1,2 define the operators: C,, (V) — Cp+1(V) as
6f(a,b) = f(b) = f(a),  dg(a,b,c) = g(a,c) —g(a,b) — g(bc)

forall a, b, c € T. They satisfy the following fundamental propetyf = 0, forall f € Cy (V).
Let ZCH(V) = C§ (V) Nkerd and BCY (V) = CL(V)nimé. If g € ZCY (V) theng €
BCE(V), that is there existg € C;(V) such that f = g. Then following proposition has been
proved in [12]:

Proposition 2.1 (Sewing lemma) For any i > 1 there exists an unique linear map (Sewing
map)A : ZC4 (V) — C4 (V) such that

This map is continuous and we have
1
IAbll, < g5 lblle, b€ ZC3H(V).

Now, we define class of paths for which rough path integrdlbvéldefined.

Definition 2.2. Assume that € (0,1) and fixX € C¥(V). We say that a path” € C(V) is
weakly controlled byX if there exist a functior¥ € C¥(L(V,V')) such that the quantity

R(&n) =Y () —Y(n) - Zn)(X(E) —X(m), &neT, (2.1)

belongs toC2¥ (V). We letDy the set of all the pairgY, Z) satisfying(ZQ). This is a vector
space which can be endowed with the semi-nprritp . given by

1Y, 2)llpx = [Zlov + (IRl czvs (2.2)
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Furthermore, let us define a norfi ||, in Dx by

1Y, Z2) Dy = Y lpy + sup [Y(£)]. (2.3)
£eT

With these definitionéDx, || - ||, ) is a Banach space. While not necessary for the integration
theory it will convenient for our intended application tosasne that all our controlled paths
take values i/ = R? and are closed, that i%'(0) = Y'(1).

In the present paper an elemdntf Y') € Dy can always be canonically identified from
its first component” by the mean of standard procedures discussed below. Indhtext we
denoteRY the corresponding remaindeR” = 6Y — Y’6X. Moreover we will often omit to
specifyY”’ when it is clear from the context and writé& ||, instead of|| (Y, Y”)||p, -

We will repeatedly use the basic estimate

1Ylev < [[Yp, (1 + 1 X][cv). (2.4)
Controlled paths are stable by mapping via sufficiently legiunctions:
Lemma 2.3. Letg € C?(R?,R3) and(Y,Y”’) € Dx. Then
(W, W) = (6(Y),¢'(Y)Y') € Dx (2.5)
and the remainder has the following representation
RY(&mn) = ¢(Y(E)RY (&) + (Y(n) =Y (€)) x
1
X /[W(Y(E) +r(Y(n) =Y (€)= VoY (E)ldr,  &neT. (2.6)
0
Furthermore, there exists a constafit > 1 such that
le(Y)llpx < K[Vl oy (1 + 1Y o) (L + 1 X]])%. (2.7)
Moreover, if(Y,Y") € D¢ and (W, W') == (¢(Y),#'(Y)Y") then

W = W[, + [RY = BV |lgy, + [W = W, <

i ) ! ! (2.8)
CUIX = X[l + 1Y = Y'|l, + [|RY = R |l + ||V = Y)
with
C = K|glles (1 + [ Xlev + [ Xllo)* |1+ [V lpy + 1V [Ipg ). (2.9)
WhenX = X we have
[6V) = 6o <KTlcall¥ o 010

A+IY o + [V IDx)* (1 + Xl ) Y = YDy -

Proof. See[[12], Propositiod for all statements of the Lemma, excdpt{2.6) (which is distua
also proven, though not stated explicitly). Let us shiowl(20&notey(r) = Y (&) + (Y (n) —
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Y (&)),r €[0,1]. Then

o(y(1)) — ¢(y(0)) = /¢’(y(r))y’(r)dr (2.11)
0
= S0t - vHO) [ S rdr = 30 SO ) - YHE)
k 0 &
[ 06 96
+ Zk:(Y’“(n) Y’“(&))O/[Tk(y( ) — a—xk(Y( )]d
9¢ NI ! 0 Yk
= Za—xk(Y(&)) Y)H(X () — X'(€)) +Za—xk(Y(§))(R W)

s S0k - vHO) [ - gV E)dr
0

and the result follows. O

In order to define the integral for paths controlled Eywe need a further ingredient: the
existence of basic integrals &f with respect taX itself. These objects are encoded into what
is refereed to as mugh pathas follows.

