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Stochastic differential equations

From the point of view of modelisation is interesting to study a (continuous) stochastic processes
whose local behaviour is prescribed. For example: the process (X;);>o could describe the current
state of a system and given that state we know what its evolution in small time is. In order to
model also random influence we could consider that increments over small times intervals are
actually distributed like Gaussians (this is actually more general than it seems)

Xioai=Xi=b(X) At +0(X)G

where b, o are given functions and G is a Gaussian random variable. The fact that we assume
X, to be the state of a system justify somehow the assumption that the coeflicients depends on
the randomness only via X;. Let us assume that G has variance of order (Az)* for some a >0
and that disturbances are independent over disjoint intervals. Then is not difficult to realise that,
unless a = 1/ 2 the evolution of X over a finite time interval will not have a limit as we refine
our approximation and take At — 0 (For example one can look at the variance of X; — Xy). This
of course hints to the fact that, as a stochastic process X; must be described by a semimartingale
whose finite variation part described the deterministic part of the evolution and whose martingale
part account for the random fluctuations, moreover we model the martingale part via a stochastic
integral wrt to Brownian motion and the finite variation part via a differentiable function and we
obtain that the local dynamics of X can be rigorously described by

dXt=ﬁdt+gtdBt (1)

where (B;);>¢ is a family of Brownian motions and f, g two adapted processes. In general X will
not be differentiable, but this decomposition is all what we need. In particular is unique.

Prove that if dX, = f,dt + g,dB; and also dX, = f;'dt + g/dB; for adapted, continuous f,g,f’,g’ then
we must have f=f" and g=g” almost surely.

A process like the one described by eq. (1) is called an It6 process. The functions f, g play the
role of “stochastic derivatives”. Prescribing the local dynamics of an Itd process is then done by
prescribing a relation between these derivatives and the function itself, for example letting

fi=b(X)), g=0(X)).

This leads to the notion of stochastic differential equation.

Definition 1. Given vector fields b, g,: R" - R" for a =1, ..., m, an m-dimensional Brownian
motion (B;) ;>0 and an initial condition x € R", the solution to the stochastic differential equation

dX;=b(X;)dt + o (X;)dB;, Xo=x, ()

is an adapted stochastic process (X;);>o such that

f |b(X. |ds+Zf lo,(X;)2ds < o0, a.s.



and

X=xo+ [[bXds+ Y [ ou(X)dBE, 120, 3)

We can generalise this definition by taking vector fields which depends on the time and on the
randomness w (in an adapted way). We can also relax it by requiring eq. (3) to be statisfied only
on a finite interval [0, T'] or on a random interval [0, T] where T is a stopping time. In this case
we say that X, solves the SDE in the interval [0, T] iff

Xz = X0+ fo’” b(X)ds+ Y fo’” 0y (X,)dBE, 130,

Localization of an SDE in a random interval is a useful technique, as usual in stochastic calculus.

Note that a solution to an SDE is a semi-martingale, and in particular an Itd process.

1 Existence and uniqueness

The basic existence and uniqueness results for SDEs holds, like in the case of ODE, for coeffi-
cients which are globally Lipshitz continuous. For the sake of a bit of generality we will take them
dependent also on time (one easily observe that they could also be taken random, as long as they
are adapted, but we will not do it).

Theorem 2. Assume that b, o,: R, x R" - R" satisfy for some K >0,

(s, %)+ Y log(s, )| <K (1+]x]),

: , “4)
1b(5, %) =b(5,9)|+ Y 10u(s,X) = 0u(s,y)| <K=y, 520, xyeR"

a

Then for any x € R there exists a solution to the SDE (2). This solution is adapted to the filtration
generated by the Brownian motion and there exists A >0 (depending only on |xo| and K) for which

E[supe"”lthz] < co. (5)

t=0

Moreover the solution is unique in the class of continuous adapted processes satisfying (5) for
some A.

Proof. As in the case of ODEs we will use a fixpoint argument to prove existence.

Take A > 0. Introduce the space %, of continuous, adapted stochastic processes (X;);>o with
values in R” such that Xy =x and such that the following norm

X1l = sup e‘”(E[ sup |Xt|2])”2
T>0 t€[0,T]

is finite. The normed space (%, ||*||;) is a Banach space (prove it), [|*; <[],/ if 1’ < A so the
family (%), is decreasing and we have

B 1/2
X122 < (E[supe “|Xt|2]) <IX12 /4, 6)

=0



(prove it!).
Let ¥: %, - %, be the map

YX=x0+ [ s, X)ds+ Y [ oa(s,XdBE, 120,

We need to prove that it is well defined. Observe that, by Doob's L? inequality and by the Ito
isometry we have

] < STlipOe_uT ]E”OT |Ja(s,Xs)|2ds]

HI 0408, X )dB”

— 24T
, =supe IE[

sup sup H 048, X )dB”

te[0,T]

<;1i[())e Z’ITIEHI 0q(8,X5)

S © 1
< T e E oy (s X)PIds < ( [ T e s ) Is o 00 (5. X)IE = 51l = 0 (s, X
Now using the assumption on the growth of o, we have |ls = o,(s, Xs)2 < K(1 + | X{ll,) and
therefore

= fo a(s,X;)dBE (1+11X11).

