On the variational method for Euclidean
quantum fields in infinite volume*

N. BARASHKOV M. GUBINELLI

Department of Mathematics and Statistics Hausdorff Center for Mathematics &
University of Helsinki Institute for Applied Mathematics

Email: nikolay.barashkov@helsinki.fi University of Bonn

Email: gubinelli@iam.uni-bonn.de

Abstract

We investigate the infinite volume limit of the variational description of Euclidean
quantum fields introduced in a previous work. Focussing on two dimensional theories
for simplicity, we prove in details how to use the variational approach to obtain
tightness of ¢4 without cutoffs and a corresponding large deviation principle for any
infinite volume limit. Any infinite volume measure is described via a novel kind of
stochastic equations. Similar considerations apply to more general P(¢)s theories.
We then turn to the exp(B¢)2 model for 82 < 8 (the so called full L' regime) and
prove uniqueness of the infinite volume limit and a variational characterization of
the unique infinite volume measure. The corresponding characterization for P (),
theories is lacking due to the difficulty of studying the stability of the Euler—Lagrange
equations against local perturbations.

Keywords: Constructive Euclidean quantum field theory, Boué—Dupuis formula
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The aim of this paper is to develop further the variational approach to Euclidean
quantum fields initiated in [3] by studying the infinite volume limit of the variational
description and some of its consequences. For simplicity we will focus on the two dimen-
sional setting, also because we will highlight some unsolved issues which would have to been
worked out in this simpler setting before moving to more challenging models. We believe
that also the infinite volume limit in the ¢4 theory considered in [3] can be attacked along
the lines suggested here.

The key tool is a novel kind of stochastic equations for Euclidean fields which involve
an additional one dimensional parameter taking values in a subset of R4. This parameter
already appeared in [3] linked to a continuous scale decomposition of the random fields.
Here the additional parameter ¢ can be chosen to take values in [0, 1] with no particular
association to the scale of fluctuations thanks to the milder irregularity of the two dimen-
sional Gaussian free field and to the simpler renormalization (i.e. Wick ordering) needed.
In a general perspective one can interpret the variational method and the associated sto-
chastic equations as a way to stochastically quantize a given field theory, alternative to the
classical approach of Parisi-Wu via a Langevin equation [31] and to the elliptic stochastic
quantization recently introduced in [2, 1] via the supersymmetric dimensional reduction of
Parisi-Sourlas [30].

The variational method we introduced in [3] has been recently used in various contexts
to provide novel results: Bringmann used it to construct singular Gibbs measures [10] and
study their invariance under dispersive dynamics [11], Chandra, Gunaratnam and Weber
used it to show the existence of phase transition in the 3 model [12], Oh, Okamoto and
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Tolomeo [29] to prove existence and non-existence of certain Gibbs measures. Moreover
in [5] we provide another approach to describe the most singular part of the ¢4 measure
by approximating the optimal drift of the variational description. The PhD thesis of the
first author [4] describes also how to study the infinite volume limit of the Sine-Gordon
model via the variational method including a full verification of the Osterwalder—Schrader
axioms.

Similar ideas relying on a coupling between the Gaussian free field and an interacting
field have been used by Bauerschmidt and Hofstetter to control the maximum of the
Sine-Gordon model [6]. More generally, mapping a Brownian motion into a measure of
interest has revealed itself an useful method also in the context of functional inequalities,
see e.g. the work of Borell [8], Lehec [27] and the recent paper of Mikulincer and Shen-
feld [28] on the “Brownian transport map”.

Let us now give an informal and heuristic picture of the results of this paper. The
basic object of interest is a two dimensional Euclidean quantum field [33, 16|, namely a
probability measure 6 on the Schwarz space S'(IR?) of tempered distributions given by the

expression
e~ V() 0
0(dp) =———0"(dyp),

where 0" is the Gaussian free field (GFF) on R? with covariance (m? — A)~! and V is a
local interaction term given by

Vie)= [ s@ple(@)is,

with £:IR? = R a compactly supported function to make the spatial integral finite.
We interpret the GFF ¢ as the terminal value of a Brownian martingale (W;);c[o,1] with
values in 8’(R?) and covariance given by

E[Wi(z)Wa(y)] = (tAs)(m*—A) Nz —y), =x,yeR?: t,s€l0,1].

If we denote by P the law on the path space C([0, 1], S’(IR?)) of this Brownian motion.
The measure 6 can be then interpreted as the law of W; under the Gibbs measure

QE(AW) :%e_v(wl)IP(dW).

It is well known that the measure Q¢ is the minimizer of a Gibbs variational problem and
that

—log Z = —log Ble™" "] = inf {Ex[V (W1)] + H(R|P)},
where [ER denotes the expectation with respect to a probability measure R on the path
space C([0,1],S8'(R?)) and H(R|P) the relative entropy of R with respect to P. A formula

of Boué-Dupuis [9, 34] allows to rewrite the variational problem as an optimal control
problem, namely

—log Z = —log E[e~V(W)] = inf E[V(Wi+ Z1)+E(2)], (1)

where the infimum is now taken over all processes (Z¢)ie[o,1) with values in H'(RR?) and
adapted to the filtration of W and

£(2)=E(2,7) _%/0 AQZS(m2—A)ZSds
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is a bilinear form giving the “energy” of the drift Z. Here Z; denotes the derivative of
Zs with respect to the parameter s € [0, 1]. As we show in this paper, the meaning of an
optimal drift Z is that of providing the law of the “interacting field” via the equality

LaWQg(W) = Lawp(W + 2) (2)
valid for any minimizer Z of the problem (1) and in particular
0= LaW]p(I/Vl + Zl).

The existence of such minimizers will be guaranteed, in the rigorous discussion below,
by suitably relaxing the variational problem into a problem on the space of probability
measures. But let for the moment continue our heuristic discussion ignoring these fine
points.

The variational description (1) loose meaning in infinite volume, i.e. when £ =1, since
the cost functional is always infinite, or at best not well-defined. However the main idea in
this paper is to note that any minimizer Z of (1) satisfy the Euler-Lagrange (EL) equation
(first variation)

E[VV(Wi+ Z1)- K1 +2E(Z,K)] =0 (3)

for all “test controls” K, where VV (W] + Z;) - K1 denotes the derivative of ¢ — V() at
Wi+ Z; and in the direction of K;. Provided the test drift K decay sufficiently rapidly,
this equation makes sense also in infinite volume and can be used, very much like the weak
formulation of a usual elliptic problem, to get estimates on the minimizer Z, e.g. by testing
with K = pZ where p: R? — R, is some weight function decaying at spatial infinity. In
particular we will obtain estimates of the form

1pZ || g3 1 < o0,

uniformly in the cutoff £. This estimate together with the identification (2) is at the core
of the proof of tightness of the family of measures (Qg)g with £ — 1. Any accumulation
point @ represents an infinite volume Euclidean field, moreover the corresponding drift Z
gives, via the formula (2) an explicit coupling of @ and the GFF given by IP. The point of
view which we advocate in this paper is that the EL equation (3) should provide a complete
control over the drift Z describing the infinite volume Euclidean field, for which a naive
variational description is meaningless. Moreover intuitively we should be able to introduce
a variational description of the measure @Q with drift Z via a renormalized BD formula of
the form

“log Ele™ /M) =inf B f(X1 + K1) + V(X1 + K1) - V(X) +E(Z+ K) - £(2)]  (4)

with X5 =W, + Z; being the “infinite volume interacting field” with potential V' and f(¢)
a test function which depends only locally on the field ¢ and where the infimum is taken
among all drifts K which satisfy suitable decay at infinity. Given this decay one expects
that the quantities V(X1 + K1) — V(X1) and £(Z + K) — £(Z) are finite even if each
summand is infinite.

Leaving this heuristic account of the ideas investigated in this paper, we describe now
the plan for the rigorous proofs. We will start in Section 1 by introducing the general setting
for the variational description of two dimensional Euclidean quantum fields as outlined
above. We prove certain useful bounds and also that the minimizers of this variational
problem describe in a precise sense the Euclidean field and moreover that they satisfy
Euler-Lagrange (EL) equations in weak form.
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In Section 2, as a first example, we address the problem of the infinite volume limit of
the cp% measure 05 on a bounded domain A C R2. From the EL equations we will derive a-
priori bounds for minimizers strong enough to give tightness of the family (6)x as A ~R2.
Unfortunately, establishing rigorously the form (4) of the limiting variational problem
requires certain locality properties of the solutions to the EL equation (3) in infinite volume.
This is usually possible when V is convex. Ultraviolet renormalization in 3 however spoils
any “easy” convexity of the potential and it is not clear how to gain sufficient control of (3)
in this case. Similar issues appear in other methods of stochastic quantization as soon as the
infinite volume limit is considered for P ()2 Euclidean quantum fields [17, 18, 1]|. Despite
these difficulties, in Section 3 we show that the EL equation is still a useful tool which
can be used effectively to prove the large deviations of the ¢3 measure in the semiclassical
limits. Let us remark that Lacoin Rhodes and Vargas obtained Large Deviations results
in the case of the Liouville model [25, 26]

Finally, in Section 4, we discuss the case of the exponential interaction, that is the
exp(fy)2 model or Heegh—Krohn model introduced in [20]. See e.g. [1] for a discussion of its
stochastic quantization in the elliptic setting. For this model we repeat the construction of
the variational description of the infinite volume measure. At variance with what happens
in P(y)2 theories, the renormalization of this model does not spoil the convexity properties
of the potential and therefore the study of the related EL equations can go further and in
particular we will be able to prove the necessary locality of the perturbed EL equations.
This in turn will allow us to prove the I'-convergence of the variational problem along
with the infinite volume limit and establish eq. (4) in its rigorous form. As a consequence,
we are able to obtain a concise and well-behaved description of an infinite volume Gibbs
measure related to an Euclidean quantum field.

