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Exercise 1. [Pts 2+2] Let (Ω, ℱ, ℙ, (ℱt)t⩾0) be a standard filtered probability space. For any continuous
process X:Ω×ℝ+ →ℝd and any 𝜆>0 let

‖X‖𝜆 ≔sup
T ⩾0

e−𝜆T�𝔼 sup
t∈[0,T ]

|Xt|2�
1/2

.

Moreover let

𝒳𝜆 ={X:Ω×ℝ+ →ℝd: t ↦Xt is continuous and adapted to (ℱt)t and ‖X‖𝜆 <∞}.

a) Prove that (𝒳𝜆, ‖⋅‖𝜆) is a Banach space

b) Prove that

𝔼sup
t⩾0

e−4𝜆t|Xt|2 ≲‖X‖𝜆
2 .

Exercise 2. [Pts 2+2+2+2] Let (Γt)t⩾0 be the solution to

Γ0 =1, dΓt =Γt(𝛽tdt +𝛾tdBt), t ⩾0,

where (𝛾t)t⩾0, (𝛽t)t⩾0 are bounded adapted processes and (Wt)t⩾0 is a Brownian motion. Assume that there is
a c>0 such that 𝛾s >c for all s⩾0. Fix T ∈(0,∞).

a) Show that Γtexp�−∫0
t 𝛽sds� is a local martingale;

b) Find a probability measure ℚT under which (Γt)t∈[0,T ] is a local martingale;

c) Compute dΓt
−1.

d) Find a probability measure ℝT under which (Γt
−1)t∈[0,T ] is a local martingale;

Exercise 3. [Pts 2+2+2+2] (Variation of constants) Consider the nonlinear SDE

dXt = f (t,Xt)dt + c(t)XtdBt, X0 =x,

where f :ℝ+ ×ℝ→ℝ and c:ℝ+→ℝ are continuous deterministic functions.

a) Find an explicit solution Zt in the case f =0 and Z0 =1.

b) Use the Ansatz Xt = CtZt to show that X solves the SDE provided C solves an ODE with random
coefficients.

c) Apply this method to solve the SDE

dXt =Xt
−1dt +𝛼XtdBt, X0= x

where 𝛼 is a constant.

d) Apply the method to study the solution of the SDE

dXt =Xt
𝛾dt +𝛼XtdBt, X0 =x>0

where 𝛼 and 𝛾 are constants. For which values of 𝛾 do we get explosion?
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