Definition 2.4. Assume that > 1/3. We say that coupl&¥ = (X, X?) whereX € C¥(T,R?)
andX? € C2¥(L(R3,R3)) is av-rough path if the following condition is satisfied:

X2(&,p) = X2(&m) = XP(n,p) = (X(&) = X(n) ® (X () — X(p)), &mpeT. (2.12)

Remark2.5. If v > 1/2 the solutionX? to (Z12) is unique. Indeed, assume that there exists
anotherX? which satisfies definition 2.4. Pat(¢) = X2(¢,0) — X2(¢,0). Then by condition
212
and, sinceX? € C3¥, G is a Holder function of order bigger than Hence,G = 0. Therefore,
X2 = X2

If » > 1 andX is av-rough path, theiX is given by the pair of constants{(0),0). Indeed,
in this caseX is Holder function with exponent more than.e. constantX (0) and the only
possible choice for the second componern{is= 0.

If v € (1/2,1] thenX2 is uniquely determined by . Indeed, if we let

n
x2(e) = [ (6= X)) € eTij =123 (249
3

where the integral is understood in the sense of Young (s iRis possible to show that
X2 € C3 and that this definition satisfies conditions of Definitiodl.2Sincer > 1/2 it is the
only possible choice.
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Definition 2.6. We say that our-rough path(X, X?) is an geometrie-rough path if there exist
a sequencéX,,, X2) such thatX,, € C(T,R3) is piecewise smooth,

n
X2 (€, m) /XZ — X! (n)dX(p), EneT,i,j=1,23,
¢

and
lim [|| X, — X[ + [|X2 = X?[2] = 0. (2.14)
n—oo

Example2.7. Let {B;},c|o,1) be the standard-dimensional Brownian bridge such th&p =
By = zp and letB>¥, 4, j = 1,2, 3, be the area processes defined by

n
B2 (¢, n) = / (B}, — B})dB),
£

where the integral can be understood either in the Stratomaw in the 1td sense. Then, the
couple (B,B?) is av-rough path for ally € (1/3,1/2) (see [6, p.1849]). Moreover, if the
integral is understood in Stratonovich sense then it is algeometric/-rough path. Indeed,
it follows from Theorem 3.1 in[[9] that one can approximafewith piecewise linear dyadic
(X7 )n>1 in the sense of Definition 2.6 where the limit is understoothsalmost sure sense.

From now on we suppose that the geometrimugh pathX = (X, X?) with v > 1/3 and
the corresponding Banach spaRg are fixed. For a finite partitionr = {{y = < & < -+ <
&n = 1} be of the intervalg, ], letd(r) = sup |€;+1 — & denote the mesh size of the partition

.

Lemma 2.8. Let If Y, Z € Dy then the limit

n—1

Jim SVE)(Z(6m) - 2(6) + V(@7 €)% 6,60 = [ vaz  (218)
(m)—0 P ¢

exists and defined the integral on the r.h.s.

Proof. This statement is a direct consequence of the existencerapdrfies of the sewing map
and of the definition of the controlled path space, se¢ [LBgofem1. For the sake of the
presentation we sketch a proof. Let

A€ ) =Y (E)NZ() - 2(€) +Y'(€) Z'(€)X*(,€)

and note that, with the assumption of the theorem we have Cg”/ so, provided thasy > 1
we can apply the sewing map and we have the decompositiendl + AdA wherel € (.
But this implies that

n—1 n—1

A ZA@,&H A Z (€i41) = 1(6)) + lim ZAM &, Eiv1))-
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The first term on the r.h.s. telescopes and sifn@ed (&;, &;41)| < |€41 — &Y the second term
on the r.h.s goes to zero proving the existence of the lindtranreove that

n—1
i 2 A&, Giv1) = 1(n) — 1(8).
U

The explicit representation in terms of the sewing map camdss to prove the various
estimates for the rough integral below.