Acknowledgments. MG would like to thank Ronan Herry for pointing out the refer-
ence 28] on the Brownian transport map. MG is supported by the Deutsche Forschungsge-
meinschaft (DFG, German Research Foundation) through the Hausdorff Center for Mathe-
matics under Germany’s Excellence Strategy — EXC-2047/1 — 390685813 and through
CRC 1060 - project number 211504053. NB is supported by the ERC Advanced Grant
741487 “Quantum Fields and Probability”.

Notations. Let (a):=(1+|a|?)"/2 Let S(IR?) the Schwarz space of test functions on R?
and S’(IR?) the corresponding space of tempered distributions. For any o € R we define

fractional derivatives (D)® = (1+D?2)%? on §'(R?) by

(Dyef =F Y= (YAFE),  feS(RY)

where F is the Fourier transform on R

All along the paper we need to consider Banach subspaces of S’(IR?) associated with a
positive spatial weight p. Let p: R?> =R~ a smooth positive function such that for some
sufficiently small € >0 we have

AP+ |V 2 <ept? pS()TR (5)

The number ¢ can depend on various parameters but not on the volume cutoffs we
introduce to regularize the Euclidean QFTs. For some oo > 0, s € R, p, ¢ € [1, 00|, we
introduce the usual weighted Sobolev spaces W*?(p®) and weighted Besov spaces B, ,(p®)
with norms

£ lwene = 62DV Flparzy  I1F s oo =119 F Iz,
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and let H%(p®) = Wh2(p®) and C*(p®) = B, oo(p®). Here Bj , is the unweighted Besov
norm given by

1£B;,,= Y 259D |pemwe),

i=—1

where the Littlewood-Paley operators (A;);>—_1 are defined by A;= (D /2%) for i >0 and
some function ¢: R?— R0 supported in an annulus centered at the origin and A_; =1 (D)

for 1): R? — R¢ supported on a ball centered at the origin and such that Yois_1Ai=1

In general we avoid to indicate the weight when dealing with the unweighted (o = 0)
version of the above spaces.

We denote by P(X) the set of Borel measures on the topological space X, for P € P(X)
we denote [Ep the corresponding expectation and for any random variable H: X — Y on
the topological space Y we let Lawp(H) € P(Y') the corresponding law.

1 A general variational setting for 2d Euclidean fields

Consider the Gibbs measure

e V(96°(dg)

Vv o
9 (dd)) T fe_v(¢) 90(d¢)’

¢ €S'(R?), (6)

where 6° is the law of the Gaussian field ¢ (GFF) on R? with covariance (m?— A)~! for
some mass m > 0 (fixed throughout the paper) and where A denotes the Laplacian on
R2. The function V: S’(R?) — R represent an interaction potential and for now we will
only assume that it is measurable and tame with respect to % according to the following
definition.

Definition 1. Let (X, F,) be a probability space. A measurable function F: X — [—00, 0]
1s called tame with respect to v if there exists p, ¢ >1 with %—i—%: 1 and

Eylexp(=¢F)] + E,[|[F[] < oo.

Tameness has been introduced by Ustunel [34] as a convenient condition for the validity
of the Boué—Dupuis variational formula for Brownian functionals. It has been recently
improved by Hariya and Watanabe [19] to allow for p= ¢ =1. To introduce this formula
we need to enlarge our probability space and realize the GFF as a marginal of a Brownian
motion, following the approach initiated in [3]. Here we are able to use a simpler embedding
thanks to the milder nature of the Gaussian free field in two dimensions compared to its
three dimensional counterpart.

Let PP the law of a cylindrical Brownian motion (X¢)¢ep,1) on L*(R?). It can be realized
on C([0,1],C~17%(p%)) where £ >0 can be taken arbitrarily small. Let

W= (m?—A)"Y2 X, te(o,1],

and note that indeed 6° = Lawp(W;). We will consider W as a random variable in &¢:=
C([0,1, ==(p%))-
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Let H(p®) = HLHL (p*), H = H(p°). Denote with $%(p®) the space of all processes
u: &g x [0, 1] — R progressively measurable with respect to the filtration generated by
(Wi)teo,1), starting from 0 and equipped with the norm of L?(P, 9(p%)). Moreover define

E:9*— LYP) as
1 . .
/ (m? = A)V2 Z,|2ads = / (1Y Zal 22 4+ m2) Zu] 22)ds

where Z denotes the time-derivative of Z. With these definitions, the Boué-Dupuis formula
reads as follows.

Lemma 2. (Boué—Dupuis formula) For any tame functional F: Sog— R we have

—log E[e~ ")) = Zing E[F(W.+Z)+E&(Z)).
E a

Proof. Theorem 7 from Ustunel [34] specialized in our context (see also [3]) gives
—log E[e "W)] = inf IE)[ (W 4+ 2) / HusHLgds}
uelde

where H® is the space of all progressively measurable processes starting from 0 equipped
with the norm of L*(P, L7 L2) and

t
Zy:=(m?— A)_l/Q/ ugds.
0
Observing that u; = (m2— A)'/2 Z; we obtain the claim. O

Note that the functional F (W. + Z.) makes sense for any Z € $)% since by Theorem 2
from Ustunel [34] we have that the push-forward measure Q= (W.+ Z.),IP has finite relative
entropy with respect to IP and therefore is absolutely continuous, i.e. Q < P.

We call a random variable with values in $* a control (or drift) and we will understand
that W =W, and Z = Z; whenever this does not lead to confusion.

To simplify certain technical considerations later is convenient to augment the process
W with some additional informations. Consider a Polish space & endowed with a contin-
uous projection my: G — Gg and let W: Gp— & a measurable map such that myy W =W i.e.

G} L Sy is a fibered topological space and W a measurable section. We will understand
W as an enhanced GFF. The kind of enhancements needed will be different in different
models. We will always consider the space G endowed with the measure given by the law
of W under IP. A functional on & is tame if it is tame for this measure.

For any measurable f:S’(IR?) — R (non necessarily linear) define WY ( f) as

WY () ::/e—f(aﬁ) 0V (dg).
As a direct consequence of Lemma 2, the functional WV has the variational representation

WY(f)= inf FItV(Z)— inf FV(Z2).
ZeHe A

for any f such that f+ V is tame and where for a tame functional G on &y we let

FC(2):=E[GW+2)+&(2)], Z e Hn
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To proceed we want to find a minimizer of F/ V. It is however not clear if we can find one
in . Following the approach we used in [3], we relax our problem and instead minimize
over the law of the pair (W, Z) with W fixed and Z varying over $*. In order to ensure
compactness we need to complete the space of trial laws for a suitable topology for which
our target functional is coercive.

Let $,(p%) to be H(p*) equipped with the weak topology and let § = 5’)(/)1/2),
Hw = Hw(p/?) and H”:=H%(p'/?). With a slight abuse of notation we denote (W, Z) the
canonical coordinates on & x S%W.

Definition 3. Let

X = {H:LaWIP(Wv Z) GP(G X 5%11}) : Z 65%0«’ EM[HZH%] < OO}’
and

X = {uéP(G X ) : I € X, fin — p1 weakly , sup IE)M"[HZH%] < oo}
neN

We equip X with the following notion of convergence: a sequence (jin)n in X converges to
wif

a) pn— b weakly on & x S%w,

b) SupneNEun[HZH%] < 00.

We will need to realize couplings of two elements of X'. These are constructed by the
next lemma which needs the following preliminary definition of the space hosting the

coupling. Denote the canonical coordinates on & x £y X H. by (W, Z,K).

Definition 4. For p € X let Y(u) € P(S x 9y X Hu) the set of all v such that
Law,(W, Z) = u and for which there exists sequences (Z™)n, (K™),, C$H® with

Lawp(W, Z" K™) — v and sup]E[HZ"H%—i— HK"H%] < oo.
neN

Lemma 5. For any v, u € X there exists v € V() such that
Law,(W, Z + K) = Law,, (W, Z).

