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GIBBS MEASURES FOR
SELF-INTERACTING WIENER PATHS

MASSIMILIANO GUBINELLI

ABSTRACT. In this note we study a class of specifications over d-dimensional
Wiener measure which are invariant under uniform translation of the paths. This
degeneracy is removed by restricting the measure to the o-algebra generated by
the increments of the coordinate process. We address the problem of existence and
uniqueness of Gibbs measures and prove a central limit theorem for the rescaled
increments. These results apply to the study of the ground state of the Nelson
model of a quantum particle interacting with a scalar boson field.

1. INTRODUCTION

The theory of Gibbs measures for lattice spin models or continuous point processes
is by now a well established subject of probability theory (see e.g. the book of
Georgii [T1], the early monograph by Preston [I3] or the very readable and concise
introduction of Follmer [I0]). Gibbs measures on path spaces are a more unexplored
domain and only recently a series of works started a systematic study of a class
of Gibbs measures on paths motivated by applications in Quantum Mechanics [4},
2, B, []. However, part of these results are obtained through functional analytic
approaches which does not help to fully understand the probabilistic structure of
these models.

An interesting class of Gibbs measures is obtained by perturbing the Wiener
measure ¥V on C(R,R%) by the exponential of a (finite-volume) energy of the form

HT(x):/ (x4 dt+/ dt/ dsW (xy, xg,t — 3)

where x is the path and the functions V and W are interpreted as interactions
potentials. In this way we obtain finite-volume measures pp given by

e_HT("E)
Zr

The study of these measures in the limit 7" — oo has been addressed in the works
cited above and a series of conditions on V' and W have been found which are
sufficient for the existence of the limit (in the topology of local weak convergence)
and for its uniqueness.

Here we are interested in a class of models whose energy function enjoy an invari-
ance under shift of the paths & — = + ¢ where c is a fixed vector in R?. In particular

pr (d) = W(dz) (1)
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we take V' = 0 and let W (x,y,t) = W(x — y,t) so that our finite-volume energy
reads

T T
Hr(x) = /Tdt/TdSW(xt—xs,t—s).

A relevant model for which we will prove existence of a unique Gibbs measure for
small coupling is the (d = 3, UV regularized) Nelson model corresponding to the
interaction energy given by the function

1
LR+ P
Nelson model is a member of a wide class of potentials justified by applications
to Quantum Mechanics which are in the form

Wiet) = [ Sl pe e ©)

where w(k) : R — R, is the dispersion law of a scalar boson field. Nelson model
corresponds to the case w(k) = |k| and p(k) with a fast decay at infinity (ultraviolet
cutoff) and |p(0)| > 0 (no infrared cutoff).

In [5] Betz and Spohn prove that if p satsify the follwing integrability conditions:

W(E,t) =

/Rd dk|p(k)|? (w(k) ™" + w(k) > +w(k)™?) < o0 (3)

then the rescaled coordinate process Xt(a) =V 2 X/ weakly converge as € — 0 to
a d-dimensional Brownian motion. Note that this result does not cover the d = 3
Nelson model since eq. (B) is not satisfied. Moreover they proved that if

[ PIRE ()2 () < oo,

the limiting Brownian motion has a non-trivial diffusion constant (i.e. different from
zero). Their approach is based on the use of an auxiliary Gaussian field which allow
to “linearize” the interaction and to see the process X as the projection of a Markov
process on a larger state space. The functional central limit theorem then follows
by using a technique due to Kipnis and Varadhan.

In [T4] it is pointed out that this class of models can be naturally recast as models
of spins on Z with single spin space C([0, 1], R%). This is obtained by cutting the path
into pieces and considering each piece as an independent spin. In this representation
the interaction becomes multi-body and under natural conditions on the time decay
of W, this multi-body interaction is long range with a power decay. Techniques form
the theory of one dimensional spin systems can then be applied which will give also
estimates on the decay of correlation and on the strong mixing coefficients. Then
the central limit theorem (CLT) can be proved using standard results on strongly
mixing processes. However our conditions for the CLT does not cover the 3d Nelson
model.