_K_
21)!?

<
2
A similar but easier computation for fot b(s,X;)ds gives

||mf b(s. X, ds” =+ X1).

Putting these results together we conclude that there exists a constant C such that for all 2 >1 we
have

, Slolla + C—g5 (1+1X112).

1% OOl < ool + | [ s, Xods|, 3 [ outs X B2 sl

So the map V¥ is well defined on % . A similar computation also gives that (for the same constant
9]

W (X) - (V). <C—7 1/2||X Yl VX, YEZ,.

So if we take A large enough so that cEX <1 /2 we have that the map ¥ is a contraction and

P
therefore must have a unique fixed point X = ¥(X). By the way ¥ is defined, this fixpoint is a

solution to the SDE (2), moreover we have

1
L+1X15) <lxoll 2 + =5

K
IX115 = 1 X2 < xollx + C—75 5 (

72 1+1X1)

which means that | X||; <1+ 2|xoll; giving (5) after using (6). Note that |lxol , < |xol.

To prove that this solution X is adapted to the Brownian motion we reason as follows: the fixpoint
is unique in %, and to obtain it we can just take the sequence of Picard's iterations X ¥ = xq and
X =g (X"=D) Then X - X in &, and is easy to see that each X" is a process adapted to B.
By taking a subsequence we can guarantee that (X)), converges uniformly almost surely (in any
finite interval) and therefore we can conclude that X is also adapted to B.



Uniqueness in & is clear by the contractivity of ¥ and we can take any large A keeping contrac-
tivity, so if a process satisfy (5) it will belong to some %, and therefore must coincide with the
unique fixpoint. O

In the previous result, requiring a growth condition is not natural for uniqueness. We have the
following stronger statement

Theorem 3. [fthe coefficients satisfy the globally Lipshitz condition (4) then any two solutions X,
Y to the SDE (2) defined on the same probability space and driven by the same Brownian motion
satisfy P(X;=Y, for all t 20) =1, i.e they are indistinguishable.

Proof. Assume that X, Y are two solutions, let Z; = X; — Y; and consider the stopping time t =
inf{z > 0:|Z,|> 1} then we have

z= [ (0. X0 ~bis. ¥)ds + Y [ (00(5.X)  0u(5. ) 4B
and therefore

E[Z2.]< zfot” K2E[Z2,]ds + fom K2E[Z2..]ds.

As a consequence f(t) = E[Z2 ] satisfies
f0)=0,  f<C | fis)ds

and by Gronwall's lemma we have f(¢) =0 for all # > 0. This implies P(|Z;r-|=0)=1s0 T =+0c0
and we conclude since the processes are continuous. O

The kind of uniqueness in the previous theorem is called path-wise uniqueness.

Definition 4. An SDE has path-wise uniqueness when any two solutions defined on the same
probability space and driven by the same Brownian motion are indistinguishable.

There are other concepts of uniqueness which are useful in the theory of SDEs. There are also
various possible concepts of solution.

Definition 5. A solution of an SDE is strong when it is adapted to the filtration generated by the
Brownian motion.

A solution which is not necessarily adapted to the driving Brownian motion is called a weak
solution (not to be confused with weak solution in the sense of analysis).

In particular we have proven that an SDE with globally Lipshitz coefficients have path-wise
uniqueness and strong solutions.

The globally Lipshitz assumption can be relaxed. In particular if the vectorfields satisfy a local
Lipshitz assumption

b(s.x)|+ Y loa(s.0)|<Kyr(1+1x), s€[0,T], xeU.

¢ (7
Ib(5.x) =b(s,y)|+ Y |0a(s,%) = 0a(s,y)| <Kuglx—yl,  s€[0,T], xyeU.



in a given open set U € R” and in a given time interval [0, T] with a constant Ky 7 which may
depend on both, then we have existence and uniqueness of strong solutions for any initial condi-
tion xo € U and up to the exit time of U orto 7.

Theorem 6. Assume (7). There exists a unique process X which satisfies the SDE in the random
time interval [0, with o =ty AT and Ty=inf{t >0: X, € U}:

Xino=xo+ [ bXds+ Y. [ 0u(X)dBE, 120,

Moreover it is adapted to the Brownian motion (i.e. a strong solution).

Proof. The proof of this statement is similar to the global statement, just use the stopped fixpoint
map

W, (X) =x0+ fom b(X)ds+ Y fom 04 (X,)dBY.

