The Killed Mollified Super
Brownian Motion and
Paracontrolled Wild Sums

Adrian Martini
Born 18th July, 1996 in Lindenfels, Germany

29th July, 2020

Master’s Thesis Mathematics
Advisor: Prof. Dr. Massimiliano Gubinelli
Second Examiner: Prof. Dr. Anton Bovier

INSTITUTE FOR APPLIED MATHEMATICS

MATHEMATISCH-NATURWISSENSCHAFTLICHE FAKULTAT DER

RHEINISCHEN FRIEDRICH-WILHELMS-UNIVERSITAT BONN






Contents

Abstract

The main goal of this work is to construct the killed rough Super Brownian Motion,
a superprocess in a white noise environment first introduced by Perkowksi and Rosati.
To achieve this, we use a Branching Brownian Motion and a novel intermediate process
called the killed mollified Super Brownian Motion. Not only does this simplify the
construction of Rosati et al., it may also be more aligned with biological intuition.

In order to show the uniqueness of the killed rough Super Brownian Motion, we construct
a solution to the associated Evolution Equation, a certain Singular Stochastic Partial
Differential Equation with a logistic non-linearity. This construction is carried out
by introducing what we shall call Paracontrolled Wild sums, a lightweight tool which
also yields the approximability of solutions and differentiability with respect to a small
parameter in the initial condition.
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Introduction

Superprocesses are measure-valued Markov processes that arise as scaling limits of
individual based models (IBMs). They have enjoyed a lot of attention since the 1980s
due to their mathematical properties and connections to biology, see [Eth00, p. xi f.] for
a focused introduction and further references.

One of the most prominent examples is the so-called Super Brownian Motion (SBM),
which arises e.g. as a high density limit of a Branching Random Walk (BRW) or of a
Branching Brownian Motion (BBM). Naturally, a lot of different processes converge to
the same Brownian limit and the resulting universality class of SBM is vast.

From a biological perspective, one should be aware of the shortcomings of each population
model: For example, classical SBM does not account for heterogeneous, non-trivial
environments.

One possible type of randomness of space could be white noise: White noise arises in
a lot of different scenarios, for example as a scaling limit of Poisson Random Measures
or of i.i.d. centred random variables with normed second moments on a dicrete grid,
see [Dom09]. White noise can also be seen as the multi-dimensional generalization of
the distributional derivative of Brownian Motion, hence gives rise to so-called Stochastic
Partial Differential Equations (SPDEs). Problematic however is the fact that white
noise suffers from rather poor (in fact negative) regularity. This leads to some nonlinear
functionals appearing in SPDEs to be ill-defined. Such equations are called Singular
SPDEs (SSPDEs) and can only be treated rigorously since the works of Gubinelli,
Perkowski et al., [GIP15], and Hairer [Haild]; see also for a survey
on various earlier approaches.

Recently, Perkowski and Rosati constructed the rough SBM (rSBM), an SBM in a spatial
white noise environment, using a BRW in a random environment (BRWRE); and also
a variant with killing at the boundary of the domain (killed rSBM, krSBM), [PR19],
[Ros19]. They subsequently showed that the evolution of the rSBM differs from the
evolution of the classical SBM, suggesting that the environment, in which the SBM
lives, may cause artifacts. More precisely, they showed that the krSBM in d = 2 is
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persistent, in contrast to the classical case [Eth00, Theorem 2.18] and the case including
a space-time noise [MX07].

Inspired by the works of Rosati et al., we investigate a BBM in a random environment
(BBMRE) with killing at the boundary (killed BBMRE, kBBMRE). We first consider
a BBM in a mollified white noise environment, such that the environment is given by a
smooth function rather than a distribution. We then introduce an intermediate process
called the killed mollified SBM (kmSBM), which arises if we take the superprocess limit
while leaving the mollification untouched. It turns out that the kmSBM shares a lot of
its properties with the krSBM. Particularly, we show that the kmSBM also converges
to the krSBM, if we let the mollification of the environment vanish. In fact, it may also
be biologically more reasonable to differentiate between the parameters concerning the
population and those concerning the environment; see also below.

Just as the SBM is linked to the heat equation, the killed mollified SBM is associated to
the mollified Parabolic Anderson Model (mollified PAM). Understanding the behaviour
and convergence of solutions to the mollified PAM to solutions of the unmollified PAM,
an SSPDE, is therefore crucial for understanding the convergence of the kmSBM to the
krSBM.

A different motivation for this research stems from the fact that SSPDEs often need to
be renormalized by formally subtracting infinity (made rigorous by the papers mentioned
above through a renormalizing sequence). By considering an associated IBM, we also
investigate how the abstract renormalization affects a rather intuitive population.

The above outline first requires the analysis of the Parabolic Anderson Model using
the methods of [GIP15] and extensions due to [CvZ19] to include Dirichlet boundary
conditions, see Section There we also introduce Paracontrolled Wild sums in order
to construct a solution to the Evolution Equation for the killed rough Super Brownian
Motion.

In Section [2] we construct the killed mollified SBM using essentially classical arguments
which are outlined in [Eth00) Section 1.5].

In Section [3] we construct the krSBM using the kmSBM. The main difficulty lies in
the fact that one needs to be careful when it comes to the domain of the associated
martingale problem. Here the results of Section [I] are essential.

Finally in Section [4 we prove the persistence of the kmSBM, which differentiates it from
the classical SBM but also suggests that we can use this simpler model to understand
the behaviour of the krSBM.

Discussion

In this subsection we would like to discuss our reasons for constructing an intermediate
process, rather than going directly from the kBBMRE to the krSBM.

In our IBM we introduce two parameters: n,m € N, where n concerns the population
and m the environment. The function &, shall denote a mollification of white noise and
¢m = O(log(m)) will be the renormalizing sequence. The branching mechanism of the
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BBM will then be given by ®,, m(s) := ¢ },s* 4 ¢, 1, where

— Sn,m

wm(2) = % (HW), b)) = % (1— W)

This means that the probability of branching into two particles upon death at the
location x € (0, L)? is ¢;F1, () and the probability of not branching is ¢, 1, ().

By inspecting the branching probabilities, we see that indeed m concerns only the
environment &, — ¢, and n the interaction strength of the population with it. The
coefficient n will also affect the mass of each individual, their birth/death rates and the
size of the population. Hence from a biological perspective it is quite natural to consider
n and m as separate.

To put it differently: For fixed m € N and large n, we consider a population model
where the environment is not perfectly homogeneous, but rather exhibits small scale
fluctuations around 1/2.

What is more, one of the main textbook examples of an empirical process following the
PAM is the growth of asexually reproducing plankton, [CM94, Chapter 1]. The growth
rate depends on several factors, e.g. the salinity and the temperature of the water.
However, as water diffuses and conducts heat, we argue that the environment is already
mollified. Consequently, it follows that the killed mollified SBM may be a reasonable
model in itself as well.

From a mathematical perspective, we run into the following problems if we were to set
m=mn:

First and foremost, the probability generating function will be ill-defined. Previously,
we could fix m and consider n large enough such that C,‘; L € (0,1). Now the appropriate
bound reads ||&n | ;0 < m!Te as. for any € > 0, hence we cannot simply choose n = m
large. Also, the martingale problem for our kBBMRE yields expressions involving

1
~VITT T,
n

where T denotes the solution operator of

(0 — Ay, = (& — Cm)Um,  in (0,T) x (0, L)2,
U (0) = uf* in [0, L], u,, =0 on [0,7] x 9]0, L)%

The limit, though, will in general not be differentiable, hence VI ¢ diverges as m — oo.
Let us remark that in [PR19], Perkowski and Rosati use the fact that multiplying by
n~! induces a gain of regularity in the discrete case, see [PR19, Lemma D.2].

Keeping in mind that the killed mollified SBM exhibits a lot of the same properties as
the killed rough SBM, we shall focus more on the kmSBM as a means of simplifying
the construction. In itself this is not entirely trivial: First we work with the state space
(0, L)? to leverage the connection to the theory that was already developed by [CvZ19]
on the (Neumann) white noise defined on (0, L)2. However, the square comes with a
non-smooth boundary, which complicates the PDE part of our analysis.
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What is more, we want to show that the kmSBM also converges to the krSBM, if
we let m — oo. This leads us to developing the solution theory for the continuous

Dirichlet Parabolic Anderson Model on the square, which needs an extension of the
theory considered in [GIP15].

In fact, by being more careful, we can see a connection between the model considered
in [PR19], [Ros19], and our model. Of course, Random Walks are related to Brownian
Motions by Donsker’s theorem. The branching mechanism in Perkowski and Rosati’s
model is given by a BRW in a random grid environment. For each grid point x there
is a centred ii.d. random variable m~%2¢,,(x) with normed second moment which
determines the branching mechanism through the rate |¢,,(z) — ¢,| and the branching
probabilities

9:721(‘%) L (d)m(x) B cm)+ Qfl(x) L (¢m($) - cm)_

o |¢m($)_cm| ’ " o |¢m($)_cm| '

We recall that [|&,] 0o < mite for any e > 0. So instead of setting n = m in our model,
let us formally set n = |&,,|. This yields

1 25;0 —Cm - L 257; *m
Glnom(@) = 3 (w) " Gen) =3 (m) |

Finally, our model only converges after rescaling time by n = |&,,|, which corresponds
to the rate in Perkowski and Rosati’s model. Note that ¢,, is of lower order compared
to [[&mll . Hence, the branching mechanisms above are similar, at least formally and
for large m.

Contributions

In the following, we list some of the novel insights we derived in this work:

e Extended the solution theory for the PAM of [GIP15] to include Dirichlet boundary
conditions.

e Derived the solution theory for the "Evolution Equation for the killed rough SBM’,
a non-linear SSPDE with quadratic RHS, by using Paracontrolled Wild sums.

e Identified the killed mollified SBM, which shares a number of its properties with
the krSBM, but comes with a simpler construction and may be biologically more
reasonable.

e [dentified natural scaling parameters to show convergence of the kBBMRE to the
killed mollified SBM and persistence: n: Population size, mass rescaling, time
rescaling, interaction strength with environment, m: Environmental smoothness
or -diversity, tilting due to renormalization.
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1 Framework of Paracontrolled Calculus

1 Framework of Paracontrolled Calculus

1.1 Motivation

The theory of Paracontrolled Calculus was developed by Gubinelli, Perkowski et al.
[GIP15], [GP17] as a toolset for analysing SSPDEs. Take for example the Parabolic
Anderson Model (PAM):

(0 — Ayu= "¢,

where £ is a realization of white noise. The product 'éu’ is ill-defined: In dimension
d = 2, £ will have the (Besov-Holder-) regularity @ < —1 and we can consequently
expect u to be at most of regularity o + 2 by parabolic regularity. Even if we were to
interpret the derivatives in a distributional sense, products of distributions cannot easily
be defined if their regularities do not add up to a positive constant. It turns out that
there is a paraproduct decomposition u§{ =u & & + £ u+ u ® £ and the term which is
ill-defined will be the resonant product ©.

The idea is to propose the paracontrolled Ansatz v = v © 9 + u? with u? of regularity
2(a+2). Then, uf ®¢ is well-defined, since we may assume 3a+4 > 0. The distribution
9 can be chosen to be ¥ = (1 — A)71¢, subject to the proposed regularity of u? after
considering the equation. By using a commutator result between the paraproduct &
and the resonant product @, we arrive at the ill-defined term £ © . If we now were to
consider the mollified noises (&, )men and (U, )men, then &, © 9, would be well-defined,
but divergent as m — co. However, by subtracting a renormalizing sequence c,,, we get
&m © Uy — ¢y — Z for some distribution = of regularity 2« + 2. The tupel & = (£, E) is
called an enhancement of white noise.

We can then prove that solutions to the mollified problem

(Or = A)um = (§m — Cm)um

do converge to some function u. Below we will make the above rigorous and consider a
number of questions around the PAM and its paracontrolled solutions.

Let us point out that the regularity of white noise, —d/2 — ¢, € > 0, depends on the
dimension d, [Verll], while the gain of regularity due to the equation is fixed. This
implies that the solution theory for SSPDEs is highly dimension dependent. For this
reason, we will restrict our attention to d = 2 in most of Section [1}, if not otherwise
specified.

1.2 Paracontrolled Calculus with Boundary Conditions

In this section we review the theory of Paracontrolled Calculus with Dirichlet boundary
conditions developed in [CvZ19]. For the reader’s convenience, we also introduce all of
the necessary notions and ideas. This is a shortened version of [CvZ19, Section 4].

We first introduce some useful notation for working with multidimensional odd or even
functions. Let d € N, L > 0 and q € {—1,1}%. We define ([T q) = [, q; and for = € R?
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the Hadamard product qoz = (q121, .. .,qqzq). Let f:[—L,L]* — C. We say that f is
odd, if f(z) = ([1q)f(qox) for any q € {—1,1}¢ and x € [~L, L]? and that it is even, if
f(x) = f(qox). If f is periodic and odd, then f(x) = 0, whenever z € 9]0, L]?.

Let now f : [0,L]? — C. We define the odd extension of f by f : [-L,L]¢ — C,
f(gox) = ([Tq)f(z) and the even extension by f : [-L, L]* — C, f(qox) = f(x) for any
z€[0,L]%and q € {—1,1}% Let for k € N¢, v, = 271/2Card{ilki=0} Tt 9, : [0, L]¢ — R,
n : [0,L]Y = R and ¢, : [-L, L] — C be given by

0 (z) = (2) il sin (Zkzxz> . () =1 (i) z‘:11[1(108 (Zklxz) ,

)= (35) exn (2 ).

Note that the application of * to 0, and the application of ~ to ni; merely changes the
domain of the functions. Then ny is even and 9y, is odd on [~L, L]%, both are periodic
and smooth. We define the torus T¢; = (R/(2LZ))%. If a function on [—L, L]¢ can be
extended periodically to R?, then by a slight abuse of notation we will also consider it
to be a function on ']I‘SL. Let f : TgL — C. We define the Fourier transform with the
scaling

d
1\2 i
ngLf(k) = <f, ek>L2([—L,L]d,C) = (2[1) /[[‘d f(l‘) exp (—L <k‘,l‘>> d.]?,
2L
where k € Z°.

