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Abstract

We consider the linear transport equation with a globally Hélder con-
tinuous and bounded vector field. While this deterministic PDE may not
be well-posed, we prove that a multiplicative stochastic perturbation of
Brownian type is enough to render the equation well-posed. This seems to
be the first explicit example of partial differential equation that become
well-posed under the influece of noise. The key tool is a differentiable
stochastic flow constructed and analysed by means of a special transfor-
mation of the drift of Tanaka type.

1 Introduction

The transport equation in [0, 7] x R?

owu(t,z) 4+ b(t,x) - Vu(t,z) =0, (t,z) € [0,T] x R,
u(0,z) = ug(z), x € R

driven by a vector field b : [0,7] x R¢ — R which is Lipschitz continuous
in z, uniformly in ¢, can be solved in several classical ways and in different
function spaces. A remarkable extension has been obtained by R.J. Di Perna
and P.L. Lions [5] who proved, under the assumption b € L*(0, T’; VVlloc1 (R4, RY))
with a linear growth condition and divb € L'(0,7;L°(R%)), that a unique
L>(0,T; L>°(RY)) solution exists, weak-* continuous in time, for a given uy €
L>(R4). Moreover, a generalized notion of flow is introduced and its existence
and uniqueness is proved under the assumption that the negative part of divb
is L1(0,7; L>=(R9)). L. Ambrosio [I] extended further the theory including
in particular the case of vector fields b € L'(0,T; BVi,.(R% R%)) with similar
conditions on divb. The literature following [5] is wide, see a partial review in
[2]. See also a generalization to transport-diffusion equations and the associated
stochastic differential equations by Figalli [6] (in a direction different from the
one of the present paper).

In all these results some regularity assumption on Vb is imposed, at least
L' or a signed finite measure. If we assume only that b is Holder continuous,
couterexamples to well-posedness can be constructed.
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The aim of this paper is to show that suitable random perturbations of the
transport equation improve the theory. We prove existence and uniqueness of
L*°-solutions when b is continuous, bounded, globally a-Hoélder continuous in
space, a € (0, 1), uniformly in time, and satisfy a suitable integrability condition
on div b. This result is obtained at the price of introducing a multiplicative white
noise in the PDE. Precisely, we consider the equation

d
Opu(t, x) + (b(t,x) - Vu(t,))dt + > e; - Vu(t,z) o dW; =0, O

U(O,SC) = UO(x)v S Rdv

where ey, ..., eq4 is the canonical basis of R and W, = (W}, ..., W¢) is a stan-
dard Brownian motion in R?. The stochastic integration is understood in the
Stratonovich sense.

This equation seems to be the first concrete example of partial differential
equation that is not well-posed without noise, but is well-posed with a suitable
noise. This phenomenon is well known for ordinary differential equations but it
is one of the more interesting direction of investigations in SPDEs, where people
have in mind the hope to prove well-posedness for some relevant equation of fluid
dynamics.

The well-posedness of equation (Il) relies on two facts. The associated
stochastic ordinary differential equation (the stochastic characteristics)

AXE =b(t, XI)dt +dW,, t>0, X&= (2)

under the assumption b(t,-) € C&(R%R?), uniformly in time, generates a
stochastic flow of diffeomorphisms. Ultimately, the reason is that integrals of
the form

/ f(s, X3)ds (3)
0

are more regular in x in the case of diffusion processes X, than in the case of
deterministic solutions to ODEs. The existence of a stochastic flow of diffeo-
morphisms implies the existence of weak solutions to equation (IJ) in L°°.

The uniqueness of such weak solutions is more difficult and, even under
the existence of a stochastic flow of diffeomorphisms, it must be related to
some form of commutator lemma, as in the deterministic case (see [5], [1),
since we need to perform differential computations on regularizations of L°°-
solutions. We use a weak form for the commutator composed with the flow,
which does not require weak differentiability of b(¢,-) but only requires weak
differentiability of the Jacobian of the flow itself. The Jacobian of the flow
is given by eXp(f(;5 divb(X?)ds). In the deterministic case there is no hope to
differentiate in z without further differentiability assumptions on div b, but in
the stochastic case we use again the improved regularity of integrals of the form
@B). We have only to impose an integrability condition on div b, which turns out
to be different from the one required in the deterministic setting [5], [I].

The generalization to nonlinear transport equations, where b depends on u
itself, would be a major next step for applications to fluid dynamics but it turns
out to be a difficult problem. What looks very difficult is to generalize to an
adapted random field b(t,z,w). Indeed, it is very easy to produce examples,



both for the linear SPDE () and for a stochastic version of Euler equation
which show that the particular noise we use does not have any regularizing
effect. Thus new ideas are necessary to approach nonlinear problems.

Plan. In Sect.[2 we prove the existence of a global stochastic flow associated
to eq. (@) and its differentiability properties. In Sect[3 we use the stochastic
flow to prove existence of weak solutions to the SPDE (Il). Sect. 4 and 5 are
devoted to prove uniqueness for solutions to the SPDE ([l). Finally, in Sect.
we point out the basic difficulty present when trying to use the same approach
for non-linear transport equations arising from fluid dynamics.

Notations. Let 7" > 0 be fixed. For a € (0,1) define the space C{([0,T] x
R% R) as the set of all bounded continuous functions f : [0,7] x R¢ — R for

which
flor = sup  sup LED G
’ t€[0,T] w£yeRd |z — y|™

(] - | denotes the euclidean norm in R for every d, if no confusion may arise).
This is a Banach space with respect to the usual norm || f||a,7 = || fllo + [f]a,T
where || f[lo = SUP(t,z)e[0,T] x R4 |f(t, z)|.