The process constructed in this way is constant after ¢. Moreover uniqueness holds up to o,
namely if X and Y are (weak) solutions to the SDE up to time oy and oy respectively, then they
must coincide up to p = ox A oy amost surely: P (X;»,=Y;»,) =1 and from this is easy to conclude
that p = ox = oy almost surely, so they coincide in the whole random interval on which each of
them satisfies the SDE. O

Remark 7. If X solves SDE in R" with time dependent deterministic coefficients, then the process
Y, = (¢, X,) in R"*! solves an SDE with time-independent coefficients, i.e. coefficients which
depends only on Y. So considering autonomous equations (i.e. equations with time-independent
deterministic coefficients) is not really a restriction as long as one is willing to enlarge the state
space.

1.1 Explosion

This local theory is enough for most of the applications. It does not exclude the possibility of
explosion for the solutions.

Consider for example the SDE in one dimension
dX,=X?+dB,  Xo=xo.

The coeflicients are locally Lipshitz so we know that it has a solution (X;);»0 which exists up to
the time T, =inf{7>0:|X;| > n} for any n> 1. The family (t,), is increasing and the question then
is whether

Too=SUP Ty,
n

is finite or infinite. In case T = +oo we can solve the SDE for all times, while in the other case it
must happen that as f » T < oo we have |X;| = oo, i.e. the process runs away towards infinity in a
finite time. In this case we call T the explosion time.

That this could happen is clear form the particular case of the ODE

Xm:XIS’ XOZXO,



which has explicit solutions since by separation of variables:

dr= (-l)dl

X 20
SO
11
=Tyt
x5 X

and as tﬂx52 we have X720, i.e. X,— +c0. On the other hand the equation

dX,=-X?,  Xo=xo,
has solutions such that

1.1,
x(z) X?

which therefore behave quite well for all times, and in particular satisfy the bound X; % < ¢ inde-
pendent of the initial condition. In this situation the sign of the vectorfields plays a fundamental

role to decide occourrence of explosion or not. A more sophisticate approach is then needed to
analyse this problem.

1.2 Examples

Consider the SDE in two dimensions

-Y:dB,

dX;
X,dB,

dy;

driven by one Brownian motion. The general theory guarantees existence of global solutions
which grow at most exponentially in time. Consider E;=X? + ¥,>. A computation with Itd formula
for this solutions gives

dE, =2X,dX, +2Y,dY, + (Y?+ X})dt = Edt

so we conclude that (E;),>( satisfies an ODE which can be solved explicitly to get E; = e'E.
Note that if we imagine to replace the Brownian motion by a smooth approximation (B;);>¢ and
interpret the resulting equation as an ODE of the form

{ dX, = =Y, dBtg

dy; = X,dBf

where the integrals are taken as Riemman-Lebesgue integrals we can identify them with usual
Lebsegue integrals since Bf is smooth and therefore dBf = Bf dr where Bf denotes the derivative.
But now E, = 2XtX, + 2Yth =0s0 E;=Eyp!! Somewhat SDEs are not compatible with approximating
the Brownian motion and one has to be wary of these formal manipulations.

Stratonovich integration (not for us now) will solve this problem.

Still the intuiting gathered by looking at a similar ODE can be used to guess if an SDE has an
explicit solution and how it looks like.



2 Tanaka's example

We have introduced strong solutions introducing a distinction between them and weak solutions
(i.e. solutions which are not necessarily adapted to the driving Brownian motion).

Here's an example of a weak solution which is not strong. Let X be a one-dimensional Brownian
motion and consider

t .
B, = fo sign(Xs)dX;

where sign(x) =1 if x>0 and sign(x) =1 otherwise. By Levy's theorem the process (B;); is again
a Brownian motion. Moreover we have

t t t
fo sign(X;)dB, = [ sign(X;)%dX, = fo dX, =X, - X,
so X satisfies an SDE

dX, =sign(X,)dB,, (8)

with B as driving noise and o (x) = sign(x). This coefficient is of not Lipshitz (not even contin-
uous...). Moreover if we consider the initial condition Xy =0 then we have that both (X;);>0 and
(—X}1)s=0 are solutions, i.e. path-wise uniqueness do not hold for (8).

However solutions of the SDE (8) cannot be arbitrary: again be Lévy's theorem any solution has
to be a Brownian motion, so its law is unique. We call this kind of uniqueness, uniqueness in law.

Definition 8. Uniqueness in law holds for an SDE if any solution (on any probability space) has
the same law.

Recall that if ¢ is a smooth function, by It6 formula
/l
9 (Xp) = ¢(Xo) f ¢'( dX+2f X;)ds.