Definition 1.1 [CvZ19), Definition 4.4]
We define for F € {R,C},

S(TgLvF) :CM(T%[L’F)’ SD([O’ L]d’F) = {¢ € COO([O’ L]d’F)‘QE € S(TgL7F)}a
Su([0, L)%, F) = {¢ € C([0, L], F)|¢ € S(T5.,F)},

equipped with the Schwartz seminorms. The continuous dual spaces are denoted by
S (T4, ,F), S([0, L%, F) and S4([0, L], F), and are equipped with the weak*-topologies.

Theorem 1.2 [CvZ19, Theorem 4.5]
The following hold:

(i) Every w € S(T4,,C), ¢ € S5([0,L]4,C) and 1 € Sy([0, L]%,C) can be represented

as
w = Z aper, ¢ = Z bpdr, Y= Z CpNg, (1)

kezd keNd keNG

with (ag)rezd, (bk)pend and (Ck)keNg complex-valued sequences. Further for any
n €N,

sup (1 + |k|)"|ak| < oo, sup (1 + |k])"|bg| < oo, sup (1 + |k])"|ck| < oco. (2)
kezd keNd keNg
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What is more, aj, = <w,ek>L2([7L7L]d7(c), b = <¢,Ok>L2([O7L]dy(C) and as well ¢, =
(W, k) 120,110,y Conversely, if there are sequences (ak)reza, (bk)rene and (Ck)keNg
that satisfy respectively, then the expressions in converge in the respective
spaces.

(ii) Every w € S'(T%;,C), ¢ € Si([0, L)%, C) and ¢ € Si([0,L]%,C) can be represented
as

w= Z ager, ¢ = Z bpdg, Y = Z CK N, (3)

kezd keNd keNG

with (ag)rezd, (bk)pene and (Ck‘)keNg complex-valued sequences. Further for some
neN,

sup (1 + |k]) "ag| < oo, sup (1 +|k|)"|bk| < oo, sup (14 |k|)™"|ck| < oo.
kezd keNd keNg
(4)

What is more, a = (w,eg), by = (¢,0;) and as well ¢, = (Y, ng). Conversely,
if there are sequences (a)pezd, (bk)pene and (Ck)keNg that satisfy respectively,
then the expressions in converge in the respective spaces.

Remark 1.3

We see that (3j)pene and (“k)keNg take the roles of the Fourier base (ey)yeze for
functions with Dirichlet- or Neumann boundary conditions, or respectively for odd or
even functions.

Note that w € S(T4,,C) is odd if and only if (w,eqr) = ([1q) (w, ¢y) for any k € Z2
and q € {—1,1}¢. This motivates the following:

Definition 1.4 [CvZ19), Definition 4.6]

For u € S5([0,L]%) we define @ € S'(T4,) given by @ = Y pen (u,0%) 0. For v €
SI([0,L]%) we define v € S'(Td;) given by v = Y pen (v,np) 0. A distribution w €
S'(T4,) is called odd, if (w,eqor) = (I19) (w,ex) for any k € Z¢ and q € {—1,1}%
Similarly, w is called even, if (w, eqor) = (w, ex) for any k € 7 and q € {—1,1}°.

We have by partial integration, ngL(ﬁaw)(k) = (km/L)angL(w)(k) for any a € Ng.
This motivates the following:

Definition 1.5 [CvZ19), Definition 4.8|
Let e >0, 7: R - R, 0 :[0,00¢ = R, we S(T,,C), u € S5([0,L]%,C) and
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v e Sh([0,L]4,C). We define formally the Fourier multipliers

T(eD)w = Z T(ek/L) (w,ex) ek, o(eD)u= Z o(ek/L) (u,0f) 0,
kezd keNd

o(eD)v = Z o(ek/L) (v, ng) ng.
keNd

The terminology ’formally’ refers to the requirement to verify the respective condition in

for each case.

It holds by [CvZ19, (30)], that for any u € S4(]0, L]¢,C) and v € S(]0, L]%, C),

o(Dyu=3(D)a, o(D)v=35(D). (5)

Let (x, p) be a dyadic partition of unity, i.e. let x, p be non-negative, radially symmetric,
smooth functions on R% such that: y is supported in a ball and p is supported in an
annulus. Further, if we set p_; := x and p; := p(277-) for j > 0, then for any y € R,
j,k > —1, we suppose

> pily) =1, % < > piw)? <1, |j— k|l >2= supp(p;) Nsupp(px) = 0.

j>—1 j>—1
Such functions exist by [BCD11l, Proposition 2.10]. For j > —1, we define the Littlewood-
Paley blocks given by the Fourier multipliers A; := p;(D) acting respectively on functions
of the different spaces considered in Definition [1.5
To give some context here, let us add that the Littlewood-Paley blocks act precisely as
a decomposition into functions with localized support in Fourier space. It is well known
that certain decays in Fourier space correspond to regularity. In particular, we have
already seen above that regularity is crucial for our analysis. Therefore it is natural
to use Littlewood-Paley blocks as a means of consistently quantifying the regularity of
objects. This is the idea of the following definition of Besov spaces. Since we need
to re-develop central ideas of classical Besov space theory in the presence of boundary
conditions, we introduce all notions simultaneously.

Definition 1.6 [CvZ19, Definition 4.9]
Let agqp = 274/P if p < 0 and adoo = 1. Let o € R, p,q € [1,00]. We define the
periodic Besov spaces by

Bpo(T4) = {u € (T3, R)lllull pg (rg, ) = 1@ NAjull o1 pjac))sz—1llis < o0}
Further, we define the Dirichlet Besov spaces by
B2 (0. 11%) = {u € S5((0, LI R)[[ull oo o gy = aapllill g ma ) < 00}
Finally, we define the Neumann Besov spaces by

BE,’?([Oa L]d) ={ue 51/1([0:L]daR)’”UHBg;g‘([O,L]d) = ad,pHaHBg,q(TgL) < 00}

10
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Each of them is equipped with the norm appearing in the corresponding definition. We
may write By, Bg:g‘, Byg and the other cases analogously if there is no ambiguity.
Theorem 1.7 [CvZ19), below Definition 4.9]

The Besov-, Dirichlet Besov- and Neumann Besov- spaces are all Banach spaces with
corresponding norms. Also, the resulting spaces are independent of the chosen dyadic
partition of unity.

Proof

The assertion for the Besov space on R? is given in [BCDI1], Theorem 2.72] and carries
over to the periodic setting due to the extendability of distributions on the torus to
periodic distributions on the full space. This subsequently carries over to the other
spaces by the definition via odd or even extensions. For the independence of (x, p), see

[BCD11l, Corollarly 2.70].
U

Definition 1.8 [CvZ19), below Definition 4.9]
Let o € R. We write C* := BS, (T3,), C& := B2 ([0, L), C§ := BY*([0, L]?) and
Hg := By5([0, L]%).

To see the intuition behind the notation of Definition we need the following:

Theorem 1.9 [CvZ19, Theorem 4.15]
Let a € R. We have for any function f,

£l = J S (1 B/ER) (o)

keNd

The above implies that HJ = L?([0, L]?), since (2}) keNd forms an orthonormal basis in

L?([0, L)%, R), [CvZ19, Lemma 4.3]. In particular, H, a > 0, coincides with the classical
Sobolev spaces with Dirichlet boundary conditions, see [CvZ19, Theorem 4.16].

Theorem 1.10 [CvZ19, Theorem 4.7 (c)]
We have

S(T3p, R) == {afu € S3([0, L], R)} = {w € §' (T3, R)|w is odd},
S/ (T, ,R) := {a|u € S4([0, L], R)} = {w € S'(T%,,R)|w is even}.

Both spaces are closed in S'(T4;,R). The spaces S'(T4;,R), S5([0, L]?), S.(]0, L]?) are
weak*-sequentially complete.

In the absence of boundary conditions, BS, ,, coincides with the Holder spaces C* if a €
R4 \ No. By combining this with Theorem we see that Definition [1.8] captures that

11
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Cy and Cy are the spaces of Holder-continuous functions with Dirichlet- or respectively
Neumann boundary conditions.
The Hoélder-Besov norm can also be used to control the L>-norm of functions:

Lemmal.11
It holds that for any e > 0, ||ull ;e < ||u||cg ifu € Cy and |[ull oo < [ulles if u € C5.

Proof

As stated in [GIP15L Appendix A] it holds that HﬂHLOO(TgL) S |lafjge for any € > 0
and € C5. Consequently, [l o) = 1l ) S 0 Jules- The other case is
analogous.

O

Theorem 1.12 [CvZ19, Theorem 4.17]
Let p,q € [1,00] and a < B € R. Then, Bg’q is compactly embedded in By, B;:qﬁ is
compactly embedded in By and Bg:qﬁ is compactly embedded in BE:;“.

Theorem 1.13 [CvZ19, Theorem 4.19]
Let vy € R and m > 0. Let o : R — R be such that |o(z)| < (1+|z|)™™ for any x € RZ.
Then

lo(D)wl| gaem < [[wll -

Let v,m € R. Let o : R? — R be such that o0 € C>®°(R?\ {0}). Assume that for any
a € NE with || < 2|1+d/2| there exists some Co > 0 such that |0%0 (z)| < Cala| ™1
for any x # 0. Then

lo(D)wllgym o, 30y S lwlley o, 1e)-

Remark1.14
Let o(z) := (14 n2|z[*)~!. Then formally o(D) = (1 — A)~! and indeed o satisfies all
of the assumptions of Theorem with m = 2, see [CvZ19, 4.11 and 4.20].

A fundamental result by Schwartz states that there is no canonical way of defining
a product of distributions. However, Bony realized that it is possible to define such
products if the regularities add up to a positive constant. To make this precise we need
to introduce paraproducts and resonant products between distributions.

12



1.2 Paracontrolled Calculus with Boundary Conditions

Definition 1.15 [CvZ19, Definition 4.23]
Let u € S5([0, L]*) U S4([0, L)) and v € Si([0, L]%). We write formally

uQu = ZAiuAjv, u@®uv= ZAiuAjv
i,j>—1 i,j>—1
i<j—2 li—j|<1
and call © the paraproduct and ® the resonant product. This yields the decomposition
w =uu+vQu+u®uvu. The terminology ’formally’ refers to the requirement to
verify the assumptions of Theorem [1.16 below.

It turns out that paraproducts are always defined irrespectively of the regularities
involved, while the resonant product needs regularity assumptions. Before we proceed,
we need to make one more important observation: not all boundary conditions are
compatible. Recall that the Besov spaces with boundary conditions were defined in
terms of odd and even extensions. Let u,v be some functions and uv be their usual
product. Then it is clear that wo = v = 40 and uv = 4v = u?. Keeping this in mind,
we can formulate the Bony estimates.

Theorem 1.16 (Bony’s estimates I)
Let o, 8 € R. Then it holds that:

(i) If o <0, then € © ullgass Sas Ellcpuls-
(i6) Tt holds that for u € S5([0,L]?), [lu © Elley So ull e €] cp-

(iii) T+ B> 0, then [u® €l gass Sap [€lcg lullos-

Proof
It holds that £ Qu =£Q 1, u@é =& and u® & = 4 ® . The claims now follow
from the definitions of the Dirichlet- and Neumann Besov spaces together with [GIP15]

Lemma 2.1].
O

Theorem 1.17

Let o € (0,1), 8,7 € R such that f+~v < 0 and o + S+~ > 0. Then the trilinear
operator Z(f,g,h) == (f@g)Oh—f(gOh), f € Sy([0, L)%, R), g, h € Sy([0, L]*,R) can be
continuously extended to C x Ci x CJ such that | 2(f, g, h)|]cg+5+w S Hf”C?HQHCthHCQ-

Proof

The version on the torus with commutator denoted by C' can be found in [GIP15, Lemma
2.4]. We define for f € Sy([0,L]*,R) and g,h € S([0, L%, R), Z(f,g,h) := C(f,§,h).
The claimed properties then follow for f, g, h smooth by |[GIP15, Lemma 2.4].

13



1.2 Paracontrolled Calculus with Boundary Conditions

To extend the above to Cy' x C x €, we need to make sure that Z is still well-defined
beyond the smooth case.

We claim that for f € CJ, g € C2, § € R, there exist (fx)ren, fr € So([0, L]?,R), and
(9r)ker, gk € Sa([0, L)%, R) such that f, — f in € and g — g in CJ' for any & < 4.
Proof of the claim: Let (PPT);>, (PN")i>0 denote the semigroups generated by the
Dirichlet-, respectively Neumann Laplacians on [0, L]2. We will see in Lemma m that
for any ¢ € (0,1], [IP”"flles < Iflles and [PNglles < llglls. We define fi, := P
and gi = Pll\ﬁ“g, which are smooth by Lemma m By Theorem we can extract
subsequences that converge in Cgl, and respectively in Cgl. Denote limy,_,o fr = [’ € Cg/
and let o € Sy([0, L]?). It follows that

keNd keNd
By using that the embedding €' — S} is continuous, we get that PlD/i,g f— finS).
Consequently, (f',¢) = (f,¢) and f = f’ in S{. The same holds true for (g)ren as well.
This yields the claim.

We get for (fr)ken, (9)ken: (hi)ren as above, C(fi, gk, hi) — C(f,g,h) in C¥H+Y
with o < a, 8/ < 8,7 < v such that 8+~ < 0 and o + 8’ ++' > 0. The LHS is
odd by the smoothness of/t_l\ue/ approximations and consequently, the limit is odd as well.
Hence, we can extend Z(f,g,h) := C(f,g,h) to f € Cy, g€ Cf, h € C; and the result
follows from [GIP15, Lemma 2.4].

O
If one combines Sobolev and Holder regularities in the above, this will occasionally incur
a small loss of regularity. This fact will only play a minor role.

