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The FBSDE approach to sine-Gordon up to
67

Massimiliano Gubinelli* Sarah-Jean Meyer*

We develop a stochastic analysis of the sine-Gordon Euclidean quantum
field (cos(f¢)), on the full space up to the second threshold, i.e. for 2 < 6.
The basis of our method is a forward-backward stochastic differential equa-
tion (FBSDE) for a decomposition (X,),>, of the interacting Euclidean field
X along a scale parameter t = 0. This FBSDE describes the optimiser
of the stochastic control representation of the Euclidean QFT introduced by
Barashkov and one of the authors. We show that the FBSDE provides a de-
scription of the interacting field without cut-offs and that it can be used ef-
fectively to study the sine-Gordon measure to obtain results about large de-
viations, sub-gaussian tails, decay of correlations for local observables, singu-
larity with respect to the free field, Osterwalder-Schrader axioms and other
properties.
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1. Introduction

The aim of this paper is to provide a rigorous description of the two-dimensional sine-
Gordon Euclidean quantum field theory (EQFT) on the full space in the regime 2 < 6.
The sine-Gordon EQFT is formally given by the Gibbs measure

“vge(dep) = B exp(—Vsg(@))ul(de) 7, ¢ € S'(R?), 1.1

where u is a massive Gaussian free field on the space of Schwartz distributions S’(R?),
the constant E is a normalisation to make vgg a probability measure, and Vg corresponds
to the cosine interaction, formally defined as

V() = AJ cos(fBp(x))dx.

R2

The sine-Gordon model is a prototypical example of a non-Gaussian EQFT and of partic-
ular interest as both a theory with infinitely many phase transitions as 32 varies between
0 and 87 and more generally as a test-bed for non-polynomial interactions.

The approach we take here is based on a scale dependent interpolation (G;)e[o,00] Of
the covariance Go, = (A —m?)™! of the Gaussian free field. This allows us to interpret
the Gaussian free field as the terminal value W, of a Brownian martingale (W;)c[0 c0)
defined by

t
W, := J Gl2dB,, t=0, (1.2)
0

where B = (B,),> is a cylindrical Brownian motion on L2(R?). From this point of view,
we can produce a scale dependent stochastic dynamics (X ),c[0,00] for the target measure



(1.1) which provides a pathwise scale-by-scale coupling (X, W,),c[0,001-

-1/2

dX, = —G,E,[DVyss(X o0 )1dt + G,'“dB,, t>0. (1.3)

Here, DVsg(¢p) = —ABsin(Py) is formally the functional derivative of the interaction
potential Vgg, and we write G, := 8,G, for the scale derivative of G. The conditional
expectation E, is taken with respect to the augmentation of the filtration generated by the
Brownian motion W and can be interpreted as averaging out the small scales s~ < t71.

In this paper, we show that, once properly renormalised, the FBSDE provides
an effective stochastic quantisation equation for for any size of the coupling con-
stant A := |A| € R. This allows to construct the measure (I.1) without cut-offs from a
straightforward analysis of the equation and only basic estimates of the convolution G
(see Theorem [1.I). Moreover, we can efficiently transport properties from the Gaussian
free field to the sine-Gordon EQFT via (1.3). In particular, we obtain

a) an explicit description of the infinite volume measure via a variational principle (The-

orem|[7.7);

b) a proof of the mutual singularity of the Gaussian free field and the finite volume sine-
Gordon measure for 2 > 41 (Theorem[1.4);

¢) a simple proof for the exponential decay of correlations of general local observables
(Theorem|[1.3);

d) an analysis of the semi-classical limit A — 0 (Theorem;

e) a full verification of the Osterwalder-Schrader axioms and a proof of non-Gaussianity
(Theorem|[8.1);

In order to give a rigorous meaning to (1.3)) we start, as usual, from a well-defined ap-
proximation of the sine-Gordon measure given by

v I(dp) =2} exp(=VPT (9))u' (dy), (1.4)

where p is an infrared cut-off and u! denotes the law of an approximation Wy to the
massive Gaussian free field W, as in (I.2). In Section |2 we will show that in this regu-
larised setting, the FBSDE produces the correct measure, that is the solution (X,),
to the FBSDE

dxf" = —G,E [DVAT (X0 )]dt +dw,,  t€[0,T] (1.5)
has terminal law Law(X ?’T) = v*T, As a byproduct, we show that it is associated with

the solution to the stochastic optimal control problem

oo

: 1
_log]E[e_va(wT)]: lerhf E[VP’T(IT(U)"'WT)"'EJ ||ut||§2dt], (1.6)
u a 0



where I,(u) := fot Gsl/ 2u,ds and H,, is an appropriate space of predictable processes. As ex-
pected, the representations and are not stable in the small-scale limit T — oo,
and they require a renormalisation of the potential VT involving diverging constants.
To overcome this problem, suppose that F is a sufficiently nice scale dependent function
F = (F,)iefo,r] such that F; = DVPT. By Ito’s formula, solving the FBSDE is equi-
valent to solving the FBSDE
t -
{Zt =—Jo GEZ AW +R)ds, celoTl  @An
R, =E, [, HJ(Z +W,)ds—E, [, DF,GRds,

where the functional (H,),c[o 1] is given by
1 . .
H,:=0,F, + 3 Tr(G,D?*F,)—DF,G.F,, t€[0,T].

The solution X to can then be obtained from with the identification X, =
Z; + W,. In this representation, the limit T — o0 is associated to the convergence of the
integral over scales in the equation for the remainder R. Constructing the measure (1.1])
reduces to two tasks:

1. Find an approximation F for the effective force E,[DVsg(X oo )] that makes the source
term H (W, + Z,) of the backward equation in (1.7) integrable as s — oo, while pre-
serving good continuity and growth properties.

2. Control the associated FBSDE ([1.7) uniformly in the regularisations T and p and
establish global existence for the solutions to (1.7).

The first task involves a good understanding of approximate solutions to the well-known
infinite dimensional and non-linear (backward) Polchinski renormalisation flow equation
(see e.g. [36] or the recent review [[13]]),

(1.8)

vy + %Tr(GtDzvt) - %thGtth =0,
Voo () = Vsg(¢).

Indeed, given a solution v to and taking F, = Dv, we would have H, = 0 and
therefore R, = 0. The remainder R allows for additional freedom in the choice for the
scale interpolation of the force F, and avoids a precise technical analysis of (1.8]).

The second task requires good a priori estimates for the non-standard FBSDE (1.7),
which are uniform in the regularisation T. The equation is in general nonlinear and
thus solutions need not be global so that this step is non-trivial and indeed the reason
why the present work is limited to the regime 2 < 67. It would be very interesting to
better understand the solution theory for FBSDEs of the form also in a more general
setting for different models, that is different choices of F,.

Our main result is the following.



Theorem 1.1. Let f? < 6m. For p € C°(R*) or p = 1 and T € [0, 00], there is scale

dependent function FP°T = (Fsp’T)sE[O,T] such that up to first order (in A), F;”T corresponds
perturbatively to the Wick-renormalised sine

FPT (Wonr)(x) = —p (x)BALsin(BW,pr(x))] + O(A2),

and the associated FBSDE (I.7) has a solution (ZP-T,RP-T) € H® (L) x H (L ).

If the volume is finite, that is p € C° (R?), or if the coupling constant A is sufficiently
small, Law(X%,) = v’S)G is unique. For p =1,T = oo and glny € > 0, there is a version of
the drift Z = Z1°° with terminal value Z, € L°°(dP; B;;,ﬂ [4m—en
measure is given as a random shift of the Gaussian free field W,

), and the sine-Gordon

Vsg — LaW(Woo + ZOO)'

It should be emphasised that while our analysis provides uniqueness only if the coupling
constant A is small or the volume is finite, its existence is guaranteed for any A € R also
in the full space: we obtain uniform bounds on the FBSDE for any A € R which imply
tightness for the family v’S)éT = Law(Wy + Z? ’T). Indeed, at the level of the approximate
measures (1.4), Theorem implies following result.

Corollary 1.2. For any A € R, the family of measures (VgéT)T, p defined in (1.4) is tight on
H¢({x)™2). Moreover, there is a unique accumulation point if either of the conditions below
is satisfied

o Ais sufficiently small. In this case (VgéT)T, o converges H ~#((x)72)-weakly to a measure
VsG-

* p € CCOO(RZ) remains fixed. Then, as T — 00, the sequence (VgéT)T>o converges

— -2 . 0
H™*({x)"*)-weakly to a limiting measure V.

To demonstrate the advantages of the representation, we transport some properties of
the free field W, to the sine-Gordon shift W, + Z,,. A neat application is the exponen-
tial decay of correlation via a simple coupling argument as in [|39] 28]]. In this setting,
we can show that for the unique solution Z, to at T = oo, p = 1, the process
(Xt)te[0,00] = (Z¢ + Wi )ee[0,00] inherits the following decay of correlations from W. Note
that the theorem below includes t = 0o and thus vgg = Law(X ).

Theorem 1.3. Let y be a smooth function supported on B1(0) and x1,x, € R If A is
sufficiently small, then there is a constant v € (0, 1) depending only on the mass m such that
for any two bounded and Lipschitz observables O, 0, : H" ™" — R, it holds that

|Cov[O7 (¥ - X, (- 4+ x1)); Oo(x - X, (- + D1 S e—mrlxi—xa|

Here, the implicit constant depends only on the bounds and Lipschitz constants of the observ-
ables O; and O,.



In the first region 32 < 4, it is not difficult to see that the finite volume sine-Gordon
measure is absolutely continuous with respect to the Gaussian free field. Using the FBSDE,
we can show that this is no longer the case beyond this threshold. To the best of our
knowledge, this is the first proof of this fact.

Theorem 1.4. For 32 € [4m,67), the finite volume sine-Gordon measure and the Gaussian
free field are mutually singular.

As a result of this singularity, the control problem cannot be transferred to the
UV-limit verbatim, in contrast to the simpler setting 32 < 4 (treated in [[6]]). Building on
the same ideas used for the change of variables in the FBSDE from to (1.7), we re-
formulate the variational problem in terms of an (absolutely continuous) remainder.
This reformulation, combined with a localisation property of the limiting measure, allows
us to recover a variational problem for the Laplace transform of v in the infinite volume
(see as long as A is sufficiently small.

With this variational formulation at hand, we can show that the limiting measure vgg
defines a non-Gaussian EQFT and derive a Laplace principle for the semi-classical limit
fi — 0. To make this slightly more precise, let (,uh)ﬁe(o,l) be the family of rescaled Gaussian
free fields with covariance ii(m? — A)~!. For now, formally define the measures

Vi (dp) =5, exp(—V(p)u"(dg).”
We show the following theorem.

Theorem 1.5. As i — O, the family V}siG satisfies a Laplace principle with rate i1 and rate
function

A [ (cos —1D)+1 [em?2—A)p, ¢ eH(R?),
1) = { [(cos(Bp)—1) + 3 [ ( ). @ SH'(R) 1.9)
o, otherwise.
More precisely, for any continuous and bounded f : S'(R?) — R,
lim —f1log exp(—h f ()Y, (dp) = inf {f(¢)+I(p)}. (1.10)
h—0 S/(R2) peH!

Finally, we verify the Osterwalder Schrader axioms for small couplings A.

Remark 1.6. Our approach relies only on some general estimates for the heat kernel of
the Laplacian (see Appendix[A) and can be easily extended with respect to the dimension
of the underlying Euclidean space. In the general d-dimensional setting, the sine-Gordon
theory can be considered with respect to the d-dimensional log-correlated Gaussian field
and is subcritical for $2/2m € [0,2d) and the argument presented here allows to construct
the sine-Gordon measure in 32/2m € [0,d+1). In one dimension, this means we can cover
the full subcritical regime, (see also [31]], where a one-dimensional version of the model
is considered). We can moreover generalise our results to the (compact) Riemannian
manifold context, in analogy to the recent work [2]] on <I>§' on a compact Riemannian
manifold. For the sake of clarity, we refrain from including these modifications. The
required changes are minimal and we do not believe that the associated results would
justify extending this contribution.



1.1. Related work

The sine-Gordon model has been subject to many studies in the constructive literature,
covering finite or infinite volume interactions and allowing various ranges for 32 € [0, 87)
and the coupling constant A € R. However, the full mathematical understanding of this
model is still lacking and none of these works cover the theory on the full space R? for all
B2 € (0,87) and all A € R. A comprehensive review of the vast literature on the model
can be found in the paper [[12]] where in the reader will also find a description of the
correspondence with certain fermionic Euclidean models.

We single out the pioneering work of Benfatto et al. [[14]] and Nicol4 et al. [[32]] who es-
tablish existence of the model for a finite volume interaction and small coupling constants
in the full subcritical range 32 < 87 via a probabilistic method initiated by the Roman
school of Gallavotti and co-authors. A more modern account is the martingale method
of [I31]] which covers the full subcritical regime in the case d = 1, in a bounded domain
but without restrictions on the coupling constant A € R.

The more classical stochastic quantisation using the Langevin dynamics for the sine-
Gordon model has only been partially resolved after the preprint of the present article
appeared. In contrast to the <I>§ theory, there is no obvious coercive term to ensure global
in time existence and even though the local solution theory was established already in [29,
19]], the first global in time existence results for 47 + ¢ were obtained by Chandra, Feltes
and Weber [20] as a corollary of global existence for the generalised parabolic Anderson
model in a finite volume (see also the related paper [|37]]). Even more recently, Bringmann
and Cao [[17]] managed to show global well-posedness for the Langevin dynamics on the
torus for B2 < 6.

Due to the analytic treatability of the sine-Gordon interaction, there have been several
accounts based on renormalisation group ideas and a direct analysis of the Polchinski
flow equation (1.8)). In this regard, we want to mention the analysis of Brydges and
Kennedy [[18], where they lay the foundations for this approach relying on a majorant
method to establish convergence of the Mayer expansion up to 32 < %875. More recently,
Bauerschmidt and Bodineau [[10]] showed convergence for the Mayer expansion up to 67
which allows them to establish a uniform log-Sobolev inequality for a lattice approxima-
tion of the model. In a related work, Bauerschmidt and Hofstetter [[11]] use the solution
obtained from the Mayer expansion to construct a multiscale coupling between the Gaus-
sian free field and the sine-Gordon model and analyse the maximum of the sine-Gordon
measure. Similar ideas were applied by Barashkov, Gunaratnam and Hofstetter [[9] to
analyse the maximum of the P(¢), models in a bounded domain. These last two papers
are similar in spirit and complementary to ours, but rely on a direct analysis of the Pol-
chinski equation and focus on the extremal analysis in a finite volume instead of a
general analysis and properties of the resulting EQFT.

Focusing now on the connection between the FBSDE and stochastic optimal control, a
direct precursor of the results presented here is the work of Barashkov [6]] (and the re-
lated PhD thesis [5]]), where the model is studied in the first region 2 < 4m on the full
space R? using a variational approach. This approach is based on the stochastic control
problem and was first applied to the @g model in bounded volume in [[4]]. The more



recent extension in [8]] to the infinite volume limit for the polynomial and exponential
interaction in the 2 dimensional setting relies on a weak formulation of the FBSDE we
use here. In the case of a Grassmannian field, the FBSDE approach has been successfully
applied in [39] to cover the full subcritical regime. This also includes the complete in-
ductive analysis of the corresponding approximate flow equation. After a first preprint
of this article got published, Duch constructed a marginal asymptotically free Fermionic
theory [22]] by solving the continuous renormalisation group exactly.

Finally, we want to point out a general (tentative) axiomatic framework [3]] proposed
by Bailleul, Chevyrev and the first author. This framework provides a generalisation of
the coupling with the free field given by to the construction of random fields en-
dowed with a Wilsonian scale-decomposition and a stochastic dynamics associated to a
Gaussian field. These so called Wilson-Ito fields generate interesting questions ranging
from the characterisation of measures of the form (1.1I)) via FBSDEs, to locality properties,
the structure of the pre-factorisation algebras generated by the observables, or general-
isations of the domain Markov properties, some of which we hope to address in a future
study.
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1.2. Notation and assumptions
Let us fix some general notation we will use throughout.

o Let (x) := (1+|x|*)"/?, x € R%. We will often rely on the following inequality to
commute polynomial weights,

) *FS (x—y)k, keN, (1.11)

* For y € (—1, 1), we define the exponential weights

WY(X) = e¥mixl

* For a non-negative function w : R*> — R, we define the standard weighted Le-
besgue, Sobolev and Besov spaces LP(w), WSP(w), H*(w) = W*%(w) and B;’q(w),
p,q €[1,00],s € R based on the measures w(x)dx on R?, e.g. LP(w) is equipped
with the norm

12,y = w - F1I2, = f

R

|fw|P = f lw(x)f ()|Pdx.
2 R2


https://creativecommons.org/licenses/by/4.0/
www.texmacs.org

In the case of w(x) = (x)* for some k € R, we also write LPK := LP((x)¥) and
analogously for the Besov and Sobolev spaces. Throughout this paper, we will fix a
polynomial weight with n sufficiently large so that x — (x)™" € L1(R?).

We denote by A; = ¢;(D) the Littlewood-Paley blocks on R? and by K; = F(¢;)
their associated LP-kernels. We recall that then, for any i = —1 and p € [1, c0),

=
1Kl ST, |IK Il S2%7 . (1.12)

For any a € R, p,q €[1, oo] and n we define the usual Besov norms (with the usual
modification for ¢ = 00)

el gy = 2, 2% A,

i=z—1

with the corresponding Besov spaces
—ny._— /(RdY .
BE () ™) = {u € SR : Ilullig (r) < 02}
For a more detailed exposition, we refer to [[I, Chapter 1].

For a collection of points x; = (x;);e; We denote its Steiner diameter, that is the
shortest tree connecting all points in x;, by St(x;). More precisely, we define
St(x;) := min min L(7), (1.13)
Xy 2Xy T(xy)

where the second minimum runs over all trees 7(x;) connecting the points x; and
L(7) measures the length of the tree 7 on R?. We refer to [[25] for further details.

We denote by B = (B,),>( a cylindrical Brownian motion on L?(R?) and by F =
(F¢)i>o the augmentation of the filtration generated by B. All considerations are
with respect to this filtration and we will not explicitly mention it elsewhere (i.e.
adapted always means adapted to the filtration F). The conditional expectation
with respect to F, is denoted by E,. Given a measure v, we write v(f) := f fdv
for the expectation under this measure and if v is a probability measure, we write

Cov,(f, &) := v(f &) — v(f)(g)-

For a Banach space X, let H,(X") be the space of predictable processes taking values
in X (no integrability restrictions assumed). We also define the spaces, for any
pE[l,00]

T

HY.(X) == {u e ]I-]Ia(X)lEf
0

H (L™ (R?)) := {u € Hy(L® (R})|1<ryu; € L(dt ® dP®dx)}.

gl ds < OO},

If T = oo, we may omit the subscript T in the spaces above.



¢ We write p < 1 if p is a smooth and compactly supported function R? — [0,1] and
analogously, we write p < 1if p <1 or p = 1. For a family of spatial cut-offs (p;)x
will write pj — 1if p <1 and lim;_, (1 — pi(x)) = 0.

* We reserve 6 := 1— f32/8m > 0 to denote the distance to criticality of the sine-
Gordon model in our normalisation. The relevant thresholds for us, 2 < 47, 2 <
67 and [52 < 8, correspond to & > %, o> % and & > 0 respectively.

To study the Laplace transform of vgg, we will have to consider localised perturbations
g+V of the potential V for functionals g : S'(R?) — R. This localisation will be quantified
in terms of the semi-norms

Igl1px:= sup [IVE(@)llLek,

pELPkK
ehoie sy 1VE@D= Vel
2,p,k +— )
PRy bserrt Nd1— allion

where we drop the parameter k if k = 0. We always assume that g, Vg is uniformly
bounded, that is
sup [|[Vg(@)llLe +1g(p)| S L < 00,
peS’(R?)

and that g € CZ(L> ™")NCZ(H~*~"), the space of functions L>~" — R with two continuous
and bounded derivatives with a continuous extension in Cf (H™%™™). The class of functions
g satisfying the assumptions above is large enough to be rate function determining (for a
proof see e.g. [6, Lemma 9]).

2. Stochastic control set-up for Gibbs measures

In this section, we set up the general variational framework required to study Gibbsian
perturbations of the form of a Gaussian measure u! from a stochastic control per-
spective. More precisely, for a functional g : S'(R?) — R satisfying the assumptions laid
out in Section and suitable functions U € C,°(R) and a spatial cut-off p < 1, we
consider a generic perturbed potential

VE(p) == (g +V)(p) :=Ag(p) + /lf p(x)U(p(x))dx, 2.1
R2
and study the generic Gibbs measures,
W(de) =" (de) = E; " exp(=V (p))u' (dw). (2.2)
p,T

We agree to drop the superscript g whenever g = 0. Note that the measures v
defined in are precisely of this form whenever p < 1,T < co.

Before we can begin the analysis of the control problem, we have to construct a suitable
probability space. This requires a Brownian martingale W with the Gaussian free field as
its terminal value.

sg as

10



2.1. Scale decomposition

Mainly for technical convenience and concreteness, we use a heat kernel decomposition
to interpolate the covariance of the free field as

2 -1 < - 1 2y 1/2
(m*—A) "= Qidt with Q,:= t—ze .
0

For a cylindrical Brownian motion B on L2(R?), we then define the Brownian martingale
(W,);>0 as the corresponding scale interpolation of the Gaussian free field, that is

t
W, = J Q.dB,.
0

By construction, the measure u' := Law(W,) has covariance,

t

Gi(x,y) :=G(x—Y) :=J Q?(x — y)ds, (2.3)
0

where we abuse the notation to use the same symbol for the operator and its associated

kernel on L2(R?). A standard computation shows that the kernels are explicitly given by,

. 1 s . 1 s
GU2(x) = Qy(x) = ——e ™ /Ze i G (x) = e eI xeR2 (24
2r 47s
In addition to the smoothing property of the heat kernel, we rely on the following prop-
erties of the scale interpolation

* the kernel of G has a positive convolutional square root Q, that is G, = Q, *Q,.

* the kernels decay exponentially fast on R?, which is required to show the decay of
correlations in Section

e the kernels G, are invariant under Euclidean transformations, which is used in our
proof of the Euclidean invariance in Section

Apart from the properties above, the precise choice of the scale interpolation is not im-
portant for us and we will only require elementary bounds on the kernels, all of which we
collect in Appendix [Al

A simple computation shows that the martingale W serves as a smooth approximation
to the free field. Before we proceed, let us note this fact for future reference. We postpone

the proof to Appendix

Lemma 2.1. For any € > 0,p € [1,00) and n > 2, the sequence (W,);>o converges in
LP(dP; B;";;_”) and almost surely to a random variable Wy, ~ u, where u is the Gaussian free
field, that is the centred Gaussian measure on S’(R?) with covariance (m?—A)~L. Moreover,
for any T < o0, the stopped process (W, 7)i>0 is a Gaussian process taking values in the
function space L.

11



2.2. The control problem

With the scale interpolation (W,), of the free field, and thus the probability space, con-
structed, we can return to the measures (2.2). The goal of this section is to establish
the connection between Gibbsian perturbations of a Gaussian and the stochastic control
problem which is the basis for the FBSDE formulation.