We write C2([0,T] x R%; R?) or simply Cy'p for the space of all vector fields
f:[0,7) x RY — R< having all components in C([0,7] x R4 R).

Moreover f € Cp ([0, T] x R: RY), briefly f € Cp1e, if forallk =0,...,n,
the spatial Fréchet derivatives DFf are all bounded and 6-Holder continuous.
Define the corresponding norm as

1f lnsar = [ £llo + D ID*fllo + D" flar-

k=1

The spaces ngra = C’;’J”l (R, R?) are defined as before but only involve func-
tions f : R — R which do not depend on time.

We say that f : R? — R belongs to C*, k € N, a € (0, 1), if f is continuous
on R?, k-times differentiable with all continuous derivatives and the derivatives
of order k are locally a-Holder continuous.

Finally, C§(R%) denotes the space of all real continuous functions defined on
R¢, having compact support and C§°(R?) its subspace consisting of infinitely
differentiable functions.

Throughout the paper we will assume a stochastic basis with a d-dimensional
Brownian motion (€, (Fy),F, P, (W;)) to be given. Denote by F,; the com-
pleted o-algebra generated by W,, — W,., s <r < u < ¢, for each 0 < s < ¢, and
set Fos = {@,Q}.

We will consider the following assumptions.

Hypothesis 1 There ezists a € (0,1) such that b € Cf' .

Hypothesis 2 There exists p,q € (2,4+00) such that
. d Lood 2
divb € L0, T; LP(RY)) with —+ — <1 (4)
p q

(where div b(t, ) is understood in distributional sense).



Remark 3 In [10] condition () is imposed locally on b in order to prove ex-
istence and uniqueness of strong solution to ([2). This hypothesis is satisfied if
d>2 and

divb € L>=(0,T; LP(RY))  for some p > d.

For a given function f depending on t € [0,7] and = € R?, we will also adopt
the notation

fe(x) = f(t, z).

2 Differentiable stochastic flow for an SDE with

In this section we assume that b satisfies Hypothesis [
Given s € [0,7] and = € R, consider the stochastic differential equation in
R? :
dX; =b(t, Xy)dt +dWe, te€ls,T], Xs=uzu. (5)

A classical fact is the existence and uniqueness of a weak solution, obtained for
instance by Girsanov transform. Yu. Veretennikov [I8] prove that boundedness
of b (independent on t) is enough to have path-wise uniqueness and existence
of strong probabilistic solutions. For related work see also the recent paper [10]
by N.V. Krylov and M. Réckner. Recently, A.M. Davie has proved that for a.e.
Brownian path W it is possible to prove uniqueness for equation (@) between
all deterministic continuous functions which solve equation () with respect to
the choosen W (for any initial condition and any bounded measurable and time
dependend drift b). The analysis of the associated flow is however still missing.

Our key result is the existence of a differentiable stochastic flow (z,s,t) —
@s,t(2) for equation (B)). Recall the relevant definition from H. Kunita [12]:

Definition 4 A stochastic flow of diffeomorphisms (resp. of class C1®) on
(Q, (Fu),F, P,(Wy)) associated to equation ([3) is a map (s, t,x,w) — ¢s () (w),
defined for 0 < s <t < T,z € R, w € Q with values in R?, such that

(a) given any s € [0,T], x € RY, the process X>% = (X" (w),t € [s,T],w € Q)
defined as X;" = ¢s () is a continuous Fs-measurable solution of equa-

tion ([3)

(b) P-a.s., ¢sy is a diffeomorphism, for all 0 < s <t < T, and the functions
¢s.1(x), qﬁs_%(ac), D¢ (), qu;%(x) are continuous in (s,t,x) (resp. of
class C1 in x uniformly in (s,t)),

(c) P-a.5., ¢s1(7) = bsu(Pui(x)) for all 0 < s <u<t<T and z € R? and
¢s,s(z) = .

As already mentioned the main ingredient to obtain the regularity of the
flow is the observation that the time integral fot b(s,XZ?)ds has richer regu-
larity properties than expected only on the basis of the regularity of b; such
properties, coming from the interaction between b and the local behavior of Wy,
and ultimately related to the local time (or occupation measure) of the Brow-
nian motion Wy, may be revealed by the Tanaka approach to the definition of



local time: the integral fotb(s,X;”) ds may be considered as the corrector of
an It6 formula, and the other terms of the formula have better properties than
fot b(s,X7)ds.

Let A > 0 be fixed. Let us extend b to the whole [0, 00) x R? by setting
b(t,z) =b(T,z), t>T, zecR% (6)

Given a function f : [0, +00) x RY — R? consider the following parabolic system
(collecting d independent equations):

drux + LPuy — duy = f, (t,x) € (0,00) x RY, (7)

where

1
Lou = §Au+b~Vu (8)

and u : [0, +00) x R? — R? (clearly (8) has to be interpreted componentwise).

The next result deals with Schauder estimates and is known even in a more
general form (see [II] and the references therein). Schauder estimates of the
type (@) were first proved in [3]. We will only sketch a proof for the sake of
completeness.