Theorem 1.18 (Bony’s estimates IT)[CvZ19, Theorem 4.25][AC15|, Proposition
3.1]
Let a, 8,0 € R. Then it holds that

(i) 1 o <0, then |[€© Fllyass Sos IElce 171 -
(#) If >0 and § >0, then ||f © &l go—s Sap.s 11l o 1€llcg-
(i) 1f B <0, then |f © &l v < 11 el
(iv) If o+ B> 0, then | © €l yass Zaus 1]l cs-
(v) Ifa <0, a+5>0,8>0, then || &l go—s S5 [ fllyollEllce-
Theorem 1.19 [AC15), Proposition 4.3]
Leta € (0,1), 8,7 € R such that f+7v < 0, a+L+7y > 0 and let 6 > 0. Then the trilinear

operator B(f.g.h) = (f©9)Oh— F(goh), € Su((0, L, R), g,h € Su((0, L], R) can be
continuously extended to HExCE xCJ such that | Z(f, g, P)|| atstv-0 S HfHHg gl callller-
0 n n

14



1.3 Regularity and Convergence of Enhanced Neumann White Noise

1.3 Regularity and Convergence of Enhanced Neumann White Noise

In this section we introduce results concerning the regularity and convergence of enhanced
white noise with Neumann boundary conditions (Neumann white noise). The following
can be found in [CvZ19, Section 6.
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Figure 1: One realization of mollified white noise with L = 1 and m = 25.
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Figure 2: One realization of mollified white noise with L = 1 and m = 100.

Definition 1.20 [CvZ19, Definition 6.1]
Let (Q, F,P) be a complete probability space. A white noise on R? is a random distribution
W :Q — S (R?,C) such that for any f € S(R?,C), W(f) is a complex centred Gaussian

random wvariable with W (f) = W(f(c) and EW (f)W(g) ") = {f,9) 12z c) for any
f.9 € S(R?,C).

We can extend W to a bounded linear operator # : L?(R?,C) — L?(2,C) such that
for any f € L?*(R% C), #(f) is a complex centred Gaussian random variable with

”//(f)(C = V/(fc) and E(W(f)%/(g)c) = ([, 9)2®2,c)- We now define the mollified
Neumann white noise. Let 7 € C2°(R?,[0, 1]) be even such that 7 = 1 in a neighbourhood

15



1.3 Regularity and Convergence of Enhanced Neumann White Noise

of 0. We define

En =Y (ML) k)W (np)ny,

keNZ
where n;, was extended by 0 beyond [0, L]?.

Since we anticipate the requirement to renormalize the continuous Anderson Hamiltonian,
we aim to define it as the limit of A+&,, —c¢y,, where (&, )men approximates the Neumann
white noise £ (in a way to be made precise below) and with (¢, )men being a particular
diverging series of constants. This is implicit in the following definition:

Definition 1.21 [CvZ19, Definition 5.1]
We define the space of enhanced Neumann distributions X& to be the closure in CS x C2*+?2

of
{(¢.¢oa(D)¢ — )¢ € Sa([0, L]*,R), c € R}.

We equip X with the relative topology in C& x C2**2 and the norm Hﬁ”ig = Hngg +
=12 -
2]z for € = (€,5) € 3.

As it was already mentioned, we need to enhance white noise. The second component of
the elements £ € Xy corresponds to this enhancement. The main result of this section
is the convergence and regularity of enhanced white noise:

Theorem 1.22 [CvZ19, Theorem 6.4]
Let o < —1. There exists some random variable & € Xy such that almost surely in Xy,

(fm7§m O Um — Cm) — & = (&E)a

lim
m—00

with ¢y, = 1/(27)log(m) + ¢;, where ¢, only depends on 7. For ¢, € Sy([0,L]?,C),
(&, ¢) and (£,4) are centred Gaussian random variables such that

—C
E((&, @) (€ 4) ) = (&, ¥) 2 (o.1p2.0)
and for any ¢ € C([0, L]?), (£, ¢) = W(¢). The enhancement € is independent of T.
The proof relies on Gaussian hypercontractivity, the Kolmogorov-Centsov theorem and

a careful analysis of the terms in the Littlewood-Paley decomposition.

Remark 1.23
The renormalizing sequence used here differs from the one stated in [CvZ19, Theorem
6.4] and will appear in an updated version of [CvZ19].
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1.4 Exposition: The Continuous Anderson Hamiltonian on the Square

Let us also show a quantitative bound on the L*-norm of the mollified white noise as
the mollification vanishes.

Lemma 1.24
It holds that a.s., ||&ml e S m!TE for any e > 0.

Proof
It follows by Theorem and linearity that ((§,nk))penz is multivariate normally
distributed, which implies that (&,,)men has the same distribution as

T(m™'D)E = Y 7((mL) ™ k) (€ ng) .

keNg
We get for any € > 0,
I7(m™ D)¢[|z < I (m ™ D)Ellcs = az,00l|T(m ™' D)E]|c=,

where we used in the last equality. By a version of the Hormander-Mihlin inequality,
[BCD11, Lemma 2.2], it follows that ||7(m 'D)¢||ce < m~9 ¢||€]|ca. Consequently for
any ¢ > 0, ||[7(m™1D)¢| 1~ < M= E)|¢]|ca. Since a < —1, the claim follows.

O
From here on we treat &, = (&m, &m © Um — ¢) and & realization-wise and assume the
regularity and convergence of Theorem [1.22]

1.4 Exposition: The Continuous Anderson Hamiltonian on the Square

In this section we define the continuous Anderson Hamiltonian with Dirichlet boundary
conditions and characterize its spectrum. Most of the material can be found in [AC15]
and |[CvZ19, Sections 5, 6]. Let us stress that our construction of the killed rough Super
Brownian Motion does not use the theory developed below: The reason is that the
continuous Anderson Hamiltonian does in general not map into spaces of sufficiently
high regularity. Nevertheless, its Eigenfunctions are linked to persistence properties,
which we will consider in Section

Let from here on d = 2, o € (—4/3,-1), v € (2/3,a+ 2), L > 0. We also write
Ca([0, L]?) =: C&, HJ([0,L)*) =: H and L*([0,L]?) =: L?. We define o : R? — (0, 00)
by z = o(x) == (1 + w2|z|?)~ L.

We think of £ as one realization of Neumann white noise and define the domain of the
continuous Anderson Hamiltonian.

Definition 1.25 [CvZ19, Definition 5.2]
Let £ .= (§,2) € X3. We define the space of paracontrolled distributions @g’y ={f¢€

HJ|f* == f— feaoD)¢ e Hgv}. We define a scalar product on 92’7 by (f, 9) oo =
13

17



1.4 Exposition: The Continuous Anderson Hamiltonian on the Square

We also define the subspace @2’7 of strongly paracontrolled distributions by 92’7 ={f¢€

HJ|f> = f* — B(f,€) € Hg}, where B(f,€) = o(D)(fE+¢© f+ Af ©a(D)¢ +
22?:1 0;if © 0ijo(D)E). We define a scalar product on @Z"y by (f,9)prr = (f, g>Hg +
3

<fb7 gb>H02 .

These definitions are partly motivated by Lemma and Lemma below. By
modelling the theory around Eigenfunctions, one can guess the right paracontrolled
structure by counting regularities. The details can be found in [ACI5, above Definition
4.1, and Section 4.2].

Of course, f# and f° depend on ¢ and € respectively. That means that each enhanced

Neumann distribution £ yields a space of (strongly) paracontrolled distributions. We can
now define the (Dirichlet) continuous Anderson Hamiltonian acting on such functions:

Definition 1.26 [CvZ19, Definition 5.3]
Let £ = (§,8) € X3. We define formally the operator 5 : @2’7 — H372 by

Hf=Af+EQf+ O+ fPO&+ fE+ZR(f,0(D),E),

where X is the operator of Theorem |1.17.  The terminology ’formally’ refers to the
requirement to verify that the operator does indeed map into Hj ~.

The next lemma removes the formal aspect of the previous definition and gives some
first bounds.

Lemma 1.27
Let £ = (§,2) € X&. Then it holds that ||<%”§f||H3—2 S ||f||%aw(1 + HEHX%)Z

Proof
Let £ € X and f € .@2’7. We have

Hif =Af+E@f+ b+ [fOl+ fE+Z(f,0(D)E,E).
Therefore by Bernstein’s inequalities, Theorem Theorem and Theorem [1.19

18 -2 S Wl 1€ Fllg-2 < 171 NEllcp
1f @l 2 S Ul Ellegs 17 @ €llg-2 S 1PN €llce

2 — —_
12(£,0(D)E, Ol g S W Ny NEgs 172 -2 S 1l 1 gz,

using that y —2 <o, 7 —2<2y+a, v —2<y+2a+2and v — 2 < 2a + 2.

Lemma 1.28 [AC15), Proposition 4.20]
Let & = (§,E) € X0 If f € D7, then A f € L.

18



1.5 The Mollified Dirichlet Parabolic Anderson Model

Proof
If fe @2’7, then it holds that f = f@o(D)é+B(f, &)+ f°. Sowith Af = f—(1—A)f,

Hf=Af+foé+E0f+ ffOL+R(f,0(D)EE)+ fE
=f—(-A)fea(D)E—fe(l-A)a(D)E+2Vfe V(D)
—(1=A)B(f.&) - (1-A)f +fet+iof+ flol+R(f,0(D)E &)+ f2
=f—(1-D)f+ ffoc+2(f,0(D),E),

where in the last line we used the definition of B(f,&). We get for 6 > 0, f € H{,
e HZ AP e L2 ffote HY %(f,0(D)E,€) € HIT?*° For § sufficiently
small we get indeed the regularity L? using that 2y 4+ a > 0 and v + 2a + 2 > 0.

O
The next theorem concerns the spectrum of the continuous Anderson Hamiltonian.

Theorem 1.29 [CvZ19, Theorem 5.4]

Let &€ € X&. Then it holds that %(92) C L? and 5 : @Z"y — L? is closed and
self-adjoint as an operator on L. There exist A (&) > Xo(&) > A3(&) > ... such that
the spectrum equals the point spectrum via . (Hg) = Sp(Hz) = {M(€)|n € N} and
Card{n € N|X\,(§) = A} = Dim Ker(A — Hg) < oo for any X € 7 (). One has
L? = Span({ux(€)|k € N}) with (ux(€))ren being the associated orthonormal system of
Figenfunctions of 7. What is more, there exists some N > 0 such that for any n € N
and £,0 € X5, \(€) — A(B)] S 1€ — Bl (1+ €]z + 16]l20).

Finally we state the result that the largest Eigenvalue of .7 will become positive almost
surely as the size of the square increases. Along with the continuity of the Eigenvalues
in Theorem [1.29] this will play a crucial role in Section

Theorem 1.30 [CvZ19, Theorem 2.8|
Denote by M\ (€, L) the largest Eigenvalue of #% on [0, L)?. Then there exists some p1 > 0
such that almost surely,

im )
L—so00,L=2"neN log(L) 01

Note that for any m € N, @273 = HE and H,, = A+&n— ¢y, may be expressed as above,
see [CvZ19, 5.9]. We will often use the notation J%,, = A + &, — ¢p. In particular,
since &, — & in Xy, we get the continuity of the Eigenvalues of %, to 7.

1.5 The Mollified Dirichlet Parabolic Anderson Model

In this section we begin the derivation of the solution theory for the Dirichlet Parabolic
Anderson Model (PAM) by considering the mollified case. We follow the approach of
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1.5 The Mollified Dirichlet Parabolic Anderson Model

[GIP15, Section 5] with the differences that we consider the linear (non-generalized)
model, include Dirichlet boundary conditions and use a slightly different enhancement
of white noise. Let from here on &, be a mollified Neumann white noise as constructed
in Section L3l

First we introduce some parabolic Holder spaces which are appropriate for our solution
theory.

Definition 1.31 [GP17, Section 2.1]
Let 5 € (0,2). We define the space XDBT = CTcaﬁ N Cg/zLC’O equipped with the norm

Jull 5, = max{llalgy ez lulpre o
One of the most important properties of this space is given by the following:

Lemma 1.32 [GP17, Lemma 2.11]
Let € (0,2), T >0 and let f € D%BT Then for any ¢ € (0, 8], we have

£l s, S NFO)lles + T2 fll -

Proof
The assertion for the periodic case can be found in [GP17, Lemma 2.11] and the
extension to the case with Dirichlet boundary conditions follows by the definition via
odd extensions.

O
The parabolic Holder spaces also inherit the compact embedding properties from the
non-parabolic ones.

Lemma 1.33
Let 0 < B < B < 2 be non-integer and T > 0. Then it holds that DZ”DBT is compactly

embedded in .,?DBT

Proof

Let (up)nen be bounded in .ff - It follows by the Arzela-Ascoli theorem, that there
exists some u, such that for a subsequence, u,, — v as k — oo in C7L*°. For this u,
uniformly in s # t € [0,T],

l®) = ()l < Jim [ftn, () = tong ()] < Clt = 5172

and uniformly in ¢ € [0, 7], for # #y € (0,L)?,

u(t, ) = ult,y)| < i [t (1) = e, ()] < Cla — y)?
— 00
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1.5 The Mollified Dirichlet Parabolic Anderson Model

for some constant C' > 0. Therefore
[[(u = un, ) () — (u — un, ) (8)[| oo

It — 5|72
,3,
U — Un, — U — Upy )(S o EI_ ’
_(H( ><2_;M )&l H<u_unk><t>_<u_unk><s>ufoo1)B

The first factor is bounded uniformly in s # ¢ and the second vanishes. Similarly,

|(u = uny )(E, 2) = (u = un, ) (8, )|

@ —y|”
8
} (Ku ) W, ),) = (= ) y>\5’_1> -

Again, the first factor is bounded uniformly in ¢ € [0,7] and = # y € (0,L)? and the

second vanishes. This yields that u,, — u in Zf /T, which is the claim.
O

We will also need to consider some explosive counterparts.