Remark2.9. In the case of > 1/2 the line integral defined in the LemrmaR.8 is reduced to the
Young definition of the line integral YdZ. Indeed, it is enough to notice that second term in
formula [ZI5) is of the orde® (|41 — &[?¥), 2v > 1. In this case the line integral does not
depend upory”’, 7.

Integrals of controlled paths have very nice continuitypemy with respect to variations of
the controlled path and also with respect variations of theyh path on which the controlled
path space is modelled.

In the following X = (X,X?) andX = (X,X?) are twov-rough paths and” € Dy and
Y e D ¢ two path respectively controlled by andX. In this case we introduce the following
distance

D(Y,Y) =X - Xllev + IX* = X2|lcze + Y = Yllev + IR = RY [lege + [IY = Ylcv.

Lemma 2.10. Assum&, W € Dx,Y,W € Dy. Define map®), Q : T? — R by the following
identities

n
Qn, &) = /g YdW =Y (W (1) = W(©) =Y (OW(OX*(n,€),  n,EeT, (2.16)
and a similar expression fo€ with Y, Y’, W, W’ ,X? replaced byY,Y’, W, W’ X2. Then
Q,Q € C3 and there exists a constaat= C(v) > 0 such that for ally, W € Dx
1Qllcgr < CL+ [ Xllov + X2 |z IIY lo W D (2.17)
Furthermore,
1Q = Qlicgr < C(L+ [ Xllev + X2 czv)
(Y lox + 1Y llog)ew + (W oy + [[Wllpg ey +ex). (2.18)
where
ey = [[Y = Y'|lev + |RY =RV ||z + Y = Ycv,
ew = [W' = Wlov + |BY = BV || + [W = Wcv,

ex = (IYllox + IV o) (IW oy + W llp )(IX = Xllew + X = X[l cz0)-
Proof. Seel[[12], Theorem 1. For formula(2]18) se€ [12], p.104, tdan(27). O
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By Lemmad 2B and 2.3 for any € C%(R3, L(R?,R3)),Y € Dx we can a define a map
VY . R?® — R by the means of the rough path integral as follows

1
VY(z):= /0 Alz =Y (€)dY (£), z€R3 (2.19)

For mapsF : R? — W we denote by|F|| ¢« the usual norms

|F||cn = sup sup \VkF(x)\
z€R3 0<k<n

for all n > 0 where V¥F denote the tensor df-th order derivatives of for £ > 1 and
VYF = F for convenience.
We have following bounds on the regularity 6t :

Lemma?2.11.LetY € Dy,Y € Dy, then there exist§;, = C(v), Cy = C»(X) such that for
any integern > 0,

IV VY |zoe < ACLCR(IN" M Al [V 1Dy (1 + 1Y [l ) (2.20)

and
V'V = V'V e < CW)AllenssCh(L+ [Ypy + V0 D(YV.Y) - (2:22)

where

Cx =1+ I X[lev + 1 Xllev + X2 cze + 1Kl c20-
In the case ofX = X, inequality(Z:21)can be rewritten as
IV VY = V'V | <16CICF [V Al c2[[Y [y (14 Y 02 )?IY = YD, (2.22)

Proof. By the results[[6, Lemma] it is known thatVY ¢ C" if A € C"*? and alsto that
eqns. [(2.20) and(2.22) hold. Now we will show (2.21): it iegh to consider the case of

n = 0. By eq. [2.1¥) we have

V@) -V (@) = Al - Y)Y (1) - Y(0) - Al - VOV (1) - T (0)
+(A(z = Y)) (0)Y'(0)X*(0,1) — (A(x = Y))'(0)Y'(0)X*(0, 1)
+Qx(07 1) - QJC(O? 1)
whereQ” andQ” (given by the eq[{2.17)) satisfy inequalify (2.18). RetadltY (1) = Y (0)
andY (1) = Y'(0), hence we have