The shift invariance of the Hamiltonian prevents to have tightness of the family
of measures {ur}r=o. A natural approach is then to consider increments of the
Wiener path as the basic variables. No relevant information is lost on the (local
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or global) behavior of the path. The advantage is that in this way we can fully
characterize the stationary behavior of the “diffusion” process associated with the
infinite volume limit measure.

Plan of the paper. In Sec.@we introduce the space of increments and the reference
Gaussian measure induced by the Wiener measure on the paths. In Sec. Bl we prove
existence of the Gibbs measures under very mild conditions and in Sec. Hl we give
some more restrictive conditions under which uniqueness can be proved. Sec. H
is devoted to the proof of uniform lower bounds for the diffusion constant under
the Gibbs measures. Finally in Sec. Bl we prove the CLT for a suitable class of
interactions.

2. BROWNIAN INCREMENTS

Fixed a finite union of intervals I C R consider the linear subspace X; C C(12,R?)
such that x € X iff z;; = 0 for any ¢ € I and satisfy the cocycle condition

Tsy T Tut = Tst, Sat>u el (4)

Let X := A and Xy := X_p 1) for each T' > 0.

On X consider the Gaussian measure p such that, if {Xg}ser is the coordinate
process:

E'[Xa] =0,  E'[X3]=|s—t

and Xy, Xy, are independent iff (s,¢) and (u,v) are disjoint intervals. This process
can be easily understood as deriving from a d-dimensional Brownian motion B by
setting Xy = By — B,. Take a < b and let Fiop = 0(Xo 1 a < s <t < b) the
o-field generated by the increments in the interval [a,b] and let ]-"[ZZZ} = 0(Xg :
[s,t] € [-T,T]\|a,b]). In general, for a finite union of intervals I C R we let
Fr=0(Xs: [t,s] €1).

3. GIBBS MEASURES

The specification II is the family of proper probability kernels 7;(|-) with I run-
ning on the set Z of all intervals of R such that

mi(dzly) = Z;H(y)e AT OVED 1 5 (d) ()

for any I € Z, where dsc, is the Dirac measure on X7j. concentrated on the path

Y|rexre, Ur is an F; measurable function and V; is F; x F;c measurable given by
Ur(z) = / dtds W(xg,t — s) (6)
IxI
Via,y) = / dtds W((x ©1 y)ast — 5) (7)
J(I)

with W € C(R? x R;R) and 2z = (x ®; y), the unique path in X such that z|;.; =
x|rxr and z|rexre = ylrexre and

J) =TT xI)YU(I xIYYUI xI)U I 1)
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with It and I~ the positive and negative half lines determined by I (R = I-UIUI™T).
Note that J([I) is the “cone” of influence of the increments in the interval 7. That is,
increments outside J(/) are independent from increments inside I and any increment
inside J(I) can be written as a sum of an increment in I and increments outside

J(I).
Forx € X, £ € R% a > 0 define

0 T
) :/ dt/ dsW (& + zg,a+ s —1).
-r Jo

On W we will make the following assumptions:

H1) sup,ex |Usr(z)| < C|I1? and sup,ey [*o dt |[W(zo, [t])] < oo (extensiveness
of the energy).

H2) For £ € R, supy,q0 Supsex [Qr (@, €, a) — Qr(z,0,a)| < C(1+[¢])

Then

Theorem 1. Assume (H1) and (H2), then there exists at least one Gibbs measure
for the specification II.

Proof. By a theorem of Preston [I3] it will be enough to prove that for a path
y € X and for any interval I there exists a measure w; on X7 such that the family
{mk(-ly)|r : I C K} is uniformly absolutely continuous w.r.t w;.
Fixye X. For f € Fr, f >0 let
S & @5 y)e MVt AVE D) e (dr)
fXK e~ Uk (z )—AVK(Ivy)MK(dJ;)
B fXH po (dz) fXI pr(dx) f(x)e Ar@)=AVi(z,2@ry) =AUk (2)

fXH ,UH(dZ) fX[ IU[(dx)€_)‘UI(z)_)\VI(I’Z®Hy)_)\UK(Z)

& (fly) =
(8)

where H = K\I. For V; and setting I = [a, b], we have the following uniform bound