Definition 1.34 [GP17, Section 6]
Let v > 0 and 8 € (0,2). We define M%Cf ={v:[0,7T] — Sé([O,L]Q)H\UHMyCB < o0},
T0

where
v s = sup (t7|lv(®)|.5]).
Ivlleg = sup. GIECI)
We define the space .,2”::,? = {f:10,T] = S;([0, L) fll s < 00}, where
’ 0, T

— 2
1910 = max{llt = € FOll s gy

Again, those spaces come with an important relation, which will allow us to obtain small
scaling coefficients:

Lemma 1.35 [GP17, Lemma 6.8]
Let B € (0,2), y€(0,1), T >0 and let f € ,,%75? Then for any € € [0, 5 A 2],

1 gerzo-e S UFll -

Proof
The assertion for the periodic case can be found in |[GP17, Lemma 6.8]. The claim with
Dirichlet boundary conditions follows by the definition.

O
We will use the following results to establish that certain functions lie in % 7:

21



1.5 The Mollified Dirichlet Parabolic Anderson Model

Lemma 1.36 [GIP15, Lemma A.7]
Let (P)¢>0 be the semigroup generated by the Dirichlet Laplacian on [0, L]?>. Then for
any T >0, a« €R, § >0 and u € Si([0, L]?), uniformly in t € (0,T),

5/2

_5 _
|Prllooss St ullee  and | Pellgs St/ ul] oo

Proof

Let us momentarily denote by (PP)s>o the semigroup for the Dirichlet Laplacian and
by (PF“)i>0 the semigroup for the periodic Laplacian. The Dirichlet semigroup is given
by the formula

—_——

PPy = 7(v/tD)u = 7(vtD)u = PP,

with 7(z) = exp(—n2|z|?), where we have used (B). Indeed, if u is a proper function,
then we can first start the heat equation on the torus from 4, note that the solution
retains its odd symmetry and then restrict to [0, L]2. We get

||PltDirU”cg+5 - a2700”PtDiruHca+5 = a2,ooHPtperﬂ||Ca+6~

The claim now follows from [GIPI5, Lemma A.7].

Remark 1.37
Let (PN®");>0 be the semigroup for the Neumann Laplacian. Then Lemma carries
over with the same line of arguments.

Lemma 1.38 [GIP15, Lemma A.8|
Let (P)t>0 be the semigroup for the Dirichlet Laplacian on [0, L]?. Let 8 € (0,1) and

u € C’g. Then we have for all t > 0,

1Py = Dyl oo < 72l -

Proof

The proof follows by |[GIP15, Lemma A.8] and the reasoning of the proof of Lemmam
O

A generalization of Lemma[I.38|to different exponents is given by the following Schauder

estimates:

Lemma 1.39 [GP17, Lemma 2.9]
Let (P;)i>0 be the semigroup for the Dirichlet Laplacian on [0,L)?>. We define for f €
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1.5 The Mollified Dirichlet Parabolic Anderson Model

C([0,00), S5([0, L)?)), Tf(t) := [3 Pi—sf(s)ds. Let B € (0,2), then for any T > 0,

117 ys. S WFloeoz and [1Pully S luollco-

Finally we also need the following analogue for the explosive spaces:

Lemma 1.40 [GP17, Lemma 6.6]
Let € (0,2), T >0 and v € [0,1). Then

AN grp S M llagyes—= and i 6 2 =P, then ||PUO||$D(,€[+5)/2#3 S lluollg-s-
For any p € R, v €[0,1) and T > 0,

I yer S NN ppen—2-
7% %

Now for the solution theory of the PAM, we first consider a sequence of mollified white
noises (&y,)men Which we assume converge to & in Xg+¢, with £ € (0,1/4(—1 — a))]]
From here on, we denote L = 0; — A and recall that 7z, = A+ &, — ¢, We first show
that several notions of solutions to the mollified PAM found in the literature are in fact
compatible.

Theorem 1.41

Let m € N, ug* € C§‘+2 and T > 0. Then there exists a unique, uniformly continuous
solution u, € ZF*NCH2((0,T) % (0, L)?) to the mollified Dirichlet Parabolic Anderson
Model given by 7

Ly, = (&m — cm)um  in (0,T) x (0, L)?,
U (0) = ufl* in [0, L)%, um, =0 on [0,T) x 90, L]2.

We define
Dom(,) = {f1F € Col(0,L)%), #e,.f € Col(0, L))},

There exists a semigroup associated to g, and if ug® € Dom(J#,, ), then there exists
a unique mild and also strong solution u,, € C1([0,00),Co((0,L)?)) in this sense. The
solution satisfies for any 0 < t < 00, upm(t) € Dom(Hz,, ). We call those notions
of solutions of Lieberman- or respectively semigroup-sense with respect to , . Both
notions of solutions are consistent with one another.

!The reason why we need the noise to lie in a slightly better space will become clear below. Since
the regularity a < —1 of white noise is not sharp, we may assume that it actually lies in this space.
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1.5 The Mollified Dirichlet Parabolic Anderson Model

Proof

The first claim follows from [Lie89, Theorem 13.3] after noting that (0,7) x (0, L)?
satisfies a uniform exterior tusk condition on its parabolic boundary. Also, following the
observations below [Lie89, Theorem 13.3], using that the 'width’ Ry of the tusk may
be chosen arbitrarily large, we may assume oy = 1; all of the above in the notation of
[Lie89, Theorem 13.1]. Therefore we may choose, again in this notation, o = a + 2,
which yields the claim.

For the second claim assume that uj* € Dom(%,,). Note that by [CZ95, Theorem 3.17,
Proposition 3.23 and above], there exists a strongly continuous semigroup on Co((0, L)?)
associated to ¢, , which yields a mild and also strong solution in Dom(./%,, ).

Let vy, be a solution of semigroup-sense started from uf' € Dom(7%, ) N C52. We
will see below that v, = Puf' + I((»n — ¢m)vm). By Lemma [1.39 HPuB”HIZDa;z <
||U(T)n||c§+2- Next by Lemma 11((&m — Cm)vm)HcTcg+2 S (Em *Cm)UmHCTcg S
[(€m — em)vmllcppo- Therefore, vy, € CrCet?. We iterate again and arrive at the
bound || I(({m — Cm)vm)||CTC§+4 S [(Em — Cm)UmHCTC§+2' By Lemmafor any t > 0,
Pl € C?((0,L)?). This yields for any ¢ > 0, v,,(t) € C2((0, L)?), since a + 4 > 2.

Let now u be a solution of Lieberman-sense. In order to establish that u = v, it suffices to
apply the maximum principle [Eval0, Theorem 7.1.4.9] to w(t) := exp(—At)(u(t) —v(t)),
where A := sup,¢ (g, 1)2|&m () — cml-

]

Definition 1.42
Note that Dom(7¢,,) is independent of m and coincides with the domain of the Dirichlet
Laplacian on (0, L)%. In particular,

Dom(A,,) = {f1f € Col(0.L)*), Af € Co((0, L)?)}.

We define Iy, := Dom(4,,) NC§T2.

We finally need to define a modified paraproduct to include some smoothing in time.
This will allow us to let it commute with L modulo more regular terms.

Definition 1.43 [GIP15], Section 5]|[GP17, Section 2.3]

Let ¢ € C°(R) be non-negative, of total mass 1, and assume that Supp(¢p) C (0,00). We
define for any i > —1, Qi : CrSy([0, L) — Cr84([0, LI12) by Qif(t) = Jy 22 6(2% (t —
$))f((sANT)V0)ds. We define a modified paraproduct by

1—2
ferg=">Y > AjQifAig, [feCrSy(0,L)), g€ CrSy((0,L]).

i>—1j=—1

Note that if g is independent of time, then it follows that (f @7 ¢)(0) = f(0) © g,
since Supp(¢) C (0,00) and ¢ is of mass 1. Some crucial properties of the modified
paraproduct are summarized in the following:
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1.5 The Mollified Dirichlet Parabolic Anderson Model

Lemma 1.44 [GIP15, Lemma 5.1 and above]
Let T > 0,6 € (0,1), B € R. Let f € CrSi([0,L)?) and g : [0,T] — Cl. Then it holds
that

I(Fer 9)lics S I1flloprellg@lles-
Let u € "%{T and v € C’TC,?. Then
IL(urv) —ur Lvllg, cirs-2 S llullgs 1Vl cyes
as well as

Hu v —ur UHCTc;”'B rg HUHC;ﬂLoo ”UHCTCE'

Proof
By expressing A as a Fourier multiplier and using , we get for any u € S5([0, L]?),
Au = Ad. Therefore the results follow from [GIP15 Lemma 5.1 and above] using the
definition of Cy and C,, as the mollification in time will not affect symmetries in space.
O
Those are all the theoretical results we need. Now we can focus on the construction of
the Dirichlet Parabolic Anderson Model.
The goal is to first establish natural bounds for the solutions associated to the mollified
noises and then to establish the local Lipschitz continuity of the solution map.
By parabolic regularity we expect the appropriate space for the solution to the Parabolic
Anderson Model to be Z2}2. Let ¥, = (1 — A)7YE,. Recall that o € (—4/3,—1).
In order to decompose the ill-defined product u&, we make the paracontrolled Ansatz
u=u&rd+uf, with uf € Cg @+2) " Then uf¢ is well-defined by Theorem m since
20044 + o > 0. Using the equation for u, we can deduce that the remainder uf is given
as a solution to a PDE as well:

Lemma 1.45
Let ug* € I8, m € N. Then u,, solves the PDE

Lt = (&m — cm)um  in (0,T) x (0, L)?,
Um (0) = uf* in [0, L)2, u,y, =0 on [0,T] x 9]0, L]?,

if and only if Um = Upm 1 Um + u?n and uﬁn solves

Luf, = @ in (0,T) x (0,L)?,
uf, (0) = uft — ul* @ Uy, in [0, L)%, uf, = 0 on [0,T] x 9|0, L]2.
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1.5 The Mollified Dirichlet Parabolic Anderson Model

The function ®% s given by

(I)?ﬂ = (um &r LY, — L(um QT ﬁm)) + (Um ©&m —um© Lﬂm)
+Ugn®£m+ (um@Tﬁm_um@ﬁm)Gfm-

Note that u,, is a solution in both strong senses discussed in Lemma [1.41] First, we
want to establish that u,, can also be seen as a mild solution of semigroup sense with
respect to A. We fix u,, to be the strong solution to the mollified PAM and consider
the equation for v,,,

Lvy, = (& — ¢)um  in (0,T) x (0, L)?,
vm(0) = u? in [0, L], v, = 0 on [0,T] x 9]0, L]?.

The function u,, € C([0,T], Co((0,L)?)) N C1((0,T), Co((0, L)?)) is a pointwise solution
to this equation such that u,, € Dom(7%, ). Consequently, it is a strong solution in the
semigroup sense with respect to A, hence also a mild solution.

We have uf, € Co((0,L)?), since u,, € Co((0,L)?) and u,, @7 9m € Co((0,L)?). Next
note that

Aufn = Aupy, — Aty O1 9y — U 17 AV, — 2V Uy, €7 VU,

We have Au,, € Co((0,L)?), since u,, € Dom(#%,,). What is more, Auy, @1 U, €
Co((0, L)?) and u,, &1 AV, € Co((0,L)?) by Lemma using that A does not change
boundary conditions. Finally, the most tricky term, Vu,, & Vi, = 212:1 OiUm, ©T
0;Upm, needs to be treated by an extension of the methods of [CvZ19 Section 4] to
mixed boundary conditions, which is implicitly assumed in [CvZ19| Definition 5.2]. We
therefore get Auf, € Co((0,L)?). Then duf, = Auf, + & € Co((0,L)?), since also
®f € Cp((0,L)?) by what we have already established.

Consequently, uf is a strong solution to the PDE @ in the sense of semigroup theory

m
with respect to A. This yields the variation-of-constants representations

() = Pl + /0 P (6 — ) (5))ds,
%@_B%@+£34%@w
Hence, finally for the paraproduct term,
(e @7 0o (£) = Po(ull @ O + /0 P L{um ©1 9 (5)ds.

There is one technical subtlety that we need to discuss: The commutator # was only
defined implicitly beyond smooth functions. Hence, we need to show that the identity
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1.5 The Mollified Dirichlet Parabolic Anderson Model

R (U, Emy Om) = (Um @ ) © & — U, (U, @ &) also holds for u,, € C§“+2. We have seen
in the proof of Lemma that one can approximate wu,, in C§+2_5, 0<d<a+2 by
uk € S5([0, L]?). Fortunately, the noise is still smooth, so we get for § < —(2a + 2) the
(non-natural) bounds

12 (g, = s Ems Im) sasa S Mty — il av-s|€mlleg [ Oml arars,
and
1((ur, = 1m) © Om) © Emllsa+s < N, = umlleasa—s [DmllczasalEmllcg
(e, = wm) (I © Em)llgzata S I, — tmllgarz—s [€mlleg [ 0mllgzass.

Letting k — oo yields that Z(um,&m, Um) = (Um © V) © &m — Um (P © &n).
Using the various bounds established above, we arrive at the following bound for <I>§n:

sup_ (220, (1) o2 )
0<t<T ?

S T2 ]| gz (Wmllgarz + lmllcg + lmlleg [9mlles )

+ T(a+2)/2Hume/§‘;2 Hﬁm Q& — CchzaH (7)

+Ts/2 sup (t(Oé+25)/2Hu,€n(t)HCQ(a+2)—4e) Hmecha,
te[0,T 0

where ¢ € (0,1/4(—1 — «)). We stress that we used that the regularity of white noise is
not sharp, i.e. we may assume that &,, actually lies in a space of higher regularity. This
allows us to acquire a bound in terms of u,, in a space of lower regularity. Also note that
¥ was chosen such that L, = (0; — A)Vy, = &n — Y. This was used such that terms
of lesser regularity cancel in ®¢ and consequently that uf is of the prescribed regularity.