Take now ¢ = ¢, even with ¢.(x) = (& +x2)12, Then Po(x)=x(¢g +x2)"1/2 and

1/2 2y-3/2 _ €

ps (x)= (e +xH)712-x (g +x?) (e

If we let Zf = fo ¢ +(X;)dX, we have
£ 2 £ 2 L : r ’ .
EsuplZ’ - B,*= EIZf~Br’=E [ |9/(X;)-sign(X,)lds = [ | Elg[(X,) - sign(X,lds >0
t<T

as & — 0 by dominated convergence since ¢ (x) =x(s +x3)7125 sign(x) if x#0 and is uniformly
bounded so the pointwise (in s) convergence E|g,(X,) — sign(X;)| = E[1 x,=0] = Ls=o allows to

conclude.

As a consequence and by subsequences Z7 — B; uniformly almost surely in any bounded interval.
Since ¢ is even we also have

1 4 144 ’/’
2= 9.0 -5 [ 0¥ X)ds= (XD~ [ p¥ (X ds



Therefore (Zf):>0 is actually a function of |X;|. We conclude that (B;);»o is measurable wrt.
(IX4l)¢=0- In particular this proves that (X;),>0 cannot be a strong solution to the SDE (8) since
otherwise we will have the following inclusion of completed filtrations

(FX)i50S (FP) 20 (F) 120

z

which is absurd since knowing the modulus of a Brownian motion does not allow to recover its
sign! (think about it). We must conclude that X is strictly a weak solution. And that this holds for
all (!) weak solutions. So no strong solutions exists.

What we have discussed is Tanaka's example of a weak solution of an SDE with bounded coeffi-
cients which is however not strong. This shows that some regularity of the coefficients is needed
to ensure existence of strong solutions.

3 Tanaka's formula

Let now (X;);>0 be a continuous semimartingale. Using the same function ¢, we have

1 ! 144 4 ’
3| 0! XOAIXT, = 0. (X0 - 0. (Xo) + [ 91X,

and again we can show that

t t
[ pixXax, > [ signo(X,)dx,

a.s. uniformly in bounded intervals where signg(x) = 1,50 — Ly<0, since (maybe stopping X if
necessary)

B[ [p4(X) -signo(X,)1ax,[ =

t ’ . 2
E fo [ (X,) —signo(X,)12d[X],

and ¢ (X,) —signo(X) — 0 pointwise, while |¢(X,) — signo(X;)| < 2, so dominated convergence
allows to conclude. Of course we have also ¢.(X;) = |X;| uniformly in ¢ in bounded intervals a.s.
and as a consequence we deduce that the limit limgﬁo%fot ¢, (X,)d[X], exists a.s. (maybe up to

subsequences) and defined a continuous function. More generally, for any x€ R we can define a
continuous process (Q,X (x))s=0 by

t
G =tim 2 [ 9l (0= X)dIX),= lim |, (r-X) = o (v=Xo) - [ 91 r-X,)dX,]

t
== Xil =[x =Xol - | | signo(x—X,)dX,.

This process is increasing (as pointwise limit of increasing functions) and therefore of bounded
variation and adapted to the filtration generated by X.
Note that %(pg’ (x) = 8(x) in the sense of distributions, therefore, for any continuous funciton f:

R - R we have

fg(x)—< 2(08) ff 2(08 (y=x)dy— f(x £ -0,



and f, is smooth for any ¢ >0. By Fubini

[ fexpdix= | fo (f 59¢ (- X)d[X]S)dy

using the almost sure convergence of fot %go;' (y = X5)d[X]s and a function f which compactly
supported we deduce that

t t
-1 _ X
[, reodixs=tim [ £.x0d(x)= [ F0E 01y ©)
which can be extended to all bounded continuous functions by continuity since
[ r @ =11 dX) =1 1X)
gJ W )y L=, s L t

and [X]; < co almost surely. The formula (9) justify the terminology local time for €X(x). We can
introduce the occupation measure uf of X as the random measure such that

X A):fo’ Ixcad[X]; forall Ac B(R).

Then eq. (9) shows that every semimartingale satisfies (by dominated convergence)

X4 = [ 1geadiXli= [ €Xdy

so the occupation measure is absolutely continuous wrt. to the Lebsegue measure of R and the
density is precisely 05.

Another interesting property of the local time is that, for all x we have
t
fo Ly 2,d0s(x) =0

that is, the measure d¥€,(x) is supported on the closed set {s: X;=x}. To prove this let

1 rt
zi =, ot Xds

we have (why?) for all § >0

t NIXs—x]| X r NIXs—x| .
Io 1+N|Xs—x|dQ 0)= gﬁofo 1+ N|X; x|dZs
_ t NIXs—x 1 // _
=tim || TN 79+ (K)ds=0
and therefore by monotone convergence
! NIXs— x| X/
Jy txsdtio )= yim | T E ol (=0

which means that (¢ (0))>0 increases only when X, =x



3.1 A digression on SDEs with reflection

In the case of Brownian motion Tanaka's formula reads

r B
B =1Bol + [ signo(B;)dB,+ € (0),

in particular if we let |B;|=X; and W, = fot signg(By)dB; we have that (W;),»¢ is a Brownian motion,
that X, is a semimartingale and that

X;=Xo+ W; + 05 (0) (10)
indeed note that
o //
0 (0 _hmzf 0l S‘?E%zf 0l ds__hmzf o7 (1By))ds = €X(0)

since [X];=[B];=t.