Vi(z,z@n y) = Vi(0,2 @n y)| < C(L+ 1] + [za|) 9)
so T (fly) < wr(f) with
e~ MI@FONUH T zanl) 1y ()

wi(dw) = T, € 01 @=ONH Tzl (d)

O

Remark 2. The hypothesis above is more general than to require the potential to be
absolutely summable (see [I1]) , which would be equivalent to have

/ ds/ dt |W (zg,t — )| < 00

uniformly for x € X.
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Remark 3. The regularized Nelson model: W (&,t) = —(1 + [€])? + [t]*)™! satisfies
assumptions (H1) and (H2). In particular, for (H2) we have

0 T
1
\V4 E,a0) =2 dt d
Qe =2 [ at [ s e
so that

(€ +ze) (10

0 T
1
<2
Ve@r(z.& )l < / dt/ ds 1+\£+x3t|2+\a+s—t\2>3/2

(11)
< dt d
- / / ° 1—|—|a+s—t| )3/2

C(1+|a])”

Define the measure

par(de) = Z5 e MO p(d) (12)

T T
= / dt/ dsW(xs,s —t)
- J-r

As a consequence of the computations of the previous section we can easily derive
the following proposition:

with

Corollary 4. Under (H1) and (H2) the family of measures {pxr}tr>1 is tight (in
the topology of local convergence). Any cluster point is a Gibbs measure for the
specification I1.

3.1. Periodic Boundary Conditions. Let fiy the regular conditional probability
pr = u(-|X_rr = 0). Under fiy the process X is still Gaussian but increments in
[—T,T] are no more independent and their covariance structure is

|b — alld — ¢
2T

where |[b, a] N [c,d]| is the length of the common subinterval of [a, b] and [c,d]. We
note that fir converges weakly to p as T — oo.
Let

B [XopXea] = |[b,a) ([, d]| -

firr(dr) == Z5 3T (dr) (13)
The advantage of using jir as reference measure is that, due to the choice of the
boundary conditions for =T < s < a < b <t <T we have X;; = X_7,+ Xy, i1 -a.s
so that the r.v. X is measurable with respect F[j(;’z}.
This observation leads to:

Proposition 5. Under (H1) the family of measures {fixr}r>1 is tight.

Proof. Fix a < b and take any positive bounded local function F' € F,,. Then

EV [Fe Wr(X)]
EH [e—AWT(X)]

E#xT [F] —
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Write Wr(X) as Wr(X) = W}lib + ngb + W}?’()lb with

a a T T
W:ﬁlib(x) = /Tdt/Tds W(zs,s—t) +/b dt/b ds W(xg, s —t) (14)

a T
W}Q()lb(x) = / dt/b ds W (2 + Tap + Tps, S — 1)
T

a T
+/ ds/ At W (xgq + Tap + Tor, S — 1)
-T b (15>

a T
= / dt/ ds W(I_Tt + T, S — t)
-T b

a T
+ / dS/ dt W(x_Ts + Ty, S — t)
-T b

where the last equality is true a.e. under fir;

b T b T
Wf’ib(az) ZZ/ dt/ dsW(xg,s—t) —|—/ ds/ At W (g, s —t) (16)
a =T a =T
Using (H1) it is easy to prove that, uniformly in T, |W}3C)Lb(x)| < C(b—a). Then
compute

EﬁT [Fe_)‘W(l)_)‘W(2)_>‘W(3):|
EFaT [F] =

EAT [6—Aw<1>—xw(2)—xw<3>}
RAT [E“ (Fe—,\W@)—AW@)U_—[T,c]) e—)\WU)]
a,b
D [EﬁT (e—xw<2)—xw<3>| ;{Tﬁ}) e_xwm]
EAT [EﬁT <F€_>\W;3>(X)|]_—[ngz}) 6—AW§1)(X)—AW}2)(X):|

T E (BT (e 00| FTe ) e 00 Ao |

(17)

o [ (i) oo

S €2C(b—a)

RAT [e—AW;”(X)_AW;?)(X)}

where we used the fact that Wf) is measurable w.r.t ]—"[7; lc)]
The conditional expectation IE‘A‘T(F\.F[Z:;]) converges as I’ — 00 to E“(F|F[€Z}) =
E#(F). Then for any € > 0, eventually as 7" — oo, \EﬁT(F|f§:z}) —EX(F)| <eand

Er [F] < 2¢0-9) [EF[F] 4 €] which is uniform in T proving the tightness of the
family of measures {fixr}7. O
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4. UNIQUENESS

In the rest of this paper we will assume always that conditions (H1) and (H?2)
holds. Then a straighforward condition for uniqueness of the Gibbs measure is given
by

H3)
00 0
/ dt/ ds | W (@t — 8) — W(0,t — 8)| < C
0 —o0
uniformly in x € X.
Note that (H3) implies (H2).