Step 1: The £2F 2_regularity of wm,.
We use the decomposition

Uy, = ufn + Uy, OT Oy, = ufn + P(ug' © Om) + IL(up, 1 V).
By Lemma [T.44]
[ L(um ©1 Im)llorea < 1 L(um ©1 Um) = ttm ©1 Lm||cpea + [tm ©1 (§m — Im)llopca
S lumll goge—<llVmlleg+2+e + llumll gage—<([€mllca+e + [Pmllegra+e)-
We get by Lemma [1.39] and Lemma, [1.32
[l oz < Hugn\lgg;z +llug' © Imllga+e + [[L(um © Im)llcpes
< Hugan;;;? + llug’ llgo+2[[Om | gor2
+lluml gagz—<l|Omllcarzse + luml goge—<(lgmlicg+e + [Tmllea+2+<)

S bl e + g llgg+2 (N€mll g + 19mlggeae),
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1.5 The Mollified Dirichlet Parabolic Anderson Model

where in the last inequality we absorbed some terms for 7' sufficiently small.

Step 2: The ,,2”00‘;5 2_regularity of uf .

We proceed as in [GIP15, Section 5] and use the decomposition uf, = Puf, (0) + I®f, .
We get by Lemma [1.39

IIPu%(O)Ilgg;z S ek (0)llasz S lluf a2 (1 + [[9mllca)-

Next by Lemma [1.36]

H/Pts dS

< / (t — )@ F/2-15=(02/2 ¢ qup <S(a+2)/2‘|¢gn (S)”CQ(M)Q)
0 0<s<T 0

or S [ Vs Ol S [ (¢80 5

Note that for the singularity,

/t(t _ g)(@tD/2-1 o~ (a42)/2q /1 HetD/2-1(1 _ )(@F2)/2-1p=(a42)/2~(@42) /24 < 1,
0 0

Next for the temporal Holder-regularity of the integral, we decompose it as

t s
/ Pt_T,(I)gn (r)dr — / PS_T@%(T)(ZT
0 0

t s
_ / P, @ (r)dr + / (P — 1)Ps_y & (r)dr.
S 0

We compute for the first term with Lemma [1.36

t
/ P,_,®F (r)

/HPt +®F (1) || oo dr

<mjwmwmwwqm/ P2 BE (1) atasay-adr
< (t _ 8)((1—1—2)/2 lim t(t _ T‘)(a+2)/2_1_5/27“_(a+2)/2d7"
~ 510 Jg
X sup (r(a+2)/2H§>?n(r)ch(a+2>2) .
0<r<T 0

For the singularity,

/t(t )@t D)/2-1-8/2~(@42) /2 gy, < 46/2 /1(1 ) (@t2)/2-1-6/2,~(a+2) /2.
s 0
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1.5 The Mollified Dirichlet Parabolic Anderson Model

which converges as d | 0 by the dominated convergence theorem. For the second term
it follows by Lemma [1.3§ and Lemma [1.36]

H/ (Pr_s — 1)P,_, @ (r)dr
/ (Prs — )Py, B (r )||Lood7“§/ (t — ) D2 P &8 (1)|| posadr
0 0

N/ )at2)/2(g r)(a+2)/2_1||<1>§n(7“)||C§<a+2>*2dr

LOO

< (t— s)(o‘+2)/2/ (s — r)let2/2=1, =422 gup (r(o‘+2)/2||<I>2n(7’)||cz(a+2)2) .
0 0<r<T 0

The singularity is the same as before. Consequently, we get that
+2)/2
Hu?ﬂﬂzg;z S ||u6n||C§‘+2(1 + ||19m||cg+2) + Ozltlé)T (t(o‘ )/ ||(I)§n(t)”c§(a+2)2) .
Step 3: The %(7%+2+5)/2’2(a+2)_25—regularity of uf,.
We use the decomposition uf, = Puf, (0) + I®¢ . By Lemma m
IIPU%(O)\Ij;ogua)/z,z(wz)aa S IIU%(O)IIC<a+2> 5o S llug” lgar2 (14 19ml cot2),

where we chose in the notation of the lemma, 5 = 2(a+2) — 2 and § = —(a + 2) + 3e.
Next, again by Lemma [T.40]

HI(I)Bn‘|_55;0(0«T+2+E)/2,2(a+2)—2E 5 H(I)gnHM;a+2+s)/2C§(a+2)—z—2E.
All in all this yields

HUEnH%(%+2+s>/2,2<a+2>—25 S g llget2 (1 + [9mllga+2)
+ T2 sup (t(a“)/?chﬁn(t)||62(a+2>2> .
0<t<T ?

Step 4: Closing the bounds.
In this step we derive closed forms of the bounds above. We have by Steps 1 and 2,

lum|l goss < il oz + g oo+ (em lcote + [9ml|ca+a+e)

< ||U6n||cg+2(||19m”cg+2+6 + ||£m||cg+6 +1)+ Oi?ET <t(a+2)/2”(I)fn(t)||cg(a+2)—2) .

By plugging this into @, absorbing some terms for 7T sufficiently small and applying
Lemma |1.35

sup_ (205, (1) o2 )

0<t<T
S T(““WIIUS”IICg+2(|\19m!|cg+2+e + [[€mllga+e + D) (1Pmllcar + 1€mllce

+ Hgchg Hﬁchg+2 + [[Um © &m — Cchfa“) + T€/2HugnH$<a+2+g)/2,2(a+2)_25 [[€mll ga+ac-
o, T n
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1.5 The Mollified Dirichlet Parabolic Anderson Model

In the application of Lemma we used the coefficients f = 2(a + 2) — 2¢, v =
(e +2+¢)/2 and ¢ = 2e. By applying the bound of Step 3 and absorbing one more
term for T sufficiently small,

sup (#0220, (1) -2 )
0<t<T >

S T2 ug |l ava ([9mlcarase + emllgare + 1 (I0mllgare + lémllcg

+ l€mlleg 19mllcata + [19m © €m — cmllgza+a) + T2 ufleare (1 + | Omllgara) [ém l cora:.

By plugging this back into the bound for ||uy, || ga+2, we get the following:
2. T

Lemma 1.46
With the notation of Lemmall. 48, we get the bound for T sufficiently small:

[umll gore S Nlugllcota (19mllggrate 4 [|€mllea+e +1)
+ T(O‘+2)/2HU6”HC§+2(”ﬁm”c,?“*f + ||fm||cg+s + 1)(”197””6,?*2 + HmeCg
+ ||§m”cg||19m||cg+2 + Hﬂm O&m — Cm”c'%a”) + Te/QHugLHch(l + ||19m||cg+2)||fm”cg+45-

The sufficiency of the time T > 0 does not depend on u(', just on the noise terms in
appropriate norms.

By repeating Steps 1 and 2, we also get the following bounds:
lum — Pug*l| gosz < by = Puitll gase + gl co+2 (€mllea+s + [0mllgg+2+e),
and
[ PU?Hgg# S Huqt)angL+2‘|'l9m||cg+2 + H%Hmaww@aw%z.
Those yield the following:

Lemma 1.47
With the notation of Lemma we get the bound for T sufficiently small:

[um — Pug'l| gz S Mg core ([mllcgrate + 1€mllgg+e)
+ T(O""Q)/QHuEang‘”(HﬁmHCﬁ““ + Hgm”cnge + 1)(”19ch3+2 + HmeCg
+ ”mec;fHﬁchg” + [[m @ &m — Cch?‘a”) + TE/ZHUgLHcg‘“(l + Hﬁchg“)”fmuchE‘

The sufficiency of the time T > 0 does not depend on u(', just on the noise terms in
appropriate norms.

We can now close those bounds for arbitrary T° > 0.
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1.5 The Mollified Dirichlet Parabolic Anderson Model

Lemma 1.48
Let form € N, ui* € I8y, Then there exist some CT*, C3* > 0 such that for any T > 0,

HUmHD(Zaa;Q < Huglﬂcéqui” exp(Cy'T).

The constants CT*, C3* are uniformly bounded in m. What is more, there exists some
constants K(0), A(0) > 0, for any 6 € X34 depending only on appropriate norms of
0, such that

e = Pug'l] gogz < lJug"llcg+2 K (&m) exp(log(K (€m))(A(€m) + 1)T).

In particular, if 6, — 0 € X4 as k — oo, then A(0;) and K(0) are bounded
uniformly in k. Also, if O — 0 in X374 then K(0)) — 0.

Proof
By Lemma for T < (A(&,) + 1)

lumll otz S llug'lleg+2([9mllcarzre + l&mllgg+s +1)

+ llug’ lgar2 ([Imllga+z+e + [€mllgate + D[0mllco+2 + [1Emlice + 1&mlleg [9mll o+
10 © m — mllezesa) + [ oz s2(L+ Wil g2 g
where A(&,,) > 0 is some constant depending on the noise in appropriate norms. Note
that we have bounded 7" < 1. Also, we may assume that the contribution in the
suppressed constant by the absorptions carried out above can be bounded by e.g. 2

after increasing A(&,,). In short, for some K,, > 1 depending only on noise terms in
appropriate norms, HumHga;Q < Km||u81||csx+z.
o,

Let T' > 0 be arbitrary and let N € N be large enough such that T < N(A(&,,) + 1)~
Then by iterating the bound,

||um||gaa;r2 < Hum”ga+2 < Kﬁ”“?”cg‘“

,N(A(Em)+1) 1

We can choose [(A(&n) + 1)T] < (A(&n) +1)T + 1 =: N. Consequently, using that
K, = exp(log(Kmn)),

[umll gore < exp(log(Km)((A(&m) + DT + 1)) ug" [ co+2- (8)
The second claim follows as the above by choosing
K(&m) = Cl(1&mllco+- + [9mllcgs2<) + (rmllge2ee + [€mllgsse + 1) (10mlles s + lmlle
+ ||£m||c{$H19chﬁ+2 + Hﬂm O&m — Cm”cf‘l”) + (1 + ||79m||cg+2)H§chg+46)a
for some constant C' > 0.
O
(a+2)

Let us derive a bound on the ,,%2:,, -norm of u¥, for arbitrary T' > 0 after some (small)
amount of time has passed.
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1.5 The Mollified Dirichlet Parabolic Anderson Model

Lemma 1.49
LetT > 0and0 < e < 1/4(—1—«). Let 0; be the shift operator, i.e. (fob;)(s) := f(s+t).
We define

k1(€m) == C(1 + [[&mllca+ac ),
ka(&m) :==C (||z9m|lcg+2 + €mllce + lémllee [Pmllcare + 19m © &mn — Cmﬂcsw) 7

for some specific constant C > 0, see the proof below.
Let 0 < d(&n) < (1 + C‘|§m||cg+46)_1/€ NT be arbitrarily small, where ¢ is another
constant. Assume N(T,&y,) = |T/d(&n)] # T/d(€n). Then it holds that

[k, © 07— N (T.g)d(Em) |\$D2(]3(+T2>€—2)ed(§ )

N(Tm)—1 |
<Y AT — N(Td(En))dlEm) o2k (€n) VT HED
j=0
N(T)d(gm))_j_l .
+ "um”300;2k2(£m) Z ki(&m) | -
' i=0

Proof
Assume 0 < ¢ < 1/4(—1 — o). Let T > 0 be arbitrary and let 0 < d(&,) < (1 +
c|\§m]|ca+4s)_l/ € AT, where c is some constant as determined below. It follows by an

elementary calculation that uf, o OT—d(en) = P(ub (T — d(&n))) + I(®F, o OT—d(gm))-
Consequently, it holds that

£ of
Uy, © — a42)—2¢
|| m T d(Em)HZ;(d(;Q)) 2
5 ”u?n(T d(sm))Hcg(a‘F?)*Qi ||<I>Bn o 07 —d(§m)||cd<5 )Cg(a+2)7272s-

In order to estimate terms involving the modified paraproduct, we simply bound e.g.

[(wm ©1 LUm — L(tum ©1 Im)) © O7_4(¢,,,) ”Cd(€ cer=2

< Hu’m or Lﬁm - L(Um or ﬁm)HCTcg(aﬂL?)*Q'
Therefore,

H(I)En o 9T—d(£m) Hcd(sm)cg(a-!—Q)—Q—Qs
S Nl gos2 (Hﬁm\lcgu + [lémllee + 1mllce 19mllga+e + 19m © &m — Cchga+2)

+ H"tﬁn o] 97Ld(§m)HCd(£ )cg(a+2)f4e HmeCgME.
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1.5 The Mollified Dirichlet Parabolic Anderson Model

Next,
#
ut 0 @p_ at2)—de
H m T d({m)Hgi(d(Z:L)) 4
SJ ”ugn(j d(gm))Hcg(aH)*?s d(&m)euugn o HT*d(ﬁm) Hfigo(tgﬂ))f%-

Consequently by absorbing one term,

H‘Iﬁn o 9T7d(£m) Hcd(g )Cg(a+2)72725
S ||um||f:;2 (HQ?mHC,‘,f‘Jr2 + ||§m||cg + HgmHCl‘,’HﬁmHC‘ng? + ||'l9m O&n — CmHCEa+2)

+ ||, (T — d(E&m))ll 2tes2—2e [|Emll a1z
It follows that
0 O7—ae,n) IIX;%:K% < b (T — d(&m)) lgztosn-2ck1(&m) + llumll goy2ka(€m)
with

F1(&m) = O(L+ [|€mllcgrac),
ka(&m) == C (HMHC?H + lemllee + I1mllce 19mllga+e + 19m © &m — Cchga+2) ,

for some constant C' > 0. We can now repeat the derivation above to get a bound
for ||uf o 07 —id(gn) | y2(0+2)—2 With i € N such that id(§m) < T. Assume N(T,&n) :=
0,d(&m)

|T/d(é)] # T/d(&r). Then, by using the bound ||uf, (T — d(Em))Hcg(aH)_ze < |jub, o

01 2d(em) | y2(a+2)—2¢, We get
(&m) “(Zb,d(gm) €9

It @ Or—a(en) |l 222 < (T = N(T, A(m))d(Em)) | tezr-22 o (Em) VT Em)
0, m

N(T&m)—1 ‘
+ Humuzgﬁb(fm) ( Z ki(fm)) :

=0
Finally, we can decompose for T'— N(T,&,,)d(&r) <t < T,

W)= D L (1)) T—jden) Eub (E).
=0

The triangle inequality now yields the bound

u [©] 9 — o —2¢e < u O 0 —(1 o —2e .
[t © O N(T,ﬁm)d(ﬁm)||figv(+;)£7,f)d(£"L) < ]go ([, © O (;+1)d(gm)llgi<d(£+7i>) 2
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To see this, let 5 € (0,1],0 < t; <T,and 0 < s <t; <t <T. Then, ||f(t) — f(s)|l; <
LF() = FE N oo + £ (81) = F()l oo [t = 8|7 = [t = 2] and [t = 57 > |tz — 5|,
Consequently,

Hugn © 0T7N(T,£m)d(€m) | 30253(32)5—2; )

N(T&m)—1 '
<> (T = N(T, d(€m))d(€m)) | gatasar-2c i (§n) ¥ 6D~
j=0
N(T,d(&mn))—7—1 .
+ | g2 ka(€m) > k|-
’ i=0

One can now combine this with the bound of Step 3 to get a closed expression.