Theorem 2.2.

a) Forany T € [0,00) and ¢ € S’(R?), the FBSDE

t

Z{ (p)= @—f GE[VVE(Z () +Wp)]ds, (2.5)
0

has a unique solution in H7°(L°).

b) The process X ‘f = Zf + W,, where Zf is the solution to (2.5), satisfies Law(X %) = v and
the pair

@@f, X)) = (—QEJ[VVEXF ()] XE (9)), (2.6)
is the unique optimiser for the stochastic control problem,
t
X(wp)=Z(u;9)+W,, where Z(u;¢):=¢ +f Q,u,ds 2.7)
0

subject to the cost functional

T

1
V() := inf ng(u;go):: inf E Vg(ZT(u;¢)+WT)+—J ||uS||i2ds]. (2.8)
ucH, ueH, 2 0

In particular, the Laplace transform of v satisfies the variational problem,

WY(g; ) :=—log v,(e7¢) = inf JVT8(u; ) — inf JV (u; ). (2.9)
ueH, ueH,

Let us agree to drop the dependence on the initial value ¢ as long as no ambiguities
arise. This dependence on the initial value ¢ will only become relevant in Section[8.3|and
can safely be ignored for the rest of the paper. We will arrive at Theorem in several
steps. We start with the variational description for exponential functionals of Brownian
motion by Boué and Dupuis (Lemma [2.3). We then show that any optimally controlled
process has the correct law (Lemma Finally, we obtain necessary conditions on
the optimal control (Lemma and use a verification theorem to show existence and
uniqueness of an optimal control (Lemmal[2.6) which will imply that the optimal dynamics
is indeed given by (2.5)).

We say a real valued random variable Y is tame (with respect to the probability measure
IP) if there are Holder conjugates p,q > 1 (thatis 1/p + 1/g = 1) such that

Elexp(—qY)]+ E|Y|P < oo.
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The assumptions on g and the boundedness of V defined in (2.1)) imply that this condition
is always satisfied for Y = V&(W,) and t € [0, 00). Recall the the variational formula
from [[16] in the more general version of [[38]].

Theorem 2.3 (Boué-Dupuis). Let B be a cylindrical Brownian motion on a Hilbert space H
and let W = f(;QtdBt be a Brownian motion on H with covariance G, = fot Qfds :H—H
and define for u € Hy,

t
X W)=2Z,u)+W,, where Z.(u) =J dsQ,us. (2.10)
0

For any Borel-measurable functional F : H — R such that F(W) is tame, it holds that
oo

1
_ —F(W)1_ L 2 . F
logE[e 1= ulergaE[F(X(u)) + : J ||us||deS] =: ulelgaJ (u). (2.11)

0

Our interest in this formula is justified by the following observation. If g : S’'(R?) —» R
satisfies the assumptions laid out in Section then V¢ is tame and the formula (2.11))
provides a variational representation for the Laplace transform of (2.2)) via

E[e(8+V)Wr)]
E[e—V(WT)]
If the infimum is a minimum, it turns out that the control problem actually provides a

more direct description of the measure v via the dynamics X,(u) given by (2.10). We
recall Lemma 11 from [8]], which is the key to establish this relationship.

= inf JYT8(W)— inf JV(u). (2.12)
u€eH,

u€H,

WY (g)=—logv(e™8) = —log(

Lemma 2.4. Let g : S'(R?) — R be bounded and continuous. If for some a € R the
variational problem inf, ey J ?g (u) has a minimiser @8, then a — WV (ag) satisfies

= W (ag) = g0 @)1
a
In particular, Law(X (1)) = ».

Next, we show a necessary condition for the optimal control, which will also provide a
candidate for the minimiser of (2.11)) as feedback control.

Lemma 2.5. If i € H, is optimal for the control problem (2.11)), then dt ® dP-almost
surely,
i = —QE [VV(Xr(@))]. (2.13)

Proof. Standard stability results for SDEs imply that the solution X (u) to (2.7) is differ-
entiable in u. Similarly, the regularity assumed on V and g imply that also JV*8(u) is
differentiable along all directions §u € H2(L?). We compute

d t
VEX?’(SH = E Xt(u+€5u):J Qs6u,ds,
e=0 0
T
v, Ot = di JV(u+edu)=E [VVg(XT(u))VSX;"su + J us5usdsi| .
€le=0 0

13



Since the control u has to be adapted, we may insert a conditional expectation to find
T
v, JoU = ]Ef (Q,E[VVE (X7 ()] + uy)Suyds. (2.14)
0

For an optimal control u = @i¢, it must hold for any direction Su € H?(L?) and ¢ > 0,
JE(@8 + e5u,) —JE(@f) = 0

Moreover, since VY (u) := E,[VVE(X1(u))] does not depend on the direction Su, we
arrive at the claimed first order condition for optimality

i +Q,VYE(af) =0 = af = —Q, VY (a).
0

Up until this point, we cannot guarantee existence of a minimiser. For the potentials V
as defined in (2.1)), we can close this gap with a verification theorem for feedback controls.
Given a feedback control u, = i1,(X,(u)), we say that the pair (u, X (u)) is admissible if X (u)
is a strong solution to the SDE controlled by u, that is X (u) is a strong solution to
the SDE

t
Xt=f Qi (X,)ds+W,, te[0,T].
0

Lemma 2.6. The feedback control (2.13)) is optimal for the control problem (2.8). Moreover;
the Hamilton-Jacobi-Bellman equation

8yv, + 2 Te(G,.D?v,) = 1Dv,G,Dv,, t€[0,T], 2.15)
Vr = V+ g, )
has a unique bounded solution v, and i¢ defined in (2.13)) satisfies
i = —Q Vv (X,(@®)). (2.16)

Proof. Let us first show the statement for a bounded function g and write v = v¢, V =
V&. The Hamilton—-Jacobi-Bellman equation (HJB-equation; for short) associated to the
control problem (2.8)) is given by

{@w +inf, ¢ 2 { Tr(G,D?v,) + (Dv,Q,a) 2 + 2||a|| } 0, (2.17)

VT:V.

see e.g. [23] Section 2.5.1]. Solving the quadratic optimisation problem in we find
that the optimum is attained at a = —Q,Dv, so that the PDE (| reduces to (2.15).
Define the function

ve(p) := —logE[exp(—V (¢ + Wy —W,))]. (2.18)

14



Since V is bounded and smooth by assumption, the representation in implies that
also v is smooth and bounded, say v € C;([O, T], Cf(]Rz)). We readily verify by a direct
computation that v is a solution to (2.15)).

Having found a solution to the HJB equation (2.17]), we have access to the verification
theorem (see e.g. [[23] Theorem 2.36]): if the feedback control @ as defined in is
admissible and satisfies for almost every s € [0, T ] P-almost surely,

il € argmin, {% Tr(G;D?v;(X,(2))) + (D, (X,(@)), Q;a) + %llalliz } , (2.19)

it follows that @ is optimal for the control problem. By the same reasoning as before for the
HJB-equation, the unique L2-optimiser of is given by i, = —Q, Vv (X,(&1)). Since
V is bounded, we see from that the solution exp(—v,(¢)) is bounded away from O
and the gradient is given by

—E[VV(p + Wy —W,)exp(=V (¢ + Wr —W,))]
exp(—v,(¢)) '

Vv(p) = (2.20)

Hence, the gradient Vv, inherits the Lipschitz continuity from V and VV. As a result, the
standard fixed point argument for SDEs with bounded Lipschitz coefficients shows that
the pair (i1,X (1)) is admissible for the control problem. Finally, expanding the function
fs := Vv, along the flow of the optimally controlled process X = X (ii) using Ito’s formula
and the fact that v, solves (2.15)), yields

! 1 1
filX) =E, [VV(XT) - f (asfs +5 6D, — ED(stsfs)) (Xs)ds]

(2.21)

=E,[VV(X7)].

which is the missing equality
i, =—Q,Vv/(X, (1)) = —QE[VV(X(@r))]. (2.22)
O

Proof of Theorem[2.2] To see that has a unique solution, note that by (2.22), the
SDE is equivalent to with the feedback control i, = —Q,Vv.(X.(i)). By
Lemma this control is admissible, i.e. there is a unique strong solution. By (2.12)),
the variational problem for the Laplace transform is a direct consequence of Lemma
Lemma [2.5|and [2.6]imply combined that the pair defined in is optimal for the con-
trol problem. Moreover, the condition is necessary and since the solution to the
SDE is unique, the pair (¢, X (28)) defined by is the unique optimiser for (2.8)).
Finally, Lemma shows that the solution X to for g = 0 has the desired law,

Law(Xy) = .

15



Remark 2.7.

a) Compared to the more general setting considered in [8]], the fact that the potential is
Lipschitz and bounded allows us to directly use the solution to the HJB-equation ([2.15))
and enables the verification theorem. This means that we do not need to relax the vari-
ational problem to ensure existence of a minimiser. The difference is only a technical
one and not crucial to our analysis: the subsequent analysis could be carried out ver-
batim for a relaxed version of the control problem, by possibly enlarging the underlying
filtration.

b) We should emphasise the difference between the two formulas
ad =—Q, Vvi(X, (%)), (2.23)
via the solution v to and
if = —QE[VVE(Xr(@))], (2.24)

via the stochastic maximum principle. The PDE is not only non-linear but also
infinite dimensional. The only reason we were able to easily show well-posedness
here are the explicit formulas and for v and its gradient. Both rely
on the boundedness and Lipschitz continuity of V¢ and its gradient. In our main
application of interest, where V = V#T both of these properties disappear as the
regularisations p and T are removed. As a result, this strategy does not readily transfer
to the unregularised setting.

In contrast, the formula yields the entirely self-contained forward-backward
dynamics (2.5). This FBSDE is an appealing candidate for a stochastic quantisation
equation for the measures - that we can also transfer to the limit p — 1, T — oo.
Controlling uniformly in both regularisations is the objective of the next section.

2.3. The effective FBSDE

Motivated by the issues highlighted in Remark we move to a reformulation of
the FBSDE (2.5), which is stable in the p — 1, T — oo limit and which can be stud-
ied without relying on a direct analysis of the PDE (2.15). This means we do not have
access to the exact solution of (2.15). In place of the exact solution, we look for a scale
dependent function (F,), such that the error, or remainder, R defined by

R, :=E,DV(Xy)]—F.(X,), (2.25)

is small in a suitable sense. For V = V?T we would like the bounds to also be uniform
inp <1and T < oo. While we should keep this goal in mind, the ideas are more
general and we therefore first develop them for a generic function DV. Similarly to the
computation in (2.21)), we develop the function F along the flow of the SDE and

16



obtain a BSDE for the remainder R,

R, = Et[FT(XT) _Ft(Xt)]

T T T
=Etf HS(Xs)dS—]Etf DFS(XS)GsdeS+Etf DF,(X,)dw;,
t t

t

where . .
H () = (0F, + 3 THGDR) = SDEGE) ) ) 226)

Since the stochastic integral is a martingale, it vanishes under the conditional expectation.
Allowing again a small perturbation g in the potential, the optimal dynamics in (2.5) can
equivalently be described by the FBSDE

{Xt = + Wt _fot Gs(Fs(Xs) +Rs)ds’

R =E; [Vg(XT) + ftT H,(X,)ds — ftT DFS(XS)GsdeS] . (2.27)

If there is no additional perturbation added to the potential V, choosing F = Vv for v the
exact solution to (2.15), we recover R = 0. Even in this unperturbed case, the remainder
proves to be useful as it allows us the freedom to choose the function F, and let the
remainder R compute the error resulting from this approximation. We, therefore, set out
to find a systematic way to construct functions F for which the error term H is small in
the next section.

Remark 2.8. Observe that we really treat the function g in as a perturbation: we
only develop the unperturbed gradient VV along the flow. The error due to g is collected
entirely in the terminal condition for the remainder R. This means that we only have to
analyse the flow equation for the unperturbed periodic potential VV. This distinction
is of technical importance to us — in the subsequent analysis, we will use the periodicity
of VV and V to our advantage and including a generic perturbation g would break this

symmetry.

3. Analysis of the flow equation

In this section, we inductively derive the bounds on the coefficients of the FBSDE (2.27))
using a truncated version of the renormalisation flow equation

1. 1 .
0,F, + 3 Tr(G,D?F,) — ED(FthFt) =0, subjectto Fy=DVT, (3.1

3.1. Truncating the flow

Heuristically, we expect that successive Picard iterations of the flow equation (3.1I)) im-
prove the the approximation. Accordingly, we define an iterative scheme starting from
FI0:= 0 and define FI! for £ > 0 as the solution to the equation

1 . 1 . "
9tFt[“+£Tr(GtD2th): > -G FY, (3.2)
=t
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subject to the terminal conditions

vVvT(p), forl=1,
F;KJ(¢):{ (o), for (3.3)

0, otherwise,

for a suitable potential VT to be determined later. The initial condition FI°] = 0 ensures
that is triangular in £ and we can solve as a linear PDE with a source term.
Proceeding in this way, we define the £*-th order approximation Fs[“*] = ZK@*FS[“-
With this choice for F in the FBSDE (2.27)), the generator of the backward equation as
defined in reduces to

* * ]_ . * ]_ %7 - *
HISC .= g FIsC] 4 3 Tr(G,D*FI<0]) — ED(FSN 1G,FI=t)

S
1 e/ . e//
=—3 > DEMIGFD).
O+ 0" > 0*
Z’,é”sf‘

The estimates on the flow equation will rely on the following simple Lemma.

2 -
Lemma 3.1. Let A, = AeﬁTGt(O), Api=|Aand 6 =1— g > 0. Then, for any n € N and
a>1—né,

oo
J A (s) T (s) " ds S AT(e) (D, (3.4
t
In particular, for né > 1 we can choose a = 0 and
oo
f AM(s)™ds S, AT (), (3.5)
t

Proof. With the heat kernel estimate (A.I]) from Lemma we see that A, < CA(tV1)17°

for some C > 0. Now the claim follows from § > 0 < 2 < 87. O

Let us take a moment to heuristically explain how successive iterations of should
improve in £. Starting from the first order approximation ¢ = 1, the bilinear term does not
give any contributions, and the linear equation computes the usual Wick-ordering.
In the specific case of the cosine interaction, this means more concretely that

- - 2 - -
Ft[l](go) =—ABsin(By), where A, := Ae'z 6@ < AC(t)ﬁZ/gn =AC(t)17%. (3.6)

Here, we absorbed the coupling constant A = A, into the renormalisation constant A,.
The estimates on A, are a direct consequence of basic heat kernel estimates (LemmalA.T]).
We directly read off the bounds,

IDFP (@)oo + I (@)oo S Ay S A(1)10. 3.7)
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Due to the form of the non-linearity of the flow equation (3.2) and Lemma we can
expect the bound

IDFH(@)N1 oo + IFE( @)oo S AL(E) D S AU (0), (3.8)

to propagate inductively. Indeed, assuming that the bound (3.8) holds for all £/,¢” < ¢,
we obtain from Young’s inequality and the estimate ||G;||;1 < (s)~2 that,

A 14 /4 . V& =plqpl —(pp!
IDCEXIG FE D)oo S IDFE || oo |G 1 IIFE oo S AL+ (1) 7+, (3.9)

Since G is positive, formally integrating out the linear part in ([3.2) and passing to the
mild formulation (see the next section for details), this suggests

/4
IEE ()l oo sJ

t

T T

/_lf ()" () 245 < J /_If (s)~tds.

t
Hence, Lemma propagates the bound only if £6 > 1. Otherwise, we will have
to improve our analysis and introduce additional regularisations to propagate the bounds
from one level to the next. We therefore refer to the terms with £ > 1/§ as irrelevant and
£ < 1/6 as relevant. To obtain uniform bounds on the remainder R in (2.27), the source
term in H should contain only irrelevant terms. The estimates suggest that

<L* =gl g1t AN — iy
HS e s >0 A () 20 (0, (3.10)
O +0" > 0*
e/,e//ge*

which is integrable in t from oo for £* > 1/6 by Lemma The number of relevant
terms depends on the parameter 2. If

*
B < Bl = (e*£+ 1)8n, (3.11)
then only terms at the levels { < {* are relevant. At 32 = 8, the number of relevant
terms is infinite and the model reaches criticality. In the subcritical regime, 2 < 87, we
see that the number of relevant terms is finite, but grows arbitrary large as we approach
the critical value 2 = 8.

Indeed, for the first region, 2 < /312 = 47, only the first level £ = 1 is relevant and we
can gather all higher order terms in the remainder. Outside the first region, we have to
deal with two related issues:

a) due to (3.10), the terms £ < £* cannot be included in the equation for R, so that we
have to iterate (3.2) at least up to £*;

b) the heuristic considerations suggest that the bound ([3.8) cannot naively propagate
through the flow equation on its own and these terms require renormalisation.
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The goal of our subsequent analysis is to deal with both difficulties and recover estimates
to replace and beyond this first threshold 2 < 4.

Since our analysis of the FBSDE is limited to the regime 32 < ﬁ?? = 67, we develop
the ideas for the flow equation only up to this threshold, where £* = 3 is sufficient. We
still emphasise that the inductive reasoning produces (possibly field dependent) bounds
on the truncated flow in the entire subcritical regime 2 < 8.

3.2. The Fourier representation

To proceed with the iteration defined in and finally obtain estimates on F s[“, we re-
strict our attention to a suitable parametrised space of functions S’ (R?) —» S’(]Rd). Here,
we use the periodicity of the potential to our advantage and pass to a Fourier represent-
ation following [[18]. For a ij—ﬁ-periodic functional V : R, x R? — R we introduce the

formal power series

Vi(p) = ZVtm(so), (3.12)

{=0
where with £ = (0,x) € {~1,1} x R? and &;,; = (&1, ..., &), we define

Vt[“((p):: Z f dxlzgftm(glzz)eiﬁol"’("l)...eiﬂ"“”(xf). (3.13)
oe{—1,1}¢t Y (R?)!

Since the level ¢ is determined uniquely by the number of arguments &;.,, we may drop
the superscript £ in £} without introducing ambiguities. For brevity of the subsequent
notation, we write [£] := {1,...,£} and introduce the following shorthand for the integrals
and the exponential fields,

{
Jd&f(a = Zf dxf(o,x), ¢ :=ePo?)  yg,) =] [T,
R2 i=1

o==%1

and for a set I C [£] we write §; = (&;);¢;. Finally, define the covariance matrix
ﬁz
La(Er) == 2,0:05(G = Glx; —xy), t<s. (3.14)
i,j

With this notation and basic set-up, we can rewrite the flow equation (3.2)) in terms of the
coefficients f. Since any additive shift of the potential V; by a constant does not affect
the force, the terminal condition (3.3]) translates to

()T . t=1
T (51:[)2{02 0> 1 (3.15)
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The functional VY] satisfies the truncated flow equation (3.17) below at level £ if and
only if, modulo positive combinatorial coefficients which we gather in C; | 1,

T
ft[e]’T(gl:g) =_ﬁ2 Z Cllll:llzlf dsert’S(glig)fs(gll)l:Zo-io-st(xi_xj):lfs(glz)-
LUIL=[¢] t iel
JEI,
(3.16)
We include a proof of the relevant implication in Lemma at the end of this section.
Instead of controlling the functions F and V directly, we now want to inductively derive
estimates on these kernels f[¢). Of course, eventually we will be able to transfer these
estimates back to F and V in a straightforward manner (see Section |3.4).
Before we proceed and derive bounds on the kernels f, some remarks about the setup

seem appropriate.
Remark 3.2.

a) We are primarily interested in the flow equation for the force. However, for the vari-
ational description in Section [7], we will have to work at the level of the potential as
well. Since the equations for the force F are readily obtained by differentiating the
equations for V, we prefer to use it as a starting point. Up to an additive constant,
both descriptions are equivalent on the finite volume and FI!] = DV satisfies
if and only if VI satisfies the Picard scheme for (2.15)), that is

1 . 1 / . 1"
o,V + 5Tr(GSDZVS[“) == > ovIGpyl). (3.17)
0+=(
We nonetheless emphasise that we never rely on the fact that F is the gradient of a
potential in our analysis.

b) The coefficients f ¢} are symmetric in their arguments &, i.e. for any permutation 7
of [£], , .
FAE, . )= ](gn(l)a“-:gn(())' (3.18)

o) If f (1] is translation (respectively rotation) invariant, we inductively see from
and the Euclidean invariance of the heat kernel G that also the kernels f ] at the higher
levels ¢ > 1 are translation (respectively rotation) invariant. Correspondingly; if f!]
is invariant under complex conjugation (that is with & = (—o, x) we have f[1(&) =
(&) then also f[“(gm) = f[”(gu) is true for any £ > 1.

d) We always consider truncations

[ e
Vt[q'] = Z Vt[“, and Ft[<€*] = ZFf[“’
=0 (=0

of ([3.12) for some ¢* < oo. Therefore, we are not concerned with questions of con-
vergence as {* — oo. We will refer to the truncated series F, S[ge*] as the £*-th order
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approximation, even though we do not provide quantitative estimates on the con-
vergence of the series ), Fs[“(go). This can at least be motivated by the observation
that is a formal power series in the coupling constant A, which formally solves
the PDE (3.17)). The fact that the representation is not unique (both with respect to the
summands in and the coefficients in (3.13])) does not cause any inconvenience
for us.

e) The representation is also known as Mayer expansion in the literature and its
convergence was already studied in [[18]] and more recently in a series of papers [[10,
17}, [12] [30] for the sine-Gordon model. In contrast to our analysis, these results con-
struct the exact solution to the flow equation in different parameter regimes
B, A by showing that the formal series converges.

Lemma 3.3. If () cefo,r] for £ < £* satisfy (3.16), then Vt[“ as defined in (3.13)
satisfies (3.17) for £ < {*.

Proof. Suppose that ftm satisfies (3.16)) and define Vt[“ according to (3.13). We compute,

2
TGV e =-E Z]J dx, J ;0,06 (xi = x)fE E L (Ene),

and with |I;| =/, || =¢”,
Loviele e pyle’]
5DV (p)6DV I V)

= %ZJ dx;, (&) Zf dx;, 000G, (e — x )L HEW(ELDW(E).

il jel,

Differentiating the equation for f*] (3:16) we see that

2
25100 -2 3 010,600~ x)f0E)

i,jele]

= > clnlLhED | DD 006, —x) | £1EL).