Proof. Since u, v are in X we can find sequences Z", Z" € $® such that fn: =Lawp(W,
Z") — p and vy, := Lawp(W, Z") — v weakly in $),, and furthermore suan[HZ"H% +
||Z"H%] < 00. Now define
Kn=2"—27",
and set
v = Lawp(W, 2", K™).

We have that sup,E[||K"||2] <supaE[[| 272 + [|27(|3] < 00 so v™ is tight on & x $u X Hu.
Taking a convergent subsequence (not relabeled) we can assume that v™ —v. We then have

Law,(W,Z+K) = lim Law,n(W, Z + K)

n— oo

= lim Lawp(W, Z" 4+ K™)

n— o0

= lim Lawp(W, Z") =v

n— oo
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which proves the claim. O

On functionals on X we can define a first and second order derivatives as follows. Let
peX and let K: & x Hw— Hw a measurable process adapted to the filtration generated by
(W, Zt)te[og]; continuous in the second component and such that K € L?(u, Jr:)) We call
such K an admissible control for g. For all o € R let u°% the law of (W, Z 4+ ¢K) under
. We have po% € X. A functional F: X — R is differentiable in X in the direction of the
admissible control K if the map o+ F(uK) is differentiable in o =0 and in this case we
define
d

~do

VF(u)(K) F(u®).

o=0

Second order derivatives can be similarly defined by taking two admissible controls K, K’
and letting
d

UzOdU

F(p
o=0

V2E(p) (K, ') =2

O'K-‘,—O'/K/)
~ do’

Y

whenever (o,0’) = F(u"5+7'K) is C? in (o, 0’) =0.

We are ready to relax the variational problem and prove an alternative representation
of Wa(f). For a tame G: & — R define the functional F&: X — R by

FC(p):=E,[GW+2)+E&(2)), peX.

Definition 6. We say that a functional F: X — R is admissible if it is lower semicontinuous
and such that

F(p) 21+ EL[E(2)], (7)

this ensures in particular that the functional F: X — R is coercive, that is for all L < co
the level sets {F < L} are compact in X.

For a tame G: & — R define the functional F&: X — R by
FOu):=E,[GW + 2Z)+£(2)), peX.
We say that G is admissible if G is tame and F'C is admissible.
The following lemma is an obvious consequence of this relaxed variational setting.
Lemma 7. Assume that G: S — R is admissible, then

inf F9(Z)= inf FE(Z)= inf F%(u)=min F%p). (8)
Zen Zen® pneX neEX

Let 1€ € X any minimizer of FC. If FC is differentiable at u it satisfies the EL equation
VEG(uS)(K)=0 for all admissible controls K. Moreover if it is twice differentiable at u®
we also have the positivity condition V2FY(u)(K,K’) >0 for all admissible controls K ,
K'.

Proof. The equality infz¢ g« F4(Z) = infy ¢ FS%(Z) follows from the property (7) of the
admissible functional F'“. The equality inf, _ga F G(Z) = inf,ex F&(pu) follows directly
from the definition of X, while the equality inf,cx F&(u) = min,, ¢ p FC(u) again from
the admissibility of G which ensures that sequences (), C X of approximate minimizers

of F@ converge in X and that any limit 4© is a minimizer. The first and second order
conditions are then consequences of the differentiability of F¢. O
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Remark 8. Note that
FO(u ) —FC () =EJGW +Z+0K)—GW + 2Z)+&(Z + oK) - E(Z)]
=E [ GWW+Z+0K)—GW +2)+20E(Z,K) +0?6(K)).
If G is differentiable in the direction of H! we have
VFC () (K)=EJNGW +2)- K +28(Z,K)).
If G is twice differentiable we have also
VZFO(u)(K, K" =E,[V2G(W + Z) - (K, K') + 26 (K, K')).
The consequences of the existence of this minimizer are clarified by the following
lemmas.

Lemma 9. If f +V is admissible and pf+V a minimizer of F/*V then we have

E, s+v[f(W+Z2)] <WY(f) <Ep[f(W + 2)]. (9)

Proof. If f+ V is admissible we have proven that
WY(f)= inf FIHV(p)— inf FV(u)=F/+V(p/+V) = FV(u"). (10)
pneX pneX

Eq. (10) implies in turn
FITV(ud V) — FY (V) SWY(f) SFIHY (V) = FY (i)

and since
FITV(u9+V) = FY(p9tY) =B asv [f(W + 2) + V(W + 2) + £(2))]
oo [V(W + 2) + E(2)) = B o [F(W + 2)]
for any g, we obtain eq. (9). O

Lemma 10. Let V: S — R be admissible. Then for all f: G — R continuous and bounded
f+Vis admissible. Let p/+V a minimizer for FT*V, then for all o € R we have

%wwa £ =Earsv[f(W+2)). (11)

Proof. The admissibility of f+ V is easy to obtain given that f is bounded and continuous
and V is admissible. It is clear that o~ WV (a.f) is differentiable for bounded f, we need
only to establish the representation of this derivative via the variational minimizer ;7.
For any ~ > 0 we have, by direct computation

WY ((a+7) ) =WV (af) S FOADIFTY (ol by — Pl +V (ol V) = 4B os v [f (W + Z)],
and

WY (af) = WY ((a =) f) 2 IV (ped 1Y) — PO IV (uef V) — yB op v [f(W + Z)].
By differentiability of WY (af) we have

WY ((a+ WY d
Euaﬂv[f(W—f—Z)] < 71_1}61_,_ ((« 7)£) (af) :@Wv(af)

and

d . WY(af) - WY((a -
EWV(af):WgI&— (af) S (( 7)f) <]Euaf+v[f(W+Z)]
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from which we can conclude. O

There are several interesting consequences of this formula. First of all, integrating (11)
in o, we have

1

1
W= [ GV enda= [ By FOV + ). (12)

which is a representation of WV (f) alternative to the variational formula. On the other
hand, taking =0 in (11) we obtain

[ s =

WY () =B, f(Wi + 20)]

o=

Theorem 11. The law of Wi + Z1 under i1V is indeed V. In particular for all f: & — R
continuous and bounded

WY (f) = —log [ 8" (d6) = ~log B, e /11542

This last formula naturally calls for a variational description of the average
IEMv[eff (Wi+20] with respect to the base measure x”. This extension of the BD for-
mula to the interacting field W + Z is the subject of the next lemma.

Let £(Z, K) the symmetric bilinear form associated to £(Z), in such a way that
E(Z+K)=EZ)+EK)+28(Z,K).

Lemma 12. Let V be admissible and denote by ¥ € X a minimizer of FV. Then we have
the following direct variational description of juV:

WV(f):—logEMv[e_f(W+Z)]: inf  G/V(v)

v \%4
with eYw’)

GIV(0) =By [f(W+Z+ K)|+H" (v),

and

HY(0):=E, VW +Z+K)-V(W+2Z)+28(Z,K)+E(K)).

Moreover for any v € X we have HV (v) >0 for allv e Y(v) iff v is a minimizer of FV. In
this case and if V is differentiable in the directions of H', f[v(v) takes the alternative form

HY(W)=E[VIW+Z+K)-V(W+2)-VV(W+Z)-K +&(K)].

Proof. Recall that
WY(f) = inf Ff+V — inf FV

peX pneX

= irelg?Eu[f(W +Z)+ V(W +2Z)+E(2)] - Epn V(W +2Z)+E(Z)]
I

= Eij}rtfv)Ev[f(W-i-Z-i-K) +V(W+Z+K)+E(Z+K))
v 2]

~E[VIW+2Z)+E(2)]

where in the last line we used Lemma 5 to justify the change of variables in the minimiza-
tion problem. Note that for any v € Y (1) we have that

Ev[VIW+2Z)+E(Z)|=E[V(W+Z)+E(Z)]
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SO

WY(f)= inf {Ev[f(W +Z+K)]+ HV(U)}.
veY(uY)

The fact that H*(p) > 0 iff Law,(W, Z) is a minimizer of FV follows from its definition,

indeed note that

HY (v) = FY(Law, (W, Z + K)) — FV (Law,(W, Z)).

If V is differentiable in the direction of H ! we have that for any minimizer p of FV and
any v e Y (pu):
0=VFV(p)=E,[VV(W+2)-K +2£(Z,K)]

so we can simplify the expression of HV. O

Remark 13. The interest of this formulation is that H" has a well defined meaning also
in the infinite volume provided the drift K has spatial decay. The variational description
of WY (f) for localized f is then well-posed if we can restrict it to sufficiently decaying
test measures v sufficiently localized in the K component. We will demonstrate this in
Section 4 in the case of the exponential model.

2 The quartic interaction

In this section we will consider the above general setting in the case where the interaction
potential V' is given by

TA(6) ==\ /A [,

where A C R? is a measurable bounded set (of sufficient regularity, see below) and [¢"]
denotes the n-th Wick power of the Gaussian free field ¢ [16] and A >0 an arbitrary fixed
constant. Let Wy := WY and 6, := 6"A. The measure 65 on S'(IR?) is the 3 Euclidean
quantum field with a finite volume cutoff.