Proposition 6. Assuming (H3) there exists a unique Gibbs measure for the speci-
fication I1.

Proof. Just consider the proof of existence and note that if (H3) holds then we can
obtain the same upper bound with w; replaced by w;:
e—)\UI(m)IuI(dx)
Ty @y (d)
ie. Tr(fly) < e2@;(f) for any positive f € Fr, I C K. Since the bound on the

interaction energy is now uniform, using a similar argument we obtain also the lower
bound 7x (f|y) > e 29*@;(f). Together they imply:

& (de) = e**

i (fly) = e Pk (f]2) (18)
for any couple z,y € X. This, according to a theorem of Georgii (Proposition 8.38)
implies uniqueness of the Gibbs measure. OJ

Remark 7. Condition (H3) is satisfied whenever
sup W (&, )] < C(1+ [t)~#+)
3

for some 6 > 0 or when
W(Sa t) = 0(1 + |€|2 + |t‘2)_(3/2+5)
always for some 6 > 0.

4.1. Mapping to a discrete model. For any size L > 0 the space X splits into a
product space of countably many copies of X7 = C([0, L]?, R?) as follows. Introduce
the sequence on intervals 7, = [iL, (i + 1)L], i € Z and for x € X let z; = x|, xr,
considered as an element of X;. Let F' : X — XZ be the map (Fz)(i) = x; for
any i € Z and x € X. Note that it is well defined the inverse map F~1: X% — X
and that through F' we can identify X ~ XZ. Moreover using F~! the measure p
factorizes accordingly : p = F*_1(®n€ZM(L")) where each u(L”) is the Wiener measure
over increments in the interval 7,,. Using this mapping the path measure can be seen

as a one-dimensional (unbounded) lattice spin system with single spin space X.
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In particular we can see the total energy Wi (z|y) = Uy(z) + Vi(z,y) in a bounded
interval as originating from potentials U;; such that

(i+1)L G+1)L
Uij(x) = / dt/ ds W (xs,t — s)
i j

iL L
in the following way: Wr(zly) = >, ;. 1a1,,20 Uij(x ®r y) where I is the smallest
closed interval containing the set {iL, (i + 1)L, jL,(j + 1)L}.
Introduce condition (H3b):
H3b) There exists constants C' > 0 and v > 2 such that
sup [W(, )] < C(1+[¢]) .

£eRd

Let 77 [—nn)(+]-) be the following probability kernels 77 [ 5)(-|y) = T—nn(:|¥)| 7
Note that the map y +— 77 [—nn)(-|y) i Fi—nne measurable. Then we can state the
following theorem.

Theorem 8. Under condition (H3b) there exist a unique Gibbs measure 5 for the
specification I moreover for any interval I = [a,b], the marginal distribution i r
on Fi, satisfy

o ldiag  dmronm(y)
dpr dpir

uniformly in y € X where x(n) is a decreasing function which can be chosen to be
x(n) = A'|logn|>7|n|*7 for some constant A’ > 0.

E < x(n —max(al, [])) (19)

Proof. The theorem follows directly from Thm. 2 in [0]. Indeed it is easy to check
that under condition (H3b) the discretized model (e.g. with L = 1) fulfills all the
required hypothesis. In particular, setting My (k) = sup),_; >, sup, |Ui;(z)], it holds
that >, -, kMy (k) < oo and there exists a non-increasing function ¢ (n) = Ajn|*~?
such that >, kMy(k) < ¥(n). So, according to this result we can choose the
function x(n) to be x(n) = A’|logn|*~7|n|>7. O

4.2. The contraction technique. In a more general setup than conditions (H3)
or (H3b) we are able to prove the uniqueness of the Gibbs measure in the small
coupling regime (i.e. when A is small) using the contraction technique introduced
by Dobrushin [7, §].