Lemma 5 Let A > 0, b € Ci'p, a € (0,1), and f : [0,400) x R? — RY be
a continuous and bounded such that f(t,") € C&(R%GRY), t > 0. Then there
exists a unique bounded classical solution u = uy to equation (7). The functions
u : [0,00) x RT = R? and dyu are continuous. Moreover there exists C > 0
(independent on u and f) such that

sup [[u(t, )| gz+e < Csup [|f(t,-)llcp 9)
t>0 t>0

Proof. Uniqueness follows by the maximum principle (see [7]). Let us
consider existence.
If LV = %A, then the result follows by using the explicit formula

+o0 +oo
u(t,z):/t e_/\(T_t)PT,tf(r,-)(z)dr:/0 e NP, f(t+s,-)(x)ds (10)

(where (P;) denotes the heat semigroup) and well known estimates on the spatial
derivatives of P,g when g € C and ¢t > 0. Let L’ = %A + b - V. Thanks to
the boundedness of b we get easily a-priori estimates for equation (7)) (assuming
that there exists a classical bounded solution u such that sup, |lu(t, ')”Cf*“ <
00). Then a standard continuity method (see for instance [7]) allows to get the
existence of the solution which verifies equation (). The proof is complete. m

We also need the following simple lemma.

Lemma 6 Under the assumptions of Lemma [l let uy be the solution to (7).
Then

sup [|[Vux(t,)o = 0, as A — 4o0.

>0



Proof. We write dyuy + %AuA —Aduy = f—b-Vuy.
Using the well known estimate for the heat semigroup ||[VPgllo < 5 ||gllo,
t2

g € Cy(RY), t > 0, and, differentiating in equation (), we get easily, for any
A >0,

c Cc
IVurllo < 5 (1fllo + 116~ Vuxllo) < [l fllo + S 1BllolVualo;

c
2
where the suprema are taken on [0,00) x R%. Considering A > ¢?||b]|2, we get
c c
(1= 5 blo) Vsl < 53 1o
and the assertion follows. The proof is complete. m

Theorem 7 Assume b € Ci'p. Then we have the following facts.

(i) (pathwise uniqueness) For every s € [0,T], x € RY, the stochastic equation
(&) has a unique continuous adapted solution X% = (sz (w) ,te[s, T,
w € Q)

(ii) (differentiable flow) There exists a stochastic flow ¢s+ of diffeomorphisms
for equation [@). The flow is also of class oo’ for any o' < a.

(i) (stability) Let (b") C Cy'y be a sequence of vector fields and ¢™ the corre-
sponding stochastic flows. If b™ — b in C'y, then, for any p > 1,

lim sup sup E[ sup |¢ () = ¢su(x)[P] = 0. (11)
N—=0 4 cRd 0<s<T u€[s, T

lim sup sup E[ sup ||D¢ () = Do o (x)]|P] = 0. (12)
N0 peRd 0<s<T  wu€[s,T)

(here || - || denotes the Hilbert-Schmidt norm,).

Proof. Step 1 (auxiliary parabolic systems). For A > 0 consider the (vector
valued) solution 9 to the parabolic system

Ohx + LPpy — Mpy = —b, (t,z) € (0,00) x R (13)
provided by an application of Lemma | (recall (@)). Define
\IJ)\(t,SC) =+ ’l/))\(tv'r)'

Lemma 8 For A large enough, such that sup,~q [|[Vx(t,-)[lo < 1 (see Lemma
[@), the following statements hold:

(i) Uniformly in t € [0,400), Uy has bounded first and second spatial deriva-
tives and moreover the second (Fréchet) derivative D2W is globally a-Hélder
continuous.

(ii) for anyt >0, ¥y : R — R? is a diffeomorphism of class C2.

(i) \IJ;1 has bounded first and second spatial derivatives, uniformly in t €
[0, 4+00).



Proof. Assertion (i) follows by Lemma [l

(ii) Recall the classical Hadamard theorem (see, for instance, [17), page 330]):
Let g : R? — R? be of class C2. Suppose that lim;|_ |9(z)| = +00 and that
the Jacobian matrix Dg(z) is an isomorphism of R? for all z € R?. Then g is a
C?-diffeomorphism of R?. Applying this result to ¥y, we get the assertion.

(ili) We know that ¥ is of class C2. Moreover

DU (t,y) = [DUA(E, U )]~ = [+ Dya(t, O3 'y)] ™!
= > (=Dya(t, T3 'y)F, yeRL
k>0
It follows that
_ k
sup [ DU (¢, )0 < D (sup [ Dya(t,-)]o)" < oo
t>0 kS0 120

This shows the boundedness of the first derivative. Arguing in a similar way we
get also the boundedness of the second derivative since

DUt y) = —[DVA(, Uy ') DAL (¢, UL (2, ) {[D@A(t,w;ly)]*l}@.

In the sequel we will use a value of A for which Lemma [8 holds and simply
write ¥ and ¥ for ¥, and V.

Step 2 (conjugated SDE). Define
b(t,y) = —\p(t, U (t,y)), G(t,y) = DUt T(ty))

and consider, for every s € [0,7] and y € R?, the SDE
t t
Y=y —|—/ o (u,Y,)dW, —|—/ b(u, Yy,)du, tels,T). (14)

This equation is equivalent to equation (Hl), in the following sense. If X; is a
solution to (H), then Y; = (¢, X;) verifies equation ([4) with y = U(s,x): it
is sufficient to apply It6 formula to ¥(t, X;) and use equation (I3). Viceversa,
given a solution Y; of equation ([d), let X; = U~1(¢,Y;); let us prove that X,
is a solution of (B with x = W=1(s,%). In the sequel summation over repeated
indices is understood. We set p(t,-) = U1(¢,-). Using Lemma [§ a direct
application of It6 formula gives

dX] = Vipi (Vi) bl (Va)dt + V;p4(Y2)]* (Vi) dW
+%Vjvkpi(Yt)5§e(Yt)ﬁfé(Yt)dt + Oy (Yr)dt
and since (Vp;)" (y) = V;pi(y) = (V) (pe(y)) 17 = [G2(y) 1],