We will prove that for a sufficiently large class of functions f the family (Wx(f))a is
uniformly bounded as A ”R?. This implies that the family of measures (65)a is tight on
S’(IR?). We will describe any accumulation point via a formula for its Laplace transform
involving the Euler-Lagrange equations obtained via the variational representation intro-
duced in the previous section.

Remark 14. Let us note that all the discussion in this section can be extended to general
P(¢)2 models with a positive coefficient in the highest order polynomial. Moreover also
O(N) invariant vector models could be handled in similar ways. Convexity of the classical
potential (i.e. before Wick ordering) is only needed in Section 3 below to prove large
deviations.

We will need the following enhancement W of the GFF W. Let
W7:=[W7], and W7:=[W/],
where here [-] denotes the Wick powers with respect to the Gaussian field W. Then
W:=(W,W? W?) e LP(P, &)
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for all p>1, where &:=C([0, 1], (B;o‘?oo(pfl/‘l))g) for a fixed 6 >0 which can be chosen as
small as we like. By abuse of notation we will denote also W= (W, W2 W?) the canonical
process on .

In the following we will always consider a family of (A)z|er given by A= |A|1/ 28 for
some fixed set S of volume 1 with C''-boundary. This allow to prove that 1, is sufficiently
regular to make sense of quantities like [ A[[¢4]], N [Wi1] and in general of products with
Wick monomials of the GFF.

Lemma 15. For anyp>1, s <% and 1> %6 we have that 1 € B, ,(p"), furthermore

sup 11allB; (o) < 00

Proof. We have that V1, = vdo where do is the surface measure on A and v is the
outer unit normal. This implies that for any s <1, supjs| [|[1a||B; ,(,+) < 00. Since clearly
sup|a| ||Lal|zee(pr) < 00, we obtain the result by interpolation. O

Lemma 16. The functional F»:= F" is admissible and for all p€ X
FA(p) = F (1) = B [VA(W, Z)],
with
WA (W, Z) :_4A/W§Zl + GA/W%(21)2 + 4)\/W1(Z1)3 + )\/(Zl)4. (13)
A A A A

Proof. It is known that
E[efq)‘f/\[[wélﬂ] < 00

for any ¢ >0 (see e.g [16] or [3]) and

)

E[[VA(W)|7] < E[\\\[[W“]]\\B;foo(pa

[]<o

for some § > 0, which shows that F' is a tame functional. Now it remains to prove the
equality in (13). For this it is enough to show that for Z such that \|Z||H1(p1/2) < 00 p-
almost surely, we have

Jiwiezyn = [wites [ mR120+6 [ 1272+ [ Wz + [ @)

A

To see this, recall that if C° > 1. — &g, is a standard mollifier, W& = ). * W and
as=6E[(WF(0))?], b-=3E[(Wr(0))*)?

/ [(Wi+ 2)"] = lim [ (e« (Wit Z0)" —ac / (oo (Wi 4+ Z1))2 — b
A A A

e—0

= lim <Wf>4—ae<Wf>2—bs+4/ (w2~ w2t
e—0 JA A 2

46 [ ()2 =2 )ziy+a [ wizip+a [ (i)

where we have denoted Z§ = v x Z;. Now it is well known that almost surely in C~°(p°)
we have W — W and

(W) = ac(WEP = DL (W) =50 ) = I, ()2 = Wi ) — IRl



THE QUARTIC INTERACTION 13

Furthermore Z¢ — Z in H'! which implies (Z5)%— Z%, (Z5)3 — (Z5)? in W?%! for some 6 >0,
which gives the statement. 5
To check the lower semicontinuity of FYA recall from the Section 3 of [3] that

VAW, Z) +&(2) =2 —Q(W)
with Q(W)=C(||W]||5+1) for some p>1. Furthermore observe that the function
(W, Z2) = W(W,2)+E(Z)

is lower semicontinuous on & x £),,. Since the first marginal in X is fixed, the Portmanteau
theorem gives, for any g, — p in X

timint FY(n,) = limint B, VA(W, ) + () + Q(W)] — B, [Q(W)]

o > B (W, Z) + E(Z) + Q(W)] — E,[Q(W)]
= F"().

Finally, by a slight adaptation of the proof of Lemma 22 below we see that there exists
0 >0 and Cj 5| < oo such that

FY(p) 2 6 Bul€(Z) + M 1aZa 4] — C5, 4,
for all € X, from which the strong coercivity condition (7) follows. O

The admissibility of F* implies the variational representation for Wy and the existence
of minimizers p/? of /A= Ff+Va with the corresponding EL equation

Lemma 17. For any bounded and continuous f:Sy— R there exists a minimizer p/ - € X
of FIA .= FT+Va_ Moreover if f is differentiable in the directions of H' any minimizer p
satisfies the Euler—Lagrange (EL) equations

E#{zl )\/AZ?’K +2&(Z2, K)}

_—EH[Vf(WJrZ)-K+)\/(4W3+12W22+12W22)K]
A

for any admissible control K.

Proof. As we already remarked the existence of p/** follows from the admissibility of
FFA The functional Z — VA(W, Z) is differentiable in H' and

VW(W,2Z)-K = 4A/W§Kl + 12)\/W12Z1K1 + 12)\/Wl(Z1)2K1 + 4A/ (Z1)3K.
A A A A

Provided Z — f(W + Z) is also differentiable, we have

0=VEIA ) (K)=E,[VfW+2)-K+VWW,2) K+28(Z,K)]
which is (14). O

Remark 18. Note that Z— VA(W, Z) is twice differentiable, with

V2W(W, Z)(K,K') =12\ / WEK{K + 24\ / WiZ K{K1+4\ / (Z1)?K1Kos.
A A A

Therefore if f is twice differentiable then we have also the second order condition:
0< V2EFA () (K K') = E[V2F(W + 2)(K, K') + V2A(W, Z) (K, K') + 26 (K", )]

for any minimizer p and any pair K, K’ of admissible controls.
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We record also the normalized variational representation for Wi ( f).

Lemma 19. Denote by i € X a minimizer of FOA. Then we have

WA(f): ipf { [/fW+Z+K)}+HA( )}

[//R A) Kods + / [ R —A)de]

+EU[4A/AH(W+Z)3]]K+6A/A[[(W+Z)2]] K2+4A/A[[(W+Z)]]K3+A/AK4].

with

Proof. This follows from Lemma 12 by direct computation. O

We now show that the EL equation (14) gives us an a-priori bound uniform in |A| on
the minimizer in terms of weighted norms of W.

Theorem 20. There exists a constant C' independent of |A| such that, for any minimizer
puhhe X of FHM 1) we have

]EMf,A[Q)\/pZZl—i-S(pl/QZ)} <C. (15)
A

Proof. Note that the map Z — p Z is continuous from $) to $. Take K = p Z in (14) to
get that any minimizer u/ " € X satisfies

MfA|:4)\/pZ4 //}R2 1/2 o2 7 )st]
= By [ [ 2l -2, pl/ﬁzsds] (16)

+Euf,A{Vf(W +2Z)(Zp)+ )\/p(4W3 Z+12W?2 72 +12 WZ3)].
A

From Lemma 21 and Lemma 22 below we deduce that the r.h.s. is controlled by a small
fraction of the L.h.s. and obtain the claim. OJ

1
7 112
<ol [ 12 s

Proof. We observe that m? obviously commutes with pl/ 2 and

Lemma 21.

Z(m2—A), p'/?] p'/? Zds

R2

[A, %= (A p/?) +Vp!/2. V.
Using the assumptions (5) on the weight p we deduce

1A, oM7) Flle <P fllpe+ 10"V £L2)- .

Lemma 22. Assume that, for § >0 small enough, either
a) supp(VFf(W+2Z))CA and

195V + D)l 78y SN + 2y ey + €.
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b)
IV FOW 4 2) g1y <ONW + Zll ey

Then there exists p € (1,00) such that

E‘Vf(W—i—Z)( YA [ (W3 pZ+3W2pZ2+12Wp Z3)
A

< 51E()\/pZ4+5 (p'/%7) >+c

Proof. First observe that we have that [, p Z* = |1apY* Z4|1a, and E(p'/%2Z) >
C|lp'/? Z||}1, for instance by fundamental theorem of calculus. By our assumptions on
f we have, in the first case

VEW +2)-(Zp)| < IF W+ 2)llpasaqporm 1802 g

< 5”]1/\(W+Z)H?4/754 1/4 ||]lAZ||L4( 1/4)

< CO(IIAZ gy ray + ITAW 5 —cag/m 18aZ | 1/4)
<

25||1AZ||L4(p1/4>+c||nAWHW75,4<,)1/4).
While in the second case
VIV +2)-(Zp)| < I9FW + Z)lgrs072)| Z s
< OIW + Zl e | Z Lo
< SIW el Z s + 612 2 oo
< W I e iy + 2012 12y

)

For the second term, by Cauchy—Schwarz we obtain
3 312 2
[0 2| < Coa W o+ 512

For the third term, we use Lemma A.7 from [18] to get

/W2pZ2
A

N

16 B W |05 1022 55,

105 oel| o/ 10 Z 12l 922 o
Cllp"* W2 =< llp 15 Z 1l 0122 -
Coll /S 51 AZ I+ 119122 )

NN N

For the final term we proceed similarly. By Lemma 15 we have supjs| [|1a|ps (1) < oo for
any s<1/p and any ¢>1/16. Then with ¢ <1/8 and for any ¢>1/16 we have

fove
A

o™= W ll o<l %5+ A Z |l oM * 14 Z | 4

S 1PV Wlg-e )9 Zllgyz - 1p'/* 10 Z 74

Clp 3 W | oe |02 Z |2 pM 4 1a Z |34
Csllp" /B~ WIS+ 6(|| 02 Z |3+ || 0414 Z | 1a).
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and we can choose t=1/8 —>1/16 to get the claim. O

Let us now show that these estimates give tightness of (6z)a as |[A| — 0o on a suitable
weighted Sobolev space.