VY = VY| < sup | (A(x — Y))'(0)Y'(0)X3(0,1) — (A(z — Y))'(0)Y'(0)X*(0,1)]

+5up|Q7(0,1) - Q*(0,1)].
(2.23)
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For the first term on the r.h.s. we have

|(A(x = Y))'(0)Y'(0)X*(0, 1) — (A(z — Y))'(0)Y"(0)X*(0, )|
< [(VA(z = Y(0))Y'(0)Y'(0) = VA(z — Y(0))Y'(0)Y"(0))X*(0, 1)
+[VA(®z = Y(0))Y'(0)Y(0)(X*(0, 1) — X*(0,1))|
< |IX?]| v |V A(z = Y(0))Y'(0)Y(0) = VA(z — Y (0)Y'(0)Y'(0)]
+ Al 1Y 7 1X* = X2l ez

< X2l 1Y Foe | Alle2 Y = Yz + X2 g [Allor (1Yo + 1Y |zo)[[ Y ~

+ [ Allo2 1Y [Foe 1X? = X2l g0

By (2.18) we can estimate second term as follows
Q7 = @leg < C|(IA = Y)lloy + 1A(x = V)llpg ey
+ (IYllox + 1V log)ea + x|,
where
ey =Y = Ylov + [[Y' = ¥'|lov + [|RY = R ||g,
ea =A@ —Y) = Al = V)|cv + |Al@ — Y) — Alz = V)'||cv
+ [RAEY) — RACY)|| s,

ex = (JA(z = Y)llpy + [ A(x = Y)lpy)
< (1Y llox + 1Y llp )(IX = Xlew + X2 = X2|cg0).

By formula [2.8) we can estimate, as follows
ea < K[ Alles(1+ [ Xllev + [ Xller)> A+ 1Y oy + 1Y Dy )?
% (|IX = Xllov + Y = Vllew + [[Y' = Y'llcw + |RY = BY |l og).
By inequality [Z.T) we infer that
[A(z = Y)llpy < Kl Allc2 Y [px (14 [V [[p0) (1 + | X [ev)?,
and similarly,
Az = Y)lpg < K[l Allc2 1Y pg (1 + 1V [Ip ) (1 + 1 X]lev)?.
Therefore, combinind (2.25) with (2.25]), (2126) ahd (2.%/)get
107 = Q%llogr < CW)Allgnss(1 + [ Xlev + 1X[lex)* (L + 1Y lpx + [V ]Iy )?
(IX = Xllev + X% = B2l o + Y = Vo + 1R = R llgge + Y = ¥lcv)-
Hence, the result follows froni (2.24) aid (2.28).

?IHLOO

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)
O
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3. THE EVOLUTION PROBLEM FOR AROUGH FILAMENT

Let Dxr = C([0,7], Dx), where has been defined after {2.1), be a vector space with the
usual supremum norm

|F||pgr = sup [[F(t)]p,- 3.1)
te[0,7]

ObviouslyDx r is a Banach space. For an elemerg Dx r the time-dependent vector field

1
(t2) o w00 (2) = /0 Vo(r —(t,€)) x dy(t,€)

is well defined by the rough integral and it is meaningful tagsider the Cauchy problern (1.1)
in Dx 7. The following local existence and uniqueness result beeveg in [6], see Theorem
3, p.1842.