Let ||-|| denote the sup norm on &7, and ||-||; the Lipschitz semi-norm on C'(X7, R):
flx) = fly
Il = sup LW (20
etyex, |7 =yl

Given two probability measures pu, v on A7 define the Kantorovich-Rubinstein-
Vasserstein (KRV) distance

where the sup is taken for f € C(XL,R).
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Let C(X) the space of continuous functions on X which are uniform limit of
bounded local functions (i.e. depending only on finitely many X factors). For

fel(X) let

| fll1i := sup {M
sz yz||

and let Lip(X) the class of functions f € C(X) which satisfy

[f(z) = f(y)] SZ!Ixi—yillllle,i, ZIIfHu<OO

T,y €X xj:yjforjyéi} (21)

Let m; := m,,. Define the Dobrushin interaction matrix C' as

d(mi(-|y), mi(+]2))

1y — 2|

Cik::sup{ ‘y,zeX:yj:zjforj#k} (22)

A tempered measure v is a measure on X for which there exists z € X such that

sup/ |x; — zi||v(dx) < o0
i X

Note that, as a by product of the proof of Thm. [l we have that, under conditions
(H1) and (H2) there exists tempered Gibbs measures for the specification II.

The following two results are originally due to Dobrushin [7, B]. The formulation
in terms of the KRV metric is taken from Follmer [T0] (see also [I2]) where interested
readers can find the relative proofs.

Theorem 9 (Dobrushin’s uniqueness theorem). Whenever

sup lim Z(C’")Zk =0 (23)

k T—00

there exists a unique tempered Gibbs measure py for the specification II.

Remark 10. Note that a sufficient condition for eq. (Z3) is given by sup, >, Ci, <
1.

Next we will apply these general results to our model. Let us introduce another
class of potentials which is more general than (H3):

H4) Assume that, for some K (W) > 0 and some « > 3 we have

K(W)
555 [Wee(€,1)] < a+re

Theorem 11. Under hypothesis (H4) we have
Ciy < CAK(W)a?(1+ |i — j[)*. (24)

for some constant C > 0 and some o> > 0. Therefore, for small \ there exists a
unique tempered Gibbs measure py for the specification II.
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Proof. We want to check that the specification Il satisfy the requirements for the
application of Dobrushin’s uniqueness criterion (23).
Take y,z € X and

w(f12) = mflo) = [ dro, [zm—l [ e, y)e—w*f)—wiwm<dx>]
+ [sz)—l /X [f(z ®; 2) — flz®; y)]e—wf(”—wf(f’”wdx)]

L
1
= / drA(r)+ B
0
where we let

Ziy) = [ ey )

XL
The B term is estimated by

1Bl <> 1 llukllzr — el (25)
ki

which is finite if f € Lip(X).
Let J; = J(1;) and J;; = J; N J;. For simplicity take first y, z € X such that y = 2
outside 7; we let y" =y + r(z —y) with r € [0, 1] and compute

10, (Vi(z, ") — Vi(w, )| < /

Jij

dbds sup IVVW(E,t = s)] [z — willlly; — 2

If i # j this integral contains only contributions with time span greater than L|i —
J — 1] so if we assume that

sup [VVIW(E,8)] < K(W)(1+ [¢])~
3
we get
10, (Vi y") = Vilw,y"))| < CEW) (1 + |i = )7l — willly; — 2]l-

For general y, z € X we have

10, (Vi y") = Vilw,y" )| < CEW) Y (L + i =51l — willlly; — 2ll-

i
And with m;(-|y") = V"
A(r) = 0, / 1 @ y)dv'
=0, [Zz'(yT)_l [z @ y)e_wi(w)_mm’yr)m(d@] (26)
XL

= /X(f(x ®iy) — flw®;y)) A0, Vi(r ®;y") — O, log Z;(y")] v" (dw)

for any w € X.
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This implies
[A(r)|* < /X(f(fc ®;y) — f(w @i y))*V" (dz)Var,- A, V(- @; y")]