1.6 Around the Space Ipam

We still assume that the initial conditions lie in the space Iy ,; = Dom(7%,,) NC*% in
order to use the variation-of-constants representations together with Schauder estimates.
The space Ipyy; however does not enjoy good properties, in particular it is not closed
under taking squares. This is why, as a first step, we extend the above to other initial
conditions.

Definition 1.50 -
We define Ipays to be the closure of Iy, C CS2, that is Ipay = IEAMCD

The space Ipay is in turn to broad. However, we can identify a reasonably large and
well-behaved subspace.

Definition 1.521
We define CD(QJF = Uo<s<1—(at2) cotats,

Lemma 1.52
It holds that C®T2 € Ipay.

Proof
Let 0 <d<1—(ax+2) and u € C§‘+2+5. We need to show that we can approximate
u with up € Iy, ¥ € N, in C§‘+2. Define uy := PlD/ilgu. From what we have seen in

the proofs of Lemma |1.36| and Lemma |1.44} Mk = APf/e]iﬂ € C(']I‘gL). Consequently,

up € Ipyy and as we have seen in the proof of Theorem up — u in C&T2. This
yields the claim.

O

We can now extend the bounds above to initial conditions in Ca(a+2)+.
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1.7 The Dirichlet Parabolic Anderson Model

Lemma 1.53

The bounds of Lemma Lemma [1.77, Lemma and Lemma hold true for
uan c Ca(a+2)+’

Proof

It suffices to show that the variation-of-constants representations of wu,, and u?n, and

the relation ty, =ty ©r U + 1, carry over to uf' € G2, Let u € ¢i***. By

Lemma we define for k € N, u{"" € I\, such that uj"* — uf" in CS*2 as k — oo.
We define u¥, to be a solution to the mollified PAM started from ugn’k, with representation
uk = Pugl’k + I((&n — cm)uk). As ugl’k — ufl’ in C§T2) we get by [Lie89, Theorem

13.3], that uf, — w,, in .,2”00‘;5 2. Consequently by Lemma Pugl’k — Puj’ and
I((&m — cm)uk) — I((&m — Cm)t) in .i”aa;fQ Hence, uy, = Puf' + 1((&m — cm)tm)-
We define ubF := uf — uF @1 9,,. We have ufF = PubF(0) + I®LF with ®5F being
analogous to ®f . So, ufF(0) = uf"* — ul"* © ¥, — WP — Ul © Yy, in CSF? and by
Lemma it follows that ugnk — ugn in CTC§‘+2 with u?n = Uy, — U, ©T O

Next, PubF(0) — Puf,(0) in £33, In order to show that I®4F — I®%, in Z/2,
we use the smoothness of the noise to establish first ®4* — ®f in C7C§. Note that
a < 2(a+2) — 2. Consequently, we can mostly mimic the derivation of to get

||¢gn”CTC§ 5 ||um||g:;2(””qm”cg+2 =+ ||£m||cg + ||§m||cg||79m||cg+2 + Hgm O Oy — Cm”c?‘a”)

+ sup [Juf,(t) © &mlleg
0<t<T

with the non-natural bound |juf (t) ® Emllce < [uf, ()| pa+2[|&m ]| p2a+2. Using bilinearity
? n

and the results already established, we get I @%’“ — 1 @?n in faa;f 2 by another application
of Lemma

Consequently, uf, = Puf (0)+I®% . We have shown that u,,, uf, and ®f admit exactly
the same structure as before. Therefore, all results with initial conditions in I§},; carry

over to solutions started from Cb(a+2)+.

O

1.7 The Dirichlet Parabolic Anderson Model
We can now derive the solution theory for the Parabolic Anderson Model with relative

ease:
Let T > 0 be arbitrary. We first control the remainder uf, in ,,%(O;(rg;r)a )220 )
some sufficiently small time 0 < T'(&,,,) < T', only depending on the noise in appropriate
norms, see Step 3 in the derivation of Lemma m By the above, T'(&,,) is bounded
below uniformly in m. From time T'(&,,) onwards, we can control the remainder by
Lemma until the time horizon T' > 0. The same also holds for @gn, see (7)) and the
proof of Lemma [T.49] for the appropriate bounds.

Let now n,m € N and u,,, u, be solutions respectively. By repeating the derivation
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1.7 The Dirichlet Parabolic Anderson Model

above for u, — u,,, using bilinearity, the bounds established in Lemma and Lemma
a+2)+ w Cotie
n

1.39L we can show the local Lipschitz continuity of the solution map C;
Cotatae x Q204248 S (& Oy bm © O — Cm) — (U, ub,, ®F ). Assume that
(ug"s €my, Omy Em © O — em) — (u0,&,9,E), ug € Ca(a+2)+. In particular, we may assume
(ug"s €m, Um, &m © U — ¢m)men to be bounded. Hence, the solution map is Lipschitz
continuous on a relevant subspace. We define u € CC§™ N C*t2/2 5 4 be the limit

loc
of the continuous extension of the solution map. We get:

Theorem 1.54

Let a € (—4/3,-1), € € (0,1/4(—1 — «)) and uj® € Ca(a+2)+, m € N, ug € C§a+2)+.
Assume (£,Z) € Xo+4 and suppose that (ul,&m,0(D)émyém © a(D)ém — cm,) —
(ug, &,9,2) with &, € Sy([0,L]?) smooth, ¥y, := 0(D)ém, cm as in the definition of

Xot4e, Let for any m € N, u,, be the unique solution to

Ly = (&n — em)um in (0,00) x (0, L),
U (0) = ul* in [0, L], um = 0 on [0,00) x 90, L]%.

Then there exists some u € CC§‘+2 N C’;;HVQLOO such that u, — u in 92”00‘;2 for any

T > 0. What is more for any T > 0 there exists some function uf such that uﬁn —uf in

.,%O‘;Q asm — oo. Furthermore, there exists some 0 < T'(€) < T, such that for arbitrarily

small 0 < T' < T(€) < T, uf, — uf in .i”;%irﬂg)ﬂg(aﬁ)*% and uf, o O — ub o O in
2(a+2)—2¢

Lyr-1 -

The solution u only depends on (ug, &, 9, E) but not on the approximating family. We

call it a paracontrolled solution to the Parabolic Anderson Model

By = A in (0,00) x (0, L),
u(0) = ug in [0, L]?, u =0 on [0,00) x 9]0, L)%

We will often use the notation un,(t) = T{"ug" and u(t) = Tyug. Note that 1" applied to
functions always refers to the solution operator, not the time horizon.

As in Section for 6 > 0,

Aat2+48/2
]

Cote C§+2+5/2 N Dom(7,,)

Also, the regularity of white noise is not sharp. Hence if we assume that ug € C§‘+2+5,
0 <6 < 1—(a+2), then we can show that as above, Tsuy € C?+2+6/2, s > 0.
Consequently, expressions such as T;Tsug and even Ty (Tsug)? are well-defined.

The solution also retains its paracontrolled structure:
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1.7 The Dirichlet Parabolic Anderson Model

Lemma 1.55
Let u be the solution constructed in Theorem [1.57). It holds that

uw=Pug+I(€ou), u=udrd+u uﬁ:Pug—i—I‘Pﬁ, ug:uo—uo@ﬂ,
where
fou=EQutu@l+E0u + (uerd —uev) @&+ uE + Z(u,&,0),
and
= (uerLd—Luerd)+ueé—ue L)+ ueld—-—uerLy)+Eou
+ B, &,9) +uE+ U O+ (uOrd —uev)@f.

Proof

Let 0 < T(€) < T. Tt follows by the above that u,, — u in £22, uf, — u® in £2}?, in
2+¢)/2,2(a+2)—2 . 2(a+2)—2

%(’o%&;e)/ (a+2) ®, and from T(§) onwards in %;‘jﬂ)g) c

As uy, = Uy, 7 U0y, + u’ﬁn, it follows by Lemma that u = u @7 ¥ + u?. Next by

Theorem [1.16] Theorem [I.17, Theorem and Lemma (&m — cm)um — Eou

in M:(FC(Y;)%E)/ 2C§, and from T'(§) onwards in Cp_7¢)Cs'. Consequently, we can combine

both to get convergence in M:(Fa+2+€)/2C§‘. Therefore, by Lemma u = Puy+I(&ou).
By the results cited above, ®¢ — ®% in M}aﬂﬁ)/ 2C02 (@+2)725=2 "1t follows by Lemma
1.40) 194, — I9% in LG22 o, ud (0) = uf — uf © I — ug — ug ©9
in C¢. Again by Lemma [1.40, Puf, (0) — Pug in fa(y%+2+a)/2’2(a+2)_28. Hence, uf =
Pu(ﬁ) + I®*, which yields the claim.

O
The following results give some basic properties of the PAM. We first establish the
maximum principle.

Lemma 1.56
Let ug € Ca(a+2)+, ug > 0. Then it follows that Tiug > 0 for any t > 0.

Proof
Let ug € C§a+2)+, up > 0. By applying the maximum principle [Eval0, Theorem 7.1.4.9]
to the mollified PAM started from wg, the claim follows by the convergence of Theorem

54
O
The following is an analogue of Lemma for our paracontrolled solution.

Lemma1.57

Let ug € Ca(a+2)+. Then there exists some Cq,Co > 0 such that for any T > 0,

lull goxz < Cilluolleg+2 exp(CoT).
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1.7 The Dirichlet Parabolic Anderson Model

Also, with the same A, K as in Lemma[1.48

lu = Puol| gerz < lluolca+2 K (€) exp(log (K (€))(A(€) + 1)T).

Proof
The paracontrolled solution u has by Lemma [1.55| the same structure as the u,,. The
bounds follow exactly as in Lemma [T.48]

O
The continuous dependence of the solution on the initial condition holds:
Lemma1.58
Let T > 0. Then it holds that Céa+2)+ Sugr— Tug € %"‘;2 18 continuous.
Proof
Let ug € CD(O‘HH, uy € CD(O‘HH, k € N, such that up — ug € C§‘+2. We get
. i < _m N m __m N
||TUO TungD,;& S HTU[} T UOH_%;z + HT uQ T ukHiﬂa;Q
+ || T — Tuk‘Hgaa;?- 9)

Let € > 0. Fix k € N large enough such that ||ug — u|;e+2 < €. The convergence of the
0

second term in (9)) follows by Lemma and bilinearity, since for some C7*,C3* > 0
that are bounded in m,

||Tmu() — TmungDa;z S ||U() - uk”cg-"?C{n eXp(anT).

Upon choosing m larger if needed, we can bound the first and the third term in @ for
k fixed by e, using bilinearity and Lemma [1.5

O
Next we need to define a space on which J7 enjoys much better regularity properties
than previously discussed. It follows that for ¢ > 0 and ug® € Igyy,

t
e, /0 T ug'ds = T ug" — g

Therefore we define with some slight abuse of notation for ug € C£a+2)+,

t
e%”g/ Tsugds := Tiug — ug. (10)
0
With this it follows as in Theorem m that if " — ug in C32 as m — oo, then
t t t t
/ Tt ds — / Tsuods, %, / T ugds — / Tsupds in C$T2.  (11)
0 0 0 0
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1.8 The Backwards Dirichlet Parabolic Anderson Model with Forcing

Definition 1.59
Let for t > 0, ug® € Iy, uo € Ca(a+2)+, APt = fot TMug'ds and Apug = fg T uods.
We define the spaces

Dy, = (APl [ € Tipp > 0,0 # 0, > 0},
D,fs = {Atuoluo S Ca(a+2)+,u0 >0,u9 #0,t > 0}.

We define 5 Ayug := Tyug — uo and for t > s, Hg(Awug — Asug) = Tyug — Tsug. For
arbitrary t,s > 0, we define Hz(Agug + Asug) 1= HG¢Avug + HGAsug.

The space Dy, is dense in the non-negative, non-zero functions of Ct,(o‘+2)Jr by the
following argument:

Lemma 1.60 [PR19, Lemma 3.5]
Let ug € Ca(a+2)+, ug > 0, up # 0. We define for k € N, up € Dy by uy := Ay jp(kug).
Then it holds that ||ug — ukHchm — 0.

Proof
The claim follows by the continuity of r +— T,.ug in C§‘+2, since uy, = k fol/k Truodr.
O

1.8 The Backwards Dirichlet Parabolic Anderson Model with Forcing

In this section we consider the equation given by

(0s + H)u! = f in (0,¢) X (0,L)2,
ul(t) = ug in [0, L]?, u! = 0 on [0,t] x 9]0, L]?,

where t > 0, ug € Ca(a+2)+, ug >0, ug # 0, and f € C’([O,t],C?(,aH)JF), >0, f(s) #0,
0<s<t.

This equation will be useful in an intermediate step towards the uniqueness of the killed
rough SBM. The following arguments are essentially due to [PR19, Lemma 4.6], with
modifications to treat the Dirichlet boundary conditions.