Eq. (10) is a kind of equation for a process X driven by a Brownian motion W and involving the
local time of the process itself. By construction we know that X; > 0. Somehow the local time
acts as to keep the value of X; positive, against the action of the Brownian motion W which with
positive probability would push the process into the negative semiaxis. Note that

J‘Ot ]lxs>0dQ§(0) =0.

Observe the following nice property. There exists only one pair (X, p) such that X is a continuous
adapted process such that X, >0 and p a continuous increasing process and

Xt:.x0+Bt+pt, 2‘20, 11
Jo Lxs0dps=0, (1

where (B;);>0 is a Brownian motion and x> 0.

Indeed assume there is another pair (X', p”) sharing the same properties with respect to the same
Brownian motion and same initial condition, then letting Z; = X; - Y; we have

X-Y= Pt—l)t,-

Compute
diX; - Yi* = (X,- Y)d(X,= Y}) = (X,= Y) (dp,—dp/) =Xdp,- Yidp,— Xdp{ + Ydp/
:_Ytdpt_Xtdpt,
since (by localization via stopping times and a passage to the limit)
fooo Xidp; + Ydp/ =0.

We conclude that d|X; - Y;/><0 meaning that |X; - Y <|Xo-Yol*=0, that is X;= ¥; a.s. and indeed
there exists a unique such process up to indistinguishability. This implies also that p,= p; a.s.

10



This is a striking uniqueness result since somehow the equations (11) prescribe, not only the
behaviour of the process X but also that of the measure dp at the same time.

The unique process satisfying (10) is called reflected Brownian motion: it behaves as a Brownian
motion most of the time but as soon as it reaches zero it is reflected always on the upper half plane.
Note that we have proven that the law of the reflected Brownian motion is that of the modulus of
a standard Brownian motion since X, =|B;| by construction and our uniqueness result ensures that
there are no other possible solutions.

4 Weak Solution to SDESs via Girsanov's transformation

Let (X;)r>0 be a n-dimensional Brownian motion starting at Xy = xo and b: R"” - R" a globally
Lipshitz vectorfield. Then the process

Z;=exp<f0tb(Xs)dXs—%f0t |b(Xs)|2ds), 130, (12)

is a positive local martingale (and therefore a supermartingale). By Novikov's criterion we know
that it is actually a true martingale since for all 0 <s<¢

t 1 rt 9
E[ZI%,] = E[exp( ['pxoax.—= [ b dr)|975]zs= 01-+(X)Z,
with

0/x)=E [exp(fot b(x +X,)er—%f0t 1b(x +X,)|2dr) ]

By the Lipschiz condition on b and Jensen's inequality
1t 2 Crt 2 t C 2 dr
Eexp<§f0 b(x+X,)] dr) < ]Eexp<7f0 X, dr) < fo Eexp(7|xr| t)T
! C 2 dr C 2 2)
sfo Eexp<7|X1| rT>75 Eexp<7|X1| ¢

which is finite for 0 <7< § with C82< 1. By Novikov's condition we have ¢,(x) =1 forall 1< &
and x € R”. But then a simple telescoping argument gives that (Z;);>¢ is a true martingale in any
finite interval [0, T']. (Warning: in general is not true that is a closed martingale!!!)

We can then consider the measure QQ defined as
Q(A)=E[Zr14], AeTr.

This is a good definition since if A€ F3C Fr for ST wehave E[Z7r14]1=E[Zsl4]. Qisanew
measure on ) whose restrictions to %7 is absolutely continuous wrt. the restriction of P:

dQ|g,
dP|g,

=Zr.
By Girsanov's theorem

t
B[:X[—fo b(X,)ds, >0

11



is a local martingale and since [B],=[X],;=t it is also a Brownian motion. As a consequence we
have shown that the pair (X, B) under the measure Q is a weak solution of the SDE

dX[:b(X[)dt+dB[, t>0

with initial condition Xg = xo.