Theorem 3.1. Assumep € CS(R? R), v € (1/3,1), X = (X, X?) is av-rough path,y, € Dx.
Then there exists a tim& = Ty(v, |¢||cs,X) > 0 such that the problenfldl) has unique
solution in the spac®., 1, C Dx1,. Moveover ifX, X are two v-rough paths,y, € Dx,
J0 € Dy and+, 7 two solutions of(L.1) respectively inDx 7, and Dg 1+, then there exists a

constantC' = C(Xa X’ o, v, HWOH*Dxa ||5/0H'*D5() such that

sup  D(y(t),7(t)) < CD(7(0),7(0))-

0<t<min(Tp,To)

This result can be easily proven by a fixed-point argumerstry- for sufficiently small7".
The requirements op can be easily understood as follows: in orderdoto be well defined the
function V¢ has to be twice differentiable. Moreover in order to applyxadipoint argument
the function(t, ) — u®(y(t,€)) has to belongs t®x r and this can enforced by requiring
that the map: — «"® (z) has to beC? in space, uniformly in time. This requirég¢ to be at
least 4 times differentiable. The fixed-point argumentHfertrequires the Lipshitz continuity of
the fixed-point map which holds at the price of an additiorexivdtive of V¢ ending up with
the requirement thap has to be six times differentiable. It is not obvious to imygr@n this
requirement for general rough initial condition amd (1/3,1/2).

The arguments used in Theoreml3.1 does not allow to have alglolution. The aim of the
present paper is to enforce further structure conditiorherkernely in order to be able to use
the energy method introduced I [5].

To prove a global existence result for the problém](1.1) wednthe following additional
hypothesis

I:Iypothesis 3.2. Assume that the function appearing in eq(1.2) has a Fourier transform
¢ : R? — R which is real, even and non-negative and satisfying theiatlity condition

/ (1 + k) %p(k)dk < .
R3

Example3.3. The functiong,,, 1 > 0 defined by
1

ou() = ————
SR
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is smooth and satisfies Hypothekis] 3.2, see p.6lof [5]. Thistion is alsoC> so it satisfy
also the assumptions of Theoréml3.1 and as a result is ariex@xample which satisfy all the
assumptions needed for the following global existenceltiesu

Theorem 3.4. Assume that is a geometria-rough path,¢ € C(R3, R) satisfies Hypothesis
B2 andv € (1/3,1). Then for everyl’ > 0, the problem(L.1) has unique solution i@®.,, 7.

We will need the following definition.
Definition 3.5. Let¢ € C*(R3,R), v € Dy. Let

Y(z) = /O o —y(n))dy(n).

and
1 1 1
M) =5 [ 0@ @@ =5 [ [ o0 i@ - mm). @2

The quantityH?((fy) is called the energy of path. We will omit¢ below.

Remark3.6. Definition (3.2) is well posed. Indeed, by Lemma 241 € C?(R3,R3) and,
therefore, it follows by Lemmia2.3 that' oy € Dx. Moreover ifv > 1/2 andy € C!(T,R?).
Then by Remark?2]9 the line integrals in the definition of thergy are understood in the sense
of Young.

Lemma 3.7. Assumep € C*(R3,R). Then there exists a constafit= C(v, X) such that for
all vy € Dx

Hx (N < Cliglloallylip, (1 + [1vlloy)*. (3.3)
Furthermore, for anyR > 0 there existsC' = C(R) such that for anyy € Dx, 7 € Dy
satisfying

H’YH”DX <R, H:YHD)} <R,
Cxx = IXllov + X llew + 1K ce + 1X3lczr < R
we have
[Hx(y) = Hz(3)] < C(R)D(v,7)- (3.4)

which implies in particular that the mafx : Dx — R is locally Lipshitz: i.e. for anyR > 0
there exists” = C'(R) such that for anyy, ¥ € Dx, ||7|lpx < R, ||7]|lpx < R we have

Hx(v) = Hx (D) < C(R) Iy = Dy - (3.5)
Proof. First we will show inequality[(3]3). By representati¢n @) ive have
Hx () = 5O ~1(0) + [T87 (GO (0)] 7 (OF2(1,0) +Q(0, 1)
= I+ IT+III. (3.6)

Sincey(1) = ~(0) we infer that/ = 0. Concerning the second term by Lemma2.11 we have
the following estimate