Lemma 23. Consider (0r)a as a family of measures on H™(p). We have for some 6 >0
sup [ [ expl6 18Iy -yt + [ exp@lo -t | <oc

In particular (Op)a is exponentially tight and any accumulation point 0 satisfies

/exp(5||q§||ﬁ/_g,4(p))d9 < 00.

Proof. For f(¢) =0/l /2 we have V f(¢) =3(D) *¢ so

IVFW + 2) || <O |W + Z|| g,
which implies by Lemma 22 that
SlipEMf,A[HZH;{—E] < o0,
and

log / exp(f)d0r B aLf (W + 2)] + By alf(W + 2)] < C < +00,

a fact that implies exponential tightness of (6x)a. For the second statement we proceed
similarly. Indeed if 6 is an accumulation point of (6)a then

[exp@l6lly-s)a0 < s [ expl@ 136 y--a)a0

< suphmsup/eXp((SH]l]\‘bHéVEv“(p))deA

A A—oo

< sup sup /exp(éH]l;\ngéV5,4(p))d¢9A.
A ADA

This gives the claim provided that for f(¢) :(5H11[\¢||§V,E,4(p1/4) we have

log/exp(f)dQA <C.

Indeed we compute V f(¢) = 6plx(D)~((D)~¢¢)3, from which we can check that
IV £ ()73 374 < 81| pLa((D) =0)| /5 < CB || 04 (D) |14 < 6| d I3y~ 12,0,
and supp(V f(¢)) CA. Applying Lemma 22 we get that the minimizer pu/ " satisfies

sup sup E s, A[||11AZHL4 1/4)] <supIE] £l A[||11AZHL4 1/4)] =:C < 00.
A ADA

As a consequence, eq. (9) gives

log / exp(f)d0x < B L (W + 2)] + B, sl f(W + 2)] <2C < +o0,
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which implies the claim. O

We have actually a more refined result: let /* be a minimizer for /-2, By Theorem 20
the family (pf 1), is tight in P(S x Hy,).

Lemma 24. Denote by € P(S x Hy) any accumulation point of (uf s as |A] = co.
Then the following equation holds:

E, Vf(W+Z)-K+4)\/ [(W+ 23] K+2E(Z,K)|=0. (17)
RQ
for any K: G x How— D continuous, adapted to the filtration generated by (W, Zt)te[OJ]
and compactly supported.

Proof. Let the support of K be contained in By(0) for some N >0. Let x € C2°(IR?) such
that x =1 on Bn(0) so that K = yK. Then Lemma 22 implies that

Eurallx ZlE +lIx Z |z < C,

where the constant depends on N but not on A and we have

]EM[Vf(W—IrZ)-K+4)\/R2[[(W+Z)3]]K+25(Z,K)}

= EM[Vf(WJrZ)-(XK)+4A[R2[[(W+Z)3]]XK+25(Z,XK)}

Observe first that by interpolation
‘Vf(W—i—Z) . (XK)+4)\/ W+ 22 xK+2E(Z, XK)‘
RQ

1 . 1/2/ 1 . 1/2
< IO+ D)l Klit ([ 1072 Zina ) ([ Ratgac ) 1

~ 4/3 2/3
+CIRWls(1+ 11X Z I I ZIE) 1P K gy

HIX Z Il K

where ¥ € C°(R?) and ¥ = 1 on the support of x. The r.h.s. of this last equation is
integrable by assumptions on K and bounds on Z. From Lemmas 12 and 14 of [3] we know
that there exist a family (K™)y;>; adapted to the filtration generated by (W;); with

Eullx'/ K [[za = IX'/*EM 2] — 0,

1 . 1 '
]Eu|:</0 Hxl/Q(Kt)H%{ldt)—/o ‘|X1/2(Ké\/[)||12{1dt:| NS

as M — oo. After possibly passing to a subsequence, we can assume that Xl/ ARM
X1/4K in L} (u, Li(R?)) where LY denotes L* with the weak topology, and in L3 (p,
L?(R4 x R?)). This together with the bound (18) implies that

(18)

lim EM[Vf(W—i-Z) : (XKM)+4)\/ [(W+2)3] XKM+25(Z,XKM)}
R2

M— o0

= EH[Vf(W—i-Z)-(XK)+4)\A{2[[(W+Z)3]]XK+25(Z,)<K)].
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At this point we have reduced the problem to showing that

lim IEHf,A[Vf(W +2) - (xKM)+4X

A— o0 R2

[(W+2)3] XKM—FZE(Z,XKM)]

- E#{Vf(W—i— Z) - (xKM) +4)\/R2[[(W+ 2B x KM +2&(Z, XKM)}

since by assumption
Euf,A[Vf(W—l—Z)-(XKM)—i—ZL)\/ [[(W+Z)3]]XKM+25(Z,XKM)}—0-
RQ

This follows from the weak convergence pf** — 1 and the bound
E,rallx Zlin +lIx 214 < C,

since we can approximate Z by bounded admissible controls (Z L) 1, defined as ZtL =ZinTy,
with the stopping time

Tr:=1Ainf{t € [0,1]: ||x Ze||51 + ||x Ze||7a > L},
in such a way that

sup ||x ZF|lfn+ | x ZE |14 < L,
t€[0,1]

almost surely. Note that T;, — 1 as L — co and therefore indeed ZF — Z; as L—o00. O

To summarize the result of this section: we obtained tightness of the finite volume ¢}
measures and described any possible infinite volume limit via a novel kind of stochastic
equation of the form (17). Note that it cannot be interpreted anymore as the first order
condition of a functional. Unfortunately, due to the strongly non-convex character of the
renormalized potential we have currently limited informations on its solutions. One expects
that in the “single phase region” [16] (e.g. where m is large compared to \) there should
be uniqueness, and alternatively that two solutions should appear in “two phase region”.
Despite these limitations eq. (17) is useful and in the next section we show that it allows
to prove large deviations for (3 in the semiclassical limit.

3 Large deviations

In this section we want to investigate the large deviations of (3 in the infinite volume in
the semiclassical limit A— 0 where A > 0 is a parameter which is inserted in the model as
follows. For any f:S'(R?) — R, let W{(f) be defined by

1 1
e—gW}\i(f) = /e_hf(¢) ek(d(b),
where
1 h
exp( ~11A(6) )0"(d0)
Jexp( —31A(9) )9(do)
Here 6" is the Gaussian measure on S’(IR?) with covariance i(m? — A)~! and the Wick

ordering is now taken with respect to #”. With some minor modifications to the derivation
in the previous section we have the identity

oR(dg):=

WR(f) = inf FFM(u) — inf FOM(p),
HEX HeX
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where

FIAY ) =B, e x[f(WPW + 2) + MWW + 2) +E(Z)],  ned.

Let pf+*" a minimizer for this admissible F'/>4+" Reasoning as in Proposition 23 above we
have that the family (u/ ") A, is exponentially tight for any bounded and continuous f.
For each &> 0 we pick a weakly convergent subsequence of (u/ "), with limit pf-" We
have then also 0/’? — = Lawu £.n(W1+ Z1) along the same subsequence and clearly, for all
bounded continuous f we have

WR(F) = W(f),
where W"( f) is now defined as

1 1
) /e—hf(qb) 6h(dg).

In this setting where we do not have sufficient information to establish uniqueness of the
limiting measures ( uf ﬁ) 1, nonetheless we are able to obtain a Laplace principle as A— 0
for the corresponding family (6");. Note that the family (") is exponentially tight by
Lemma 23.

Theorem 25. Any family of accumulation points (0™ of (0,’?),37/\ satisfies a Laplace
principle on S'(R?) with rate function

400, otherwise.

J(¢) = { Moo + 5 [rad(m? = A)g,  for g€ H'(R?);

That is
limW(f)= inf ){f(¢)+J(1/1)}-

h—0 YeES(R?
Proof. Assume that C' >0 and ¢ € C2°(IR?) and that f is of the form

f(W)=C / p((1— A)2(5 — )2, (19)

It is enough to prove the theorem for this particular family of functions since we already
know that (6"); are exponentially tight, and the family given by (19) is rate function
determining in the sense of Definition 3.15 of [15].