LU, =[{] i€l jel,

Inserting this into
avile)= 2] J Q1B fLOE  JelPorPt) | ipocetco)
o;e{-1,1}¢ Y (R?)¢

yields the claim. 0

22



3.3. Estimates on the Fourier coefficients

In this section, we derive our main estimates on the kernels f defined in (3.16) to control
the flow under the conditional expectation in (2.5). For ¢ € (0,1) and some kernel x to
be chosen later (see (3.25) below), we will be using the norms

|||f|||t = Supf dgz:é|f(gl:Z)Kt(glzf)wg(Xlzl)l where wg(xl:[) = egm(St(xu)), (3.19)

&

for the Fourier kernels (see for the definition of the Steiner diameter St(x;)). If
K, = 1 does not depend on t, we may drop the subscript t. Since the coefficients f are
symmetric in their arguments (see also (3.18])), the point &; is not special in any way and
the supremum could have been taken over any other &, instead. The exponential tree
weights w_ allow us to quantify the decay of the coefficients at large separation between
the points x, ..., x,, which we require to show decay of correlations in Section[5} As

d(xy,, e i
wc(xrur,) < @ (g ) (e, )e N 0), - where  d(x,,x;,) == min |x; —x,,
i I;
these norms work nicely with the flow equation for the coefficients (3.16) provided we

choose ¢ € (0,1). Indeed, since the convolution G, in (3.16) always contracts along
(x;j —x;) fori € I; and j € I,, Young’s convolution inequality implies that for x, = 1,

Supfdgz:éwg(xllulz) s ](511 ZZU 'Gt(xi_xj) r[eu](glz)
1 i€l jEl, (320)

[4 0 -
SIATIIA Gy

We now want to make the heuristic bounds (3.8)) precise and for an appropriate choice
for k,, we will show that for any £ < £*,

1A, ALy, (3.21)

To motivate our set-up going forward, consider again (3.16). Because G, is a positive
definite kernel, it follows immediately from the definition (3.14) of T,

I (&1:0) <O, fort<s, (3.22)

and consequently e'ts(¥1:) < 1. Applying this estimate in (3.16) for £ = 2 yields, with the
convolution inequality ([3.20), the estimates on the first order term in (3.6 and the heat
kernel estimates from Lemma [A.4] using the assumption ¢ < 1,

T

T
2 . = _
£ s f ds (Il £ IIER Gl oy S J dsA2(s) 2,
t t

which is not integrable from oo unless 26 > 1 (& ﬁz < 4m). Therefore, we need
additional help to propagate uniform bounds along the flow. This help will partially come
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from the structure of the covariance matrix I} 5, and partially from the choice of x, in the
definition of the norm ([3.19). To this end, define

¢
q(E1:0) == Z Tes
k=1

the charge of £1.,.. We will call a contribution &;., neutral if q(&;.,) = 0 and charged
otherwise. The relevance of the charge is best illustrated by the improved estimates on
the covariance matrix I}, ;. If &, is charged, the exponential factor in can help bring
down the scale. As a pleasant side effect, these estimates will also imply that including
an additional odd level, that is going from ¢ = 2k to £ + 1, introduces no new difficulties
to the analysis. To not interrupt the flow of ideas, we postpone the mostly technical proof

to Appendix

Lemma 3.4. Suppose that &1.; is charged. Then there is a constant C > 0 such that for all
s2t,

/32
Ly(E) < TGO -G +C, (3.23)

and in particular
eFt,s(glzl) S i’ti’s_l'

Remark 3.5. For neutral contributions, q(&;.,) = 0, the point-wise bound eltsCr) <1
is sharp: If x; = 0 for all i = 1,...,{, then we have T, (&;,,) = 0. As a result, point-
wise estimates on the linear propagator e'<(¢1:0) cannot help to transport estimates for
the kernels f along the flow of (3.16). Conversely, if |g(&;.,)| > 1, then it follows from
the proof of Lemma [3.4] (see (A-10)) that we could iterate the same procedure until only
the neutral part remains and extract more terms from the diagonal. In other words, the

tighter bound
2

[ (E10) < £-lq(€1)10g(e v 1)~ log(s v 1)) +.,

is also true. For our purposes, the bound (3.23)) will always be sufficient.

With Lemma the integrability estimates from Lemma [3.1|for a = 1 show that the
charged contributions no longer pose a problem for us, allowing to set k, = 1 in this case.
However, for the neutral contributions, this norm is too strong and we will have to rely
on the kernel «,.

Recall that G is exponentially concentrated on |x| S t~'/2, so that (see Lemma @,

J dxlle“Gt(x)wg(x) S (172 (3.249)
R2

Combined with Lemma [3.1} we expect that introducing an additional zero of order 2a in
x; — x; whenever o; = —o; should help to propagate a bound on a regularised version

of the kernel fl¥). Of course, this regularisation comes at a price we have to pay later.
For now, let us ignore this issue and discuss how we can define a regularised version
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of the kernels which allow to propagate the bounds for the neutral contributions. With
0ijX = X1 —Xg, CE (O, ‘1‘) and a € [0,1) to be chosen later, we introduce the (rotation
and translation invariant) kernels

£%]51,x|2%ect02¥ ¢ =2 and q(&;,£,) =0,

_ (3.25)
1, otherwise.

Kt(glzf) = {

The increment |5,,x|>* ensures the integrability from oo thanks to ([3.24)), the additional
exponential weight in the kernel is included for technical reasons that will become clear
later and the factor t¢ is included for convenience. Given a charge g € Z, we will also use
the notation

4 14
D) = Ligte 0= v, (3.26)
with analogous notations for the potential
V()= S J dxy,o L@ (8, )eiPoreCD) | etPorv), (3.27)
oref—1,13¢ J (R

and the force FI{M@ = pylth(@ to consider the bounds for charged and neutral contribu-
tions separately.

We can now proceed with the estimates on the regularised kernels for the 2-point contri-
butions, whose analysis already contains all additional difficulties resulting from neutral
contributions.

Lemma 3.6. Forany 6 > 0and a > (1—26) V0,
IEPe s A2(0)7 (3.28)

Moreover; the kernels ft[z] inherit the concentration to |x; — x,| < (t)™V/2 from G. More
precisely, letting

ft(€13g2) :ft(€1)€2)|512x|21<,
for some k = 0, it holds that )
1 fellle S O fe llle - (3.29)
Proof. By definition (3.16)),

T

FRELE=C J dselesC182 £ (£ Yoy 0, G (g — ) FLU(E),

t

where for { =1,
- 1 - -
£ S Ae2F*GO = § = 3L (s)~D), (3.30)

We only show the bound (3.29), as (3.28) follows directly by letting k = 0. We deal
with the two cases, charged and neutral, separately. If (&, &) is charged, we use Young’s

25



inequality, Lemma [3.4]and the basic estimate (3:24) for a = 0, to conclude for any § > 0,

T

T
\Hft[z](ﬂ)mtssgpit J dsA LA 2 M < Gyllagy S Ae J dsA(s) 2%
1 t t

3L\ —(—1)—
S Ag(ny 7o,
If (£, &,) is neutral, we have to be more careful. By the definition (3.14) of I} ;, we can

_ _ 2
absorb the renormalisation constants A, = )\eﬁTGs(O) coming from f5[1:| through,
I15(&1,82) + B2Gy(0) = B?G(0) — B> Gy (31 — x2) + B2 Gy(x1 — x3).

Instead of the worst-case scaling 82G,(0), for which only point-wise estimates are possible,

this means we only have to deal with 32G,(x; — x,). Here, combining the averaging in
space with the regularisation from the kernels k defined in ([3.25) allows us to estimate
the integral uniformly. Indeed, using the above we obtain

Il £l

T
J d&,x, (&1, &82)lx, —x2|ng(x1, xz)J dsert’s(gl’&)fs[l](g1)fs[l](gz)Gs(xl —X3)

= Csup
&

S sup

X1

T
. 2 2
f dsJ dxza)g(x]: Xz)Gs(x1 _ x2)|x1 _x2|2a+1< tectixi—xal® ol s(£1,€2)+6°Gs(0)
t R2

T
seﬁzGr(o)taJ dx|x|2“+"e“'x'2+§m""f dsG, (x)el*G:()=pGe(x)
R2 t

s eﬁZGr(O)ta J‘ dx|x|2a+Kect|x|2+gm|x|(eﬁz(Goo—G[)(x) _ 1)’
RrR2

where we used that G, has a positive kernel in the last inequality to replace Gy by Guo.
Choosing a > (1—26) V 0 we have access to to compute the integral over x above
and obtain

T
(TR AP i?t“f ds(s)™270 g A2(e) 1 = A (1) <D,

t

O

With the dipole under control, we can propagate bounds on the (charged) subsequent
contributions essentially for free using Lemma With some additional work, we will
show improved estimates that do not rely on the kernel k in the following lemma.

Lemma 3.7. For a < 1/2 and & > 1/4, it holds that
AT A4y

Proof By the definition (3.16) of the coefficients the kernel f[3! is given by a linear com-
bination of functions of the form
T

.ft(‘gls £2,83) = CJ dsert"‘(gl’?’)fs[l](gl)fs[z](gz, 53)01[02(;5(?(1 —Xx) + U3G5(X1 —x3)],

t
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obtained by considering all the permutations of the arguments (&;);=1 2 3. If the 2-point
contribution (&, 3) is charged, applying (3.20) immediately implies the bound on f[3],

T
IiFelll = irf dsA )2 A LA S A2 ()72 = Alge) =D
t

Otherwise, if (§,, £3) is neutral, we only have uniform bounds on «, ft[z] but not on ft[z].

Therefore, we insert 1 = K‘th_l and absorb x! with the convolution G, to obtain the

bounds on f,. Here, we compute with Lemma using the assumption a = %, and

w(x1:3) S w(x2, x3)0 (X1, X7).

Thus, writing 6;;x := x; — X,

|Gs(x1 B XZ) — Gs(xl
4| 63x]2*

supf A&y (x1.3) = %3 _ctlopxt? FHED A (E,,85)

&1

S supj € 5:5(18 12| + |8 p3x )51/ 2emctBnxlremidraxt=m®/s ¢ (1 g Y0 e, £121)(E5 E5)

1

_ 2 2 _
SR f d&y.qeIorxHHemiOLxm /s 15 x| +16,55x 15TV 2 (w K 1) (E, E3).
(3.31)

By Young’s convolution inequality, the last integral can be estimated as

sup
1

S sup fdee_“|512x|2+gm|512x|_m2/5|512x| |Hfs[2]|Hs
x;€R2

f (&, E3)(w Ko f21)(Ey, E5)e e lOrxFremiduxt=n®/s) 5. x| 4 |53 x|]

— 2 —m?
+ sup deze cs|612x[*+gm|81px|—m"/s |||fs[2]|523x| lls -

X, ER2

Using the scaling properties of x; fs[z] from Lemma and evaluating the Gaussian in-
tegral with Lemma@ using ¢ < 1 and choosing ¢ € (0, %) in (3.25) sufficiently close to
1/4, we arrive at the required claim

T
T LJ 452213 < A3 ()2,
t
O

Remark 3.8. The proof above more generally shows that with a < 1/2, 6 > 1/4 and
|I1] + |I,| = £ > 2, the following bounds hold,

ZZ O'iO'jGt(Xi —X;)

i€l jel,

Supf A€o (1 0)Ife(Er,) fe(€ IS ()™ (3:32)

€1

We will rely on this later to obtain estimates on H in section (3.5
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3.4. The renormalised problem

Given a spatial cut-off p <1 and a UV cut-off T < 00, let

Vt[éﬁ*],p,T((p) _ Z [Vt[“’p’T(cp) —cltlp.T, (3.33)

AN

for some suitable renormalisation constants cl>*T to be chosen later. Here, we denote
by VAT the ¢-th order contribution as defined via its Fourier expansion as in (3.13)
subject to the condition

Vi (o) = J dxp(x)Ar cos(f p).

R2

— : <t1p,T <tp,T
We use the analogous definition and notation for the force FL~' T = py[St32T anq

the remainder HISC'MP-T defined in (2.26). For f2 < 67 and £* = 3, we transfer the
bounds we obtained for the Fourier coefficients f ¢! in the previous section to the truncated
potential VIS and the truncated force FISU). In this step, we have to pay the price for
the regularisation with the kernels x defined in (3.25)). For 32 < 6, these kernels only
appear at level £ = 2, and by definition,

v T (o) = f A& 1o fPPT (£, EQP(EP(E).

If (&§,,&5) is charged, then x,(&1,&,) = 1 and it follows from |4(&)| = 1 combined with
from Lemma [3.6]

],p,T 5 _
VT I S e s 2207
If (§1,&,) is neutral, we have by a Taylor expansion

1
YEYP(E) =1+ YP(E1)(xo _xl)f diV, Y (xg +9(xy —x71)). (3.34)
0

Therefore, choosing

T
clZhorl = f IS f dsa IO (Ey,85), (3.35)
0
it follows that

VP () = J daey o (g AP TNE, )i (€1, E2) 7 0r = X1 (E1)
(

R2)2

1
X f AoV, (x; +9(xy —x1)) + 20T
0
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and thus,

21(0),p,T . — 2],p,T
[VEPIORT (o) — 1200 T) < sup (k71 (Eq, E2)Cer — )l | A2 T 7 1Vl oo
&1,82 (3.36)

Sp AT (T 21Vl ) -

We summarise the bounds in the following Lemma for later reference.

Lemma 3.9. For £* = 3, there is a choice for c[*>*-T such that for any p <1, and T < oo,

q —(f— —_ n
Vel sllplln Y AATED (1+(T) 2 Velle)",
(< (*
n<|/2]
Y —(f— — n
IFE (e s D, AUV (14 ()2 Veplle)"

L<F
n<|[£/2]

(3.37)

Proof. The estimate on V follows directly by inserting the bound ([3.36) and the estimates
(3.21) on the coefficients in (3.33)). In the same way, we can start from

{
17l < sup f &1 fELD( D08 () (Ere)l,

j=1

which with (3.21)) yields the desired estimate for all terms except for £ = 2,q = 0. For
F2IO®) we follow the same steps as for VI21©_ with the important distinction that the
constant term absorbed by (3.35) vanishes since f(&1,&5) = f (&5, &) which implies

{
f dé 101 fPOE1)( D 058.(x)) = 0.

j=1
O

Remark 3.10. If the order of the approximation £* and the smoothing a € (0, 1) is chosen

appropriately (a > 1—26, according to (3.11)) and Lemma|3.1), then by modifying (3.34),
one can show that these estimates generalise in the full subcritical regime 2 < 87 and
0 <t < T < oo to bounds of the form

- _ n
VTS, DL AU (1 (M) el ). <1,

<
n<e/2]
(3.38)
,T 507\ —(0— - n
IFT (Ol 5 D0 AU D (140 llollgze ), p <1
L<(*
n<|£/2]

However, the field dependency in the estimates (3.37) and (3.38) means that we are
currently not able to control the FBSDE uniformly in the UV-cut-off which restricts our
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analysis to the regime 2 < 67. What saves our analysis in this case is the observation
that for the FBSDEs and the force F, only appears in combination with the
heat kernel. Indeed, it turns out that the smoothing properties of the heat kernel are
enough to recover field independent bounds for Q,F, and DF,Q;,.

Remark 3.11. The truncated solutions still satisfy for any function ¢ and any T < oo,

VT () = f (Arcos(Bp)—cPTp(x)dx, FP'(9)(x) = —BArp(x)sin(By(x)).
Rz
(3.39)

Here, the renormalisation constant A, = Ae z %(% is the usual Wick-ordering and ¢*°T :=
Ze ctthe.T s the additive renormalisation resulting from higher order corrections.

3.5. Estimates on the force

From now on we will always assume that 82 < 67 and that in the definition of the
kernel x, we fix ¢ € (0, 1/4) sufficiently close to 1/4 and a = 1/2. Since we only deal
with the case £* = 3, let us also agree to suppress the dependence on £* for V,F and H
writing e.g. F := FIS€'] = FIS3]. Qur goal in this section is to recover field independent
bounds on all coefficients of (4.1)), that is on Q,F,, DF,Q, and H;.

Lemma 3.12. For any ¢ € S'(R?),
1 FP O (@)l S A{t) ™2

Proof. We follow exactly the same strategy as in the proof of Lemma where we now
require bounds on

- J d, J dE e f12O(z, £ 1@ =) 7 QR =0 x5 49)

xE€R2 |y — x|

Thanks to the translation invariance, we can apply Lemma for Q, and absorb the
increment |x; — x|},
1Q:(x; —x) —Q (x5 — x)| a—ctlx

| | =l < ey |+ g —xp e st 2 (3.41)
X1 — X2

Using this in ([3.40) we get from Young’s convolution inequality and the scaling properties
of the kernels f[2! (see Lemma [3.6)),

_ _c 2_ .2
1 FPXO ()]0 St f dglfdgzuxﬂﬂxl—xznt Vagsthal-m®/2t),e (21O g £ )

— S|y [2—m2 2](0
5t1/2fdx1e 2tk /Ztsude§2|x1—x2||tht[ I )(51,52)|

&

_c 2_ 2
+1/2 f dix | [em3thal=m*/2t gy, J A&,y lie fEO(E,, 85

&1
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For the remaining levels, the estimates on the coefficients transfer directly to the force.
To remove the cut-offs later, we will also have to control the dependence of the approxim-
ate solution F on these parameters. Therefore, let us again keep track of this dependence
by writing F” for the solution to the flow equation on [0, T ] with terminal conditions
at T and in the same way FP for p < 1. In the estimates it is assumed that the suppressed
parameters coincide.

Proposition 3.13. E = L* or E = L>* for any k € Z. For any ¢ € §'(R?), R € L®°(R?),
P,P1,P2 < land T, T}, T, < 00, the following estimates apply.

a) (Uniform boundedness) For any p € [1,00],

IQF(@llpoo S Ac(t)7!
IDF,(¢)QRll e S A (t)™ 1||R||Loo, (3.42)
IH (@)l S (Ac(t) D™

b) (Uniform Lipschitz condition)

1QcFe(0) = QeF(D)lIr S Acft) Ul — Bllg),
I(DF(¢)Q: = DF(#IQRIE S Ac{t) " (Il — @ lllIRll oo), (3.43)
IH: (@) —He(&llp S () lle — @I

¢) (Dependence on T) There is an & > 0 depending only on 2 such that,

sggif( )72 )1Q(F" — F2) (@)oo S ATy ATy,
t=>
sup A7 (6)172¢||(DF,* — DF,*)(¢)QRll 0 S ATy A To)"|IRl| oo, (3.44)

t>0

sup A1 (6) 7 |H, — Hi* (@)oo S AHT ATy

t=>0

d) (Dependence on p) For any n > 2, it holds that

1Q(F" = F2)(@)llp2n S Ac{t) " Hlp1 — pallzzn,

I((DF?* —=DFP2)(0)Q.Rll 120 S Ac(t) o1 — pallr2n IRl oo, (3.45)

I(HE —HE) (@)l 2 S (A (6) ™) Hlp1 = pall o

In particular, for E = L or E = L>™™ we obtain estimates that are uniform in the volume
cut-off p.

Proof a) For all contributions other than for FI2I0) this follows directly from the bounds
on the kernels f and |y (&;..)| < 1. In fact, in these cases, we obtain the better bound,

¢ = _(—
IFE (@)l e S AL(E)~D),
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so that

14 14 Y —(/— 5
1QFE @RI < NQNL IFEI @)oo RN o0 S AL(E) CVIIR]I o0 S A,

For F t[z](o), this bound was shown in Lemma For the derivative, note that for any
test function R € L°°(RR?)

IDFE(0)Q Rl oo S sup f dE 2 f dy f(E10) D 1 iBoQ (e — YR (Ere)

k<t
S IRl peo Sng d&y.y J dy
1

and now the same reasoning as for F, applies for the integral on the right-hand side.

5

LD iBorQ (e —¥)

k<t

Finally, the estimates on H follow from the estimates above and

1 05 Lt
IH (Pl <= D IDEIGF (@)oo

£/+0">3
ll 6// - _ / "
S Do IDFQuQ S Dl s DT Rty ™+
L+L">3 0+0">3

b) The Lipschitz bounds follow as above in partfa] combined with the observation that
thanks to the boundedness of the complex exponential fields it holds that, writing

P(E) = (0, x) = PP,
(&1 —P(Er)l < D IPED—PEI <D (€D — BELL.
k k

¢) This follows from Lemma in the same way as Proposition al followed from
Lemma 3.6/ and

d) We only show the estimates on QF as the others are a direct consequence as illustrated
in the proof of part @ Again, except for Ft[z](o)’ these estimates follow immediately
from the convolution inequalities (see Lemma [A.4),

{], (], l], 4],
1Q (FIr — FEY2) (o)1 o < N1QlIa ICEEYPY — FEP2) ()] 0n
— (], l],
S () HEEP — FE2y ()12,

and

2

ISP — P2y 0))12, -, = 'U €, (01 — p2)(Er)f N E )

12, (x) )

{
S lloy—pallar, I £ 2
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The remaining estimate on Ft[z],(o) follows in the same way as before, using Q, to
absorb the increment via Lemma as in (3.40) and (3.41) and then following the
same steps as above.

O
Remark 3.14. Proposition implies that we can define Q;F>°(¢), DF°(¢)Q, and
HZ°(p) as the L*°-limit of Q;F, (¢), DF] (¢)Q, and H/ (¢), respectively as T — co.
3.6. Estimates on the potential

The same arguments we used previously for the gradient show the following estimates on
the remainder

1. 1 :
1T (p) = (atvg”T +5Tr G.DPT — EDth’TGtDth’T) (¥), (3.46)

at the level of the potential. We should emphasise that in contrast to the estimates on F,
they of course only apply in the finite volume, that is for p < 1. The results of this section
will be used only later on to recover the variational description for the unregularised
measures in Section [7]and we invite the reader skip them at first reading.

Proposition 3.15. Given a set A C R?, denote its Lebesgue measure by |A|. For any spatial
cut-off p < 1, UV cut-off T, Ty, T, < 00, and ¢, p € S'(R?), it holds that

a) (Lipschitz estimates)
117 (@) —H7 (§)] S |supp(p)I(Ac(6) ) llp = Gllpes, [0, T].
b) (Dependence on the regularisation) There is an € > 0 such that
(" =H ™)) S [supp(PITy A Ty) ™, t€[0,T],

and
1HO (@)= 1T (@) S lpllpanlle — @llpzn. t€[0,T]. (3.47)

Proof By the definition (3.46) of #*:Tabove, we see that #°>T has the Fourier series
representation

6
HPT (@) = ZJ dE10p(E1ORT (EL )W (E ), (3.48)
(=4

where we used the notation p(&1.,) = ]_[kge p(x;) and for £ € {4,5,6}, we defined

h[T(§1:e)5=% D CUnlILDfIEY | D), 0:0i6. 0 —x) | £T(EL,), (3.49)

LUl =[{] el jel,

for a positive combinatorial constant C(|I;],|I;]). Moreover, by Remark [3.8] we have the
estimate )
BT s Qe (e (3.50)
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a) This follows directly from the definition of #”, the bounds on the kernels ([3.50) and
simple rearrangements, using again the boundedness of |y(&)| =1,

J d&q.p(&r. z)hT(§1 D)W1) — 1!’(51 )

(=4
6

ZJ dxlp(xl)J d&a.ehy (81019 (E1:e) — (&)l
(=4
<|supp(p)|2sup f dEaln] (Er)lllp — Gllzeo,

5|supp(p)|||so—sanLooZ?lf(trE
(=4

b) This proof is in complete analogy to Proposition and [d| using the same ideas as
in Proposition [3 above.

O

4. Analysis of the FBSDE

With good approximate solutions to the flow under the conditional expectation and the
renormalisation sorted out, we can return to the FBSDE

t -
{Xf’T’g =@+ W, — [, G(EP T (XO") +ROE)ds, @

T, T T T, T ,T 1,8 / ,T
RS =, [Ve(x§)+ [ O (x0T)ds — [ DRI (x2T)GRET ds ],

with F and H as defined in Section[3.4]
We will often work with Z°P-1:8 = xP T8 _ (W, + ) directly to obtain deterministic
bounds on the drift Z. To lighten the notation, we leave the dependence of the solution
on T and p implicit whenever possible and fix the perturbation g. Unless explicitly stated
otherwise, all estimates are uniform in the parameters p and T.
We will furthermore always implicitly assume that the solution to (4.1)) is extended to
the positive half line [0, c0) in the standard way, that is
x/!.R]) =]

troRTal)s £ €10,00).