VieVepi(y) = =16:() 1" (Va Vol ) (e ()62 () 11 ** 5 (y) 1"



and 9y pi(y)! = [64(y) 1“0, W (p¢(y))’. The diffusion coefficient in the equation
for dX is Vp.(y)o.(y) = I while the computation of the drift gives:

Vo) By + V5Vl )5 () + Aol )
(AY])(pe(y) + Oetbr(pe(y))

(oe())]
)* = be(pe(y))’

|~

@@w”[wmmw

= [0 ™Y [belor () (Vi

= [6:(y) 17 G¢(pe (1)) be (e (y

NN

so we obtain equation (H).

Step 3 (proof of (i) and (ii)). We have clearly b and & € C’;}a. By classical
results (see [12, Chapter 2]) this implies existence and uniqueness of a strong
solution Y’ of equation (1) and even the existence of a C1* (o/ < «) stochastic
flow of diffeomorphisms ¢, ; associated to equation (I4). By the results of steps
1 and 2, these facts hold true for equation (H) and ¢, = \Ilt_l 0 pst 0 WU, is the
corresponding flow.

Step 4 (proof of (iii)). Let ¥™ be the solution of the parabolic problem
associated to by. Since b" — b in Cf'p. By Lemmal[5 we have ¢ — ¢ in Cg}a.
Consider the flows @7, = U 0 ¢, o (U7)~! which satisfy

t t
w&@>:y+/bﬁmﬁAerg/63wﬁAm-mn, (15)

S

We have o)) — 0, and EZ — by in Cl1®. By standard argument using the
Gronwall lemma, the Doob inequality and the Burkholder inequality (compare,
for instance, with the proof of [I2, Theorem II1.2.1])) we obtain ([ITJ).

Concerning the derivative of the stochastic flow, we first prove that there
exists C' > 0 such that

sup sup FE[ sup |[|D¢g,,(2)]|"] < C, (16)
z€RI0<s<T  wuels,T)

for any n € N and p > 1 (here || - | denotes the Hilbert-Schmidt norm).
Arguing as in the proof of [12, Theorem II.3.1], we get the following linear
equation for the derivative D¢ ()

(DVi(601(@)|D6s(0) = DUL(&) + [ (Do s@)]D6 (@),
S (17

—y/uwa@m@MD@m@m%

0<s<t<T, r<c R Thanks to (@), we get that ¢/ — v in C’g}o‘. Using this
fact together with (I8) and (IT), we finally obtain, for any p > 1,

lim sup sup E[ sup [[De?,(x) — Doy.u()[?] = 0. (18)
N0 L eRd 0<s<T  u€ls,T) '



We show now that the inverse flow (b&_% is directly related to the solutions
of a simple backward stochastic differential equations, of the same form as the
original one (only the drift has opposite sign). This result will be useful to prove
uniqueness for our SPDE.

Lemma 9 Under Hypothesis[l the process ((b;tl (y))
of the backward SDE

5€[0,4] is the unique solution

6 ) =y - / by (671 (9)) dr — (W, () — W ().

and

sup sup E[ sup [|Dég,(2)]|P] < oo (19)
z€RI0<u<T  s€[0,u]

for any p > 1.

Proof. We have

Gose (@) =2 + / by (s.rw (2)) dr + Wi (@) — W, ()

and then
t
Dt (Pt W) = bitw W) +/ by (¢srw (0510 (1)) dr + Wi (w) — Wi (w).

But d)s,r,w © d)s_,z},w = QZ/):,tl’w and thus

y=d3L, () + / by (S5t () dr + Wi () — W ().

The proof of the bound (3] is then similar to that of eq. (I8)) once taken into
account the backward character of the equation. m

Remark 10 Note that, for any M > 0 and s € [0,T], using the stability esti-
mates in Th. [ and the bounds

B[ sw [0 )-dual)Pdy+ [ s D6, (0)-Douu(w"dy

y|<M u€ls,T] y|<M u€ls,T]

< O((sup B sup_ [67,(2)uu(@)P - sup E[ sup_ D6, (r)Donu(w)|P]).
zeR?  w€ls,T] zeR?  w€ls,T]

with p > 1, and possibly passing to a subsequence, still denoted by ¢™, we have

that ¢¢ () and D ,(z) converge respectively to ¢s (x) and Dés (), a.s in x

with |x| < M, P-a.s. in w € Q and uniformly in t € [s,T).

In the sequel, we will often use the standard mollifiers approximation. Let
9 : R — R be a test function such that 0 < J(z) < 1, x € R%, d(z) =
I(—x), [paO(z)dz =1, Supp(¥) C B(2), ¥(x) =1, z € B(1) (B(r) denotes the
euclidean ball centered in 0 and with radius r > 0). For any ¢ > 0, define (¢.),



9e(2) = e799(z/¢). Let g : R? — R™ be a measurable function. The mollifiers
approximation of g is

F(@) =g+ 0:a) = [ oo~ 9)0-)dy, @ € R (20)
R

If g depends also on time ¢, we consider g°(t,x) = (g(¢,-) * ¥:)(z), t € [0,T],

r € R

Let ¢ = ¢o,. be the stochastic flow associated to equation (Bl) starting at 0.