Assume first that ug € Dy, and f : [0,t) — Dy is piecewise constant. We then define
a solution in the mild formulation by

u'(s) := Ty_gug — /t Tr—sf(r)dr.

Assume we have ug = A, v € Ca(a+2)+, v>0,v # 0,1 >0. Note that T;_sug =

tt__SSH T,vdr. Using that f is piecewise constant, we get for the redefined 77,

t
,%’iéut(s) = therlU —Ti—sv — / %TT—Sf(T)dT
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1.8 The Backwards Dirichlet Parabolic Anderson Model with Forcing

and
t
8sut(8) =T sv+Ti—sv+ f(s) + / AT f (r)dr.

Consequently, u! is a pointwise solution for the redefined .

Let ug € Ca(a+2)+, ug >0, ug # 0, and f € C([O,t],C§a+2)+), >0, f(s)#0,0<s<t.
By Lemma there exist some ulg € Do, fEoo,t) — D 4 piecewise constant, k € N,
such that u’é — g in Cg‘” and f* — f pointwise a.e. and uniformly bounded in time.
In particular, ulg, f* can be realized as

) 1k ) k-1 1/k i
uf =k [ Tugdr, fH(s) = ;ﬂ[tf,tﬁl)('s)’“/o LI () dz,

for some partition (ti‘c)ie{l,...7k}7 tk =0, tF = t, such that lim_0 SUDje(1,. k} th—tk  =o.
To simplify the notation, we denote for any s € [0,1), |s]x = max{tF|[tF < s}.
By the uniform continuity of [0,#] 3 s — T;_sug € C$2, it follows that in C([0,t],CST?),

t—s+1/k

[s — Tt_sulg =k TTUOdT] — [s = Ti—sup).

t—s

Next we claim that in C([0,¢], C§+2)»

{s — /:T,«_sfk(r)dr} — [s — /:T,«_sf(r)dr} .

Proof of the claim: We apply Fubini’s theorem to get

/t T f*(r)dr = /tk/HH/k T.f(lr]k)dz=dr

t—s

z+s ‘s s
1/k /z-i-s—l/k FLA(rle)drdz = /l/k b </Z+s—1/k kf(mk)dr> dz.

t=s z+s
/1/k " </Z+sl/k kf(Ler‘)dT> dz

_ tsTZf(z—i—s)dz—i—/ljksTZ </+ kf(Lrjk)dr—f(z—i—s)) dz.

1/k +s—1/k

We have

For the second term we choose by the uniform continuity of f for ¢ > 0, k sufficiently
large uniformly in s, such that

<e.

z+s
/Z kF(Lrli)dr — f(z+ s)

+s—1/k

a+2
CO
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1.9 The Evolution Equation for the Killed Mollified Super Brownian Motion

Therefore for some C' > 0,

t—s 2+s
’/ T, (/ kf(mk)dr—f(z+s)> dz
1/k z+s—1/k

For the first term,

t—s
S / exp(Cz)edz.
Ca+2 1/k

t—s t—s

T.f(z+ s)dz — T.f(z+ s)dz
0

IN

s+1/k
[ I g
S

1/k cat?

s+1/k , ,
S Ml exp(C =)z

This proves the claim. We define

¢
ul (s) == Ty sub —/ T, o f5(r)dr

Then by the above, u}, — u' in C([0,], C§“+2), where

u'(s) == T}_gug — /t T sf(r)dr

We call this u! a solution to the backwards Dirichlet Parabolic Anderson Model with
forcing.

1.9 The Evolution Equation for the Killed Mollified Super Brownian
Motion

In this section we construct and analyse the solution of the so-called "Evolution Equation
for the killed mollified Super Brownian Motion’:

()% in (0,T) x (0, L)%,

at¢m(t) = ‘%’ém(ﬁm( ) %Qsm
ém(t) =0 on [0,T] x 9[0, L),

¢m(0) =4 in [0, L],
for ¢ € Igyy, ¥ > 0, ¢ > 0 and v > 0 sufficiently small, i.e.
1 ft
UP () 1= bm(t) = T = 5 [ T2 (U (). (12)
Our approach is based on Wild sums, as presented in [Eth00, Chapter 2.1]. The
advantage of this representation is that the influence of the initial condition will be

explicit, a fact which we will use to identify the moments of the killed mollified Super
Brownian Motion. We define S™ : C’TCanr2 X C’TCDQJr2 — C’TCD‘YJr2 by

S™(F0)(0) = 3 [ T~ s dglt — s, s
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1.9 The Evolution Equation for the Killed Mollified Super Brownian Motion

If we set up a Picard iteration we get,

@5 (t) = =T,
¢r(t) : = g’ (1) + 5™ (¢g" 7¢0 )(®),
@5 (t) - = ¢5' () + 5™ (1", 1) (1)
= g (t) + Sm((¢0 +5™(0": 95')), (96" + 5™ (96", ¢6°) (1)
= &' (1) + 5™ (6", 6") (t) + 5™ (05", S™ (05", ¢6')) (8) + 5™ (S (85", ¢6"), ¢ ) (2)
(

o
+ 5™ (0"
+8™(S™ (90" ¢0'), S (90" P61 (1),

We denote
vl =
YIS (e 0f) =
YO8™(E ST (eh 48) =V,
YTEST(S™ (9 05 bp') =,
yTAST(S™( G 081, S(eps 05)) = W,

We denote the degree of the tree 7, |7], to be the number of leaves of 7, i.e. the number
of vertices with at most one neighbour. On the other hand, when we write |7(¢,z)| then
we mean the absolute value of the number 7(¢,2) € R. In general, S™(11,72) can be
constructed by joining the roots of 1, 7:

S (11, 10) =: Ve

We define T to be the set of ordered binary rooted trees, which can be constructed
recursively by the following rule: Let 7° := {-}. We then define for n € N, 7" :=

T1 T2

{7, € TP} and T = UpenT". Note that we do not identify isomorphic trees
for combinatorical reasons. We can then expand the solution to formally in v as a
power series in terms of such binary trees:

= Y4

TET

T1 T2

where we identify - = v~ 1¢p® and for 7 such that |7| > 2, 7 =
following two lemmas show that this expression is not just formal:

= S™(71,72). The

Lemma 1.61 [Eth00, Lemma A .4]
Let for n € N, C(n) be the number of ordered binary rooted trees of degree n. Then it
holds that the formal power series Y,y C(n)y" has radius of convergence 1/4.
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1.9 The Evolution Equation for the Killed Mollified Super Brownian Motion

Proof
By considering subtrees 71,79 of 7 and the decomposition 7 = TlvTQ, we get the relation
n—1
Cn) = C(HICMm—j), C1)=1.
j=1

Note that the series C,, := C(n + 1) for n € NU {0} are the Catalan numbers. Let
f : R — R be the formal power series given by f(v) = Y ooy C(n)y"™, f(0) = 0. The
formal generating function for the Catalan numbers, F(y) = > o2, C,7y", has radius
of convergence 1/4 and is explicitly given by F(vy) = 2(1 + /T — 47)~!. It holds that
f() = vF(v) and therefore this function has radius of convergence 1/4 as well and is

given by f(v) =1/2(1 — /1 — 47), using the relation (1 + /I —4v)(1 — /1 — 47) = 4.
O

Lemma 1.62 [Eth00, Lemma 2.7]
Let forn,m € N, t > 0, z € [0,L)%, a™(t, ) := oreT rj=n T(t,T). Assume that for
t >0, supg<s<¢llaf* (s, )| o < 00. Then it holds that the power series

v Z ap' (t, z)y"
neN

has a non-trivial radius of convergence for fized t, uniformly in x.

Proof

This proof is an adaptation of [Eth00, Lemma 2.7] to our setting, building on some more
careful estimates.

We have seen in Lemma that the power series 7 +— > o2 ; C(n)y"™ has radius of
convergence 1/4. Therefore it suffices to show that there exists for any ¢ > 0 some
Kn(t) > 0 such that for any tree 7 € T and = € [0, L)%, |7(t,z)| = (—1)I"+1r(¢,2) <
max{t, 1}I7=1K,,,(#)I7]. Let

Kpn(t) == max{ sup |lal" (s, )| o0, 1} :
0<s<t

We use induction over |7| = n € N. For n = 1, «(t,z) = al*(t,z) < K,,(t). Let now

7 €T besuch that |[7| =n+1,n €N, and 7 = " with 7,7 € 7. We assume first
that |71] = 1 and |72| = n. Then if ¢ > 0, using the monotonicity of s — K,(s),

0< (O ) = 5 [T )RR R ) s

t
< Kl7l(t) / T™p(x) max{s, 11217 ds < KI72(¢) max{t, 112171t K, (1)
0

< max{t, 1}/ 1 Kl7l(1).

43



1.9 The Evolution Equation for the Killed Mollified Super Brownian Motion

Assume now that both |r],|72| > 2 and 7y = ' with 73,74 € 7. Then

0< (D) = 5 [T ()R- ) s

< Kl () maxr, 1)/ / T (1) (5)) (@) ds

= K/7(t) max{t, 1}12I- 1/ ", / T (=) (s — 1) (= 1)y (s — 1)) (2)drds

= K[| (t) max{t, 1}~ //T;L (=D g (s — ) (= 1)y (s — 1)) (@) drds.

We substitute z = r +¢ — s and get by Fubini’s theorem,
A TZL LDy (s — ) (=) g (s — 1)) (a)drds
~2 / T ()P (t = 2) (=)t = 2)) (@) dzds
t—s

2/ 2T (=) g (t — 2) (— 1)y (- 2))(2)dz

< max{t, 1}(—=1)" 1 (4, 2) < max{t, 1} K]0 (1),

Therefore, 0 < (—1)TH1™ (¢, 2) < max{t, 1}‘T|_1KTI,§|(t). Together with the above this
yields the claim.

U
Explicitly we have a*(t,z) = T;/™(z). Hence the assumptions of Lemma are
satisfied by the uniform continuity of this function.

Lemma 1.63

Let T > 0, ¢ € Ipyu, ¥ > 0 and v > 0 be sufficiently small. It holds that the mild
solution U™ (yy), t < T, is a strong solution ¢, € CL([0,T],Co((0,L)?)), ¢pm(t) €
Dom(,,), 0 <t <T, to

{atasm(t) = e, dm(t) — 5dm(t)? in (0,T) x (0, L),
¢m(0) =y in [0, L)%, ¢ (t) = 0 on [0,T] x 9]0, L)%

Proof

The semigroup for %, is strongly continuous by an application of [CZ95, Theorem
3.17, Proposition 3.23]. The claim now follows as in [Isc86, Theorem A]. Note that
Iscoe assumes that the semigroup is contractive. However, this may be dropped by the
localness of the problem. Also, since we have already constructed a mild solution, there
is no need for us to introduce, in their notation, the function §. Their 'mild equals
strong’ argument subsequently carries over to our solution.

O
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1.10 The Evolution Equation for the Killed Rough Super Brownian Motion

It follows immediately from the variation-of-constants representation that U™ (y)) <
T™ (1) for any ¢ € Dom(s#,, ). The other natural bound should read that for any
Y € Dom(7%,,), v > 0,0 < U™(v). This part of the proof carried out in [Isc86, Theorem
A] does, at least to our knowledge, not carry over, as it implicitly uses the contractivity
of the semigroup. However, we will encounter in Conjecture [1.65] an argument which
should yield the non-negativity at least for sufficiently small initial conditions.

1.10 The Evolution Equation for the Killed Rough Super Brownian
Motion

In this section we derive the solution theory for the 'Evolution Equation for the killed
rough Super Brownian Motion’ given by

{8t¢>(t) = Hed(t) — 50(t)% in (0,T) x (0,L)?,
#(0) = y1p in [0, L], (t) = 0 on [0,T] x 90, L)?,

with ¢ € C§‘+2+5, 0<do<l—(ax+2),9 >0, # 0 and v > 0 sufficiently small.
This construction, which we shall call the Paracontrolled Wild sum approach, is novel
and builds on [Eth00, Chapter 2.1]. Note that the same arguments carry over to the
mollified Evolution Equation as well and yield yet another construction in this case. We

define as in Section

¢o(t) := Ti(vih),
Pnt1 1= do(t) + S(Pn, #n)(t), n € No,

where for f,g € tha(a+2)+,

S0 == [ ToeslF(6)al))ds.