4.1. Well-posedness for the FBSDE

As a first step, we show well-posedness for the FBSDE (4.1) with the regularisations in
place. We follow a standard Picard-iteration for the solution map I'(z) = Z* defined by

{Zf =[5 dsG,(F,(z, + W,) + R?), (4.2)

T T .
RE =R, [Vg(z +Wp)+ [, dsH(z+W,)— [, dsDF(z, + W,)G,R: .
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Standard well-posedness for decoupled Lipschitz FBSDEs ensures the existence of a unique
solution (Z%,R*) € H7°(L>°) x H° (L) to for any z € H;°(L°°). The only term
in that cannot be estimated in a linear fashion immediately from Proposition[3.13]is
the term DF,(z, + WS)G'SRﬁ in the backward equation. The next Lemma ensures that also
this term stays bounded and does not cause any issues.

Lemma 4.1. Forallingz € _]HI?" (L°°) and A € R (not necessarily small), there are constants
Cj, C, ; non-decreasing in A

Slip”Ri”LW S Ci(lglyco + AH{(t) ) < 00, and Slgp”Zf”L‘” <G

Proof From the definition of R?, the regularity of W, € L>™™ for any t < oo and the
bounds on the flow from Proposition [3.13}fal

T T

dSHHs(Zs + VVS)”LOO + if dS”DFS(Zs)G.stnLW:

t

IRl 00 < Alglh,00 +f

t

5 ilgll,oo +f

t

T T

d.s7_Lj(s)_4 + J ds A, (s)_2||R§ Il o0

t

By a backward version of Gronwall’s inequality, this implies with 46 > 1 (see Lemma|3.1)),

T
- - = rT _1_ - -
IRE (|0 S (Mgh,oo + f dsxj<s>—4)e”f SO < Algh oo +AN) TS (4.3)
t

Thus, using the bound just derived for R* in the equation for Z7%,

oo

t
1ZE Il < f ds| Gy (Fy(z; + W) + Rl S f ds(s) 2 (A5 + IR [l e0) S AC,.
0 0

O

With this issue resolved, we are in a position to show that (4.2) defines a contraction
on H°(L*?).

Proposition 4.2. For A sufficiently small, the map T : H?(L*°) - HP(L®);2— Z% isa
contraction.

Since Z uniquely determines the solution (X,R) to (4.1)) via
Z—(p+Z+ Wt:Rf)t>0:

this immediately implies the existence of a unique solution to (4.I) when combined with
the regularity of the stopped Brownian motion (W,),c[o,7] € ]HI%(LZ’_”).

Corollary 4.3. Forany p < 1, T < 0o, A sufficiently small and p € [1, 00) the FBSDE (4.1)
has a unique solution

Xe;R)=0=(p+Zi + Wi,Ry )0 € H?(Lp’_n) x H?O(LOO)-
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Proof of Proposition Let 21,2, € H7°(L ) and consider the FBSDE for the difference
(6Z,8R) = (Z*,R*)—(Z%2,R?) given by

{64 = — [ dsG,(F,(X2") — F,(X*) + 8R,) o

SR, =E.[6,Vg+ [, ds6,H,— [, ds(DF,(X")G,R:' —DF,(X;)G,R?) ],
where we use the shorthand X} = ¢ +z, + W, so that 6X; = 6z, and
5zv8 = vg(stl) - vg(stz)’ 5ZHS = Hs(Xfl) _Hs(XfZ)

To deal with the bilinear term in the backward equation, we combine the estimates from
Proposition a| with the boundedness of R* provided by Lemma [4.1|to conclude

[(DF,(X*1) — DF,(X?2))GR? || ;00 S IIR?|| o0 I[DF,(X?1) — DF,(X*)1G;ll 1o

S Asls) 26zl oo

The remaining terms in the backward equation can all be estimated directly using Propos-
ition | and the Lipschitz continuity of Vg,

T T
dsAs(s) " IIGRIl oo +f dsAs(s) 721162 oo,

t

T
I6R | o0 S f dsA%(s) (152l oo +J
t

t

which implies by Gronwall’s inequality,

sup [R [l < Cisgpll&tllm-

Using this estimate on R in the equation for the forward component with the Lipschitz
estimates from Proposition al, we obtain

T

sup|[6Z;|l e < CJ ds|| G, (Fy(X?1) — Fy(X22) + 6R)|| oo
t 0
T

T
< Cif ds{s) 241652 || oo +J ds(s)"2||6R]| o
0 0
< CAsup||52||pc0 + Csup||SR,]| oo
S S

< CAsup |6zl
S

which yields the required contraction for A small enough. O

Remark 4.4. We crucially rely on the uniform, field independent estimates on the approx-
imate force obtained in Proposition which hold only up to 67t. Indeed, assuming
only a weaker estimate like (3.38), it is unclear how to obtain suitable replacements for
the a priori estimates of Lemma [4.1] and rule out explosion in finite time. Even linear
growth in DF,(¢) would require an additional argument as any trivial estimate for the
backward equation results in an exponential dependence on ||Z||;« in the equation for
the remainder through (4.3)).
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4.2. Stability properties

In this section, we show that the FBSDE (4.1) is stable in both regularisations p and T,
provided that the coupling constant A is chosen sufficiently small. We summarise these
properties below.

Proposition 4.5. For A sufficiently small and n > 2 (so that x — (x)™ € L'(R?)), the
following stability estimates hold.

a) Dependence on the spatial cut-off: Let p1, p5 < 1 and denote the associated solutions to
4.1) by (ZP1,RP1) and (ZP2,RP2)respectively. Then, the difference between the solution
(6,Z,6,R) :=(ZP1,RP1)—(ZP2,RP?) satisfies

SUplI6,Z¢ll12-n +sup 1B, Rell 2 Allp1 — pallpzn.
b) Dependence on the UV cut-off: Let T;,T, < oo and denote the associated solutions

to (4.1) by (Z"1,R™) and (Z™2,R"2) respectively. Then, the difference between the solution
(672Z,6¢R) :=(Z",RT1) — (Z2™2,R™2) satisfies for some £ > 0,

Sl:p”aTZt”L‘x‘ +Sl:p||5TRt”L°° SAT)™".

¢) Dependence on local perturbations: Let (ZP>1:8 ,RP-1:8) be the unique solution to (4.1)).
It holds that

T, T0 T, T0
20t —zf Ry —RY

sup || [[z2n +sup| 220 S Algl120-
t t

Proof. a) We follow essentially the same argument as before for the proof of Proposition
4.2} writing the FBSDE for the difference as

{6,)2[ =— [ dsG,(FP" (X0 — FP2(XP?) + 5 ,R,) 5)

5,R; =E[5,Vg+ [ ds(5,H,+DF (X{) GRS —DFf(X?)G,R?) |

where 5,Vg = Vg(X;') — Vg(X;') and 6,H, = HY'(X{") — HY*(X{?). Using the
estimates from Proposition d|in the FBSDE for the difference (4.5)), we obtain

T
sup 16pZcllp2n S f ds s ()2 (18 5 Zllp2n + llo1 = pallpz—r + 16 pR; [l 2
0
< A(sup ||5sz||L2,—n +1lp1 — p2llp2—) + sup ||5pRs||L2:—":
S S

and

T
Sltlp”ngt“Lz’—" Sf d5ks<5>_2(||5pzs||L2,—n +llp1 = pallza—)
0

T
+J d51s<3>_2[||l31 _p2||L21*” + ||5sz||L2’*” + ||5pRs”L2’*”]
0

SA(sup 16, Zsll12n + sup |6 o Rsll 120 + lo1 — p2llp2-n),
N S
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b)

which yields the claim after choosing A sufficiently small and rearranging.

For concreteness, let T, < T;. The difference between the two solutions solves the
FBSDE,

612, = — [ dsG(F (X)) — F2(X*) + 67R,)
51R =E[6:Vg +E, [, 67H,ds]
+ [, (—oF" (x") 6,R —=DE*(x)GR)) ds,

where 6;Vg = Vg(X%ll) — Vg(X%) and 67H, = HsTl(XsTl) — Hst(XSTZ). The only
difference to the estimates before is the additional tail in the backward equation. Other
than that we proceed as before. For the forward equation, splitting up the differences
as in the proof of part[a] we have from Proposition and for e sufficiently
small, .

167 Z Lo S )»Slslp 167 Z|l oo + 1167 R; |l oo + (T2) "

For the backward equation, we split the terms as

T; T:

orR, =Vg(Xy)—Ve(Xy)
[
+E, ds(H'(x[1)—H2(x[2))
Je
T,
—E, ) ds(DF,"(X")G,RI" —DF2(X[2)GR?)

t
T, T,

[ .
+E, | dsH'(X])—E, f dsDF1(Xx[1G,R]),
J, T,

we proceed similarly on [0, T,] to obtain from Proposition [3.13}jc|and [3.13}[a]

T
f ds||H ' (x[) —H2(X )| poo S AsuplI&7Zll e + A(Ty) ",
t S

and

T,

f ds||[DF"(X)G,R" —DF2(X2)GR2 || o
t
S A(sup |67 Zg|l Lo +sup || 7Rl oo + (T2)~%).
S S

The integrals on [T,, T;] can be estimated using just the boundedness of the coeffi-
cients provided by Proposition [3.13/{al

T, T, T
f dslIHI (X)) Lo +f ds|IDF1(X)GRN | oo S ZJ ds(s)™* + (s)71°
S A{Ty) ",
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Finally, by the regularity assumed on g,

T T, 3 T T. 3
Vg (X7~ Ve (X e S Alglycol KT —X 12100 S AsupllX,|lsco.
N

Combining all of the above yields the claim for A small enough after rearranging.

¢) This proof is straightforward and does not require any new arguments compared to
e.g. the proof of part[a Indeed, now the FBSDE for the difference is

52 == [, dsGy(Fy(XE) = Fy(X0) + 5R,)
T T . .
§¢R, =Vg(X3)+E, [, ds6 H,—E, [, ds(DF,(X¥)GRE —DF,(X)GR?),

where again §,H; = H,(X{) — Hy(X?). The same steps as in part @ and E imply the
claim with the Lipschitz estimates from Proposition [3.13}b]
O

4.3. Recovering the EQFT

Throughout this section, we assume that A is chosen small enough for Corollary and
Proposition to apply. Then, for any p < 1 and T < oo, we denote by (XP'7,RPT) the
unique solution to (4.1). We show the following refined version of Theorem|1.1

Theorem 4.6. As the cut-offs are removed, the family {(ZP’T,RP’T)}ijROO converges in
H2(L>™™) x H2(L>™™) to a unique limit (Z,R) € H™(L°®) x H*°(L®®), that is

. ,T ,T

l1m1 sup{|ZF"" — Z,|| 2 + |IRY"" —R|l;2-} = 0.
P t
T — o0

The limiting process is the unique solution to (4.1) with T = 0o, p = 1. Moreover, for any
€>0,pe[0,00)and p € Bg_g’_”, there is a version of the drift process Z with terminal

P
_p2 o —
value Z o, € L™ (dIED; B;pﬁ [4n=e, "), so that
Xoo = Zoo + (i + Weo) € L (dP; B2 P*/47e1) 1 [P(dP; BY 5. (4.6)

In particular; for any € > 0, the family (vg’GT )p,r has a unique weak limitin H* " as p — 1
and T — oo which we denote by vgg. It is given as a random shift of the Gaussian free field,

Law(ZE" +Wp) = 92 — vgg = Law(Zoo + Weo)-

For /52 < 4m, we obtain Z,, € H'™™™ and in the finite volume, that is for p <1, the
same argument in the unweighted spaces implies Z5, € H!. In this case, the Wick ordered
cosine [cos(BW,)] converges in H* for any a < —f32/4n € (—1,0), and we can define all
products on the right-hand side of

[cos(B(Zeo + Woo))] := cos(BZoo)cos(BWoo)] —sin(BZeo)[sin(fWeo )],  (4.7)
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so that the partition function Z° = E[exp(—AV***°(Zs, + Woo))] stays bounded. Con-
sequently, we recover that the law of the shift ng = Law(Z%, + W) is absolutely con-
tinuous with respect to the Gaussian free field y = Law(W,,). For 32 > 4, this is no
longer the case (see Theorem- 1.4]and Theorem[6.1)) and indeed Theorem[4.6|only ensures
the regularity Z5, € H?>~ —p/ 4m—(R?) = HY 2+(]Rz) which we conjecture to be optimal for
B2 < 6m. This regularity no longer allows to define the products on the right-hand side

of (4.7).

Proof of Theorem The fact that the limit exists follows from Proposition and [b|
Note that all constants are uniform in p < 1 and T < 09, so the order in which we take
the limits is irrelevant. Denote the limiting processes of (Z p’T,Rp’T)pyT by (Z,R) and let
X := @+ Z +W. Then, the aforementioned convergence results transfer the bound from
Lemma [4.1] to the limit so that,

1Zoollzee + [Roo [l e < Slip(”Zt“L‘x’ +1Rellze) S 1.

The convergence of W, to the Gaussian free field in H®>™" is the content of Lemma
and

T
Law(ZP" +wyp) = 2,

was already shown in Theorem [2.2}{b] By Gaussian hypercontractivity and the Besov em-
beddings, for any p € [0, oo] there is a version of the free field such that W, € B°; T
holds and it remains to show only that the drift Z, has a terminal value Z., with the

required regularity. Thanks to LemmalA.5] for any a € (0,1) and ¢ > 0,

5 Sup(s)a/2+slle(Fs(Xs)+Rs)“L°°- (48)

a,—n S
Bp,p

”Zoo“Bg,p =

f dsG(Fy(X,) +R;)
0

Using Proposition and Lemma [4.1I| we know
IQu(Fs + Rollzeo S (5)7 A + ()7 S 570 = (5) P/,
Therefore, we can choose ¢ > 0 small enough for to be finite provided
a<2—p2%/4n =25.
O

As a direct consequence of Theorem 4.6 we also get exponential moments for the lim-
iting measure.

Corollary 4.7. For any € > 0, there is a constant v > 0 such that

2
J Mol ye . (dp) < 0.
S'(R?)
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Proof. By Fernique’s theorem (see e.g. [15, Theorem 2.8.5.]) the Gaussian free field W,
has squared exponential moments in H ™" for some y > 0. Combined with the bounds
on Z., from Theorem |4.6]

2
J e Melen yso(dp) S Elexp(y[Woo 2o v + 711 ZoolI?,—)] < 00.
S'(R?)

O
For future reference, let us also note the following regularity property of the solution.
Lemma 4.8. For any a € (0,1), ¢ > 0 and p € [1, 00], the solution to the FBSDE (4.1))
satisfies

_a/z P < —a/2+5 a—e—n <
B sup (0 Wiz | S 1, sup (02 es 5 1.
In particular, sup, (t)~*?||X,|| posen < 00 almost surely.

Proof. For the estimate on the field (W,),>o, we refer to Appendix[A.4 The estimate on
Z, follows in the same way as (4.8). Combining the estimates for Z and W yields the
estimate for (X,);>¢- O

4.4. Uniqueness for the finite volume measure

The convergence to a unique measure in Theorem requires the coupling constant A
to be sufficiently small to close the argument for the coupled forward backward system.
In this section, we show that the limiting measure is still unique as long as the volume
remains finite. We do not expect this to be true for large values of the coupling constant
in the infinite volume. Let us fix g = 0 and a volume cut-off p < 1 left implicit throughout
this section.

Proposition 4.9. Let A€ R, T € [0,00],p < 1 and let (Z,R) = (ZP,RP) be any accumu-
lation point of (ZP’T,RP’T)TE[O,OO). Then, Law(Z o, + W) is unique.

Proof Let O be bounded and continuous H*(R?) — R for some £ > 0. The claim
follows once we show that X ’T)’T = Z? Lt Wy satisfies

E [O(Xoo Y lo Hs(Xs)ds]

lim E[O(X])]= S (4.9)
T500 [O(X7)] E[e‘fo HS(XS)ds:I
where X is the unique strong solution to
t
X, = —f G,Fy(X,)ds + W,. (4.10)
0
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First, let us note that the estimates on GF (bounded and Lipschitz) from Proposition
guarantee existence of a unique strong solution to (4.10). The same is true for X' the
solution to

t
XI= —f G, F (X)ds + W, te[0,T]. (4.11)
0

Moreover, the estimates on F, F in Proposition and the arguments used in the proof
of Theorem 4.6 show that X converges to X and that X has a terminal value X,,. More
precisely, with Z =X — W,

hm sup “XST _XS”LOO(]PJ;LOO) =0. (4.12)

T—09 s[0,T]

By definition of X, we know that

T (T T
E[O(W,)e V7 (W1)] E[O(WT)C Vo Wod=fo (WS)dsgo,T]

E[O(X1)]=

B

E[e—VTT(WT)] E I:e_VOT(WO)_foT HST(WS)ngO,T]

where
T 1 T )
E.T =exp {—J Fl(W,)dw, — 3 J FST(WS)GSF](Ws)ds} :
tAT tAT

The estimates on F from Proposition show that (£, 1),>0 is amartingale. By Girsanov’s

theorem,
t

wh=w, +J G,F (W,)ds,
0

is a Brownian motion under dPf = Eo,rdP. Therefore, using that VOT(WO) = VOT(O) is
deterministic,

B[ oG 40 ]

E[O(X])]= e [e—foT HST()_(ST)ds]

where XT is the unique strong solution to (4.11]). Combining the convergence of X % from
(4.12) with the convergence of HST to H, from Proposition , we conclude (4.9) and
thus the claim. O

Remark 4.10. Let again X be the unique strong solution to (4.10) and denote the set of
all X adapted processes by .A(X). Consider the R-valued BSDE

(e.0)

o0 1 o
Rt=f HS(XS)ds—Ef ||Gj/2R5||§2ds—J R,dW,. (4.13)
t

t t

The estimates on H and X, imply that (4.13)) has a unique bounded solution (R,R) which
is also adapted to X. Moreover, standard comparison arguments for R-valued BSDEs imply

42



that the control R is the unique optimiser for the following relaxed version of the finite
volume control problem discussed in section|[7]

oo 1 [e°]
VW= inf EF" [VO(XO) +f H(X)ds + —f ||G'51/2Rsllizds],
REA(X) 0 2 ),

where

o0 1 o0
dPR = exp {f R,dW, — 3 f ||G51/2RS||§2ds} dp,
0 0

and Law®" Xoo) = Vsg-

5. Decay of correlations

Using the scale-by-scale coupling via (4.1)), a coupling method allows us to transfer the
decay of correlations from the massive free field to the sine-Gordon measure and establish
Theorem|[1.3] We follow mostly [28] but similar arguments can be found e.g. in [39]] and
the idea appears to originate in [24]].

For simplicity and to not distract from the main ideas, let 01,05 : H ™" — R be two
Lipschitz and bounded observables. Given a smooth bump function y supported on B;(0)
we want to show that for some ¢ > 0, with X = X ., the solution to (4.1))

Cov(O1(x - X(- +x7)),05(x - X(- +x)) S e—clxi—xs|

Let us agree on some notation to use throughout this proof. We denote by [ := |x; — x5|
the distance between the two points of interest. For i = 1,2, let D;(r) be the open ball of
radius r > 0 centred at x;, where we drop the argument in case r = [/2. Given a smooth
bump function 9 supported on D;(1/4) such that #(x) = 1 on D;(I/8), we define the
exponential weights

q(i)(x) — e~ rmb=xil  gn4q q(i)(x) — ﬁ(i)(x)q(i)(x),

In order for the heat kernels Q and G to work nicely with the weights ¢, we always
assume that y € (0,1). To set up the coupling argument, let W(®) := W and D, := R? and
define the identically distributed Brownian motions W), W with covariance

E[wyw P (3)] = f ds f dzQ,(z — X)L, (2)Qs (2 — ¥),
0

so that W1 and W® are independent and W® ~ W near x;. Denote by X the
solution to the FBSDE (@.1) with T = co,p = 1 and g = 0 driven by W®. Then, the
solutions X and X(® have the same law as X and inherit the independence from their
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driving noise. Inserting the X for X, we find that
Cov(O1(x - X (- +x1)), Oo(x - X (- + x2)))
=E[O1(x - X (- +x1))O2(x - X (- + x2))]
—E[O1(x - XV + x;)))IE[O5(x - X P + x,))]
= E[Oy(x - XD (- +x2)) (O1(x - X(- +x1)) = O1(x - XV +x1)))]
+E[O1(x - X (- +x1)) (O(x - X (- +23)) = Oy - XD + 2,0,
where we denote X® =Xg3. Thus, for any a < 0 and p €[1, o0],
| Cov(O1(x - X (- 4+ x1)), Oo(x - X (- + x2)))
S0,0,E [ 11 - XC+x1) =X 4 x0) g
XE[ Il - (XC+x0) =XO( 4 x1)ll e ]

It remains to estimate ||y (X (- +x;) =X D(- + x; ))||Ba -n, fori =1, 2. If x;, x5 are close, say
[ < 8, then we use the boundedness of the observables to conclude

| Cov(O1(x - X (- +x1)), Ox(x - X(- +x3)))| S 1.

If on the ot_her hand [ > 8, then D;(1) c D;(1/8) and thus ) = 1 on supp(y (-—x;)) € D;(1)
so that (7?)™! < e"™ on D;. Consequently,

- XC+x) = 2 - XOC+x)le | < NGO =XDllco iy S €09,

where the last inequality follows from Lemma [5.1] below. The remainder of this section
will be devoted to its proof.

Lemma 5.1. Let [ > 8 and || sufficiently small. The solutions X to the FBSDE (@.1)
driven by W® satisfy for some y < 1,

B sup 130, ~ Xl | 5 7m0
t
Proof. The FBSDE for the difference is given by
t t
X, —XW=— J dsG,(F,(X)—F.(X9)— | dsG,(R,—RD)+ W, —w0®,
0 0
R,—RWY =J ds[H,(X,) — H,(X")]— (f dsDF,(X,)G,R, — DFS(XS(i))GSREi)) )
t t

The estimate on the Gaussian part W, — W(i) is proven in Lemma|5.4{below. For the drift,
Z,— 29 = X, —xD)— (W, = W), we apply Lemmanand 5.3/ to find

supllg*(Z; - Z | peo
o0
< f dsAg(s) 2™ 81X, = XDl oo -nipeqysn + 130X =XD) (5.1
0

o
+ f ds{s) (e ™8Ry = RV| poo -n(pe /sy + 17D Ry = RO o0).
0
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Similarly for the remainder,
13D®R, =Rl oo

[ee]
SJ ds({s)™* A% + (s)2A)(e ™ |X, —Xs(i)||L°°rn(Dg(r/8)) + 11§D — XD o) (5.2)
, .

oo
+ f dss{s) (€™ B IR; = RVl npe(r/gy) + 13V (R =Rl o0).
t

In the region D;([/8), we cannot expect the difference W —W® to behave any better than
the Brownian motion W, itself. We therefore control the solution in this region using the
uniform bounds on the drift from Lemma [4.1] combined with the bounds on the Brownian
motion (W,), from Lemma This implies for any ¢ > 0,

IR =Rl oo n(peysy) < 2[Rl S 1,
E[sup(s)*|IX; = Xl poo-n(pe(r/s)] < 2E[sup|1Z oo ] + 2E[sup(s) || Wil o] S 1,
S S N

where the estimate on (W,), follows from Lemma [4.8|and

E[supllt‘”zwtllm] SE[supllt_S/Zthl ] a € (0,¢).
=1 t>1 Boo,c0
Moreover, with Lemma [5.4] below,
E [sup g, —Xﬁi))llLoo] SE [sup gz, —Zs(i))”Lw] +e 1B,

=0 520

With these estimates, the equation (5.2) reduces to
Ell§7 R, —RD)ll e Se™/E +E [sug I3z —zf))nm]

=
oo
+ f dsA(s) ZElIg VR, — ROl
t
which implies by Gronwall’s lemma

E[IZOR, —R) e | S €™/ + B [sup I3z —Z§”)||Loo].