< IIfH?,Z-/ l2; — wl*v" (dz) Var,» [0, Vi(- ®; y")]
X
< |13 07 Var,- (A, V(- @; y")]
where

o2 :=sup inf / |2z — wl|*m;(dzx|y).
x

ye)( wEXL

Then we have

(A < CEW) | flaof DA+ [i =)y — =
J

which imply
7i(fly) = mi(£12)] < CAK (W) Fllao? D (141 = 5D ly; — 2]l
J#i
+ ) N lllz — wl
J#i
then if f € Lip(X) we have also m;(f|-) € Lip(X) provided a > 3.
If fz) = flz:)
mi(fly) = mi(f12)] < CAK(W)| flliof Y (1 + i = 317Nl — =
J#i
which means that
d(mi(-y), mi(-]2)) < CAK(W)o? > (1 +[i = j1)*“lly; — ]
J#
Moreover if y = z outside 7; (i.e. if y|,, = z|,, for any k # j) then

d(mi(-]y), mi(-|2)) < CAK(W)af (1 +[i = j1)*[ly; — 2]

11

(27)

(28)

which in turn implies Cj; < CAK (W)o2(1+|i—j])*~*. So provided o = sup, 0; < 00
and a > 3 we have that >, C;; < C'0?AK(W)L™! and for X sufficiently small we
obtain sup; » , C;; < 1 and by applying Dobrushin criterion we can conclude that
there exists a unique tempered Gibbs measure pu, associated to the specification II.
The condition 02 < oo follows easily from (H1) and (H2) and the computations of

Thm. [

Remark 12. In the case of the Nelson model we have

uniformly in &, so a = 4 and we can apply the above result.

O
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5. LOWER BOUND ON THE DIFFUSION CONSTANT

Here we provide a lower bound for the second moment of the increments under
the Gibbs measure. This will be useful below in the proof of the CLT.

Theorem 13. Under condition (H4) there erists a positive constant o® > 0 such
that
BTG > 0% la — |

uniformly in T.

Proof. Integration by parts on p is given by the formula
b
B2 [X  F] = / dt BX[D, F]

where D, is the Malliavin derivative. This, of course, when both sides make sense.
By integration by parts we have for disjoint intervals [a, b, [c, d] with b < ¢

ENT (X gp Xea) = — BT [Agp Xea] = E*T[=Bap ca + AapAcd (29)
with
b b d
Ay = / ds ADy(Wi(X)) and  Buped / ds / dt \D, D, (Wi (X)),
While ' ' )
ET[XG] = la = b = BT [AgXa] = |a — b = B [Byyw) + ET[AG] - (30)
Apply Cauchy-Schwartz inequality to EF*T[A,, X ] to get the lower bound
B X7) 2 fa— b — (B [42)]) 7 (B [X7) "
Next we have also
BT [AG) < EMTIXG] + B[ By

and so 12 "
(BT [A%)) 77 < (BTIXZ]) 7 + (B[ Baywl)'?
Putting all together we obtain

2EMX 5] > Ja — b — (B (| Baasl)'? (B0 [X3))

If we compute the Malliavin derivatives, we get:

D (WT(X 2/ dU/ dUDt uv> )
2/ du/ dv W ( Xy, u — v)
-7 t

2/ du/ dv DyD W (X yp, u — v)

= / du/ dv W (X, u — v)

1/2

and

DtDs(WT(X))
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It is straightforward to see that these equations pass to the limit when 7" — oco.
Using condition (H4) we get

|D, Dy (Wi (X)) §2/_8Tdu/t dvﬁ <C+]s—t))>  (33)

And since a > 3 we obtain the bound E** 7| By op|] < Cla — b| uniformly in T'.
Using this estimate in the inequality above we get

2ET(XE) > |a—b] = CVa — b2 (B0 (X))
Calling y = (E“7[X2])"? |a — b|~1/2 we have 2y — 1 + CV2y > 0 with y > 0.
This implies that y > o2 for some 02 > 0 and we have obtained the lower bound
EMT(X2] > 02 ]a — bl O
Remark 14. Using 2|ab| < |a|?> + [b|* we have
1 1
E“’T[be] <la—b[+ 9 E”A’T[be] + 9 BT [Agb]

and then E*»T[X2] < 2|a — b + E*»7 [A2,]. This equation and the decay of correla-
tions can provide upper bounds for the diffusion constant.