Let us define the Jacobian determinant of the flow ¢:

Jsi(z) = det[Dos(x)], 0<s<t<T, and Jy(z) = det[De:(x)], t € [0,T].

We finish the section with a result of independent interest. It concerns a
special situation when the given vector field b is of zero distributional divergence
and give rise to a measure-preserving flow.

Lemma 11 Assume divb(t,-) = 0, t € [0,T], in the sense of distributions.
Then the stochastic flow ¢ is P-a.s. measure-preserving, i.e., Js(x) = 1, for
all0<s<t<T and all x € Rd, P-a.s..

Proof. Let b, be C;% vector fields that converges to b in C}', and such
that divb, = 0. The functions b, can be constructed as in (IZII) Let ¢™ be
the associated smooth diffeomorphism. Applying [12, Theorem I1.3.1] and the
well known Liouville theorem, we get that the diffeomorphism ¢™ preserves the
Lebsegue measure since by, is a divergenceless vector field. Then det[D¢y , ()] =
1forall0 <s<t<Tandall z, P-as.. Fix z € R? and s € [0,7]. By (1),
there exists a subsequence (possibly depending on z,s and still denoted by
D¢ ,,) such that P-a.s.

sup ||D¢?u(z) — D¢s,u($)||2 — 0, as n — 0.
s<u<T

We find that Js;(z) = 1, for any = € R?, and so ¢s,¢ IS a measure-preserving
diffeomorphism P-a.s. for any s <t <7T. m

3 Stochastic transport equation. Existence of
weak solutions

Definition 12 Given ug € L>(RY), a weak L™ -solution of the Cauchy problem
@) is a measurable function (u(t,r,w),t > 0,2 € R4 w € Q) such that

(Z) Supte[O,T],zERd,weQ |u(t,x,w)| <00

(ii) for any test function 0 € CQ(R?), the process t — [, u(t,z)0(x)dz is
continuous and Fi-adapted;

(iti) for any test function 6 € C§°(RY), the process t — [p.u(t, x)0(z)dz is an
Fi-semimartingale and

/R u(t, 2)0(a)dr = /R o)) + /0 s /R (o, 2)u(o) - V()
d ot

+ div by (2)6(x)]dz + g /O ( /R s, x)Dw(x)dz) o dW

10



Theorem 13 Assume Hypothesis and divb € L' (0,T; L}, (R?)) . Given ug €

L>®(R%), the stochastic process u(t,z) defined as u(t,z) := uo(¢; () is a
solution of ().

Proof. The function ug(¢; ' (z)) is bounded and measurable in (t,z,w). If
0 € CJ(R?), by changing variable we have:

/ ult, 2)0(x)dx = / o (y)0(e(4)) e (4)dy.
R4

Rd

This easily yields property (ii) of Definition

To prove property (iii) consider the flow ¢¢ for the regularized vector field b
(see 0)) and let J¢(y) be its Jacobian determinant. Note that ug o (¢f)~1 —
ug o ¢; * weakly in L°°(R?), uniformly in ¢ € [0,7] and P-a.s., indeed for 8 €
C§°(RY) we have

[ o) @y = [ uow)oei )@y = [ un(w)0enm) k)

using Remark[I0l By density we can extend this convergence to any € L (R?).
Moreover since b® is smooth, it is easy to prove that

dJi (y) = div by (95 (y)) J5 (y)dt.

and by the It6 formula we find

/Rd o(y)0(¢% (y))J; (y )dy—/ UO(y)G(y)dy+/t ds/Rd uo(y) L 0(¢5 () IS (y)dy
+ [ as [ wlotzaa )W

b [ [ o) Vo) E N
21

To pass to the limit as € — 0 the only difficulty is given by the term

/ ds/]Rd uo(y y))div b (65 (v) IS (y dy—/ ds/]Rduo “L(y)0(y)div bE(y)dy

Now div b° converges in L' (0 ( L ( ) to div b and, using also the previous
weak convergence of ugo (¢)~1, we can conclude the convergence, for any fixed
w, of this term toward

/0 ds / uo((64) 7 ()P ()i b (y)dy

as required. For the stochastic integral we have

Jawe [ wmvoesensimay - [ av. [ ) voe.m)m
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uniformly on [0, 7] in L?(Q2) as ¢ — 0. Then we get

[ w0 iy = [ wotds+ [ as [ a0, 0y
+ [ s [ o)) bos ) )iy

= [Law [ ) Vo) wi

By writing the above formula with 6 replaced by V;n, where n is a test
function, we discover that [,, uo(y)VO(ds(y))Js(y)dy is a semimartingale and
so it can be integrated in the Stratonovich sense.

Using the Stratonovich version of It6 formula

t

B(6u(y)) = O(y) + / b(6s(4)) - V0((y))ds + / VO(6s(y)) o dW..

and a stochastic Fubini theorem (see [14]) gives finally

/Rd uo(y)9(¢t(y))Jt(y)dy=/IR uo(y)0(y)dy

which is exactly the equation we want to prove. m

4 Uniqueness of weak solutions

In the deterministic case with non-regular vector fields b, uniqueness of weak
L°°-solutions is proved by means of the concept of renormalized solutions, see [3],
[1]. The technical tool is a commutator lemma, where the role of the assumptions
on b is immediately visible.

One of the usual forms of the commutator lemma is the following one, taken
from [15], Chapter 2. Let 9. be the mollifiers introduced in (20); the convolution
Yo x [ = [V (- — x) f (z) dz is extended also to distributions f.