From (11) we have

—7af($) pr
%wk(a £ =Eyaranl f(R?W + 2)] = J f(g)e OR(de)

Jem D 0h(de)

By taking a further subsequence we can also have that p®/ A= yefsAh afsh We can
then pass to the limit and obtain

d

TV af) =Byaral f(HPW + 2)],

for any f, o and arbitrarily chosen accumulation point u®f". Note that we do not have
to do a diagonal argument over the uncountably many choices of «, f: for any given a, f
we need just to take a subsequence of the sequence chosen to have (9}%) A converge in order
to establish the equality.
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Now recall that the minimizer p/ " satisfies an infinite volume Euler-Lagrange equation
of the form

0 = ]Euf,h[w(hw +7Z)-H+ )\h3/2/W3H + )\h/W2ZH +.
(20)
+)\h1/2/W (Z)2H + )\/Z?’H +2&(2, H)}

for any H with compact support. Furthermore we can carry over the proof of Lemma 22,
and obtain that

4 2
D B 17y 12 s )

This implies that the family (u/")p, is also tight and therefore we can consider any accu-
mulation point pf as i— 0 which will satisfy the same estimate. By passing to the limit
in (20) via by now standard estimates similar to those in Lemma 24 we obtain

0 = IEHf[Vf(Z)-H+)\/Z3H+25(Z,H)], (21)
valid for any adapted and compactly supported H. Note that this equation does not contain
anymore the GFF. This equation has a unique solution. Indeed if v is another solution we
can couple the two solutions in p € Y(uf) such that v = Law,(W,Z + K) and have

O:Ev[[Vf(Z+K) ~-V£(2)] ~H+>\/[(Z+K)3— Z3]H—|—25(K,H)}.
Now taking H = YK for y € C°(R?) and y >0, we obtain
0= ]EU[[Vf(ZJr K)-Vf(Z)] (xK)+ A/X[(Z +K)? - Z3 K +2&(K, XK)].
By convexity of f and (-)* we have that

EU[[me) ~VI@)] (k) x[<Z+K>3—Z3]K] >0,

Sending x — 1 we obtain that
EE(K,K)<0=>K=0=v=pul.

Therefore i is the unique minimizer of the admissible (convex) functional
F(v) :_IE,,[f(Z) + )\/Z4+8(Z, Z)].
Let v? = Lawp(W, s+ s¢) for ¢ € H' then
F%) = £(6)+ A [ 6145 [ olm* = A)o= F(6)+ T(0),
Using the fact that the variational problem in the time variable for the functional

£(2,2) _%Al/Zs(m2—A)sts
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is minimized for Z; constant, we have for any v

) _]E,,[f(Z) +)\/Z4+5(Z,Z)}

{ +)\/Z4 /Zlm _ Zl] B, [f(Z)+J(Z)]
> inf [f(¢)+ J(9)].

: peH!
As a consequence we obtain that

inf F(v)= inf [f(¢)+J(¢)],

veX ¢pcH?!
and that puf = v9 for the unique ¢f which attain the convex deterministic minimization

problem on the r.h.s..

To sum up, we have established that

lim iwh(af) =B, [ f (RYPW + 2)] = (o). (22)

h—0 da

Integrating eq. (22) and using dominated convergence

W (a ) = [lim W31 = [ B, sl F0W - 2)a5

= [ reras =ap).

This also implies that the derivative in o € [0, 1] of a+ W(af) exists and

LWo(af) = f(6%).

To conclude it is enough to show that this coincides with

Lt {af()+ J(@)} =2 W(af),

Qe H(R2) d
Recall that ¢/ is the minimizer of ¢+ f(¢)+ .J(¢) so the Euler-Lagrange equation gives

aV f(¢*l)-h+VJI(¢*f)-h=0.
At this point we note that

0=a[V f(¢ ) =V f(¢°T)]- (1> — g°7)
+[VI (N = (¢ - (¢TI — el
+AV f(pleANS) (et — geafy,
By convexity of f and J the first two terms are positive and
19t — o7 [l ANV (D)l <1612 [+ C) S -

We can calculate

WO(a+7)f) = WOaf) = 7f( ) +a(f(e ) — f(oo)))
+J (DT — ().
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Given that ||¢(@TF — ¢2f||;;1 < v we have, since by Sobolev embedding ||-||14 is locally
Lipschitz in the H! norm

(a(f(@@TII) — (o)) + J($lTDT) — J(¢2]))
= V(@) (DT — god) 4 / (m? — A) (o) ($e+DT — go)

[ @ - g0y 10 ()

=0 (72)7
where in the last line we used the Euler-Lagrange equation for ¢*/. This implies in turn
d .« 1 ~ 1
TWVaf) = lim V(o + ) f) = WO(af)) = lim —~f (¢! ) = f(67)
da y—0 Y y—0 7Y
which concludes the proof. O

4 Exponential interaction

In this section we will discuss a variational description of the exponential interaction, that
is the measure

eV (@ 90(dg)

£,exp({ ) = ,
) =

where now V¢ is given by

V@) =2 [ elexn(B0)]

with some 32 € (0, 87) and where M? := [exp(S¢)] is the Gaussian multiplicative chaos
and & € C°(R?,Ry) is a (smooth and compactly supported) spatial cutoff. We start with
some preliminaries about the rigorous construction of the GMC.

Proposition 26. Let W be a GFF and Wz = 1. * W where 1. — &y and 1. € S(R?) and
let %€ (0,87). The Borel measures (MP<). on R? given by

MPB2(A) = A exp(— BW(z) — BPEW2(x)))dz, A€ B(R?),

converges almost surely set-wise to a measure

MPB(A)=limMP=(4),  AcB(R?). (23)

e—0

We call MP the Gaussian multiplicative chaos (GMC) with parameter 3 associated to the
GFF W. It enjoys the following properties

a) For 1<p<8r/B% and for any compact set A CR?
sup E[|M#(A)|P] < oo.
Consequently }
E[|MP(A)|P] < c.
b) For 1<p<8r/[?
E[|MP(B(0, )))[7]1/P < C N2~ = DE/AT B M P2(B(0, 1)) [7]1/?,

where B(x,r) CR? denotes the open ball centered in x of radius r.
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Proof. For a proof of (23) see [7]. The property a) is due to Kahane [24], while the estimate
in b) is due to Hoshino, Kawabi and Kusuoka [22]. O

From these properties we can determine easily the Besov regularity of M?# fol-
lowing [22](Section 2).

Proposition 27. Assume that s> (8%/(47))(p—1), 1<p<8xn/B%, then
B IMAY5 . | < 0.
Proof. We have
/87 p 57
]E[HM EHB;;(PI/Q} ; 2P| A;MPE||P
1

< ) 27PR|IAMP=(0)|P.
120

Lp( 1/2

Now using translation invariance of the law of M#¢ and the fact that F 14 is a Schwarz
function we estimate

p
E|AMP=(0)|P = QQWIE‘/ ~L) (2tx) M P (z)da

< ) (1+]n| )E‘/ MBE(27z)da
neZ? B(n,1)

= ) (+nP)2*'E / MP(z)dx

nezz2 B(n,27%)

op(p—1)8%/(47)

p

p

AN

This gives the statement, since by weak convergence of M#?¢— M? we have

E[| AP}

Lp(p1/2)<hmsupIEHA M B< Hp ()/2)

O

In this model we let & := & x P(IR?) and W = (W, M 5): §y— & will be the appropriate
enhanced GFF. By the usual abuse of notation we will denote also W = (W, M?) the
canonical process on S.

We also need a slightly improved definition of the relaxed trial space X'*P.

Definition 28. Set

xXe®.— {1 =Law(W,MP, Z) e P(6 x Hy): Z € H* with IE)M[HZH%] < oo},
and

jexp::{uemem%w):a( o © X = prweakly, sup By, [17]3] < }

nelN
We equip XP with the following topology: a sequence (pin)n C XP converges to u if

a) pn— p weakly in P(& x S%w),
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b) supnenEy,[[IZ]3] < oo.

Lemma 29. The potential V¢ is admissible and
FISG0 = V()= [ cop(az)ant?+£(2)
_ R
for all p e XP,

Proof. Note that M? is positive and that Proposition 27 implies that for p close enough
to 1 and %—i— % =

Elexp(—qV4)] + E[[V¢|?] < oo,

so V¢ is a tame functional. A result of Shamov [32] gives
[ lexp(ow +2)1 = [ clexp(@W)lexp(52)= [ gexplp2)an”
R2 R2 R2
Therefore we have for all 1 € XP:

PRE(u) = FV() =1EM[ [R Qsexpr)dMMe(Z)] > E,[£(2)) 2 5Bl Z113),

from which also the coercivity of F ve is clear. To conclude admissibility it remains to show
that FV* is lower semicontinuous on X*P. We have for any € X*P a sequence (ftn)n such
that p, — pin XSP

liminf E,[£(Z)] > EE(2)).