6. DIFFUSIVE BEHAVIOR

According to Thms. B and [l under condition (H3b) or (H4) (the latter in the
small coupling regime) we have a unique Gibbs measure which we denote pu, as
above and for which we have polynomial decay of correlations. Then we address the
problem of the long-time behavior of the increment process under diffusive rescaling.
Thm. [[3 ensure that when the interaction decays sufficiently fast and for any value
of the coupling constant the path cannot show a sub-diffusive behavior (this irre-
spective of the sign of the potential). The next theorem establish that under some
more restrictive assumption than needed to prove uniqueness of the Gibbs measure
we actually have diffusive behavior of the increment process.

Theorem 15. Assume (H4) holds. Then in either of the following two situations:

(a) condition (H3b) with v > 3, or
(b) small X and o > 4;
the r.v. Xis = 61/2X€71t75713 weakly converges to an isotropic Gaussian vector as

e — 0.

Proof. Consider the random variables Y; = (v, Xr; (i11)) € Fr, for some fixed vector
v € R and for A C Z let Ay = o(X;,0 € A). If Ay, Ay C Z let d(A, Ay) =
inf(|n — k|, n € A1,k € As). Define the following mixing coefficients for the measure
X
ay(n) = sup{|pa(A1UA2) —px (A1) pua(A2)| - 4; € Ay,
and

p(n) = sup{|Cov,, (Z1, Zo)| : Z; € L*(pux, Agry), IYill2 < 1, [ky — ks| > n}

where || - ||, denote the L norm with respect to the measure f,.

A1| < k? ‘A2‘ < lud(A17A2) > n}
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Then, according to a theorem of Bolthausen [6], if the following two conditions
holds

Villoes <00, > a2 (m) < 00 (34)
m=1
for some 6 > 0 and if
o> =Y Cov,, (Yo, Y,) >0 (35)

then the r.v. S, = (6?n)"Y2Y" ..., Vi converges to a standard Gaussian r.v.

So it will be enough to check the two conditions (B4)) and (BH). For eq. (B3) note
that 02 = lim, oo n " E,, (X1,0)? and by the bound proved in Thm. [3 we have
that this quantity is bounded below by o2 Ln with o2 > 0, so that we can conclude
%> 0.

As for condition (B4l) note that each Y; has moments of any order due to the fact
that the expectation on the measure p, can be bounded above by expectation on
the measure wy 1) defined in the proof of Thm. [l which can the be directly estimated
and shown to be finite.

In case (a) the inequality ([J) is enough to prove that as.(n) < Cx(n) =
C’|n|*77, so that the required condition is fulfilled whenever vy > 3.

Then it remains to check that the mixing coefficient «(n) is sufficiently summable
in case (b). A technical difficulty is that the contraction coefficients for the KRV
metric are not suitable to estimate the strong mixing coefficients oy x(m). This
because we cannot uniformly approximate the indicator functions (needed to esti-
mate probabilities) with functions in Lip(&X’). However this technical difficulty can
be easily overcome by using a slightly different norm in the Dobrushin contraction
technique. Let || f]|.; the following local “quasi”-Lipschitz semi-norm:

T — . .
1]l o= sup {8 |f(l ||xf(_y)y"| vy e Xz =y; for j # Z}
TiyYi 2 1

where 0,, = 1 if « # y and 0,, = 0 otherwise, for any two elements x,y € Xf.
This new semi-norm would replace the semi-norm || f||;,; defined in eq. ([ZI]). Then
it is easy to see that all the arguments carry over also with this new semi-norm and
that under this semi-norm we can approximate uniformly the indicator function
of a set A € A, by the Lipschitz functions I'y ,(z) = exp(—p tinfyeq |2 — yl|).
Then, adapting Prop. 2.5 of [I2] we are able to prove that, under the condition
sup; ¥, Cyjli — j|'+* < oo for some § > 0 (i.e. a > 4) we have agqo(n) < Cln|'7°
and this is enough to conclude the proof. O
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