Let n : R* — R% be a C'-diffeomorphism; in this section, we will use the
following notation for the Jacobian determinant

Jn(z) = det[Dn(z)], =€ R
Given g € L{® (Rd,R), ve L], (Rd,Rd) , dive € L}, (Rd,R), denote by

loc
v - Vg the distribution defined on smooth compact support test functions f as

(v-Vg)(f):= f/gv -V fdr — /gfdivvd:c.
Define also the commutator R, [g,v] (z) as the (smooth) function

Relg,v](z) = [Je * (v-Vg) —v-V (Je % g)] (2).

12



Lemma 14 Given

ve W (RLRY), ge L™ (RYLR),

we have
[ IRelg. ) @) dz < € ol gl
for some C > 0 independent of €, v and g. Moreover,
hm/|’R g,v] (z)| dx = 0.

The strong convergence of commutators requires some weak form of differ-
entiability of v or g. We do not impose it, so we have to use a relaxed form
of this result. First, essentially with the same proof of the previous lemma one
gets the following fact: distributional convergence of commutators holds under
very weak conditions.

Distributional convergence is not sufficient to study the deterministic PDE,
while we can work with it in the stochastic case, as explained below.

For any r > 0 denote by B (r) is the ball centered at the origin of radius
r and by C°(R% R) the space of smooth functions with compact support in
B (r). Moreover, denote by || - ||11 and || - ||z respectively, the L'-norm and
the L*°-norm on B (r + 1).

Lemma 15 Given
ve Lloc (Rd’ Rd) ’ dive € Llloc (Rda R) ) g < LZ?C (Rda R)

for any p € C=(R%,R) and for sufficiently small € we have

‘ [ Rl @) p (o) o
d

lim [ R g, 0] (z) p () dz = 0.

< 2|lgll e [Idivoll s loll e + ol 19011,

Proof. The proof proceeds as the one of the previous lemma from [15],
Chapter 2: we prove the inequality for regular fields, then one can extend to
non-regular ones and prove the convergence again first in the regular case. We
omit the details of the second part and only prove the inequality.

Step 1. Let us rewrite the expressions is a suitable way.

/ R. lg.0] (2)p(x)dz = / . (v Vg) — v~V (9, % )] (x)pla)da
= //[fg(z/)v(z/)vzlﬁg(:c — x’) — g(z/)ﬁg(z — x’)div v(x’)]p(z) dxdx’
+ / / (& o(@)0:( — ') Vap() + g(a')p(@): (z — «')div v(z)] dada’

by using V9. (z — a') = —V,9:(z — 2’) and integrating by parts in z the first
term we get

/ / (2 — )V p(a)o() — v(')] dada’
/ / (2 — 2')[div o(z) — div o(2’)] dada’

13



Step 2. Assume ¢ so small that the support of 9. has diameter less than
one. We have (using standard estimates on convolutions)

\ [ Relo.ol@p(e)ds| < 2l ol 1900y + 2ol Nl Ddivel,
The inequality is proved. The second assertion follows using standard prop-
erties of mollifiers. The proof is complete. m

In the proof of the uniqueness theorem the distributional convergence of
commutators is sufficient but the commutator must be composed with the flow.
This strategy would work in the deterministic case as well. But the main dif-
ficulty is that composition with the flow put into play the first derivatives of
the Jacobian of the flow. This would impose too much regularity on b in the
deterministic case. On the contrary, in the stochastic case, we have a weakly
differentiable Jacobian of the flow under mild assumptions on b, as explained in
the previous section.

First, let us write the previous weak commutator lemma in the case when
commutators are applied to a diffeomorphism.

Corollary 16 Let ¢ be a C' diffeomorphism of R?. Assume
ve Ly (RLRY), divee L, (RLR), ge L, (RLR)
Jo~t e Wil (RLR).
then for any p € C°(R% R)
lim [ Relg,v] (¢ (z))p(z)dz =0.
e—0
Proof. Set R, ¢ :=[¢(0)| + (r+ 1) || D¢l ;. Using
|6 ()] < ¢ ()] + [[D¢] o 2] < [6 (0)] + 7 | DY| Lo

we check that the map ¢ send the support of p strictly in the ball of radius R, 4.
Standing this preliminary fact, we simply have

/ Re [g.0] (6 () p () di = / Re [9.0] () po () d

where the function pg (y) := p (¢~ (y)) J¢~* (y) has the support strictly con-
tained in the ball of radius R, 4. Thus by the previous lemma

\ [ Rl (@@)p @) ds

<2glly | Mivoly, ool

ol 1Vesly |-
R s Ry o

To conclude, it is sufficient to notice that ||p¢||L%o <ol Lo
X "
denoting by [D¢~(y)]* the adjoint matrix of [Do~1(y)],
IVeslly, =< [[De= ()" (Voo ™) () Jo™ (][
, e
o) -6,

<1067 g IVl + ol (VI ]y,

’Jqﬁ_lHL%o and,
o
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The proof is complete. m

We can now prove the uniqueness of weak L°°-solutions. We postpone the
main estimate on the derivatives of the Jacobian of the flow to the next section.

Theorem 17 Under Hypothesis [l and [2, for every ug € L™ there exists a
unique weak L -solution of the Cauchy problem (). Thus every solution u(t, z,w)
has the form u(t,z,w) := ug(¢; * (W) ).

Proof. Step 1. By linearity we have to prove that a solution with initial
condition ug = 0 vanishes identically. Let us denote by u such a solution.