1T < X2l oz [V [ poe [ 7 < Cn X[l eslVpy (1 + IvllDy). (B7)
For third term we infer from inequality (2.17)
I < [|Qllcgr < C(v, X) [ (M) llox IVlDx - (3-8)
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Then by Lemmak 213 and 2]11 we have

197 (Mlipy < CwX)[[97 lc2llVIDy (1 + lIvliDy)
< C,X)dlle Dy 1+ 17Dy ). (3.9)

Combining [3.7),[(318) and (3.9) we get inequallty {3.3). pfove the inequality((314) we start
by formula [2.17) to get

Hx(y) —Hz () = % [(VW(W(O))W’(O)W’(O) = V47(3(0))7(0)7'(0))X*(1, 0)

+ VT (3(0)7 (07 (0)(X(1,0) = X2(1,0)) + Q(0,1) — Q(0,1)]
=I+IT+IIT (3.10)

The first term in[(3.110) can be represented as follows

I = (V¢ (7(0))7'(0)7'(0) = V&7 (5(0))7(0)7'(0)X*(1,0)
= [(V¢7(7(0)) = V7(5(0)))7' (0)7'(0)
+ VYT (5(0))(v/(0) = 5(0))y'(0)
+ VT (3(0)7(0)(7/(0) — 4(0))] X*(1,0) = A+ B + C, (3.11)
and the first term in{3.11) can be estimated as follows

Al = [(Ve7((0)) = V&7 (5(0))7'(0)7'(0)X*(1, 0| (3.12)
< IIXQ\IcwIIvHDX(IVW( (0))
VY7 (3(0))] + V47 (3(0) — V&7 (3(0))))
X2l ege 11D (197 2 1v(0) = F(0))
Cxlldlles (1 + [vllox + 13105 ) D(v:7)
KCx|[¢llos (1 + [1vllox + [1Fllog )> D(v. 7).

IN

IN +

Here the second inequality follows from inequality (2.2@y ahird one from inequality (2.20).
For second term in.(3.11) we have by inequality (2.20)

1Bl < CIX*[lczvlvlpxllolles 131Dy (1 + 705 ) D(v, 7)
< CCx(1+|vlpy + 7o)’ D(7, 7). (3.13)

Similarly, we have for third term

ICl < Cw, X, [Vllox: [Yllox ) D, 7)- (3.14)

Going back to the terni! in (3.10) we observe that it can be estimated as follows

11| < IV e 13l D7, 7) < CxlIglles (1 + [llos + Fllpg )* Dy, 7).
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Thus it remains to estimate third term of equality (3.10).iBsquality [2.18) we have
Q(0,1) = Q(0,1)] < Q ~ Qll g
< Cx | (197 A)llpg + 197 (3)llpx ) Dy, )
+ (IFllog + 13llo ) D@7 (3), 47 ()
+ (1" WNlipg + 117N llox )W llog + 17D )
X (IX = Xllow + %2 = X2 30)]

By inequality [2.2D), the ternijy? (7)||p, is bounded by the constatt = C(v, X, ||7py)-
Therefore, to prove estimaté (B.5) it is enough to show thatet exists a constart =
C(v,X, R) such that fory, 5 € Dx with |[7]lpy. [Fllpy < R

D7 (3),47(7)) £ CD(7,73). (3.15)
By the triangle inequality we have

D(7(3),47 () < D@Y(3),47(7)) + D@7 (7),47 (7))

=T+ 1II. (3.16)
The first term can be estimated by using inequality] (2.8) bevis
1] < KCX W [les (L + [Allg + [17llDs ) 2Dy, 9)- (3.17)
By inequality [2.20) we have
197 lles < Cliglles 1B, (1 + 1Fllpy) (3.18)

Combining [3.1F) and(3.18) we obtain the necessary esifmat/. It remains to find an
estimate for the terni/. By inequalities[(Z.]7) and (2.22) we have