Now let ¢"V: R — R be defined by ¢"¥(z) = z if |z| < N, ¢"(x) = sgn(x)N if |z| > N.
Then gV < N, ¢V is Lipschitz with constant 1 and ¢™(z) — z. Set Z¥ = ¢N(Z;) and
pin. N =Law(W, g¥(Z)). Then

lim E, / Eexp(BZN)dMP
N—o0

= lim [Eu/ﬂ{zgo}fexp(ﬂZN)dMﬁ—i—/ﬂ{z>0}fexp(5ZN)dM5

N—o00

- E, / 1 7<opéexp(BZ)dMP + / 1750 Eexp(BZ)AMP

= E, / Eexp(BZ)dM”

where in the second to last line we used monotone convergence. It remains to prove that

lim [E,n / texp(BZN)AMP = E, / Eexp(BZN)AMP,

n— o0

then the statement will follow from
E, / ¢exp(BZ)dMP = lim E, / Eexp(BZN)YdM P
N—o00

= lim lim E,» / Eexp(BZN)dMP

N—oon—o00

< lim Eyn / Eexp(BZ)dMP.
n— o0
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We have that ||ZV]||p < N and supy Eun[|| ZV[|H1] < Euo[||Z]|#1]. By interpolation

1-26
12025 ) <IZV 112N 7,

provided 1/p’ < §. Note that we can choose ¢ such that ~ > p and 5 (p —1) <4 and

1/p" <4 by taking
2

L1 >8> (p—1).

By Besov embedding we can assume that p, n — pun weakly on & x B, f)(p). We have
established that on & x B, f,( p) the functional [ &exp(BZ™V)dMP is continuous and since

[eemiazyar sev,
it is also bounded. By weak convergence
lim ]Eun/fexp(ﬁZN)dMﬁ —E#/gexp(ﬁZN)dMﬁ,
n— o0
and we can conclude. OJ

Our general framework now gives:

Lemma 30. The admissible functional F-¢ has a minimizer puf-¢ € XP and

WEeP( f) = _1og/exp(_f(¢))dy£ min F/> S(p) = pf,g(uf,g)_
pEXXP

Furthermore for any minimizer € X<P the following Euler—Lagrange equation

[4)\5/§exp ﬁZ)KdMBJrZE(ZK] [/f (W+Z)K ]
holds for any admissible control K.

Proof. This follows mutatis mutandis as in Lemma 17. O

Lemma 31. The functional FO¢ has a unique minimizer p*¢ in X. Furthermore
Z <0,
¢ almost surely, and
Sl;plEuoysHllef%] <00

Proof. Observe that F¢(Z) is convex in Z. Now let p, v be two minimizers for Fle,
Recall from Lemma 5 that there exists v € Y(p) such that Law,(W,Z 4+ K) =v. Now

EU[A/fexp(5Z+K)dMB—FE(Z—FK)} - EU[A/geXp(ﬁZ)dMME(Z)
>E(K) + ]Ev[)\ﬁ/ Cexp(BZ)KAMP +28(Z, K)} .
By Lemma 30 we have that

]EU[)\B/fexp(BZ)KdMﬁ +28(Z, K)] =0,
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SO
E(K) SFDE () = F14(v) =0,

which implies K = 0 and therefore v = p. For the second statement observe that the
mapping A: Z — —|Z| leaves the energy £ (Z) invariant by chain rule, while

/ cexp(FA(Z))AMP < / cexp(BZ)dMP,

so if u%¢ is a minimizer, so is Law,0.¢(W, A(Z)). By uniqueness we can conclude. For the
third claim we test the EL equation with K = pZ and obtain

[4)\ﬁ/§exp (BZ)p ZAMP +2E(Z, p Z) } [/f W—i—Z)pZ}

We can again estimate as in the proof of Lemma 22

1
2%(2,02) > 411211}
and
F'W+2)pZ<|Z]l4

Furthermore observe that
/ Eexp(BZ)p ZAMP > —C | ¢pdMP,
R2 R2
since exp(5Z)Z is bounded below. Summing up, we have the estimate

1
SEdIZIY SENZI 2 +E,| [ eoant?| SElIZIY 41

where in the last bound we used Lemma 27. O
Lemma 32. Let u¢ € X. For ve Y (u) we have

HEo®(y):= HY (v) = E [26(K, Z) + E(K)]

—f—)\lEU[/fexp(ﬁZ—i—K)dMﬁ—/fexp(ﬁZ)dMﬁ}.

Then HS®P(v) >0 for all v € Y(us) iff uf is a minimizer of F%¢. Moreover in this case,
thanks to the Euler—Lagrange equations for Z we have

HEoP(v) zEU[E(K) +/\/§exp(ﬂZ)(eXp(ﬁK) —1- 5K)dM6]v

and

WP (f) = inf Gl&ep(y),  GHESP(v):=E,[f(W 4 Z + K)] + H&*P(v).
veY(us)

Any minimizer v € Y(uf) of GI&exP satisfies the Euler-Lagrange equation

EU[aK) 473 [ gexpl(52) (exp(5K) ~ 1) HAM? (24)
=E,[Vf(W+Z+K)-H).
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The proof of Lemma 32 is completely analogous to Lemma 19 and Lemma 17, thus we
omit the details. Thanks to the convexity of the interaction we have a good control of the
locality properties of the solutions to the Euler-Lagrange equation (24).

Lemma 33. Assume that N >0 and

sup ||V f (@)l -1,y < o0
pEL?(IR?)

Then for any minimizer vl of GI¢°P(p) we have

By {1 [[F1(p-ny) < 0.

Proof. Testing equation (24) with H = p~2VK we have

Ev{% /0 1 /R VR (m? —A)sts]
T /m,[ [eewp2)(exn(oK) - 1)p—2NKdMﬂ

= B [ 5 NVHW + 24 K | < ORI o)

1 . .
]Ev[l/ / pZNKS(m2—A)stS}
2 0 RQ
1 .
— Ev[l/ / pQN((m2_A)—1/2KS)2d8:|
2 0 RQ

1 . .
+Ev|:%/(; /RQ[(WF—A)”Q, pQN]Ks(WQ—A)l/ZstS]

and we can compute, as in the proof of Lemma 22,

Now

[(mQ _ A)1/2, p—QN]KS < 5P_2NK5-

Furthermore observe that
IE)U[ / ¢exp(BZ)(exp(BK) — 1) p~2NKdMP ] >0,
Putting everything together we have

1 [! _ 1/9s
(1/2 = O)Bull K |31y = <1/2—5>Ev{5 | [ = a2 as
< CEUHKHHl(p_N)

which implies the statement. O

Definition 34. For N > 0 large (to be chosen suitably below) denote by YM(u) the set
YM(1) of measure v € P(S X Hu X Hu(p™™N)) such that

a) Law,(W,M?,Z) = p
b) E(Zn)na (Kn)n gﬁ%a fo'f" which

Law(W, M%n, 7" K™) = v and supE[[|Z"|[%+ [ K"(|3,-v) <2M.
neN
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Let YM .= Uue/?yM(u). We say that (v™), C YM converges to v € YM if v™ — v weakly in
P(S x P ¥ Hulp™)) and

sup]Evn[||Z||%w K1 -m) <2M.
nelN

Remark 35. Note that any sequence in Y™ has a convergent subsequence.

Corollary 36. There ezists a sufficiently large M = M ( f) (not depending on §) such that

inf vagveXP(U) = inf vafyeXD(U)_
veY(u”) veEYM (10¢)

Proof. This is a direct consequence of the decay of the minimizer established in
Lemma 33. OJ

Definition 37. Define

Gl&exp(p) = GI&exp(y) if v e YMUD (108 and 400 otherwise.

Lemma 38. Let (&,)n be a sequence of spatial cutoffs such that &,(x) =1 for |z|<n, and

sup || &nl|yyr.00 < 400, for any k€ N.
neN

Pick a subsequence &, (not relabeled) such that p™ — p weakly on & X Hw where u" is the
minimizer of FO& in X. Then GT &P T'-converges to GF°P on YM where

Glooo®(v)=E,| f(W+Z+K)+ /exp(ﬁZ)(exp(ﬂK) —1)dMP+ £(K)
if ve YM () and +oo otherwise.