For y € R? fixed, ¢ > 0, let us choose the test function 6(z) := ¥, (y — ) in
property (iii) of Definition [[21 Let us define uc(t,-) = 9. * u(t,-). We get

t d t
we(tyy) = wo.e(y) + / Ac(s,p)ds+ 3 / BO (s,y) 0 dW?
0 = Jo
where

Ae (tyy) == /]Rd u(t,x) {be(x) - V[0 (y — )] + div by(2)V:(y — x) } dzx

B (t,y) == /}R Lu(t, @)Dy [0 (y — 2)]da.

All these functions of y, namely uc (¢, y), o, (y), ... , (1) (t,y), are continuous in
t, adapted, smooth (of class C? is required for the next computation) in y (from
(1) and (ii) of definition [I2). By the Stratonovich version of Kunita-It6-Wentzel
formula (see [12, Th. 8.3 page 188])

duc(t, ¢e(x)) = A (t, ¢o(x)) dt + Z Bl ) o dW}

+ (b Vue) (t, ¢z dt+z Diug) (t, ¢y (x)) o AW}

=1

But
(Dius) (t; y) = /Rdu(tvx)Dyi [196 (y - :L')] dr = 7/Rdu(t7$)Dmi [196 (y - :L')] dx

hence
due(t, de(2)) = [Ac (¢, d(x)) + (b Vue) (T, ¢e(2))] dt

namely (recall that the initial condition is zero)

- / Re [ta: be] (6a()) ds

where R [us, bs] (y) is the commutator defined above.

Step 2. For every p € C°(R?) (see the definition above) we have
[uettonanota) s = [uteorp (6 ) o7 W)y

15



Given ¢ € [0,T], with probability one, u.(¢,-) converges weak-x to u(t,-) as
£ — 0. With probability one, the function y — p(¢; *(y)) is at least continuous
with compact support, and also the function y — J; ' (y) is continuous. Hence,
P-a.s.,

tiny [ uclt,on()p ) do = [ utt.v)o (67 @) Jo7 Wiy
- / u(t,bu(a)p (2) .

Therefore | (f(f Re [us, bs]
we have

v

x)dx converges P-a.s. as e — 0 and

[ utt. o o) i = tim ( - [ bs] (6(2)) d )pw)dx.

e—0

The function (s,x) — R [us, bs] (¢s(x)) p (x) is continuous with compact sup-
port, P-a.s., hence

[t e = iy [ (f Re bl 02007 p (2 ) s

e—=0 Jg
If we prove that, given p € C§(R?) and t € [0,T), this P-a.s.-limit (which
exists) is zero, then we have u identically zero (because ¢ is a bijection).
Step 3. Let us check, by means of Corollary [I6 that
s> | Relus,bs] (9s(2)) p(2) du
R

satisfies the assumptions of Lebesgue dominated convergence theorem (P-a.s.)
on [0,7T]. This will complete the proof. For every s € [0,T] we have (recall the
notation R, 4 from Corollary [I6])

’ [ Reluesb 6. @) p (@) do| <2l vy, Sl
2y Melsy | (1067 190l s,
< Cu,,,(l + ||diVbs||L}ws HJ¢S—1HL?WS + HDqﬁgluLam + ijqﬁs_lHL}?h%)

because of the global boundedness of u, b, p.
We know, from the properties of the stochatic flow ¢, that, for any R > 0,

P ( sup (D6l + el ) < oo) -1
s€[0,T)

hence (recall the definition of R, 4,) there exists a positive random variable X,
P-a.s. finite, such that

. -1 -1
vl 65 e +11P6 g

T$s
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VI gy, < Mdivballpy 1705 + 11D | g + 1V 705y -

uniformly in s € [0, T], with probability one. The term fOT ||div bs]| L1 ds is finite

(P-a.s.). Since (s,z) — D¢; ! (z) is P-a.s. continuous, we also have

-1 -1
ses[%%] ( ||‘]¢s ”ng + ||D¢s HL;;) <00, P-as.

Finally, we just need

T
/ [VJo |, ds < oo, P-as. (22)
0 X

This property is crucial and will be proved in the next section. The proof is
complete. m

5 Estimates on derivatives of the Jacobian

The aim of this section is to prove the estimate (22I).
Since by Lemma [ the equation for ¢! is equal to the equation for ¢4 (up to
a sign and inversion of time), for simplicity of notations we prove the estimate

T
/ ||VJ¢S||L§( ds < 0o, P-as. (23)
0

in place of estimate ([22)). Here X is a generic P-a.s. finite random variable.
Recall that || - |[11 denotes the L'-norm on the ball B (X + 1).

We know that
Ty (z) = ef(; div bs (¢s(x))ds

hence

Vo (z) = Ty () - V/O divbs (¢s (x)) ds

if the integral, as a function of x, is differentiable (at least weakly). The first
factor, Jo (x) is P-a.s. bounded in (¢,z) on [0,T] x B (X + 1) (because it is
continuous). Hence, to prove ([22)), it is sufficient to prove

T
/

Again the basic tool is a Tanaka type formula, based on a result for parabolic
equations proved in [8, Theorem 1.2] (see also [I0, Theorem 10.3]).

dt < oo, P-as. (24)
L

V/O div bs (¢s (+)) ds

We introduce a function space from [§] and [I0]. For p,q € (1,+o0), we
consider the space H2(T) consisting of all functions u defined on [0, 7] with

values in distributions on R? such that v € L7([0, T7; Wp2 (R9)) and there exists
Dyu € L([0, T); LP(RY)).