Example 9. (Brownian motion with constant drift) Let X be a d—dimensional P—Brownian
motion and y € R¢ a fixed vector. Consider the martingale

1
z/ ==exp(;/.Xf—§|r|2t) =€y X), 120

and for any 7 >0 the measure P7 defined on (Q, %, (%;)<s<r) by dP YI%:Z,YdIP’I% By Girsanov's
theorem we have that, the process

J?S=Xs—;/s, 520

is a d—dimensional P ¥—Brownian motion, so under IP’,Y the process X is a Brownian motion with
drift y. The % measurable event

llm —(XS_ )/S) = —)/,
§—+00 A

has IP probability 1 (e.g. for the law of iterated logarithm applied to the P-BM X) while it has P”
probability O since s - X;—y s is a P?—Brownian motion.

Another consequence of Girsanov's theorem is a criterion for uniqueness in law.

Theorem 10. All the weak solutions (X, B) of the SDE
satisfying for all T >0
)P
2j Pds<oo, a.s. (14)

have the same law.

Proof. Let (X, B) any weak solution of (13) satisfying (14). Define the increasing sequence of
stopping times (7,),>1 as

,,_1nf{t>0 2j b(X 2ds<n}

and note that (14) implies 7, —» co almost surely. Now consider (Z;),>0 as in eq. (12) above and
observe that the process (Q;),>o defined as Q; =7 satisfies

_ IATn 1 rtrTn
an;:z,A‘,n:exp(—fo b(Xs)dXs+§f0 |b(Xs)|2ds>

:exp(—fomrn 5)dBg ——ftAT'l 2ds)

12



Due to the presence of the stopping time, the Novikov's criterion is trivially satisfied, and we can
define the measure Q™ such that dQ |g=0;,dP|g, for all # >0 and under which

() INTn

B =B+ fo b(X,)ds
is a Brownian motion. However by the SDE (13) we have E;ﬂn = X/a+, s0 indeed (X;);>0 is a
Q-Brownian motion in the random interval [0, T,]. As a consequence, for any 7" > 0 and any
14(X,B) € ¥r we have

E[14(X,B)17<+,]=Eqllr<s,1a(X,B)Q7']
T
:EQ[ﬂrgfnlA(X,B)exp<f0 b(X,)dX, 2f st)]

_]E[Iqun(B)llA(BB [, 2 ds)exP(f b(B,)dB, ——f st)] Elh4(B)]

where ¢,(B) = inf {t > 0: %fotlb(Bs)lzds < n} and where hy: C(R,; R") — R, is a suitable
measurable function depending on A (and T). For any two weak solutions (X',B) i=1,2 we
have

E[1a(XP, B 1, 0] =E[ha(BM)]1=E[ha(B?)]=E[1a(X?,B?)1,_ 0]

where T(l) =0,(X?) for i=1,2. Letting n - co and using (14) to prove that r )5 ocoas. fori=1,
2, we deduce by dominated convergence that

Bl1a(XD,BD)]=E[14(X?,B?)].

Since T is arbitrary this equality holds for all A€ B (C(R;;R")) and therefore we conclude that
Law(XV, By =Law(X®,B?) (as measures on C(R,;R™)). o

S Conditioning: Brownian Bridge

We want to study solutions of SDEs conditioned to satisfy certain properties. The simplest case
is Brownian motion started at O and conditioned to reach a given point x at a given time 7. We
will assume that we are in the Wiener space Q = C(R;;R) and that the Brownian motion B is the
canonical process (i.e. B/(w) = w). We will denote as usual by (Q, %, P) the probability triple
and consider the canonical ﬁltratlon (F1) >0

The difficulty is given by the fact that we try to condition on a probability O event, and therefore
we cannot use the elementary formula to define the conditioned measure. To avoid this problem
we use the idea of disintegration of the probability measure P according to the random variable
Br, namely we want to find a probability kernel P*=P* T such that P*(By=x) =1 for all xe R
and

:fR PX(A)P(Bredx), Ae®, (15)
where P(Br € dx) is a convenient notation for the law of By under P. Recall that, in general, a
probability kernel (P*),cr is a way to associate to any x € R a probability measure on € in such

a way that x+— P*(A) is measurable for any A € ¥ . If such a kernel exists we will say that P~ is
the conditional probability we were looking for.
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An heuristic way to justify this definition is to note that we have

P(AnBrelx+8.x-8)) Juis.s P (APBredy
PBre[x+68,x-8]) | P(Bredy)

P(A|Br € [x+8,x-8]) = ;
[x+8,x=8

and if we formally take the limit § - 0 we obtain
P(A|Bre[x+8,x=8]) - P*(A).
Rigorously we can observe that if such kernel exists then we must have
P57(A) = E[14lBr]

almost surely. So we could also write symbolically P*(A) = E[14|Br = x]. In order to explicitly
find P* we reason as follows. The kernel has to satisfy

E[1g,epP?7(A)]=E[1alp,es]

forall Be B(R) and A € ¥. Now if A € ¥ with s <t we have

El1alges) = BILAE[Lg, e %11 = ELLE[Lp,cslB)1= E| Ly [ p(s.BiT.y)dy]

where
1 (x-y)?