IT= D7 (7),¥"(7) < L+ IX )97 () =47 ()l oy
< K[IVYT = VY e ylloy (1 + [Vl ) (1 + 11X (1)
< K|¢llesCx (1 + [y + 171D ) > D (v, 7). (3.19)
Hence the inequality (3.4) follows. Finally the bouhd {3$a consequence of ef. (B.4). [

Let us recall the definitior .(1l.2) of the vector fiald generated by a controlled path

1
W(z) = /0 Vé(x — 1) x dr(), v € Dx. (3.20)

Now we will show that if energy functional ef is bounded then the associated velocity field is
a smooth function. We have

Lemma 3.8. Assumep ¢ C4(R3 R) and Hypothesi§ 216. Then the energy functiég :
Dx — Ris continuous. Furthermore #f is a geometric rough path then

~ 1 .
Hx(v) = (2i)3 /R 9 /O 9 s () dk > 0 (3.21)




GLOBAL SOLUTIONS OF THE RANDOM VORTEX FILAMENT EQUATION 15

and for anyn € Z,n > 0, we have following bound
1 A
IVl < o | [ WPIGWAR| Hx (), €Dy, (322)
(27'(') R3

provided that the integraly |k[2(1+™) ¢(k)dk is finite andp € C"+4(R3, R?).

Proof. For a smooth curve Lemma 3.8 has been proved in [5], see Lemma 3. In the general
case, when € Dy, itis enough to notice that both sides of €q. (8.21) and aftiadity (3.22) are
locally Lipshitz and therefore, continuous w.r.t. distad2(Y,Y),Y € Dx,Y € Ds. Indeed

the continuity ofH x and continuity of| V"« readily follows from Lemm&aZ2.31. O

Now we are going to show that energy is a local integral of arofor problem [(T.11).

Lemma 3.9. Let 7y a geometricv-rough path andy € D,, r;, be a local solution of prob-
lem ([@.1) (such a solution exists by Theorém]3.1). Then

dH, (7(s))
ds

Proof. Sincev(0) = v € D,, is a geometric rough path (we will denote its area component
by To) there exist sequence)?}2° , of piecewise smooth closed curvesir such that if we
denote by(~, I'y) their canonical lift to the space ofrough paths we have

=0, s€e[0,Ty).

I8 = voller + I3 — Tollgge = 0, n— oc.

Now observe thaty € D4», 0 € D, since we can takeyg) = (o) = 1 andRY = R =
0. Hence we deduce that
D(vy,7v) — 0, n — 00.

Denote byy" € C([0,00), H!(T,RR?)) the global solution of probleni(1.1) with initial condi-
tion ~y. Existence of such solution has been proved in Thedteh[5]. Moreover note that
for smooth functionsy™ controlled by the rough patfy',I'f) the integral defined via rough
paths coincide with the standard Lebesgue integral anddia¢ien of the Cauchy problem in
C([0, 00), HY(T,R?)) with the rough solution whose local existence is stated iecféni3.1.
The locally Lipshitz dependence of the rough solution frwa initial condition stated in Theo-
rem[3.1 implies that

lim sup D(y"(t),~(t)) S lim D(y"(0),7(0)) =0

n OOtE[O,To] n— 00
for a stricly positiveT, which depends only on the rough path norrmgf Therefore, by the
continuity of the energy functiong{, we have

Hoo(v(s)) = lim Hon(y"(s)), s €[0,To). (3.23)

Furthermore, by Lemmaof [5], we have
7'[78 (Y"(s)) = 7'[78 (0); s € [0, Tp). (3.24)
As a result, combinind(3.23) and (3124) we get the statemfetfie Lemma. O

Now we are ready to prove Theoréml3.4.
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Proof of Theorerh 314According to Theoreni _3l1 there exists unique local solutbmprob-
lem (1.1). Then, we can fin@™* > 0 and a unique maximal local solution: [0,7*) — D,
and

lim

Jim[9(8) ], = oe. (3.25)