Theorem 18 Under Hypothesis [l and [, in the space Hi’q(T) there ezists a
unique solution to the parabolic equation

OF
5 + LF =divb, te[0,T]

F(T,z) =0, xcR%
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Writing %—I; + 2AF = —b- Vu+divb, this results follows from [8, Theorem 1.2]
(using the fact that b is globally bounded). We mention that an extension of [8|
Theorem 1.2] is given in [I0, Theorem 10.3].

Proposition 19 Under Hypothesis[l and[3, estimate (24) holds true.
Proof. The condition % + % < 1 implies that if u € Hg’q(T) then u can be

represented by a real function u(t,x) continuous on [0, 7] x R? such that there
exists Vu(t, z) and is continuous on [0, 7] x R? (see [10, Lemma 10.1]).
The following Ito formula holds (it is a special case of [10, Theorem 3.7])

F(t, ¢ (x)) = F(O,:c)+/0 VF (s, ¢s (z))~dWs+/O (2—5 + LbF) (s, 05 (z))ds

(25)
Thus

v/otdivbsws(x»ds— (0 ) - F (0.0 /VF 0 @),

F (160 (2) D60 @)~ VP 0,2) ~ [ DF (5,6, (2)) Do (2) W,
0
From the properties of F' we readily have
T
/ IVE (0,-)||;. dt < oo, P-as.
0 X
Because of the P-a.s. continuity of D¢y (x) in (¢, ), we get

T
/0 |VFE (t,0: () - Doy ()HL%( dt < oo, P-a.s.

which is another part of the estimate we need to prove.
Finally, we need to prove

/ /D2 « () Do (-) dW.

If we prove that

dt < oo, P-a.s.
Lk

/ D2F (s, 6, (2)) Dés () dW,

d:z:dt] < 00

for every (deterministic) compact set R?, then it is not difficult to deduce the
previous property; (using the inequality |a| < a? + 1) it is sufficient to bound
2

/D2 (2)) Do (x) AW,
/T/ .
// [/ |D*F( z)) Do ( )IQdS}dxdt

ST/KE /0 ‘D F (3,05 (x)) Dos (z)‘ ds] dx.

d:z:dt]

/ D?*F (s, ¢, () Déps () dW,

2
] dxdt
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Let p’ such that 2 < p’ < pand 2 < p’ < ¢ where p and ¢ are given in Hypothesis

Since )
/. ( | el @) ds) i< oo

for every r > 1 (see (1)), by the Holder inequality on © x K x [0,T], it is

sufficient to prove that
T ’
/ |D*F (s, s (z))}p ds || dz < 0.
0

/K E
</0T /K |D2F (5,65 (2)|” dmds>]
</0T /S(K) |[D°F (S’y)|p/ J‘bs_l(y)dyds)]

T ’
< /0 /R D2F (s,)[” B [J67 (u)] dyds.

But we have

E

=F

By the Holder inequality,

[ [ F Gl B 167 )] duds
0 R4

’
b —Pp

T // o =
S/ (/ |D2F(s,y)\pdy)p p(/ (E|Jos" (y)|)”’*”dy) T ds.
0 R4 Rd
Using the bound (I9) we have

sup sup E [‘qus_l (x)ﬂ < 0
zeR s€[0,T]

it is sufficient to have

T /
/ (/ }DQF (s,y)|p dy)p /pds < 0.
0 Rd

This is true since p’/p < q/p and D?F € L4([0, T); LP(R%)) by Theorem[I8 The
proof is complete. m

6 Counterexamples to certain extensions

It would be interesting to try to generalize the results of this paper to random
vectorfields b(x,t,w), possibly adapted. However our approach faces a funda-
mental difficulty: it is very easy to exibith a counterexample which shows that
in some cases the regularizing effect disappears. Consider in one dimension the
case

bz, t,w) =+/|xr —W; (w)]
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namely the stochastic differential equation
dXP =b(X{,t,)dt+dWe, t>0, Xj==x

If (X7) is a solution, then Y;* = X} — W solves

dYF =/|YE|dt t>0, Y¥=ua

and viceversa. Hence the non-uniqueness for the latter equation transfer to the
former. In terms of stochastic transport equation, an equation of the form

O (t,z) + (bo (x =W (1)) - Vu (t,2)) dt + Vu (t,z) odW (t) =0

may have several pathologies if by is only Hélder continuous.

Unfortunately the previous example is not so artificial: something similar
happens in the nonlinear case. Let us argue only formally. Consider the example
in R?

ik (1) + (u (t,2) - VE (t,2)) dt + VE (£,2) 0 dW (£) = 0

where & = Osu; — O1us. This is the vorticity equation of a 2D ideal fluid
described by a stochastic version of Euler equation. Following [16], this equation
is (formally) equivalent to the stochastic ordinary equation depending on a
parameter a € R?

dX¢ = { K(XP — Xg’)go(xg’)da'] dt + dW,
]RQ

for a suitable kernel K, & being the initial condition of the vorticity equation.
This problem is equivalent to
ave = | [ K v (x e | a
R2
by the change of variable Y;* = X/ —W,, and the equation for (¥;*) corresponds
to the classical vorticity equation

até./ (tv :C)
ot
with initial condition &;. This means that the stochastic vorticity equation is

(at least formally) equivalent to the deterministic one. There is no advantage
to introduce that kind of stochastic perturbation.

+ (v (t,z) - VE (t,x))dt =0 & = Oy — Oy
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