JU(S,JC;I,)7)=;e_E =) x,yeR,0<s<t
27 (t—5)

the probability density that a Brownian motion started from x at time s reaches to y at time ¢. By
Fubini we can rewrite this as

p(s,BsiT.y)

E[Lilsea)= [ Ellap(s.BaT.y)ldy= [ B[ 1 Biro

]p(0,0; T,y)dy

where p(0,0;7,y) is the density of By so if we let

X(A) = M]
Pra)=E| L G (16)
we have indeed obtained that
E[1alp,ep] = E[PB7(A)1p, e8] (17)

and so PB7(A) = E[14|B7] for all A € %, with s < T and therefore also for all A € Fr_ = o (Fy:
s€[0,T)).

From the continuity of the Brownian motion we deduce that Br =limj o Br-; and therefore that
o (Br) € ¥Fr_ with the consequence that ¥7_= %r. So equation (17) holds indeed for all A € %7.

14



By inspection of (16) one observe that P* is a probability kernel (a measurable function in x and
a probability in A € ¥r). Moreover one note also that the process

L=y ST
is a martingale in [0, T') with Z§ = 1. Using the continuity of the paths of the Brownian motion
we can prove that Zy —» 0 as s - T a.s. Indeed By # x almost surely, that is with probability 1
there exists & > 0 such that |By —x| > & and by continuity |B;—x| > &§ /2 for |s— T| small, but then
p(s,Bg;T,x)»>0ass—>T.

By continuity of the paths we have

]E[H|BT_U—)C‘>ISP(T_G’BT_J;T’X)]
N _ 1 x _ — 1; =
P*(Br—x|>8) = lim P*(|Br—; —x|> &) = lim p(0,0;T,x%) 0

and as a consequence that P*(By=x) = 1.

In order to extend our definition of P* to all ¥ we reason as follows: any A € ¥ can be approx-
imated arbitrarily well as A; N A, with A € 9*73_5 and A, € o (Bt >T) for some § >0. But now
using the Markov property and letting ¢ (Br) = E[14,|B7] we have

E[14,14,15,e5] =E[1a,0(Br)1p,e8] = E[P57(A)) 9 (Br)1,ep] = E[PB7(A1 N A2) 1p,cp]

indeed

(T-6,Br-5;T,x)
p(0,0;T,y)

PX(A1)e(x) =1EX[1A1¢<BT>]=1E[1AP o(Br)

T- 6’BT—5;T3-X)
p(0,0;T,y)

~E[ 1,2 Lo| = B[l 1] =PH(A 10 A)

Therefore eq. (17) is valid for all A of the form A; N A, and since § is arbitrary we deduce that it
is valid for all A€ ¥ by a monotone class argument.

We want now to caracterise the canonical process under the measure P*. In order to do this
observe that the positive martingale (Z;)sc[o,1) is the stochastic exponential of the process

_tp'(s,Bs;T,x)

X
Li=J, p(s,B; T,x)

dB;, te[0,7T)

where p’(s,x;t,x) = 0,p(s,x;¢,x) (this can be checked via Ito's formula). As a consequence of this
and of Girsanov's theorem we have that under P~ the canonical process (B;);>( satisfies

_p/(t,B;T,x)

dBi= BT,

dt +dW,, te[0,T) (18)

where W, is a one dimensional Brownian motion. Moreover By =x and (B;—B7);>7 is a Brownian
motion. In this way we have completely caracterised the measure P* from a pathwise perspective.

Writing down explicitly the expression for (18) we obtain

B
T

dBi=-——dt+dW,  1€[0,T) (19)
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The process (B;)c[o,r] is called Brownian bridge (from (0,0) to (z,y)) and since the coefficients
are regular it is the unique pathwise solution of the SDE (19) in [0, 7). Existence of weak solu-
tions of course follows by our explicit construction of P*. However, given the regularity of the
coeflicients it is also true that a strong solution exists. On the probability space (Q, ¥ ,P*) we can
therefore construct also a strong solution X measurable w.r.t. W which by path-wise uniqueness is
indistinguishable from (B;);>0. We deduce that the law of this strong solution is given by the law
of B under P* and that the SDE (19) has uniqueness in law. By continuity of the sample paths of
the measure P* we deduce that any weak solution must also satisfy B,—» Brast—T.

6 Conditioning: Bessel process

Another natural kind of conditioning is when we require the process to remain in a given domain
for some time T or even forever.

Let us consider the simpler situation of a one dimensional Brownian motion and let us try to
describe how does it looks like a Brownian motion which is conditioned to stay positive forever.
In order to do so let R>0, By=x for some x € (0,R) and consider the stopping times 7, =inf{r>0:
B;=y} for ye R and tp=inf{r>0:B;¢ D} where D= (0,R). Let

P(An{tp<+c0,Br,=R})
P(tp<+o0,B;,=R)

Q(A)=P(Altp<+00,B;,=R) =

which represents the probability of A conditioned on the event that the Brownian motion escapes
the domain D at R, namely that it reaches R before ever touching 0.