520

Taking expectation (5.1 these bounds imply

E[sgpnq@(zt—ZE”)HLOO] < f

0

(o]

dsA,(s) 2 eV L AR [sup 13z, — Zt(i))“Loo ] ,
t
so that for A sufficiently small after rearranging

E [sgp 139z, —ZE”)HM] < emrmils,
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Lemma 5.2. For any function v, it holds that
g6l S <5>_2(e_ym[/8”V”LOO,—"(DI.C([/S)) + gDVl o). (5.3)

Proof First observe that since ¢ is compactly supported, the weight (x)™™ is uniformly
bounded away from zero and thus ¢ (x) < 99 (x)(x)™. Combined with the triangle
inequality and the estimate (1.11) on the polynomial weights, we have

q(i)(x) — ﬁ(i)(x)e—ymlx—xil < ﬂ(i)(x)(x _ y)neymlx—yle—)/mly—xil (y)™. (5.9)

Thus, for any function v,

lq”G,v |l e = sup f dyq?(x)G,(x —J’)V(J’)‘
X

S SUPJ dy (x = y)"e ™G (o — y)le ™ (y) v ()|
X

S sup e () Ty (x)) supj dy (y —x)"e™Y G (y —x).
x x
If x € D7 (1/8), then |x — x;| > /8 so that
ILD;([/s)(X)|e_m|x_xi'(X)_”V(x)l < e_ym[/s||V(X)||Loo,—n(D;([/8))-
On the other hand, since 1p,(/g) < 90, for x € D;(1/8) we can insert #% to find
Lp, ) ()le "™ i) v ()| S 1O (v ()] = 1§V oo

Thus, the estimates on G from Lemma conclude with the assumption that y <1. [

Lemma 5.3. In the same notation as before, the following Lipschitz estimates apply
139G, (F(0) = F(eDll oo S As() 2™ 8Nl = 9Pl oo -niequssy + 130 — 0l o0 (5.5)
13OH, (0) = Hy(p )l o S AH) ™2l — 0Ol oo npe sy + 1300 — 9l o0) (5.6)
I3YDF,(¢)GRlleo S Asls) (7™ *|IRll oo npe 1/ + 7RIl oo)- (5.7)
Proof. Regarding and (5.6), we only show how to commute the weight through a
generic term of the Ansatz for the force (3.13). The optimal, field independent bounds

on F, are then obtained in the same way as in the proof of Proposition In this case,
we need to estimate expressions of the form

sup
X1

5

f oy f Gy Y[ Po020) — P9 01010 ;)

where f is one of the (potentially regularised) force coefficients and x;., € (R?)" for
some £. To this end, thanks to the boundedness of the complex exponential function, it is
sufficient to estimate the terms

sup
X1

, k=1,...,¢.

J dxg.o f (1.0l () — Lp(i)(xk)|q(i)(x)
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Using (5.4) we obtain,

£ Cep[eiPeleze) — i@t g0 ()
SF e YOO 00) e = xi0) e ™K (o — ) i) e ™8 (o ™) 1 persy (X))
+ q(xi )1, (178) (X)) ]-
S[e 7™V, — ! llLeonpe(iy8y) + Il (s — @)l e 1f (1. )e

(5.8)

M=l (3 — e ).

From here, thanks to the exponential decay of the force in the separation of the points,
the estimates on fsm obtained in Section conclude since by definition of the Steiner
weights w_ we have for ¢ € (y, 1),

S

sup
X1

J dxgeg f (g el ™ (o — )"
Applying exactly the same reasoning as in the proof of Lemma to (5.7), we obtain
13(x)(DF,(X)GR)(x)|
S J dyDF,(X)(x, y){x —z)"e ™! f dzG,(y —2)q(z)(z) "R(2),
which implies the claim after splitting up the integral in between D{(1/8) and D;(1/8). [
Lemma 5.4. For i=1,2 and | > 8, it holds that

E[sup 1GOW, =W )| e ] S €778,

Proof. First note that since D; is compact, the restricted weight q|p, is of order 1 in D;, that
is 1 < qlp, < 1. Therefore, by Besov embeddings,

1GW, —W)leo SIFDW, — W) oo
SIFOW, =W lges S IIBOW, =W llgss,

provided 0 < 6 < a and p > d/§&. Following the same logic as in the proof of Lemma |4.8]
we have for any a € R, p € [1, 0o) thanks to Gaussian hypercontractivity,

Efsup [#0(W, W )llg;, ] SELsup [#OW, ~ W), 17
t > p

SE[sup [[0OW, —w)}.]">
t
Interpolating between L2 and H', it is therefore sufficient to show that

E | sup [0, ~ WO, | 5 e
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Here, we compute similarly to the argument in Lemma using now the separation
d(D;,Di(1/4)) > 1/4,

E[ 180w, — w2, ]

t
<f dSJ de dz(|VQ,(x —2)|* + |Q,(x —2)I?)
0 D;(1/4) Df

t
< sup e~z VIl J dsf de dze%”x_zl(IVQs(x —2)P+1Q,(x —2)?)
x € D;(1/4) 0 D;(1/4) Df
z €D’

t
_mY[/Sf dsJ dxf dz(s|x —z| + 1)e—25|x—z|2+%y|x—z|—m2/s
0 D;(1/4) D¢

Se
< e—my[/ 8.

Finally, the maximal martingale inequalities allow to take the supremum inside the ex-
pectation and we arrive at the claim. O

6. Singularity for 32 > 4n

We use the FBSDE to show Theorem [1.4] that is that the finite volume sine-Gordon
measure and the Gaussian free field are mutually singular for 2 > 4. Our proof relies
on the asymptotics for the regularised cosine potential. It is similar in spirit to the method
used in [[7]], but does not rely on a change of measure. We also refer to [33]], where the
authors show singularity of the <1>§ measure using a variational problem.

Before we go into more detail, let us discuss the heuristics behind our argument. To
show that absolute continuity is violated it is enough to find an event S such that u(S) =0
but v4;(S) > 0. Good candidates for events S are limits of approximations of W and X,
chosen such that the almost sure limits are different. If such an event exists, then we also
get the reverse singularity result for free: since u(S°) =1 and v’S)G(SC) = 0, both measures
are singular with respect to each other.

A natural choice is an appropriate rescaling of the cosine itself. For W, Gaussian hyper-
contractivity suggests that as t — oo the martingale behaves like

[cos(BW,(ON]—1= f —Bsin(BW,(0))]dw,(0) < t27° v 1.
0

For the interacting field X, = W, + Z,, the Wick ordered cosine is no longer a martingale
as we pick up an additional drift term,

[cos(BX.(0N]—-1= f —PBsin(BX,(0))1Z,(0)ds + J —BLsin(BX;(0))1dW;(0).
0 0
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For the martingale part, we expect the same asymptotics as in the Gaussian case. However,
the drift should behave like

f —PBsin(BX,(0))1Z,(0)ds XJ (s)2079)(5)72ds =< 1720 v/ 1.
0 0

Note that there is no blow up for 6 > % <= B2 < 4n. However, for § < %, the drift and
martingale blow up in the ultraviolet limit at different rates and so we are able to find a
rescaling of the Wick ordered cosine which extracts only the divergence coming from the
drift. In other words, we want to find c(t) such that as t — oo,

c(t)[cos(BW,(0))]-1—0,  c(t)[cos(fX,(0))]—1— oo.

To make the above heuristics precise, we have to make some adjustments. First, instead
of the pointwise cosine, we will consider an average in space. Moreover, we will have to
formulate all of the above only in terms of the terminal values X ., and W, correspond to
the physically meaningful EQFT measures. The bulk of this section then consists in show-
ing that the divergence heuristics above are precise and that the drift and the martingale
can be separated by tuning c(t). The result is the following theorem.

Theorem 6.1. For

< 11/, 5=1/2
2(1/2—6V1-35,1-25), 6§€(3,3)

define
{log(s—2 v1)™, 6=1/2
r(e)=

1 1y
SY, 55(2,2

and let y¢ = e 2y(-/€) be a standard mollifier with radially symmetric and compactly sup-
ported Fourier transform y¢ = y(e-). Define the observable

U(p) = J r(e) (egm cos(B(x * )(x)) — 1) p(x)dx, ©.1)

where G® = Cov(y® *x Wy ) is the covariance of the mollified Gaussian free field. Then, there
is a subsequence €, — 0 such that

U (Zoo + Woo)| — 00 while Un(Way) — 0, 6.2)
where Zoo = Z5, solves (4.1)).

Before we prove this statement, let us note the following consequence.

Corollary 6.2. For 5 < 1/2, that is f? > 4m, the finite volume sine-Gordon measure and
the Gaussian free field are mutually singular.
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Proof. For some a > 0 arbitrarily small, define the event
S= {(,0 eHR?): lim U (p)= o},
n—oo

where (&,),en is a suitable but fixed subsequence and U? is defined as in (6.1)). It follows
from Theorem that VSG(S) =0=u(S%) while u(S)=1= ng(SC), which implies the
claim. O

Proof of Theorem Let (U;),>¢ be the scale interpolation of the functional U® such that
(Uf (W,)), is a martingale, that is

U(0) = f r(e) (e%@ cos(B(x* * 9)(x)) — 1) p(x)dx, 6.3)

where G; = Cov(y® * W,). For convenience, we always assume ¢ < 1 and we also write

B2 e =
Af = ez Gt (0), AL = ALl 0f = x®* @, and W® = y® x W. It follows from Ito’s formula
that

(o]

Uf(Zoo+Woo):f ds (85U55+%Tr(GfD2Uj)) (Z,+W,) (1)

0
oo
+ f dsDU! (Z, + W,)Z; (11%)
0
oo
+ J DU{ (Z; + W,)dW. (111%)
0

Thanks to the choice of the interpolation (6.3), the term (I°) vanishes for all €.
(I11%) Let for ¢ € {X, W},

Mg, = Joo DU, (¢p5)dW, = —pr(e) f N AL f dxp(x)sin(Bpf (x))dW (x),
0 0
so that
E|IM, |2
= B°r(e)’E Lw(is)zf dxlp(xl)f dxz0(x2) sin(B ¢ (1)) sin(B ¢ (x2))d (W (e )W (),
where we compute

d(WE(x )W (xp))s = f dy, f dyaxe(x _Y1)GS(Y1 — Y2)xe(x2 — ¥3)ds.

Using y° = ¢ 2y(-/¢) and || 3%l S e 2(071/P) we obtain with Young’s convolution in-
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equalities,

oo
E|ME_|* < ﬂzr(e)zf dS(/_lf)ZJ dxyp(x1) | dxyp(xy)x
0
X J dy; J dyaxe(c1 — y1)G(y1 — ¥2)xe(x2— ¥2)
oo
<ﬂ2r(8)2f ds(AS 2 Nl Gl
0

o0
S r(s)zf ds()lsg)zs_ze_mz/s.
0

Using Lemma [6.3] below,
6'_2 oo
2
EIMS, P S ’”(E)ZJ dss—2e ™ /552(1-0) 4 r(€)2€—4(1—5)J 2ds
0 -
log(e2V1)+1, 6§=1/2,
S r(e)? _gz( u5 ) /
g0 +1 5<1/2.

Combined, choosing y > 1/2 implies for 6 =1/2,

EIME_ |2 S r(e)*(log(e2) + 1) = log(e %)% (log(¢2) + 1) =5 0.

Otherwise, if 6 < 1/2,

2 < 2y—2+45 €20
E|M: | S e — 0,

provided y > 2(1/2 — §). Passing to a subsequence, this implies M.}, — 0 almost surely
and consequently also sup,, |M*r| < oo almost surely. For the Gaussian, we can set Z =0
to find U"(Woo) = M2, which gives the second claim in (6.2).

(I1%) To get started, we split this term into the two parts,

) =-— ﬁr(e)f dSJ dxp(x)sin(Be* (). * GFM(w,)
0

- ﬂr(s)J dsA; J dxp(x)sin(B(x))x, * G[(F, — FF () +R,]
0
=:(115) + (IL%,).

(IT% ,) We claim that under the assumptions of Theorem this term is uniformly bounded
in ¢ > 0 and Q. Indeed, using again the estimate on A’ from Lemma we compute
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with Proposition and the a priori estimates on the remainder (Proposition |4.1)),

(I,) < r(e)J dsi;3
0

B f dxp(x)sin(Bw® ()(x, * GIIF, — FF) () +R]

Sr(e)llxelln f dsAZ |G, [ (Fs — FE')(i05) + Ry ]Il oo
0
£72v1 [e%)
Sr(e) |1 +f ds(s)179) (s)72(s) 1720 | + r(s)s_z(l_B)J ds(s)2(s)172°.
1 o2

SrEUs) OIS + D) +r(e)e >
Sr(e)(e7240 4 1) + r(e)e 2700,
For 6 = 1/2, we see that —2+ 66 = 1 > 0 so that sup,.((II,) < co. For § < 1/2, the
assumption y > 2(1 —36) implies the analogous bound.
(IT7) We show that for y small enough according to the assumptions, this term can

be split into a divergent term, and uniformly bounded almost surely finite term. To get
started note that

Us ()= % J p(x) ( D (P — 1)) dx,
o=%1

so that in the same way as in Section 3} we find
5 1]
DU (¢ )G F - (¢¢)

== 2, J dxlp(xl)J dip A A e Plrele el o oy B2y 4 Gy — x2).

0q,0,€{£1}

Motivated by the renormalisation constant produced by the neutral contribution (c.f. Sec-
tion [3.4), we treat the summands for the charged case,

Cf =- Z f dxlp(xl)f dxzxilteiﬁ(gl(’Df(xl)JrGZ%(xZ))‘710'2/32()(6 * Gt)(xl —X3),
o,=0,€{%1}
and the neutral case
Ne=— > f dxlp(xl)f dxy A A P19 0 G g ) B2 5 G ) (g — x2),

o1=—0,{£1}

separately.
(C;). We start by rewriting this sum again as a trigonometric function,

¢t =r(e) J dzp(x° * G (A AS f dxp (x) cos(B(p(z — x) + pf (x))),
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where we can add and subtract ¢, (x) to obtain using the trigonometric identities,
cos(B(w(z—x) + p; (x))) =cos(B(p.(z —x) + ¢ (x))) cos(B (i (x) — p.(x)))
—sin(B(p(z —x) + ¢ (x))) sin(B(¢; (x) — ¢ (x))).

Since both of these terms are estimated in the exact same way, let us only consider the
contribution coming from the cosine. Here, we apply the trigonometric identities again,
now for ¢, = Z, + W,, to rewrite

cos(B (g (x) = @, (x))) = cos(B(Z{ (x) = Z¢(x))) cos(B(Wy (x) — W, (x)))
—sin(B(Z; (x) = Z(x))) sin(B(W/ (x) — W, (x))).

Use the trivial estimate |cos(f8(WS(x)—W,(x)))| < 1 for the contribution from the GFF
while we use the additional regularity sup, ||Z,|| p2-_ < 00 (see Theorem l in the drift
Z, to get the improved bound ’

sup|cos(B(Z;(x)—Z,(x)I S e Z,llg= , provided y; < 26.
x 00,00

It remains to deal with f dxp(x)cos(B(p.(z—x)+ ¢ (x))), for which we follow the same
procedure,

cos(B(p (z —x) + ¢, (x))) =cos(B(Z,(z — x) + Z,(x))) cos(B (W, (z — x) + W,(x)))
—sin(B(Z,(z —x) + Z,(x))) sin(B(W,(z — x) + W, (x))),

so that for any s > 0,

J dxp () [cos(Blpe(z —x) + 9o (X))]

Sl cos(B(Z(z =) + Zi(M)llgg IITcos(BW, (2 =)+ W, (INTp (Ol
+11in(B(Z,(z =) + Ze(Dlgg ITsin(BW, (3 =) + WDl

Here, we defined the Wick ordered cosine with respect to the Gaussian W, (z —x) £ W,(x)
in the usual way,

Lcos(B(p:(z —x) £ ¢, (x))] := e TR )W, P cos(B(pc(z —x) £ ¢.(x))), (6.4)

and similarly for the sine. In what follows we will focus on the cosine term. The sine
can be dealt with in the same way. It follows from Lemma |6.5|below that for any y; > 0,
y3 > 2—306 and a < 20 sufficiently close to 29,

B2 —
supe P Gt “IZI“/ZII[[COS(ﬁ(Wt(Z—~)+Wf(-)))]]p(-)IIB;g <00 as.
2,6 ;

Moreover, from Theorem sup, || cos(B(Z(z —-) + Zt(-)))llng S 1 forany a < 26 so
that by a Kolmogorov argument, ’

ME 1= supla|/1e P @ T J dxp(0)[cos(Blp.(z—x) + @ ()] < 00 as.

2,6
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Combined, this implies

IcEl <

T(s)J dzp?(x° * Gt)(z)itifj dxp(x) cos(B(p(z —x) + 7 (x)))
S (&) 16 (2)/ 121" gl i A AT AT e M
S r(e)e™(t) /2 e A IMe,

Integrating over the scales and using the usual estimate for A{ for ¢ € (0, 1) we find

& oo
f IC{ldt Sppe T(€)e™ f dt(t)—3+h/2+y3+5i§_
0 0

For 6 = 1/2, we find for y3 > 2—36 and y; > 0 sufficiently small for some y € (0,1/2),

oo oo
J dt<t>—3+}/1/2+y3+5<t>1—5 gJ dt<t>—3/2+7 < 00,
0 0

so that for any v > 0,

oo
sup J IC{|dt S C(M°) sup log(¢2)7e%° < 00, as.
e€(0,1) Jo €€(0,1)

For 6 < 1/2, choosing y; > 0, y53 > 2 — 3§ sufficiently small, we find for some ¥

J IC;|dt
0

oo
347, /247346 3
sr(g)gmf de(t) +r1/2+73+ e
0

—2 oo

£
= r(g)ger (£)72+1/2%rs 4 r(8)8Y28—2(1—5)J (£)7341/2+735+8
0

o2
s T(€)€25(1 + €—2+65—)7),

so that the right-hand side is uniformly bounded provided y > 2(1 —45).
(WN?). In the same way as for C;, we rewrite NV in terms of the trigonometric functions

Nf = r(e)f dzB?(x° * G (A AL f dxp(x)cos(B(p(z—x) — ¢ (x))),

In contrast to the charged contribution, the Wick ordering now introduces a diver-
gent contribution instead. Therefore, we split /i once more as

Nf =r(e)J dzf2(x° * G(2)A A J dxp(x)
+ r(é‘)f dzf?(x° * G)(2)AAS f dxp(x)(cos(B(p(z —x)— [ (x)))—1)

=:c; + r(s)f dzp?(x° * Gt)(Z)leJ doxp(x)(cos(B(p(z —x) — @7 (x))) — 1)
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We claim that under the assumptions on r(¢), the constant c; diverges, while the differ-
ence sup,e( 1) V¢ — ¢/ is almost surely finite. Indeed, from the asymptotics of G® in
Lemma 6.3] below, it follows that for any ¢ > 0, and a constant C allowed to change from
line to line,

et =r(e) J dzB?(x° * G ()AL = Cr(&llx allGella (A A7 +0(1))
= CT‘(E)(t)_Z(AtAi + O(].)),

where we used that ||y ¢||;: = ||lx|l,:. We again split the integral over the scales at £ 72 to
extract the divergent contribution, using the bounds A{ from Lemma

—2

f cidt = ﬂzr(s)f de ()10 ()72 + 0(1),
0 0

= ﬁzr(s)f de(t)™2° +0(1)
0

_ Clog(e2)7(log(¢2)+0(1)), &§=1/2,
| Cr(e)(1 + 7249, §<1/2,

while

« sy [ _ cr(e) 5§=1/2
cédt = Cr(g)e2(1-9) ) 170dt = Cr(e)e2+20 = ’ ’
L_z ‘ (e) o () Ce’™2t20 5 <1/2.

2

Combined this implies with the assumptions y < 1, in case 6 = 1/2 and y < 2(1 —26),

that
® . [ Cloge ) (log(¢2)+0(1)), §=1/2 ) e—0
Jo Ctdt_{ Cr(e)(1 + e 2+49), 6<1/2 }—»oo

. oo .
It remains to show that sup,¢(g 1) f o Wi —cfldt < oo almost surely. To this end, we

Taylor expand the cosine as

1

(cos(B(pe(z —x) = p; (X)) —1) = o, (z —x) — p; (X)) J dif cos(9((¢,(z — x) — @7 (x)))).

0
Recall that for any a € (0, 1), sup, || (t)~*/2p,
so that for any v,

< oo almost surely by Lemma

a—
Boo,oo

lpe(z—x) = @I S (121l eellaz, .+ loellp ) S XCU22(6)1F + 71 () 11/29),

where X := sup, ||(t)_Y1/2_g0t||Bg _ Vsup, ()™ " llgz,  is almost surely finite.
Regarding the cosine term, we proceed similarly to the charged case, repeatedly apply-
ing the trigonometric identities

cos(Ff((pr(z —x) — ¢ (x))))
=cos(Ff((¢.(z —x) = @ (x)))) cos(Fh (¢, (x) — ¢ (x))))
—sin(FB (¢ (z —x) — ¢ (x)))) sin(Fh (¢, (x) — @7 (x)))).
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As before, we restrict our attention to the cosine term, with the analysis for the sines being
analogous. The difference due to the mollification can be repeated verbatim to obtain

cos(OB (0. (x) — LN S €721 Zellgrz .

knowing that sup, ||Z,|| g2z < 00 almost surely provided y, < 26. For the remaining

term, we again insert the Wick ordering and apply the trigonometric identities for ¢ =
Z + W to obtain

f dxp(x)[cos(TB((¢(z —x) =, (x)N]

<|I[eos(FPW (2 — ) =W (INTp Il cos(BB(Z (2 — ) — Z, (D)l oo -
It follows from Lemma and Lemma below that
| cos(9B(Z,(z— )= Z(Mllpee SZe(z =)= ZOllpeo S /2702
Combined with Lemma for 5’ =1—(B9)?/8m, y3>—1+4(1—5")and y, > 1/2

f dep ()[cos(BB (2 — x) — i (XD < £74+1/2 05| 7o+l 0BGy
where
M 1= sup ¢ 74375 O p (I cos@P W, (2 =)~ W, ()l < 00, as.