Proof. We first prove the liminf inequality. Assume that v —v in M. By definition of
&, we can restrict ourselves to v € Y™ (). From the definition of convergence in YM it is
not hard to see that

Eun[f(W+Z"+ K")] = E[f(W + Z + K)],
and

E,[€(K)] < liminf E,«[(K™)].

n— 00

by the Portmanteau theorem. Now we can invoke the Skhorohod’s embedding theorem
from [23] and pass to a probability space P and on it a sequence (wn, MBr Z" K)
convergent almost surely on & x §, X Hu(p~N) to (W, MP, Z, K) such that Law(W™,
MB™ 7" K)=v". Using the fact that

2 2
supEp| (2" — ZHwa(pl/Q) +||K™ — KHm,(p*N)] <00
n
and almost-sure convergence we can assume that

A8 AfB|P . - 7|4 — K&
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for any &, p satisfying the assumptions of Proposition 27 and ¢ < 2. Let ¢v: R x R2— R
be continuous such that

QN(Z,.’E):Zlf Z,|Z’|<N,

sn(z,x) =0if either z>2N or |z| > 2N and moreover ¢v(z,y) < v4+1(z, y). We will write
in the following ¢v(f, ) for the function z € R?+ ¢y (f(z),z). We claim that

lim [ Guexp(BZ)ex((exp(BK™) — 1)+, z)d MO

n— 00

— [exp(52)n((exp(K™) ~ 1)1 )M
Since

sup [lexp(827)[p= <1, sup |ov((exp(BK™) = 1)1, )|z~ < N,
neN neN

we can apply Lemma 41 below provided that, for any , g <2,
E[[|&nexp(BZ™)sn((exp(BE™) — 1)1, %) — exp(BZ)en((exp(BK) — 1)+, ) [fy1.(,-1y ] =0,

which in turn is ensured by Lemma 40 and Lemma 42. Then, by monotone convergence
/ exp(B2)(exp(BK) — 1) ;M

~ sup / exp(B7)en((exp(BE™) — 1), )dMP
N

= sup lim [ &exp(BZ")sn((exp(BK™) — 1)+, 2)dMP"

N Nn—0o0

< sup liminf /fnexp(ﬂZ")(exp(ﬁK") — 1), dMPBm

N n—00

= liminf/gnexp(ﬁZ”)(eXp(ﬁK") — 1)y dM P,

n— oo

Let us now show that

lim [ &uexp(827)(exp(BK™) — 1)_dMPm = / exp(5Z) (exp(BK) — 1)_dMP.

n— oo
To start, note that
lexp(BZ™)[ <1, [(exp(BK™) —1)-|<1,

so again we have that from Lemmas 40, 42 below, for any p < 2,
Elexp(827) (exp(BK™) — 1) — exp(8Z) (exp(8K) — 1), 1) 0.
From this and using that &, =1 for |z| <n, it is easy to see that
E[&nexp(827) (exp(BK™) = 1) - — exp(82) (exp(BK) = 1)-lly1,5,-1/2) = 0-

we have that,
[ Guexp(8Z exp(BK) —1)-aM P [ exp(57)(exp(BK) — 1),
To construct the recovery sequence consider v such that G¥+°*P(y) < 0o. Then

E, / exp(BZ) (exp(BK) — 1)dMP < 00, Ful(K) <M
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where the second inequality holds by definition of YM. Again, after an application of
Lemma 40 and interpolation between L™ and H'(p~!) and provided N >1/§, we have that

E, / exp(8Z)(exp(BK) — 1)-dM?
< B{lexp(8K) = 1)-I15 o |B[I7]7 s ) |
< Efl(exp(BK) = 1)l B 1M7]7 s ) |
<

Q.

So
E, / exp(BZ)(exp(BK) — 1), dMP

<

B, [ expl(92) xp(310) - 04| + [, [ exp(52)exp(51) - 1)-a0

< oQ.

Now set KV(x)=qv(K,x), by monotone convergence

Nh_> OOIE)U / exp(BZ)(exp(BEN) — 1) dMP - &, / exp(BZ)(exp(BK) — 1) 4dMPB.

Moreover, since |(exp(BKN) —1)_| < |(exp(BK) — 1)_|, by dominated convergence also
holds

N—oo

lim IE, / exp(BZ)(exp(BEN) —1)_dMP - &, / exp(BZ)(exp(BK) —1)_dMPB.

Invoking [23] there exist a probability space (Q, F,P) and random variables (W™, M?, Z™)
on it such that (W", M#, Z") — (W, MP, Z) almost surely in & x $,(p) and Lawg (W™,
MP, Z™) = u™.
Let K be a random variable Q — $3,(p~") such that v = Lawp(W, Z, K). Set again
KN =¢N(K) and v™¥ = Lawp(W", Z", KV). We claim that
GF&vexp(ynNy — G 00 exp(y V),

From Lemmas 40, 41, 42 we get
Eq / Enexp(BZ7) (exp(BEN) — 1)_dMPAn - Eqy / exp(B7) (exp(BKN) —1)_dMP.
Furthermore
(exp(BK™N) — 1)1 <exp(N)1p(,2n), exp(BZ™) <1,

and (KN, Z") — (KN, Z) in HY(B(0,N)). So again from Lemmas 40, 41, 42

Ep [ exp(82")(exp(3K™) = 1)4dM 5" = Ep [ exp(82)(exp(BK™) ~1) 41"

Finally
lim Epf(W"+Z"+ KN) > Epf(W + Z + KN)

n— oo

follows by boundedness and continuity of f. Taking a diagonal sequence we obtain the
statement. OJ

Corollary 39. If (&,)n is as in Lemma 38 we have
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lim —log/exp(—f(ap))dygme"p— inf  G/o0eP(y)

n—00 veYM(p)

Proof. This follows from I'-convergence, the fact that Y™ is sequentially compact and
the fundamental theorem of I'-convergence (see e.g. [13]). O

We conclude with some technical results needed in the proofs above.

Lemma 40. Assume that g:IR — R is continuously differentiable, g, g’ are bounded. Define
f = g— (the negative part of g). We have that the map

e f(p),

continuously sends W.22(p®) in itself with

£ (@) lwr2(p0) ST ([l zpe)-

If g(0) =0 we have in particular

1 (@)lwr2(00) S NPllw2(pey-

Proof. Assume that ¢g(0) =0. By definition of f we have

[ 1eanEa@ies [ o) P

Furthermore by [14] p. 291-292, we have

/ Vo f((2)) 2o(z)de = / sty <olg'(9(2)) Vo (@) 2p(a)da / Vap(a)Pp()da
Now for weak continuity, let o, — ¢ weakly in W12(p®). We know that

sup || |w1.2(pey < 0o which implies sup || f () |ly1.2(pe-
n

n

Now let 5, be a subsequence such that f(yp,) — £. We can extract a further subsequence
(not relabeled) such that

P P

almost surely. Then f(yp,) = f(¢) almost surely which in turn implies £ = f(¢). From
this we can conclude. The second statement follows from the first by writing g = g+ g(0)
with §(0) =0. O

Lemma 41. Let M?" be a sequence of random measures in P(IR?) on a probability space

(Q, F,P), such that M?" —> MP P-almost surely in B, >(p) for some s > f—;(p —1) and

p <8/ 32 close enough to —( —1),87 /32 respectwely. There exists q <2 such that we
have

]E/fndM/Bv"—HE/fdMﬁ
whenever
E[[lfn = fly1.a(p-1] =0

and

sup || fullzee + || fllze = C < o0.
nelN
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Proof. By interpolation we have that for § < ¢/p’ and N >46~! we have with
1fn = Fllas, o) < Cllfn= Flltys.age).

Now recall that for any == > p>1 and § >3 (p —1) we have

52
u ]E[ MPBm|P_ } 0.
sup H HBP,i(p) <

n

so provided 1/p+1/p'=1

E[/fndM57"—/fdMﬁ] = E[/(fn—f)dMﬁvn]+1E[/fdMﬁv"—/fdM5}
B[ fa= fllgs, M2 ls,)]
[ F g5, |57 = MO pa, |

N

1

B[ fo = £ 510 -J"E[”Mﬁn"p— o)

1
150y ] E] M50 M |

N

— 0

since p’d < q. Note that for any 32 < 87 we can choose ¢ <2 such that
2

14 B

=Lp-1)>Z(p-1

a/p'=3p=1)>p=1)

so if we choose § such that
2
q
Lp—1)>6>—(p—1
P >0> 2 =1)
we obtain as required

2
2 (p— 140,
ﬁ2>p>1 5>47T(p 1) d<q/p p(p 1). O

Lemma 42. For any q <2 there exists an N < oo such that if

£ lLees |9l < C,
then

1 £gllwragp=1) SN Nl 9 o).

Note that the L> norms are unweighted. If furthermore if f,— f in H'(p) and g,— g in
H'(p~N) and supy || fallz + | gnllie < C then

fagn—fg  in Whi(p™h).

Proof. It is enough to prove the statement for smooth functions by density. By Holder’s
inequality we have

1£gllLr(o—y <1 f ool gllrzgp-~
By the Leibniz rule

IV D eo-1y S N F NV gllpep-—1) + IV Flle2(o)llgllrp-any,

provided that aN > 2, and —= % +%. By interpolation and provided that a/p=1/2, we
also have

1—
g llzogp-any < g 155w llgllgzg,-n) < Cllgligag, -
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Choosing N large enough gives the statement. For the second statement we rewrite

f9—fagn=9(f = fa) + fn(9— 9n)

and proceed analogously. O
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