We need to show th&t* = co. Therefore, it is enough to prove

sup. ny( )lp,, < oo
te[0,T

Indeed, by contradiction with (3.25), the result will fololn the rest of the proof we show such
estimate. Notice that we will have

7‘[%(’)’(8)) = H“/O(VO)v RS [OvT*)7 (326)
and recall that

() =0 + /0 W (y(s))ds. (3.27)

Firstly we have

@l < Tollz= + [ 0 lleds < e+ [ #2006

< |lollze + C%%z(%) ; € [0,T7). (3.28)
It follows from (3.27) that
t
70 =%+ [ VoG (st € 0.T) (3.29)

Therefore, by Lemmds 3.9 ahd 3.8
t t
1Y @)z < Ivollze +/ Va7 | oo |7 (5) | oo dis < 17 oo +/O CHIZ ()Y (5) | oo dls

= Il + / CH2 ()| () | eds, ¢ € [0.T7). (3.30)

Then by the Gronwall inequality we infer our second estimate

1/2
IV ()l < [7pllzeoeP0 OOt e 0,77). (3.31)

We will need one auxiliary estimate. We have
t t
v ®)ller < lloller +/ 1w (3(s))llew [1ds < [[oller +/0 IV ooy (s) | ds
< Inolle + / SENCONGOIERE

= Iolle- + / CHL(n) () lcvds, e [0.T). (3:32)
Thus, by the Gronwall inequality we get

1/2 .
IY(®)ller < lrollewe™ 0 0%, ¢t € [0,T7). (3.33)
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Now we can estimat€” norm of+’. We have
t
I ®)ller < [oller +/0 IV (y()7 () | e ds
t
< Iollc» +/0 (Voo lly ()l + 1 ($)l] 2o Ve (y(5)) e )dls

t
< loller +/0 (Ve |z [ (8)llow + 1 () ll2oe V20| o [y (5) v ) s
< Iholler

t 1/2
+/0 (CHLP ()Y () lev + ollzes rollov e 0 0%))ds, ¢ € [0,T7),
(3.34)

where last inequality follows from Lemmas B.9 dndl 3.8. Thgrhe Gronwall inequality we
get the third estimate

1/2 .
IV ®)ller < (oller + oz oller )eo 0% ¢ € [0,7%). (3.35)
It remains to find an estimate f§iR?*)(|5,. We have
t
R® = g / R0 s, teo,T). (3.36)
0
By identity (2.6) we have fos € [0, 7%)

RW(S)(V(S))(& 77) _ vu«/(s) (7(5, 5))Rv(s) (5, 77) + Z(yk(s, 77) — Vk(S, 5))><
k

L our() o)
/0 [ (v(5,8) +r(v(s,m) —(5,6))) — i (v(s,6)) | dr. (3.37)

31‘k
Therefore,
. 1 .
IR VO | g < IV |20 ||z + =1y (3) 20 V207 1o, s € [0,T7).
2 2 2
(3.38)
Thus, by inequalitied(3.38) and (3133) we havetfer [0, 7*)
t
S S 1 S
\\R”(“\\cgu < Rl cgv +/0 (V@) oo | R )Hcgv + 5”7(8)!1%»HV2W( |z )ds
t 1
< Rl cgv +/0 (HVW(S’HLooHR’Y(S’Hcgv + ollov e O T2 ]| oo ) dis
1/2
< R [lezr + C(Iollew, HAL? (o)) e Mo Co)?

t
+ /O CHY2(10)| 7| v, (3.39)
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where in the last inequality we used Lemrhad 3.9[an 3.8. Héaycthe Gronwall Lemma we
get

1/2

1ROl cze < (IR llege + Cllrollor Hi2(20)e b 0m)eCHas’ it ¢ ¢ [0,77),
(3.40)
and combining estimatels (3128), (3.3L), (3.35), and {3vOprove following a-priori estimate

1/2 "
() lIp,, < K(1+H2L2(90)(1+ [ollp, ) I1ollp,, e“*0 00 tefo, %), (3.41)
and the result follows. O
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