Assume now that A € ¥; and use the Markov property of the Brownian motion to compute
E[1alzp<tc0,8,p=rR1 = E[LAE[L1)<tc0,B, =R Fs]]
=EB[IAE[1r,<s.8,,=rRlF]] + E[1AE[Ls<rp<co,, =RIFs]]
=E[1alrp<sp,, =R+ E[1als<r, Bl Lrpcco B, =RIBs]]
But now ]E[11m<oo,B,D=R|Bs] =h(B;) where
hx) =Bl Lopeoo, -kl =%, ¥€(O.R),

and where we denoted E, the expectation wrt. the probability measure under which (B;);>¢ is a
Brownian motion starting at x € (0, R). Therefore

IE[]lA]l”t'1)<-¢—oo,BTD:R] = ]E[HAHTD<S,BTD=R] + ]E[HAHSSTDh(BS)] = E[ﬂAh(Bs/\TD)]-

Note that s = h(By) is a martingale and therefore also s = h(Bsar,) as a consequence we have
obtained that for all s >0

dQ¥g, _
dP|% - h(BS/\TD)
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and we are now in the setting where we can use the Girsanov transform to obtain that under Q¥
the process (B;);>0 is a semimartingale satisfying

h' (Binp)

dB;=dW, + ———-
' " h(Bincy)

dt =dW, + —dr, (20)

Bt/\TD

where (W;);>0 is a Brownian motion.

Strickly speaking we have constructed a family of measure (Q%)z-( indexed by R. Under each
of them (20) is satisfied with Tp = 7 (o z). Now note that

P(ro<tr<+00,Brz=R)

]P’(T(()’R)<+OO,B =R) =0

R
Q%(ro<tR) =
T(0.R)

so under any of the QX we have t¢> g and T(0,r) = Tr almost surely. Moreover if 0 < R < R’

we also have T’ > Tg and that QR|ngR:QR,|gTR. So the family of measure (QF, Fr)R>01s a
consistent family of probabilities defined on an increasing sequence of o-algebras (%,)r>0 and
they identify a unique probability measure Q on the o-algebra & = o ((¥7,)r>0). However we
have also

P B =R
lim Q(tp<o0) = hm QR (Tr<o0) = lim (TR<+00,Bror =R)

=0.
R—-o0 R-o0 ]P’( T(0,R) < +00, BT(O,R)ZR)

so under Q it happens almost surely that Tg — oo as R — co. We conclude that under Q the process
B satisfies

dB,=dW,+idt, (21)
B;

where (W;);>0is a BM.

As a conclusion we have constructed the law Q of a BM conditioned to stay positive forever
and verified that under QQ the canonical process B satisfies the SDE (20). This SDE has regular
coeflicients away from 0 and therefore pathwise uniqueness and existence of strong solutions until
the first time the processes touch 0. We have also learned that Q (to= +o0) =1 so the process B
never touches 0 from which is now easy to deduce that any weak solution to (20) has the same
law Q and that any weak solution never touches zero.

Definition 11. A weak solution of (20) is called a three-dimensional Bessel process.

The reason for this strange names comes as follows. Let (X;);>0 be a d-dimensional Brownian
motion and consider the process R, =|X;| where the bars denote the Euclidean norm in R4 Using
Ito formula is easy to deduce that whenever |X;| >0 we have

d-11 d-11
AR = i X s =W+ S
where we let W, = fot l; —=dX;. The notation is justified by the fact that

NS D
Z fo |X| ’Xﬂ]s:;fo X =!

17



and therefore (W});>¢ is indeed a Brownian motion by Lévy's theorem. We conclude that

Theorem 12. Let (X;);>0 be a d—dimensional Brownian motion, then the one dimensional process
R,;=1Xi| is a weak solution of the SDE

d-11
ARy =dW, + ——p-di. (22)

In particular if d =3 this process coincides with a Brownian motion conditioned to stay positive.

Definition 13. For any d > 0 (non necessarily integer) the weak solution of (22) is called a d-
dimensional Bessel process.

Using our result on conditioned Brownian motion we deduce that the d-dimensional Brownian
motion do not hit any point with probability 1 (why?) if d >3. Namely for any y € R? we have

P(3t>0:X,=y) =0.

Actually one can prove that the d-dimensional Bessel process never hit the origin as soon as d >2,
this is due to the strong repulsive drift appearing in (22).

Theorem 14. Let (R;);>0 be the d-dimensional Bessel process with d >?2 and Ry=r > 0. Then
R,>0 for all t >0 almost surely.

Proof. (See Bovier notes) O
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