Combined, for some implicit random but almost surely finite constant depending on X, M"
and [1Zllyz _,

IVE =l

Sr(e)e™ f dz(x° % GIEAAL (el (0)1F + e (6)1 /)¢ 74120 g |1t 1= (B0°60),

(6.5)
Since 2—4(1—6) > —d, we can choose 73 = —y3+ 1 < 2—4(1— §') sufficiently large so
that 3 > —d and

Ezf(xg *G)(2)lz™ S e¥472 (1) 2,
and in the same way

(1% % G)(@)|z|32 S (£) 2 T/271,

Inserting these bounds in (6.5]), we obtain

1
IVE—cf] Sr(s)e”zj d f dz(x® % G,)(2)|z| T2 A A8 14 +1/2-0+1e~(BOF G (O)
0

1
+r(e)e"2eM f dﬁj dz(x® * G't)(z)lz|_73)_\tif(t)”l/zt”4+1/2_5e_(’3‘9)2Gf(0)
0

=:(I)+U).
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Integrating over the scales with the estimate on A from Lemma we obtain for the
first term after using the conditions on v;, i = 1,...,4, we have for some y > 0 arbitrarily
small,

-2

f (I7)dt
0

g2 1
< J dtr(e)e’? f dﬁf dz(y® = Gt)(z)|z|_73+2t2(1_5)tY“H/z_ﬁHe_(ﬁﬁ)sz(o)
0 0

-2

€
S r(s)s“J t730¢7/24¢
0
S r(e)e2 (6724007 4 1),

and

<]

J (I9)de

o) 1

< r(s)s“s_z(l_‘s)f dtf dﬁf dz(yx® * Gt)(z)|z|_73+2t1_5t“H/z_‘SHe_(M)ZGf(O)
g2 0

S r(e)er2e 2007,

Choosing y;,i=1,...,4suchthaty < y, < 25, we see that this term is uniformly bounded
in ¢ in the case 6 = 1/2. Similarly, choosing ¥ sufficiently small and y, sufficiently large,
the condition y > 2(1 —36) > 2(1 —46) implies the boundedness for 6 < 1/2.

For the second term, we argue similarly, again using the conditions on y; we have for
some arbitrarily small y > 0,

(o]
sup (If)dt S sup r(e)(e"2e 21T +1) < oo,
£€(0,1) Jo €€(0,1)
due to the assumptions on Y. O

Lemma 6.3. Using the notation introduced in (6.3)), it holds that
1
Gf(0)= yy log((e 2At)V1)+0(1). (6.6)
i
Proof. By definition of G¢, it holds that

G£(0) = E[|WS(0)* 1 =EW,, xe)1* = (xe, Gexe)-

For t > ¢~2, passing to Fourier space this implies with

t

Gt — J d_sze—(mz—A)/s — e—(mz—A)/t(mZ —A)_l,

s—
0
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6= [ae 2 @E J PG P
“"Gf“‘f e ) et Te :

The second term is uniformly bounded using t < 72, and moreover as (1—e_52(m2+|‘5'2)) —
0 as ¢ — 0, vanishes in the limit by dominated convergence. For the first term, using
supp ¥ C B;(0), we find

-1 1
(G S Y A 1 (" dr_ 1
— ———dr=0(1 — —=—1 V1)+0(1).
f S o m2+r? g ()+277: T N ogle )+o()

m2+ &2 2n

In the case t < £72, we use

fdx(x (x) = 86(x))G:(x) S €l G¢lIpe, . t7%/2¢4/2 = 0(1),
to obtain,
Gf(0)=Jdxxg(X)dexg(y)Gt(x—y)

=G.(0) + J dx(xf(x)—6(x))G,(x) + f dxxg(X)f dy(x*(y)—06(¥))G.(x—y)

= L joge vy +o0(0).
41

Lemma 6.4. For any z € R?, t € [0, 00),
1Z(z =)= Z, (oo S /2703,

Proof. This follows directly from ({ in Lemma [A.1], and the FBSDE (4.1) for Z = X —
w. O

Lemma 6.5. (N) For any y; > 1/2, yo > —1+44(1—0) it holds that

sup t71]a]"2eP %@ [cos(BW,(z — ) = W, (ITp (I < 00, as.

(C) For any v >0, y9 > 2—30 and s < 26 sufficiently large, it holds that

—B2 —
sup|leP*6E) |5 [11/2( 72 [eos(BW, (- —2) + W, (Do (lg—s (a) < 00, as.
t,z P

The proof of this lemma is given on page [89] at the end of Appendix
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7. Variational description and large deviations

7.1. Finite volume

If B2 < 4m, the variational description in the finite volume is essentially a direct con-
sequence of the convergence of the Wick-ordered cosine and the refinement of the Boué-
Dupuis formula (Lemma from [38]]. Beyond the first threshold, the apparent singu-
larity of the sine-Gordon measure means that both the renormalised potential, and the
quadratic part in the cost functional J*-€ := J"*2 as defined in cannot be expected
to stay bounded as T — oo. To overcome this difficulty, we follow the same strategy as
for the FBSDE and introduce a change of variables that isolates the singular part of the
control from a more regular remainder. In these new variables, we can again recover uni-
form estimates and pass to the limit for any coupling constant A. Throughout this section,
we assume that p < 1 is fixed and suppress the dependency on p and g whenever no
ambiguities arise.

Translating the same ideas as before now to the level of the variational problem, we
begin by developing the potential along the flow. This yields by Ito’s formula

T

1. .
VT(X;)=vt(Xg)+f [(ESVS+ETerDZVS)(Xs“)+DVS(XS“)QSuS]ds+mart., (7.1)

t
where we use the shorthand
t
X=X Ww=v +J Q,u,ds + W,.

0
Again, we want to use the fact that V approximately solves the flow equation (3.17).
Adding the missing terms we can insert the remainder 7 as defined in and re-
write as
T

Vp(X8) = V,(X") + f ds {'Hs(xg) +DV,(X“)Qu, + %(DVSGSDVS)(XS”)} +mart.. (7.2)

t

Since H is integrable in the scale parameter t from 00, it remains to deal with the quad-
ratic terms. Using the notation
zy 1= —QF(X{),

for the singular part of the control, the variational problem (2.8) becomes upon insert-
ing (7.2)) for V; and completing the square,

. f g
JgAJT(u)
T

1, 1
s {HE (x2) = (st + 1212, + Enusuiz}], 03

= uiergaE |:g(X¥) + Vo(Xg) +J;
T

1
= inf E[g(X¥)+VO(Xg)+f ds {H;T(Xf)+5||us—z;‘||§2}].

ueH, 0
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Importantly, this reformulation no longer imposes square integrability on the control u
but only on u— z", which heuristically corresponds to the (more regular) remainder. We
take this as an invitation to introduce the change of variables

ry=u—z) (7.4)

The following Lemma ensures that this change of variables does not affect the variational

problem (7.3).

Lemma 7.1. For any r € H*(L?), T < 00 and p < 1, there is a unique solution 2" €
H®°(L®°) to the SDE

t
z = J Qe —Q.FPT (2] +W,))ds. (7.5)
0

In particular, with X = Z +W, defining up = —QtFtp’T(X[) +1,, the control u” is admissible
for the finite-horizon control problem (7.3) and we have X" =X* and r, = uy —zfr almost
surely.

Proof The estimates on the approximate solution to the flow equation imply that Q,F” T
is globally Lipschitz and bounded, uniformly in t. The result now follows from standard
well-posedness for SDEs with Lipschitz coefficients. O

This allows yet another reformulation of (7.3) in terms of the remainder. To avoid
confusion with the infinite volume control problem later, let us make the dependence on
p explicit again and define the cost functional

T

N A A A 1

J;’,g(r) =F [g(X;) + Vop(XS) + J ds {%sp,T(Xsf) + §||rs||§2}} s (7.6)
0

with X" defined as the unique solution to (7.5). Observe that in contrast to J"Tj ¢ the

functional f£*¢ satisfies for some C = C, >0,

T
R 1
Iy = —Cc+ EJ ds|Irgll?,, (7.7)
0
which we immediately verify from and the estimates on H (see Proposition (3.13}b).
In particular, the cost functional J ﬁ *¢ makes sense also at T = 0o. From (7.7)) we see that
J ? *¢(r) = 0o, whenever r ¢ ]HI%(LZ). We can thus enlarge the set over which we take the
infimum and use Lemma [7.1] to see for any T < oo,
. 20,8 _ 70,8 — P8
rlel%-li JT (I‘) N re]éllzl(fLZ)JT (T) B ulerIIHIfa JT (u)

Therefore, the relation between the FBSDE (4.1)) and the variational problem (2.8) ob-

tained in Theorem b|is also valid for the UV-limit, provided we renormalise the form
of the cost functional.
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Theorem 7.2. Denote by (ZF-¢,RP>¢) the unique solution to (4.1) with p <1and T = oo.
Then,
rf’g = —QtRf’g, (7.8)

is admissible and optimal for the control problem at T = oo.

Proof. Let us fix a cut-off p < 1 and leave the dependence implicit for this proof. Thanks to
Lemma the candidate for the optimal control for the control problem defined in (7.8
satisfies

oo
IEJ ||rsg||%2ds < 00,
0
and thus r§ € H?(L?(R?)) so that

inf J& (r) <JS ().
reH?(L2)
It remains to show the reverse inequality. To this end, let a8 = —Q,(R}¢ + F,(X%))

be the o]Tptimal control for the control problem (2.8). Then, for any finite T, (writing
5 I X
708 =51 and xT8 = x** = 718 + W), it holds that

_T, _Tg T, T, T, T, T,
T §.= i, § -2, § = —Q(R; g +F (X, ) +Q.F (X, 8)= —Q(R; ‘,

is optimal for the control problem (7.3)) as shown in Theorem [2.2fbl On the finite volume
Proposition a| implies for ¢ € S’(R?) and ¢, £ > 0 sufficiently small,

oo T

11° (p)ldt +f [(H° —H])(p)ldt
0

o0
[ 10 - vemtone s |
0 T
T

Sp (0 () [,
0

<00

Combined with the convergence of X ng — X&, from Theorem and the continuity of g,
this implies for any fixed r € H2(L?),

5 Y — i 18
Jo(r)= TIEEOJT(r)'
By the optimality of r*¢ for T < oo this implies for any r € H?(L?),

. 280..T,g — i i . g < 1 g — g
th_l)gngT(r ) l%rggfreﬁgl(sz)JT(r) Tll)n;oJT(r) JS (). (7.9)

From the continuity of Vg and the convergence of the solution (Z¢ RT¢) — (Z¢ R%)
derived in Theorem 4.6 we immediately get in the T — oo limit

oo

oo oo
EJ ||r§—rf’g||§2dt=EJ Q. (R —R)|?,dt SEf dt(t)™(T)~* -0,
0 0 0
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Therefore, by Fatou’s Lemma and the continuity of g and Vj,

oo oo
JS.(r&) =E [g(Xﬁo) + VO(Xg) + f HP(XE)ds + f ||rtg||%2dt:| < liTminffff(rT’g).
0 0 — 00
(7.10)
Combining (7.9) and (7.10) we obtain the missing inequality,
78 8) < limi 78c..T,g < : 78
JS, (1) 11Tn_1)}>r<1)fJT(r ) reﬁgl(sz)Joo(r).
O

Remark 7.3. The boundedness of the cosine interaction is the reason we have good bounds
over the optimisers to the control problem uniformly in T. This allows us to bypass
the technically more involved I'-convergence for the cost functionals JT — J to remove
the small-scale regularisation T as was instead necessary in [[4]] in the case of the <I>§ model
on a bounded domain.

The variational description for the Laplace transform is now an immediate consequence
of the description in Theorem

Corollary 7.4. The variational problem for the Laplace transform (2.9) also holds for T =
oo, that is,

—log 5, (e78) =WP(g):= inf JEE(r)— inf JEI(r).
og vgg(e™*) (&)= _inf Joo'()— inf Joo'(r)

T L
Proof. From the weak convergence of Vgc - ng in H?,

i P (=g — Ti 0.7 —g\ _ 1: 0 T VPtg 4. VP AP
log v (e78) = Tll)ngo log v (e78) = Tll)ngo Wr(g)= Tll)rglo Vr Tll)n;o Vi =WF(g),

where we used ([3.14) and Theorem [7.2]to justify the last two equalities. O

Remark 7.5. It should be emphasised that the change of variables makes the exten-
sion to T = oo possible: passing to the remainder term r* = u —z" allows us to incor-
porate the singular part z* of the control into the flow equation remainder #* T while
optimising only over absolutely continuous shifts r*. Indeed, while we have z" € ]HIZT(LZ)
forany u € H%(LZ), our estimates on z* only allow

22112, S ()%,

which is not sufficient to conclude z* € H(L?) unless § > 1/2 (< B2 < 4m). In contrast,
the estimates on the optimal FBSDE (see e.g. Lemma suggests that the remainder
r = z" —u remains square-integrable for the whole subcritical regime & > 0 (provided of
course that an appropriate approximate solution V to the flow equation is used).

Remark 7.6. Differentiating (7.3 with respect to the initial value X, = ¢, we obtain a
formula for the gradient of the value function in terms of the solution to the optimal

FBSDE
VVVHE (@) = VI (@85 9) = (Vg + Fo)(¢) + R (). (7.11)
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7.2. Infinite volume

We finally want to remove the restriction to the finite volume. Of course, the potential
will not be meaningful without a spatial cut-off. What saves the variational problem for
the Laplace transform in the infinite volume are the localisation properties we derived
earlier: since the effect of a local perturbation only has a localised effect on the optimal
control by Proposition [4.5]{c we are able to show that the functional

JEP(v) :=J&P (v +7P) = JOP(7P),

stays meaningful in the infinite volume limit, at least if the functional g is sufficiently
localised and the coupling constant A is small enough. This change of variables follows
the same idea we used for the finite volume variational problem: it again allows us to
absorb the singular part in a normalisation while we only optimise along the absolutely
continuous directions, which in this case corresponds to controls in D = H2?(L?").

The aim is to show the following.

Theorem 7.7. Let R® be the backward component of the solution to the FBSDE (4.1)) for
g=0, p=1,T = oo and define i := —QRC. Then, with

oo

o0 oo
”V.s”%zds'i_J< <Fs:vs>L2d5:|:

0

7o) =E[goe;:w+ f

0

1
H}(Fs, v,)ds + > f

0

the Laplace transform of the infinite volume sine-Gordon measure Vg satisfies the variational
problem
W(g) = —log vse(e ™) = inf J¥(v).
v

Here, the functional HY (7, v,) is defined for any p =< 1 in terms of (3.49), in complete
analogy to (3.48),

6
H:(’_’t; V)= ZJ dgl:fht(gl:Z)[wi-w - t/)f](iu),
(=4

with 1,[)?”’(51:@) = exp (i/j Zi:l ak)%f”(xk)).

Proof. Restriction to D,: Motivated by Proposition c, we expect that the regular part
of the control is captured nicely by the domain,

o0

D, =D, (C) := {v €M, : ]EJ ||vs||%2,nds < C|g|1,2,n} , (7.12)
0

provided C > 0 is chosen sufficiently large. We first show convergence of the restricted
variational problem

o . o p—1 _ . A
Wilg):= inf  J¥P(v) = W(g) = ~logvsg(e™) = inf F*(v).
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We claim that this restriction does not change the finite volume variational problem, that
is for any p < 1,

1nf JEP()=WP(g)=WP(g)= inf J8P(v), (7.13)
veD vEH2(L2)
We know from Theorem that ¥ = —Q,R%" is optimal for the variational prob-

lem (7.6), and from Proposition that [[R®? —RYP |2 S |gl1,0.n- Thus, for some
constant C, > 0,

oo o0
—-4g, = 2 -2 s 0
Ef ||r5“’—rf||Lz,ndss1Ef () 2IREP =R P N7, < Colgli e
0 0

But then v = 78F — 7P € D, for C sufficiently large this implies (7.13) for any C > C,.
Convergence: We show that uniformly on D,

1 [ 1
Hf(Ff,vs)dHEf IFP +v,]|?,ds — f IIFfllfz]
0 0

oo

JP(v) =E [g()?i';”) + J
0

p—>_)1E|:g()?Zg")+J ”H,Sl(l'”s,vs)ds+%J ||v||2 ds+f (Fs,vs)des].
0 0 0

We proceed term by term. Going left to right, we start by estimating
1

lg(P1) — g(2)l ZJ (Vg(p1 + (P — ¢1)))(P2 — ¢p1)dl < |g|1,2,n||¢2— ¢1llz2n-

0

The convergence g(X% ™) — g(XT*) then follows from Lemma [7.8| below. For the
remainder term, we write,

[H (7, i) = HE (7P, v)l < 1M (Fs, vi) = Hy (PP vl + [ (7P, v) — HE (7P, vy
For the first term, the definition of #! and the estimates on the coefficients h in (3.50)
imply,
HA ey ve) = HAGFE vl < ZJ A& oh (T —f — (7 =P )1(E )
=p
S e 118X —8,X27 7 [120)
SAHO N8R = 8,807 2.

Since i?(t)“‘ € L(R,), the desired convergence will follow from Lemma below. For
the second term,

6
(ML ve) = HE (P vl < ZJ dE 1011 = p(Er:)IR (1P =91 1(E )]
(=4

<1 =pllgzn || Ao [ KT = X771 2
ST = pll2-=AHE) " lvell2n.
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Hence,

oo
lim sup Ef [HL(F, ve) — HE(FP, ve)lds = 0.
0

p=lyep,

Finally, for the quadratic terms, we expand the square to find,
]. — 2 1 _ 2 1 2 _
SIFE + w2 = IR, = S IV I2, + (72, v ).

Consequently, for any v € D,

[e%) %) 1/2 [o%) 1/2
E f ds(ff—fs,vshzs(laf ||ff—f5||§2,_nds) (EJ ||v5||§2,nds) ,
0 0 0

which with 7, — 7 = —Q,(R, —R¥) and the estimates on Q in Lernrna and Proposition
converges to 0 uniformly on D,.

Recovering the full domain: Finally, we show that for any C > C,

inf J¢(v) = inf Jé(v).
) veD

veED, (C

Since D, (C) C D, clearly infve]D)g(C) J8(v) < inf,ep J4(v). For the reverse inequality, let

veDandlet C> |73 := IIﬁII%Z(LZ,n) so that ¥ € D,(C) and thus by the argument used

to show convergence on D f(C ),

Jé(@)= inf J8(v)=7J8(0v")= inf J(v).
veD, () veD,(C)

Taking the infinitum over ¥ € D in the inequality above then yields the claim. O

We still have to supplement the following two convergence results to finish up the proof
of Theorem 7.7

Lemma 7.8. Using the notation defined in (7.5)), it holds uniformly in v € Dy,

lim sup ||)2:+" —)A(Sfp“L"IILz,fn =0.
p=15>0

Proof. This follows immediately from Proposition following the arguments in Pro-
position 3l and Proposition d| O
7.3. Large deviations

We apply the variational problem for the Laplace transform just derived in Theorem[7.7]to
show the Laplace principle from Theorem|[1.5|for the limiting measure vg. More precisely,
we want to study the family of rescaled measures are formally given by

“ve(dp) = E; " exp( 'V (p))u"(dg),” (7.14)
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in the limit # — 0. Here V(p) = A f dx cos(fBp(x)) denotes as before the cosine inter-
action and u" is the Gaussian measure with covariance i(m? — A)~!. Taking the Wick-
ordering with respect to u" and the obvious modification to the interpolation Gf = hG,,
the same derivation as before yields a description for v’gG via the rescaled FBSDE,

{ Z8 = — [} dsGI(EN(Z! + 1PW) — [5 dsG R, (7.15)

o0 o0 .
RN =E, [ dshHI(ZI + B'*W,)—E, [ dshDF(Z" + i'/>W,)GIRT,

where F™ = F:% and FT is the approximate solution to the flow equation (3.2) with
covariance G" and the rescaled initial data,

_ ik . - .
P () =B Age @ sin(Bp) =~ 12T sin(B ).

At least when h € [0, 1], we have )_Uf < A, and the well-posedness of (7.15) follows in the
exact same way as the well-posedness of (@.1I) in Proposition[4.2] Moreover, rescaling the
analysis of Theorem 4.6, we see that also the drift Z" has a terminal value with regularity

Z" € Lo°(dP; H2 B /4mny ¢ [0 (dp; H2 P4, (7.16)

Thus, the same reasoning as in Theorem applies and can use the solution to the

. e, e . . h
FBSDE (7.15) to make the formal definition (7.14) precise. Define the measures vq,
as a random shift of the rescaled Gaussian free field,

Wi = Law(Zl +HY2w,,).

Since we are only interested in the limit A — 0, we can limit our considerations to a

small neighbourhood of 0. This has the advantage that the measure vZG will essentially

behave like the sine-Gordon measure with parameter /3171/ 2 (see also [21], Section C]): if
11 is sufficiently small (say 1 < ki, where f2H, < 47), then, by (7.16), the measure stTG is
a Girsanov shift of the free field. More concretely this means we can carry out the analysis
of by relying on the convergence of the Wick-ordered cosine illustrated in (4.7), as
in the absolutely continuous first region 32 < 4 already covered in [6]. It only remains
to check that this approach is compatible with our definition of the measures via (7.15).
This is in part resolved by the following Lemma.

Lemma 7.9. Let 1 < f1,. The solution Z" to (7.15) satisfies
t
Z{ =P f dsG,E, [[sin(B(Zf, + ' *Woo )1 = BAGL (), (7.17)
0

where [sin(p + h'/?W.,)] is defined for any ¢ € H" via (7.20) below.

Proof. Let us first introduce again the approximate FBSDEs with the cut-off T < co. Then,
we know from the definition of F™" and R that

FPA(x T + RO = B[V, (B(ZE" +H2W)]. (7.18)
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For hi < Hy, it follows from Lemma and the convergence of Z % — Zoo in H* (L),

. Tk h 2 —
lim 127" =2 I3, =o.

Moreover, we can use the trigonometric identities to rewrite
[sin(B(Z! +1Y2W;))] := cos(BZM)[sin(B'/>Wy) ] +sin(BZM)[cos(BY/ Wy )], (7.19)

and similarly for the cosine. By Lemma the Wick-ordered sine (cosine) [sin(8a'/*W;)]
converge in H "™, Thus, the products on the right-hand side of stay well-
defined in the limit as T — oo and consequently [sin((Z g’h+h1/ 2wy )T and [cos(B(Z ?h+
n'/ 2W;))] converge in L2(dP; H~1*57") and almost surely to a well-defined limit which
we denote by

[sin(B(Z" +HY2Wo))] := cos(BZM [sin(BAY*Weo )] + sin(BZE Y[ cos(BY 2 W, )],
(7.20)
and respectively

[cos(B(ZR, +rY2Weo))] := cos(BZM Y[ cos(BL/*Weo )] +sin(BZE )[sin(SY 2 W, ).
By uniqueness of the limit, we can pass to the limit T — oo in to conclude
FNZM+1Y2W,) + R = —BAE, [sin(B(Z", + B *Woo )],
which immediately implies (7.17). O

Applying the same argument as in Lemma to the cost functional J" we can undo
the change of variables to the remainder in (7.3) and (7.4) provided # < f,. In this case,
we obtain the cost functionals

T W) :=E[gUoo (@ +w) + W) + RV (u, w)ds + (w,u™)], (7.21)
where W' = H'/2W is the rescaled Brownian motion, ﬁf‘ = QJTF;’T(Zi7 +HY2w,) + QtR}t7

is the candidate for optimal control,

Vfo(u,w) = Af

dx([cos(B(Too (u +w) + WL )] — [cos(B(Ioo(u) + Wi NI(x),
R2

and

1 oo o
5(W,u) = EJ ||Ws||i2ds+f (Ws:us)LZdS'
0 0
Since the functional 74 depends on 1 also through the optimal control ﬂ;f =—Q,hF th (z th +

n'/ w)— Qtsz, we have to first identify the limit of i before we can find the limiting
candidate for 74°.
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Lemma 7.10. With @ = —Q hF(Z" + h'/>W,) — Q,R", it holds that,
o0
limIEf a2, _.dt =o. (7.22)
h—0 0

Proof We use the linear flow approximation F := F[!J for the SDE (7.17)) to obtain again
a FBSDE. With X = Z + '/2W,, this results in the FBSDE,

ZI'= [ dsG,(AB sin(BX) —RY),
RT=E, ftoo ds(A")2B cos(BXMG, sin (B(XM)) — E, LOO Al cos(BX)G,R! ds.

Thus, the same arguments as before show using if3? < 4,

IR}l 2 S (A (6) "  supl|Z] ||z S A2 Sup”Zﬁ”LZ—“
S

Using this estimate in the equation for Z",

t t
1Z] 12 NJ dsA%(s) 2||Zf||L2,_n+h1/2f ds ()2 W,l 2.
0 0

t
+ izf ds(s) "2 sup ||Zrh||Lz,fn.
0 r

Keeping in mind that
E||W17,-. = G,(0) S log(s V1) + 1,

we rearrange and take expectation to find for A sufficiently small,

t
EIZMp2n S h”zf

t
ds(s) PELIW,N17,-, 1" Sﬁ”zf {s)*(log(s V1) + 1) S A,
0 0

Putting everything together,
oo oo
Ef IIuHIILz_ndt=1Ef AoBllQ sin((BZ] + K PW)|?, . dt
0 oo<>
siJ (O (ENZMZ, ., + RE[W,]1%,,)dt
0

SAn+ hf dt(t)?log(t V1)
0

A
>0

fi.
O

With the limiting optimal control sorted out, we can now show convergence as i — 0
in the exact same way as for the case 82 < 4m and we refer the reader to [[6, Section 5]
for details.
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8. Osterwalder-Schrader axioms

The Osterwalder—Schrader axioms (OS axioms; for short), as introduced in [34}, [35]],
provide sufficient conditions under which the (Euclidean) Schwinger functions define a
relativistic QFT satisfying the Wightman axioms. We only briefly introduce the aspects
that are immediately relevant to our discussion, for a more detailed exposition we refer
to Chapter 6 in [[26] or Section 5 in [27]]. For a Radon measure v on S’(R?) for n € N
and fi,..., f, € S(R?), we define the associated Schwinger functions S LE(S (R%))®", by

S,’{(f1®-~®fn):=J (@, f1) - (@, fu) v(dp). 8.1
S'(R2)

We say that v satisfies the OS axioms, if its associated Schwinger functions satisfy the
OS-Axioms. We already reformulate the axioms as conditions on the measures v instead
of the Schwinger functions above. It is easy to verify that the conditions on v below imply
the OS axioms for the Schwinger functions (8.1).

1. (OS1-Regularity) There is a Schwartz-norm || - || and a y > 0 such that
f erllel w(dy) < oo.
S'(R?)

2. (0S2-Euclidean invariance) The measure v is invariant under the action of the
Euclidean group. More precisely, for any G = (R,a) € 0(2) x R?, it holds that
v =G4, where G,v(-) := »(G~!(-)) denotes the push forward measure of v under

g.

3. (0S3-Reflection positivity) Define the reflection © : RZ — R2, (x¢, X1) = (—x¢, X7)
along the first coordinate axis. Then, for any exponential observable of the form
O(p) = l_[lr.lzl c;exp{{p, f1)} for f; € S(R?) with support on {(xo,xl) eR?; x0> O},

f (©0)(¥)O(p)¥(dy) = 0.
S’(R2)

Here, for z € C, we denote the complex conjugate by Z and extended the reflection
map © to functions f € S(R?) and the observables O via

n

Of (xo,x1) 1= f(—x0,x1), ©0(¢):=][ [expl{p,0f)}.

i=1

If the measures v satisfies the conditions above, then the reconstruction theorem [35]] (see
also [26 Theorem 6.1.3]) ensures the existence of a Wightman theory corresponding to
the measure v.

Theorem 8.1. Every accumulation point of (Law(X?’T))p,T satisfies OS1 and 0S3. If
moreover, A is sufficiently small, then also OS2 holds and the measure is not Gaussian.

The regularity property for vy was already shown in Corollary The remaining
claims are proven in the next three sections.
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8.1. Euclidean invariance

The Euclidean invariance in this setting is a straightforward consequence of the unique-
ness obtained in Theorem

Proposition 8.2. The joint law of (Z o, Woo) is invariant under the action of the Euclidean
group defined by

Gf(x)=f(R(x—Rta)) for G=(R,a)e0(2)xR>.
Proof. Since the kernels fs[‘] ) are translation and rotation invariant (see Remark ,
GF.(X,) = F,(GX,).
Moreover, immediately from the definition of G;, we have G(G,f) = G,(Gf). Therefore,
for any p <1 and T < oo, the transformed solution GX?*T satisfies the equation,

t
gxP' = —J dsGGy(FPT(XPT) +RPT) + GW,
0

t
= —J dsG;(FFP-T(GXPT) + GROT) + GW,.
0

With the same reasoning,

T T
GRY" =E, f dsH?P’T(ng’T)—JEtJ dsDFIPT(GxPT)G,GR'T .
t t

In other words, (XP°T,RPT) := g(xP°T,RP'T) is a solution to
5p,T ~ t - T ,op,T ~
{Xf =W, — [, G X! )+R;T)ds,
50T T Gp.T rgp.T T op.Ty A 50,7
RY"=E, [, B (&")ds—E, [, DESPTXEGR ds,

where W := GW = f 6 Q,d(GB,) is again a Brownian motion with the same covariance as
W. By the uniqueness of the solution to (4.1) (see Corollary 4.3)) we then have

Law(X9 P T, W) = Law(XPT, W).

In other words, the joint law is invariant under the action of the Euclidean group G
provided that p = Gp, which holds only when the weight p is flat, thatis p o< 1. In
this case, we have for any T < oo,

Law(XT, W;) = Law(G(X L, Wy)) = Law(X T, wy).
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8.2. Reflection positivity

To show that vgg is reflection positive, we show that it is the weak limit of reflection
positive measures. We cannot use the approximating sequence v’s)(’;Tbecause the small
scale regularisation for T < oo mollifies the measure in all directions and consequently
breaks reflection positivity. Instead, we will construct a new sequence of reflection posit-
ive measures vy such that vg — g for any spatial cut-off p < 1. Since weak limits of
reflection positive measures are reflection positive and since vgg is the weak limit of the
finite volume measures ng, this will prove the claim. Throughout this section, we fix a
symmetric cut-off p and suppress the dependency whenever it does not lead to ambigu-
ities.

To preserve reflection positivity, we cannot mollify in the direction of physical time, and
we instead mollify along only one of the coordinate axes. For n € C>°(R) supported on
|x| < 1, define the family of mollifiers with 7j, = e n(-¢™!) on R! and introduce the
corresponding mollifiers n, = §,® 7, on R2. Then, using a variant of Theorem we
can define the measures,

vg’(’;’T = Law(Xf;f’T),

where

t t
xoPT = —f dsGP(FoP T (XEPT) + ROPTY + WE = —f dsGTEJ[VVEXSP )]+ WY.
0 0

(8.2)
Here, we defined G; := Q} xQf with QY = n® xQ,, and obtain F* and W* as before by
replacing G by its mollification G¢. Then, denoting us*-T := Law(W;), the same argument
as in Theorem bl shows that

Law(X5*"") o< exp (—7@ J COS(W)) w7 (de),
2

R

B2 e . . . .
where A] = Ae~ 2 %0 The point is now that the additional convolution with 1), ensures
that the measures u® = u®°° are supported on a function space. Indeed, we compute for
any € > 0,

oo

T
R _ . . e _ i
Gr(x) = fo N, * Gg(x)ds < J;) Ne * Gs(x)ds = GZ_(x) = pye log( ) +r.(x),

|x|>V e

where r, is bounded uniformly in x € R? and ¢ > 0. In particular, the Wick-ordering with
respect to the Gaussian measure u®?! is given by

2
[sin(BW7)] = A% sin(BWy), where A% = AeT GO < 2e1,

which is not only bounded uniformly in T but also converges to a limit at T = oo with

i . ..
Af = A8 = e 7 G(0) Therefore, the same argument as used in Theorem E implies
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that for any ¢ > 0, the SDE (8.2) is meaningful also for T = oo, with
t
X;P = —J dsG E[VVE (X8) ]+ WE, (8.3)
0

has a unique solution for A sufficiently small. Theorem blalso implies that the law of
X&P is absolutely continuous with respect to uf and we define

vg’Gg = Law(X2P) o< exp (—Agf dxp(x) cos(/jgo(x))) u(dep). (8.4)
R2

For these measures, reflection positivity will follow directly from the reflection positivity
of u®.
Lemma 8.3. For any € > 0 and p < 1, the measures vg’Gg defined in (8.4) are reflection

positive.

Proof. Denote the projection on the positive half-plane R, x R by 7, and let again

@f(X0:x1) ::f(_xO)xl):

be the reflection around the first coordinate axis. We first show that the Gaussian measure
u® = Law(W(, ) is reflection positive. Since a Gaussian measure is reflection positive if and
only if its covariance is reflection positive (see e.g. [26, Theorem 6.2.2.]), it is sufficient
to check that for any function f € L?(R?),

G (myf,0m,f) = (nex o f,(m* —A)'On 1, f)2 >0, (8.5)

where G* = G is the covariance u®. Because 7). leaves the first coordinate invariant,
the convolution with 1, commutes with the projection 7. The reflection positivity of
(m? — A)™! now implies (8.5).

To see that the measures (Vg% )¢~ defined by are also reflection positive, we split
the potential between the two half-planes {x, = 0} and {x, < 0}, as

VPE(p) =27 f p(x) cos(B p(x))dx,
Ry xR

so that
V8 (dp) = exp(—(VF (@) + VP~ ()l (de).

For the symmetric cut-off p, the reflection © acts on this decomposition as @V, + = /48
Consequently, we have for any exponential observable O supported on the positive half
plane as defined in (0S3),

J O(p)O0() gk (de) =J O(p)OO(p)e™" eV (ye(dy)
S/(RZ) S/(RZ)

:J O(p)e™  @De(0(p)e ™ (D)uf (dy).
S'(R?)
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Since VP is supported on the positive half plane R, x R, the last integral is non-negative
as a result of the reflection positivity of u®. In other words, for any symmetric cut-off
p <1, also véé’ is reflection positive. O

Having established reflection positivity for vg’é) for any ¢ > 0, we want to extract a
subsequence which converges to the desired limiting measure Vgc to conclude this proof.
That is, it remains to show that for any a > 0, there is a sequence ¢y | 0 such that

sepEHXf” —thllzi,a,,n — 0. (8.6)

Adapting the definitions (3.39) to the current situation, we see that with the usual re-
mainder R?, the FBSDE for the difference is given by

€ _ t e (T E € &\ _ £ __
{Xt—Xt——fods[Gs(Fs(Xs)JrRs) G,(Fy(X;) +R)]+ WE —W,, .

R¢—R, =E, [ (H{(X{P) — Hy(X,) — (DESP (X{P)GERE — DF,(X,)G,R,))ds.
By definition of G?, it holds for any a > 0,

: 2 —
ll_r)l(l) Sl’tlp]E”th - Wt”H—a,—n - O'

For some subsequence ey | 0 and any ¢ € S'(R?), Lemma combined with Proposi-
tion a| implies,

1Qs(F&¥ — F)(@)I2e + IQ;(DEN —DF)(¢)I2ce SN 2A(s) 7Y,
and )
I(HE —H)(OPee SN (A ()%

Following the (by now standard) procedure for the FBSDE (8.7) yields and thus
concludes the proof.

Remark 8.4. A slight modification of the argument allows to show reflection positivity for
any accumulation point of (vgéT)Do. Therefore, reflection positivity holds also without
the smallness assumption on the coupling constant A.

8.3. Non-Gaussianity

We want to show now that for A small the measure vgg is non-Gaussian. For any Gaus-
sian measure v with support on a Hilbert space H with dual pairing (-,-), mean b € H*,
covariance C, Cameron-Martin space H¢y(v) it holds for ¢ € H,

SNCHIE, ) = 5 1C2 1, =1log f exp(— (0, YR+ (b, Y).  (89)

Showing that the generating function of vgg does not satisfy (8.8) for will therefore yield
the claim.
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Step 1. We first show that for any ¢ € C™°(R?),

—1ogJ exp(—p, ¥))v56(dp) =— 5 I(m* — AT V2,

+ lim[VP (~(m? = 2) 1) = VP(0)],

(8.9)

where VP is the value function as defined in (2.8). By Theorem [4.6|the measure vgg on H
can be obtained as a weak limit of measures v’s)’GT that are absolutely continuous with re-
spect to the Gaussian measure ur = N(0, G;). Combined with the Gaussian tails from Co-
rollary this implies convergence of —log vspéT(exp(—(w, ) = —log v, (exp(—(v,-)))
by uniform integrability for the functionals exp(—(v),-)). Indeed, for every L > 0,

U exp(—(h, p)) Vi (dy) —J exp(—(¢, w))vse(dso)’

< J exp(— (1, p)) 2 (dp) — exp(—(v, ) vs(dep)
{Illy—e-n<L}

{llollg—e—n<L}

+ +

f exp(— (1, )% (dy)
{llellg—e—n=L}

f exp(—(v, ) vs(dep)
{llollg—e—n>L}

Regarding the two tail integrals, note that for every y > 0, there is a K, > 0 such that

| = (b, @) <l 1@ lpr-en < ¥ NQIF -+ Ky 1Pl -

Hence, using Corollary[4.7] for any x > 0, we can choose L > 0 sufficiently large so that

sup
p=<1,T<o0

< —K.

W

J exp(—(1p, )i (de)
{llellg—e,—n=L}

The first difference converges by weak convergence of vféT to v4; and the boundedness
of exp(—(y, ¢)) on {||¢||g-e— < L}. Thus, for L fixed as above, we may choose p, T
sufficiently close to 1, 0o so that also

<

W=

f exp(—(v, p)) V5 (dp) — exp(—(v, ) vs(dep)
{ll¢ll—e—n<L} {Illg—e—n<L}

Finally, it remains only to show that also the log converges. To this end, note that by
Lemma there are universal constants K,K; > 0 such that uniformlyin p <1, T €
(0, 00]

VT (exp(— (3, -))) =Elexp(— (3, 25" )) exp(—(yp, Wr))]
>e Kzl e Bl exp(—y [Weoo |12 .- )] = K > 0.
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Therefore, the convergence —log vfG’T(exp(—(ll), ) — —log vfG’T(exp(—(tp, -})) also fol-
lows immediately. Combined, this allows us to write

~log f exp(— (¢, ) vs6(d)

= lim —log{EﬁjfeXP(—(WM—VTT’p(w))uT(dsO)}-

T — oo
p—1

For any h € Hey(u) = H', by the Cameron-Martin theorem (see e.g. [[I5, Corollary
2.4.3]),

pr(dle — 1) = exp (9, G ) = 5 G *h) )y o).

Thus,
—log {E;,; J exp(—(p, ) — vTT”’(so))uT(dgo)}
——tog {7, | exp(~(o )=V )+ 0,670~ 0,67 oo~
= —log {E;; J exp (—(((p —h), + Gy h) =V, P (p +R) + %(h, G;lh)) MT(d¢)} .

Since ¢ € H™! and GooH™ = H! = Hey (1), we may perform a shift along hy = —Gp
to obtain

—logf exp(—(p,¥))vs(dy)

= lim —log {EXP G(w, Gﬂl’)) Erp f exp(—V; (o — er))ur(dw)}

T — oo
p—1

1 1 . —_ )
== llm* = A)2hll7, = lim 1og{aT,}3JeXP(—VTTp(so +hT))u«T(d90)}.
p—1

For the latter, Theorem[7.7|with h = —G, 1 implies,

lim  —log {EE) J exp(—V,F (i + hT))uT(dso)} — VP (h)—V?(0),
which yields (8.9).
Step 2. We now show that (8.8) implies that Cv € Hgy(v) whenever ¢ € C>°. To this

end it is sufficient to show that ||¢||12'ICM(VSG) < 0o whenever v € C™. From Theorem
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we know that supp(vgg) € H- V™. Therefore, applying (8.8) for # = H™"™ and
inserting the estimate from Step 1,

||C¢||§ICM(VSG)
< [{(y, b)| + IIOgJ exp(—(p, ¥)) vsc(de)|

1 _1
< Y llg-1-l1Dllgin + Ell(m2 —A) 312, + sup VP (=Goop) —VP(0)I.
P

All the terms except the last one are finite for 1) € C>°. For the difference of the value
functions, we use (7.11) combined with Lemma [3.9]and Lemma[4.1]

sup [VVP (Wl < suplIFy (M)llye +sup RS (W)l S1,  heC(R?).
p<1 ps1 p<1

Then, a simple Taylor expansion combined with the estimates on F and R

sup [V (—=Goo)—VP(0)| < sup sup||[VVPT(8(m*—A) )|l e I(m*—A) el < o0.
p<1 0e[0,1] p<1

Step 3. We conclude by showing that is not quadratic for v € C>°, which is valid
by Step 2. It will be more convenient to show that its gradient is non-linear. We know
from Lemma that

IFg () + pAsin(BR) e S A%[Ihllreo.

Combined with [|Ry|| e S A* from Lemma we can gather all contributions £ > 1 in a
uniformly bounded function c satisfying

sup sup |lcP(R)llpe S 1,
P=1 [lhlly1,00<C

so that for any fixed C > 0 and ||h||yy1e < C,
VVP(h) = —pPAsin(Bh) + A%cP (h).

From here, we can see that VVF is not additive. For example, we may choose 1/),1/3 €
C2° C Hem(vsg) such that 1y, <1y9(x) = 35 and L <13y = 75. If p =1 on B,(0), then
we verify that on B;(0) for K >0 and A > 0,

VVP () +4) 4+ VVP () —4p) — 2V VP (1) (8.10)
:—ﬂk[sin(%[)+sin(%)—25in(g)}+0(12) 8.11)
>A(2—v2)—KA% (8.12)

For A sufficiently small, uniformly in p < 1 it holds that A (2 - 1/5) —KA?>K>0and
we conclude that VV? is non-linear for any p < 1. For A < 0 the the claim follows in the
same way.
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A. Heat kernel estimates

This Appendix contains some basic estimates on the heat kernel which we use throughout
as well as some technical proofs which have been postponed.

A.1. General estimates

Lemma A.1. With G as defined in (2.3)), there are uniformly bounded functions g, g5 and
constants C > 0 such that for any t € R, and x € R?,

1
G.(0)= 4—nlOg(tV1)+g1(t), (A1)
1
(Goo —G(x) = e log(|x|72t7! v 1) + g5 (t, x) (A.2)
VG, (x) = Clx|e ™ /=5 kP, (A.3)
and consequently . .
|G, (0) — G (x)| S Ix|{£) /2. (A4

Proof The estimate (A.I) follows immediately from the L2-kernel representation (2.4),
noting that

t 1At tVv1

1 d d d 1

G(0)=— | Sem's = B emmls S s — g (6) + — log(t V 1).
4 0o S 0 4ms Al 4ms 4

Regarding (A.2)), we obtain after a substitution with u =s~%|x| 2,

[ d
S  _..2 _S1412
(Goo =G = | e sl
J: A4ms
11,2
r't |x]|
— ds _mzlxlzse_%
Jo 41s
AL x| 72 t1x|?V1
_ r dS —m2|x|2s _1 dS —m2|x|25 _1
= —e e & + —e e s
Jo 41s 1ne-xf-2 4TS

1
= go(t,x) + —log(t |x[2 Vv 1).
4m
Finally, (A.3) is a direct computation and (A.4)) follows from

GO =Gl 1o ).
Y

|x|
Maximising the right-hand side, we see that the maximum is attained at y = Cs~%/2 for
some constant C which gives the claim. O
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Lemma A.2. For y? < 4c, it holds that
f dxe—ct|x|2+my|x|—m2/s|x|2k S (t>_1_k.
R2

Proof. We treat the small and large scales separately. For t > 1,
—_Li52 112
e alxHHrmixl < o—glxl®,

so that the estimate follows as in the unweighed case. To deal with the large scales, note
that for any ¢ = 0 the polynomial

2
m
p(x) := ctlx[* —m(y —)lx| + e

attains its minimum at x* = :I:% and p(x) = p(x*) = —2/t provided (y —£)? < 4c.

Therefore, choosing € > 0 sufficiently small depending on y? < 4c, we have

2 2 2
e ct]x| +}/|x|e m=/t <e alxle £ /t,
and thus

sup J dyLe_‘%'X'Z”lx'e_mz/tS sup J dyit_le_‘?'x'e_gz/t < 00.
te[01] gz 4TS tef0,1] Jgz 4T

Lemma A.3. For any t € R, x € R* and ¢ € (0,1), we have
1Ge(x) = Ge(le* S [x = yI(Ix] + [x = yDe 2 e,
The same estimate holds for G, replaced by t! o—m/2t Q..

Proof. We start by rewriting the difference as
1
G(x)—-G ()= —X)J dVG(x —F(x — y)).

0
For any 2 = x —%(x—y) and 4 € [0, 1], we have %lez < |x—z]2+ 22 < P x—y > +z)%.
Combined with (A.3) this means

IVG,(2)| < Clzle™ ¥ e/t < C|gle~ 25l ecabyPem/t.
and consequently,
VG, (2)le 57 < Clzle s e ™/t < C(|x| + |x — y|)e 25 Pe /.

The estimate on Q follows in the exact same way, only replacing the estimate on the
gradient by
. 22
IVQ. ()| S tlx|e2txI=m™/2e,
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Lemma A.4. For k € R, a > 0, and y € (—1,1), consider the weight w(x) = (x) or
w(x) = exp(ym|x|). Then, for any t € R, and u € LP(w),
1x2*/PQellocwy = ()PP, 1Qeutlloqwy S ()P llull s

: 1o ) e (A.5)
X7 Gollpay = ()74, 11Gull gy S (6Pl aguy-

Moreover, with C, := (Goo — G,) it holds for any s = t and ¢ > 0 sufficiently small, and
2
a>(1-25)vo=(E£-1)vo,

f GS(x)eﬁzcs(x)|x|2“e”|x|2dx S ()72 (A.6)
R2
Proof. For the first estimate we simply compute from (2.4) and LemmalA.2]

IQulzry S J e P /B P I Pay () dx S ()1

R2

In the polynomial case, the second bound is now a simple consequence of Young’s convo-
lution inequality and (1.11)). For the case of the exponential weights, observe that by the
triangle inequality,

p
1Qsus ey, ) < J de der’"'X‘y'Qs(x—y)em'y'us(y)) < NQIE sy M1
R2 R2

which again implies the claim with Lemma The estimates on G, follow from the
estimates on Q, the convolution inequalities, since

: -1-1
Gl zowy = 1Q * Qelloguy < IQelL IQulLogy S (67717
For the estimate (A.6)), we start from Lemma and the definition of G, to estimate

Gs(x)eﬁZCS(X) < sle—m?/se—gIxI? |x|—/52/27f (s>—ﬁ2/47r_

Moreover, for s = t and ¢, > 0 sufficiently small (more precisely, ¢ € (O, %r) and ¢ €
s 2 2 = 2 . . .
(O, %{ - c)), we have e~ 2P ect¥” < e=&II" Combining both observations we see that

f Gs(x)eﬁZCS(x)|x|2aeCt|x|2dX 5 J |X|2(a—ﬂ2/4n)e—65|x|2e—mz/ss—l—ﬁ2/4ndx
R2

oo

< 5—/32/4ne—m2/sj p2(a—p?/4m)+1 g —Csr? 4,
0

S

2(a—ﬁ2/4n)+1e—55r

provided that r — r isintegrable over R, which is exactly the condition

2
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Lemma A.5. Forany a €[0,1], k€ Rand p €[1, co], we have

T
J Q,u,ds S sup |1(s)¥ 2ol pok. (A.7)
0 pok  s€[0,T]
p.p
Moreover, in L? the improved bound
T 2 T
J Quugds|l 5 J llug? . ds. (A.8)
0 Hl’k 0

holds.

Proof. For any £ > 0 and p > p, it holds
<
Ba,k

t t
J Qsuyds f Q,u,ds
0 0 ak
p,p

t
<J ds[lQlpenlussl o
o ,

a,k
BP P

o
< sup () /> uy | o J ds(s)"*271IQy g
S 0 5

Moreover, by the interpolation of Besov spaces, for any p > p(a) = (1—a)™! and § > 0
sufficiently small,

1— -1
IQullzy < 0z, S QR -0 S ()Nl

1,00
so that the claim will follow once we compute

|Qs(x _.y) _Qs(x)l

()" < (s) 12
lyl

IQsllg1-2n S sup J dx
1,00

lyls1

But this follows from a simple Taylor expansion,
1
2 2
J dx[Qs(x =) = Q)| = lylse ™ /> J v J dx ()" — Dyle-2b0]
0

—m2 . 2
=|ylse™™ /zsjdxlxle slx|

5 |y|s—1/2e—m2/25.

To remove the ¢ in the L2 estimates, we pass to the Fourier transform and use the fact that

Q, is diagonal in Fourier space. Since w(x) := (x)* grows at most polynomially, we have
w € §’(R?). For this computation only, we denote the Fourier transform of a distribution
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f € 8'(R?) by f = F(f). Repeatedly applying Holder’s inequality and Parseval’s identity
yields after some manipulation,

t
J dsQ,u,
0

t
J dsF(w(1—A)2Q,uy)
0

2

He(w)
2

=C

LZ
2

m2+|k[2

J ds f dkw(E —k)(1 + |k[>)*/2se™ =
0

=C (k)

L2(d¢)

t 1/2
1 2k
< f dk(1+|k|2)a/2W(g—k)U ds e_?sk) x
51+a
R2 0
t 1/21|2
x (f dse_mz/zss_”“ﬁf(k))
0 L2(dE)
2
<

~

a/ 2.4 1k12 ‘ e
J dk%e_mhw(é —k)U dS(S>‘”“ﬁf(k))
N 0

» (k]2+m
t 1/21|%
f dkv?/(g—k)( f ds(s)_”“ﬁf(k))
R 0 12(d¢)

L2(d&)

(1 +[kH*
Tk (k|2 + m2)e

t
=J ds(s) =l a1l
0
t
5 f ds <S>_1+a”us ||%Z(W)'
0
O

Remark A.6. LemmalA.5|takes advantage of the concrete choice for the scale interpolation
to get the optimal regularity estimates in L2. For a general scale interpolation, not
necessarily diagonal in Fourier space, we have to use and give up an arbitrarily small
€ > 0 in regularity. This is not crucial to the analysis, but would in general lead to slightly
worse results, e.g. replacing D = L?" by D = H®" in the infinite volume variational
problem in Theorem

A.2. Proof of Lemma 2.1]

We first restrict ourselves to the case p € [1,00). To this end, we use the translation
invariance of the Law of W;, and hypercontractivity to estimate

EIWIP . .= > 27 f E[| AW ()P 1x) P dx S D 27“PE[|AW,(0)P]P/2. (A.9)

PP i=—1 i=—1
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Since A;W,(0) = (W,,K;) and Cov(W,) = G, = (m? — A)~le (™ ~A)/t we can compute
the expectation on the right hand side as

E[|A;W,(0)*] = E[{W,, K;){W,, K;)]

dg 2SN |<Pl(§)| _(mZ—A)/r
m2 + [E2°

Rzzl
< —dr
lei (mZ + rZ)

< log(2).

Here we used the fact that ¢; is supported on an annulus with radii R;2!, R,2' in the
second to last estimate. Inserting this bound in (A.9)) yields the claim for p € [1, 00). For
p = 00, we use the Besov embedding || - ||B—a—n <l ||B Sate forp>2/e.

Finally, applying exactly the same reasoning to the 1ncrement Weo — W, instead shows
the convergence in L?(dP, B;; ™) for any p € [1, 00).

A.3. Proof of Lemma

Suppose for concreteness that g(£;.,) > 0 and recall that we want to show

[52

Tes(81,0- 5 80) < (G (0)—-G;(0)) +C.

We assume that (possibly after relabelling),

+1, k<gq,
O, =
TR k>q,

and that &; is the most isolated charge, that is min..q |x; —x;| = max

j<q MiNgs g X —xg -
We split the matrix into the 3 components

Ft,s(gla LR gn) = Ft,s(gl) + Ft,5(£2: ) gn) + 01 Z O-i(Gt - Gs)(xl _xi)~ (A]-O)

i>1
By the definition of I' and the basic heat kernel estimates (A.I]), the first summand is
2 2
?(Gt —G,)(0) < 8—(1og(t V1)—log(sVv1))+C.
T

The second summand is bounded from above by (3.22). So (3.23) will follow once we
establish an upper bound for the last term in (A.10). Towards this goal, we start by
extracting the charged and neutral part,

q {
Zo'lai(Gt —G)(x;—x;) = Zalai(Gt —G)(xy —x;)+ Z 010{(G¢ — Gy)(x1 — x;).

i>1 i=2 i=q+1
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The first (charged) part satisfies 0;0; = 1 and we can use the same reasoning as in
to conclude boundedness from the positivity of G. The second (neutral) part also
contains contributions with the “bad” signs 0;0; = —1 and requires special attention.
Since this part is neutral, we know that the sum contains an even number of points and
we can proceed by considering the neutral pairs (x4, Xg42i+1), 1 = 0,1,... one at a
time. In other words, the claim will follow if there is a constant C > 0 such that for any
(y,2) € R? x R?,

(G —Gy)(x1 —y) — (G — G)(x; —2) < C. (A.11)
By construction, one of the terms in these pairings comes with the “good” sign, which we
are going to use to bound the neutral contribution. We start by rewriting the covariance
using the kernel representation,

S

(Gt _Gs)(xl _.y)_(Gt _Gs)(xl —2) = _J dT[GT(xl _y)_GT(xl _Z)]

t

S
__ f drrle /T (emiluyl _emilasf),
t

If the charged edge is the shortest edge in the triangle connecting x,, ¥, 2, thatis |x; —y| <
|x; — 2|, then
e iy gzl 5

and we can bound with C = 0. Otherwise, one of the neutral edges |x; — 2|
or |z — y| is the shortest edge. Thanks to the choice of x; as the most isolated charge,
|y —2| < |x;—z. If |y —2[ = 0, then (G, — G;)(x, —y)— (G, — G;)(x; —2) = O and is
trivially true. Thus, we may assume that all edges have positive lengths. On 7 > |y —z| 72,
we directly compute

S N

2 2 2 2 2

f drrle™™/r eyl el < ZJ drrle ™ /Te iVl < 1.
2=y lz—y|2

On 7 < |y —z| 72, we use combined with the translation invariance of G to conclude

lz—y |7 ly—=[2
J d7[G,(x; —y)— G (x; —2)] S |y—2|J d7|VG,(x;—y + 7(y —2))|
t t

ly—zI72
< |y—z|J dr(r) 2 <1,
t

which completes the proof of Lemma (3.4

A.4. Proof of Lemma [4.8|

We first show the claim for p < 0o. To this end, we start by rewriting t~*/2W, for t > 1
using Ito’s formula

YW, = Wy — 9J
2 1

t t

s 2 ds + J s~*2dw,
1
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so that

oo

—a/2 —1-a/2
SUp |/ W, cn SIIWa gy e + f S pgendis

t
f S—(X/Zdvvs
1

For the bounded variation part, a similar computation to the proof of Lemma shows
that for any € > 0 we have

(A.12)
+ sup
t

a—e,—n
B

E|[W,llpg.e < {s)*/> /2,

Therefore, choosing € € (0, €),
o oo
]Ef 5_1_“/2||Ws||33,;nds < f s_l_E/ZE[(S)“/Z_(E_E)/ZIIWSIIBg—pe]ds
1 ’ 1 ’

oo
< f sTI7E/2 < o0,
1

. . t _ . . .
Regarding the martingale M, = fl s~¢/2dW,, we compute by translation invariance, the
maximal inequalities and Gaussian hypercontractivity,

E[sup M, |°, . ]=E [sup > aitaew J | A M, ()P (x)P"dx
t Bpp t

iz—1

< Z 2i(a—8)pE[5up |A; M, (0)|P]
t

iz—1

S > 2@ PE[| A M (0)[F]

iz—1

S O 21 PE[| A Mo (0) 2172,

i=—1

The covariance of M, can be computed directly, as for some constant C,
o0
E[(Meo, f) (Moo, 8)] = f dSJ de(X)J dys™*G(x — y)g(¥)
0

= CJ de dy f (x)(m* =AY *g)(x)
=C(f,(m*—A)""%).
Since A;M(0) = (Mqo,K;), we have

e (&)

27 _ N2T — C(m2 AV lmapy
EL|AMeo(0)] = E[|(Meo, K)*] = C(K;, (m? — A)°K;) f 0 o ey
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where we used K; = F1(¢;). Since ¢ is radially symmetric and supported on an annulus
with radii Ry, R,, we see passing to spherical coordinates using ¢; = ¢(27")

R, 2! _ _
g |Qpl(§)|2 < 2 rd ! dr dEZ (R 2i)—2a < 2—2ai
(m2 + |&|2)1+e ~ (m2+r2)t+a ~ 1 ~ )

Therefore, for 0 < a < ¢,

Ry2i

Efsup [IMII} poon] S > 2@ R A MG (PP 5 > 277 < oo,

i=—1 i=—1

and inserting the bounds in the (A.12)

E[sup ||tia/2Wt”Ba—e,—n] <1 +EJ 5*1*“/2||V\/5||Ba79,7nds + E[sup ||M,||ga-—] < 00.
t p.p 1 p.p =1 p.p
Finally, for the case p = 0o, we use the Besov embedding ||- ||Ba ron S ||B an fora—y >0
and p > 2/y. Then choosing y € (0, ¢) and p sufficiently large it holds that

Blsupllt ™ Wllyzoor) S Blsup Wl P 5 1.

a—| (5 ¥),—n
t=1 t=1

B. Auxiliary estimates on the Fourier coefficients

We collect some additional estimates on the kernels f defined in (3.16). No new ideas
are needed for these estimates and we only want to briefly illustrate how the proofs in the
previous section can be modified to obtain the additional results.

B.1. Dependence on the terminal condition

The following Lemma quantifies the dependence on the terminal condition (3.3) and is
used to show convergence as the small-scale cut-off is removed in Proposition

Lemma B.1. Let Ty, T, > 0. For ¢ > O sufficiently small depending only on &, it holds for
all t < oo, “ ”
,T ,T. 3 —(0— _
7 =2 e S Ag(e) DT AT (B.1)

Proof. We proceed inductively (mod the procedure required to remove the regularising
kernel for £ = 3) starting from £ = 1. For simplicity, let us assume that T, < T;, then

A

11T 1],T. .7 €T T
Iﬁ]“ﬂ”ﬂ=mwmﬁﬂl.@]W=LQMM@—7ﬂ-
t

And using that G, — G, = 0 on {t > Ty},

A 2
0<1— A—Tz =1-e PG00 < B2(G, — Gy, )(0) < f— log(t V1) +C.
t T
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Therefore,
1],T. 11,T. 11,T 1],T = 5 _
£ = P = f P f PR S 1 A log(e vV 1) S A, 625(Ty)

as required. Moving on now to { > 2, assuming that (B.I)) holds for ¢’ < £, we have

2
3 ¢ P
6T t[ 1 :5Tf’[['2]_ Z Z C(|Il|7|12|)o-lo-J?x
LUL,=[{] i€l
ke{1,2} jel,

T,
x f S fo(Er)FHE(E e DG (x; — x)ds.

Inserting the bounds on 6711 for £ < ¢, and the bounds on ]Hft[zl]|||t, we find in the
same way as in section

T,
l J S f(Er)f(EL)e DG (o, — x)ds ||, S ALe~ (D2 () e,
t

Regarding the remaining term, for £ > 1, it holds for t < T,

I4
5220
L],T
= IFE I,
Ty
s >, J A s AT E R [lls >
LUL=[(]Y T2
Kr(gl)Uin .
ol efesle) —————=-G(x; — x;) || ds,
i§1 Ks(gll)Ks(glz)
Jjely

_f PR =296 =0
~ ‘}1661(712)—((—1), otherwise

S A (e) TRy

as required. O

B.2. Dependence on the mollification

Suppose that (1°),- is an approximation to the identity on R? such that for (t,x) €
R, x R?,

lim G/ (x) := limJ dyn®(x —y)G.(y) = G.(x).
e—0 £—0

Define the truncated solution to the flow equation F?, its Fourier coefficients f* and the
renormalisation constants A° in the same way as before, with G replaced by G°. To prove
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reflection positivity in Section[8] we have to understand the dependency of the flow equa-
tion on this mollification. The required argument is essentially the same as for the de-
pendence on T in the previous section, with the main difference being that we do not
need to distinguish cases t > Ty AT, and t < T; A Ts.

Lemma B.2. If )_Li < CA, for some constant C > 0, then there is a subsequence £y — 0 such
that [ 1 (el (el
¢ , - ¢
IFE = F NS NTHIA I

Proof. Let us first derive the dependency of the renormalisation constant A® on €. Since
A¢ S A, uniformly in € > 0,

B2 e 2
e TG (0) _ o7 G(0)

82
A=A = S e7%0|GE(0) - G, (0).

Choosing (ey)yey such that |G;"¥(0)—G,(0)] < N, this implies with the definition of A,,
Mf - Atl 5 N_lin

As a by-product, since ft[l] = ﬁ 7” , this shows the claim for £ = 1. For £ = 2, 3 we proceed
as in the bounds derived in Lernrna and [3.7] For example, for the charged case

||| [2 (x2) _ [2] (£2), 8|||

= Csup

f de dx2 (AS)ZGE(xl xz)erts(gl 2) (A )2G (x1 X )erts(€1 52)]

=C J dsfdxz[kfkaf(xz)—AIASG'S(XZ)]
t

T
=C J ds [Agxﬁjdxz (Ge(x2) — Gy (x9)) — (A A, — Aele)fdszs(xz)] :

But thanks to the translation invariance,
f dxz(Gf(xz) - Gs(xz)) = J dxms(xl)J dxz(Gs(Xl —X3)— Gs(xz)) =0.

Thus, with the estimates on |A] — A | < N7'2, and [A A, — AL S A AN

2 +2 [2](:|:2),
2D ENHSJ

t

ds|A A — LA f dx,Gy(xc) S A2 (6) TN,

The remaining bounds on the neutral part f21® and £[3] follow in the same way. O
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C. Wick-ordered cosine

For the large deviations principle in Section we rely on the convergence of the Wick-
ordered sine and cosine in the first region 32 < 4.

Lemma C.1. Let 32 €[0,4n). For any p € [1,00) and a > 32/4m, it holds that
sup 2| [eos(BWr)T — 11y (1) S B

Moreover, as T — o0, the martingale ([cos(BWy)]) converges in LP(dP; B, “((x) ™) and
almost surely. We denote the unique limit by [cos(fWqo)]. An analogous statement holds
for the Wick-ordered sine.

The main ingredient in for the proof of LemmalC.1]is the following point-wise estimate
on the quadratic variation.

Lemma C.2. Let N, = [cos(fW,)] and B2 € [0,4m). Then, its quadratic variation satisfies
for any € > 0,
(AN (x)] § pR22(E /4w,

The analogous statement holds for the cosine replaced by the sine.

Proof. Expanding the Wick-ordered cosine with Ito’s formula we find,

[eos(BW,)] = 1 —ﬁJ [sin(AW,)]dW, = 1— B J eSO sin(BW,)dw,.
0 0

Therefore, using Cov(W;) = G, and applying Young’s inequality repeatedly,

[{AN) ()]

<ﬁzf dseﬁzGS(O)delKi(X—}’ﬂJd}’zKi(X—J’Z)X
0
x sin(BW; (1)) sin(BW;(y2))d(W (y1), W(y2))s

t
2 .
<p? f dseP"G:(©) supj dy1K;(x — y1) f dy,Ki(x — y2)G(y1—y2)  (C.1)
0 X

t

2 .

</52||Ki||Ll||Ki||LP SUPJ dsef GS(O)“Gs(yl_.yZ)”Lq(dyz)
h4! 0

t
2 .
<ﬁ2||Ki||L1”Ki”Lpf dsel” 5|16l 14,
0

where 1% + % =1 are to be determined later. So using the estimates on the heat kernel

1Gllze S ()7 Qe S )79,
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combined with the estimates on the Littlewood—Palei kernels (1.12)), the previous com-

putation (C.I) and ef?G,(0) < (s)ﬂz/ 47 from Lemma gives

(Ai), () S B22F J ds(s)?"/ 7 (s) e,
0

For the integral to be bounded uniformly in t, we need % > f32/4n and since p,q are
Holder conjugates this means

-1 1
P11 g
b q
Consequently, we can choose p,q € [1, 00) if and only if 32 < 47 which gives the claim.
0
Proof of Lemma Recall the definition of the Besov norms,
ELN I, ()= 25 2 P EIANI,.. (C2)

iz—1

We compute by Lemma|C.2|and the Burkholder-Davis-Gundy’s inequalities, for any £ > 0,

ENAN: Ly () = f dx{x) PE[) (A [cos(BW)](x)), | 1P/2 § p22PiB*/47+0),

Therefore, (C.2) is finite provided 2/4m < a and the convergence now follows from the
martingale convergence theorem. O

We also owe the proof of Lemma (6.5

Proof of Lemma (N) Let
M, (x) = [cos(B(W,(z —x) — W (x)))] := [cos(B(5,W,(x))],

which by Ito’s formula can be written as
t
M (x) = J —BIsin(B6, Wi (x))1d(6,W;(x))
0

=J —/3[[sin(/55st(X))]]Jdy(Qs(x—z—y)—Qs(x—y))st(y),
0

where we recall that (B,), is a cylindrical Brownian motion on L2(R?). Now

1
Qs(x —z—y)—Qs(x—y) =z| f divQ,(x —y —0z),
0
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so that by translation invariance and since p has compact support, we conclude E||M,||;1 <
E[|M,(0)]*]"/2. The latter can be estimates as follows

E[M,(0)*
=E(M(0), M(0)),

=Bz J [sin(86,W;(0))I[sin(8 6, W;(0))]x
0
1 1
X J dJ’J dih J dd,VQ;(y — th2)VQs(y —F2)ds
0 0

t 1 1
</52|z|2f dsezﬁst“”—zﬁZGs(z)f dt, J dt, f dyVQ,(y — (8, — 9,)2)VQ,(¥).
0 0 0

Using the estimates from Lemma IVeQllr S (s)71/P*/2 50 that
t

Elef*C:@ M, (0))2 < /52|Z|2f dse2P?Gs(0)2B*(G—Gy)(=)
0

1 1
X J d’l?l f dﬁz f dvas(y - (’ﬂl - ﬁz)Z)VQs(}’)
0 0

t 1 1
< |z[>780-9) Jr dsf dﬁlj dﬁzf dyVQ,(y — (9 —92)2)VQ,(y)
0 0 0

eas [
< 2278070 [ ds||VQ, Il IVQll oo
Jo

t

ds(s)"1/%(s) /2

BR)

s |Z|2—8(1—5)

Jo
s |Z|2_8(1_§)t.

Using the same argument as in the proof of Lemma in the scales as well as the usual
Kolmogorov argument for the L °°-norm in z we obtain for any y; > 1/2, y, > —1+4(1-5)

E[sup t 7[z[72eP G ®||M,[|;,] S 1,
t,z

and thus

sup t_“|z|7’2eﬁsz(Z)||Mt||L1 < 0o, a.s.
t,z

(C) We start by estimating
El[[cos(BW,(- —2)) + W.(:))Ip (I (ax)
= 37 27 PE)A Leos(BW, (- —2) + WD oy

i=—1

Sp O 27 PE[|A [eos(BW, (- — 2) + W, ()T,

i=z—1
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where we again used that p is smooth and compactly supported and that the law of W is
translation invariant. Here, the Littlewood-Paley blocks act only in x, that is

Ai[cos(B(W, (- —2) + W ())](x) = f dyK;(x —y)[cos(B(W:(y —2) + W (y))]-

Developing the martingale [cos(f(W,(y—z)+W,(y)))] along the scales with Ito’s formula,
we obtain,

LA [os(B(W, (=) + W,(0))]1*]
t 2
< ZJ J d J Ay 2Ky Kilya)e B O T T EI = )
0
< AW (1 =)+ W) Wys—2) + W),

t
=J J dy, J Ay, K (y1)K;(y2)e?P 6@ GO G () — y) + Gy(y1 — o —2)1ds.
0

Thanks to the positivity of G, we have the estimate e20%(6:—G(=) < 1 for t > s so that for
any 1/r+1/q=1,

t
2 _ o 2 . .
J j dy; J. dJ/2Ki(J/1)Ki(Yz)e2ﬁ (G=Ge)(=)g26 GS(O)[Gs(}ﬁ —¥2) +Gi(y; — ¥, —2)]ds
0

t
<J f dy, f d.YZKi(.Y1)K(J’z)emZG‘(O)[Gs(}’l —Y)+ Gs(yl —Yo—2)]ds
0
t

<||Ki||L1||Ki||LTf () NG,

0
t
szzi/qj ds(s)—l—l/q+4(1—5)
0
s(tfl/q+4(176) v 1)221'/41.

Therefore,

Elle %O eos(BW, (-~ 2) + W (NI O, gy S (727209 y 1yp S 7#(5),

spdx) ~
e i>-1

Using the same argument as in the proof of Lemma [4.8], we can choose 1/2q sufficiently
close to s € (0, 26) sufficiently large to conclude for any y; > 0, y, > 2 — 390,

g2 _
sup [ P22 [eos(BW, (- —2) + W (DTl 4y < 00, as.
2 ,
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