Lemma 1.64
LetT > 0,9 € CoT*0 0 < § < 1—(a+2), ¢ >0, ¢ # 0 and assume~y > 0 is sufficiently
small. Then there exists a variation-of-constants solution U(vy1) € %‘?2%/8 to the

Evolution Equation for the killed rough SBM given by
Uord) = Tilo) = 5 [ Tovs Uy,
In particular, it holds that U(y) € C([O,T],C§a+2)+).
Proof
Let first ¢ € CST2 and v € CpCYT* for some 0 < § < 1 — (a + 2). We define for

t>0,

V(t) = /0 "y o(s)ds.
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1.10 The Evolution Equation for the Killed Rough Super Brownian Motion

Let C1,C5 > 0 be the constants appearing in Lemma We can bound

ITW)| yos2ssr2 < (C1V 1) exp(CoT) [ gaszss,

HVHC Co+240/2 < sup / Crexp(Ca(t — s))ds|v]|,. cotz+s < CiT exp(CoT)|vll¢,. cotte-

<t<T

We have that
V() = V(s) = (Tr_s — 1 /Ts o dr—i—/Tt o
It follows for 0 < s,t < T,

V(&) = V(s)ll Lo
< O exp(CoT)(t — s)@F2+0/4)/2

/ Ts_pv(r)dr
0

< Oy exp(CoT)(t — S)(a+2+6/4)/2/0 C exp(Ca(s — r))dTHU”CTCz?”“

t
co+2+o/2 +/S ||E—Tv(r)||cg+2+5/2dr
0

+(t—s)Ch eXp(C2T)||UHCTcg+2+5
< (Cyexp(CoT))*T(t — s)<a+2+5/4>/2\|v|yCTC§+2+5 + (¢ = 5)C1exp(CoT)|[vll oy pov2+s.
For the second term,

(t = 5)C1exp(CoT) |[v]| ¢ gor2+s
< Crexp(CoT) vl g patz+s (t — §)(@H2H8/)/2(p _ gy1=(at2+6/4)/2
0

< Cy exp(CoT) [[vll g, garavs (t — 8) @ THHD2(T v 1),
0
This yields that V € C{**T//2 120 with the bound
IVl asassrn < maX{C’l exp(CoT)(T V 1), (Cy exp(CT))? }HUHC cor2ts.
0,

We define the trees 7 as in Section now for the PAM instead of the mollified PAM.
Let T>0and 0 < § <1— (o +2). We define

A(T) := max { Cy exp(CoT)(T'V 1), (C exp(CoT))*T, 1},
K(T) := max {(C’l V1) exp(CgT)H@Z)HCgHH, 1} .
We claim that for any n € N, |7| = n, it holds that

[l < A(T)" K (T)"

2n
E:;z-s—&(s/z;—zk:l 1/2k)
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1.10 The Evolution Equation for the Killed Rough Super Brownian Motion

Proof of the claim: We proceed by induction. Let n = 1, then

| o < K(T).
4] yoassr2 < K(T)

For || =n+ 1, we decompose T = . Assume that without limitation of generality,
|71| < |7m2] < n. It follows by the above and inductively, that

T1 T2

[

2n

1
‘|$a+2+5(5/472i(:n;_1) 1/2k) = §A(T) ||7-1T2||C Ca+2+6(5/4—2k:1 1/2k)

2T T%»

< A(T)||Iml TC:+2+6(5/472i|;\ 1/2k) HTQHC’TC:HH(S/LZiZ? 1/2k)

< A(T)ImHImI=1 gyl il

This yields the claim.
Let an := > c7 |r|=n 7. It follows that

S
n

E Y an

n=1

< S A"C(n)A(T)" K (T)". (13)
jaa;:2+6/4 n=1

By Lemma there exist for any 1" > 0, ~ sufficiently small such that the sequence

. . a+2+4/4 . a+2+4/4 o+2+6/8
(¢n)nen is bounded in .2 - . By the compact embedding .Z} CLr ,
Lemma [1.33] it follows that there exists a converging subsequence, which converges to

some U(vyv) € .,%a;f 2+9/8 such that

Uuord) = Tuord) = 5 [ Toes Ut

O
We also need to establish natural bounds for the solutions. This is the content of the
following conjecture.

Conjecture 1.65
LetT >0, eCo?M 0<d<1—(a+2),v>0,1%#0. Assume v > 0 is sufficiently
small for U(yy) € %?;2”/8 given by

Unort) = Turd) = 5. [ Tl

to exist by an application of Lemma m Then it holds that 0 < Uy(~yy) < Ti(vy) for
any 0 <t < T.

Sketch of Proof
The inequality U(yy) < Ti(v1) is immediate by the variation-of-constants representation.

47



1.11 Approximation of the Rough Evolution Equation

For the lower bound assume that there exist some ¢,z such that Uz(yy)(z) < 0. Then

T)(a) < 3 [ Toes(Uslap)?) s,

Note that Ug(yy) /v — Ts(¢) as v | 0. Consequently the LHS is of order 7, while the
RHS is of order v2. This yields a contradiction for  sufficiently small. One needs to
make sure, though, that the sufficiency of v does not depend on t,z. We give a formal
argument that this should be possible:

Assume that there exists some 0 < ¢ < T minimal such that there is some = € (0, L)? with
Ui(yp)(x) < 0. If t = 0, then Up(y¥)(z) = ~v¢(x) > 0, which yields a contradiction.
Hence assume that t > 0. We get by using the minimality of ¢ and the maximum
principle, Lemma [1.56

T0)() < 3 [ TsOsw s < 5 [ T ) @IV e,

What is more,

T Uuod) = Ti00) = 5 [ T (U )

Let s < t. By the minimality of ¢, it follows that 0 < Ug(yy) < Ty(yv), hence
1Us(v)) || oo < 1Ts(v4)]| oo - Comsequently,

t

Ti(vy)(x) < Tt(’ﬂb)(ﬂﬁ)/o ITs(Y)| Lo ds < Te(v) (@) [Vl ot CrT exp(C2T),  (14)
where C1,Cy > 0 are as in Lemma Note that v > 0 sufficiently small in the
construction of Lemma, implies in particular, that

1
< .
AA(T)K(T) — ChT exp(CoT) [l o+

v <

Therefore, is a contradiction.

The reason why the argument above is formal is that there may not be such a minimal ¢.
For example assume that for each t > 0, there is some x; € (0, L)? with Uy (7)) (z¢) < 0
and ; — xo € 9[0,L)? as t | 0.

1.11 Approximation of the Rough Evolution Equation

Treating high order non-linearities is a major challenge in paracontrolled calculus. In
this section, we show that U™(yy)) — U(~1)) as m — oo, implying that the solution
constructed in Section[I.10]is natural. To our knowledge, the approach used here is novel.
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1.11 Approximation of the Rough Evolution Equation

Lemma 1.66
Let 0 < e < 1/4(-1 —a), T > 0. Let b, o™ € CTT and let K(8),A(0), 6 €
Xot4e  be the constants from Lemma . Then there exist some constants C' > 0 and
K(6:,0,T) > 0, 0;,0 € X074 depending only on appropriate norms of 0,0, 0 — 0,
with the following properties: If 0, — 0 in X34 as k — oo, then K(6y,0,T) — 0.
Then,

”T¢ - Tm¢m||cTcg+2

< 19l gat> K (§m, & T) exp(log(K (§m, &, T))(A(E) + 1)T)

1Y = " lgor2 (K (&m) exp(log(K (&m)) (A(&m) + 1)T) + C).

Proof

We decompose
1T = T ™| ¢patr S NTY = TPl oy cotr + 1T = ™™ || o pove
ST = Py — (T = PP)llgpeve + T = Pp = (T = PY™)l| g o
+ [Py — PmecTcng2~

It follows by Lemma [1.53

HTm@Z) - PT/’ - (Tm@bm - P¢m)||CTc§+2

< [l = ™| o2 K (&m) exp(log(K (§m)) (A(&m) + 1)T).
By Lemma for some C > 0, ||[Py — P¢m||CTcg+z < O —meCngz. We have
shown in Lemma [I.55 that the paracontrolled solution to the PAM admits the same

structure as in the mollified case. Therefore, by repeating the derivation of Lemma 1.5
and by using bilinearity, we get for some constants as in the claim,

|(T = Py) = (T™ = P)|| 002
< K (. &, T) exp(log(K (€. £ T))(AE) + VT [9] o2

O
We can now show that solutions to the mollified Evolution Equation converge to the
rough case.

Theorem 1.67
Let T > 0 and ¢ € C§a+2)+, ¥ >0, ¢ # 0. Let v be sufficiently small. Then it holds
that in CpC§™2,

U™ (v) = U(vy).
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1.11 Approximation of the Rough Evolution Equation

Proof

Let 1 € C&M2%° 0 < § <1 — (a +2), be non-negative and not identically zero. We can
repeat the derivation of Section [1.10]in the mollified case by using the analogous bounds.
In particular, there exists a non-trivial lower bound for the sufficiency of v. We define

A(T) := max {01 exp(CoT)(T V 1), (Cy exp(C-T))2T, 1} ,
K(T) == max {(C1 V 1) exp(CoT) [ a2+ 1}.
and
Ap(T) 2= max {CT" exp(CE'T)(T V 1), (CT" exp(C'T))*T, 1} ,
K (T) := max {(CI" V 1) exp(CFT) ||t os25, 1}

When building trees, we use the naming convention that the superscript of the subtrees
shall indicate whether we employ S™ or S:

m m
T T2 T1L T2

ST = v, S(rum) = v

Then by the above, for any tree 7, ||7]| yat2 < AMIT=1K (Tl and for any tree 77,
0, T
17| gtz < Ay (T) ™" 171K, (T)7™. We define
0, T

meN

A (T) = max {A(T), sup Am(T)} ,

K.(T) = max {K(T), s%% Km(T)} ,

C;(T) = max { sup exp(log(K (&m, &, T))(A(§) + 1)T), 1} :

CZ(T) = max {T(Slé% K (&m) exp(log(K (§m))(A(&m) +1)T) + C), 1} :

Let 7™ be the tree obtained upon using the operator S™ and 7" instead of S and T
We claim that

17 = 7l epeot> < K(&m, & T)CHT)(T v 1)(2]r| = CH(T)TAL(T) T EL(T),
0
We proceed inductively along the order n of the trees. First for n = 1, by Lemma [1.66

170~ ™6y eav2 < K (€m. &, T) exp(log(K (€. & T)(AE) + VD)t ez
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1.11 Approximation of the Rough Evolution Equation

Next, let 71, 72, 71", 73" be trees such that |71| + |2| = n + 1. We get

”Tl - Tm Hc cot? < OiltlET/ | T(11(s)T2(8)) — Tm(ﬁm(S)T%n(S))”ct_scg“ds
< STV 1)K (€, 6.T) explo8(K (€m, & T)(AE) + DT 172l
5T (€) exp(loB(K (€n))(A(€n) + DT) + O)lImma = 778 52

N)

1 1
< K(&m, & T)CHTHTV D)5 |Immlle,eore + CHT) S Imme = 775" oy o

It holds that
Inmlle e < 2mllogegeelimalonegss < 24(MMHRTEL(T) M

and

- TganTcgﬂ + 2H72chTc§+2HTl - T{anTcg”

| Tim2 — 71"75 ”cTcgf+2 < QHTlucTc;l“HT?
T IT£"|HT1 — T{n|yCTca+2.
0

< 2A.(T) KT 172 = 737 oy ae + 2A0(T) T KL(T)

Consequently, by the inductive hypothesis, using that C2(T), A.(T) > 1,

R loges+e < K(&n, &, T)CHT)(T V1)
(7| + |7o]) = DO(T) I A ()R g ()T,

With this the claim is proved. Together with Lemma this yields that

Z ”T — TmHCTCsH_Qf}/ T
TET

<K&, &, T)CHT)(T V1 fj )(2n — DCA(T)" LA (T)" LK. (T)™.

The sum on the RHS is finite for 7 sufficiently small, hence for m — oo

UG = U () lgyeger < DM = " logegran!™ = 0.
TET
O
In particular, the same proof also yields the existence and convergence of solutions to

{&:é(t) = A (t) + 36(t)* in (0,T) x (0,L)?,
#(0) = y1b in [0, L], (t) = 0 on [0,T] x 9]0, L]%.
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2 Construction of the Killed Mollified Super Brownian Motion

2 Construction of the Killed Mollified Super Brownian
Motion

In this section we construct the killed mollified Super Brownian Motion as a limit
of Branching Brownian Motions in a mollified white noise environment. The theory
developed below is classical and the main arguments are already outlined in [Eth00)
Section 1.5].

2.1 Killed Branching Brownian Motion in a Mollified White Noise
Environment

First we define our population model. Then we introduce the spatial movement of
particles and afterwards the branching and rescaling.

Definition 2.1
Letn € N, L >0 and 6 ¢ R%. Let B" be a variance-2/n-Brownian Motion in R? started
in x € (0,L)2. Let T, be the first exit time of (0,L)%. We set

Ln B;l 'Lft < Tn,
B = .
0 ift >T,,

and call it a killed variance-2/n-Brownian Motion.

Some properties of the killed variance-2/n-Brownian Motion are listed in the following
lemma.

Lemma 2.2 [CZ95, Theorem 2.2, Proposition 2.3 and Proposition 3.23]

Let Bf’” be a killed variance-2/n-Brownian Motion. Then it is a Feller- and strong
Feller process in (0, L)%. What is more, the transition semigroup is a strongly continuous,
positive, contraction semigroup on Co((0,L)?). On this space its generator, from here
on denoted by G¥,, acts on Dom(G*) = {f|f € Co((0,L)%),Af € Co((0,L)*)} by Gt f =
1/nAf.

Note that Dom(GY) = Dom(5#%,,). We need to consider an extension to the one-point
compactification of the domain, which will allow us to test our processes against constant
functions.

Lemma 2.3 [EK86, Proposition 4.2.3]

Let E be a locally compact, separable metric space. Let (T(t))i>0 be a strongly continuous,
positive, contraction semigroup on Co(E) with generator G. Assume 6 ¢ E and let the
set EU{d} be equipped with the topology of the one-point compactification. Define the
operator T°(t) on C(EU{8}) for each t > 0 by TO(t)f = f(8) + T(t)(f — £(0)). Then
(T°(t))s>0 is a strongly continuous, positive, contraction semigroup on C(EU{8}) with
generator GO extending G such that the constant-1-function is in the bp-closure of G°. It
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2.1 Killed Branching Brownian Motion in a Mollified White Noise Environment

holds in this sense that G1 = 0 and G°f = Gf for any f € Co(E), where we associate
to f the extension to EU{d} given by f(d) = 0.

Remark 2.4
Using [EK86l, Proposition 4.3.1], we will not distinguish between G and its bp-closure
when considering martingale problems.

By applying the above theorem to G%, we obtain an extension G such that G%1 = 0.

We next define the environment our particles will live in.

Definition 2.5
Let n,m € N. We define on (0,L)?,

G =5 (14202 g )= (1= ),

We denote for n sufficiently large the associated probability generating function on (0, L)?
by ®pm(s) = ;f}ns2 + C;}n

Remark 2.6
For any m € N, &, is smooth, hence bounded in [0, L]?. Therefore we can choose n large
enough such that ®,, ,, is indeed a probability generating function.

Whenever we refer to 'n sufficiently large’, we associate some minimal Ny € N such that
n > Ny is required for the claim. This Ny may change during the course of this text.
This is not an issue, since we can always choose the largest such constant.

We can now define our underlying particle system.

Definition 2.7
We define E = {3F | 6,,|k € N,z; € (0,L)? for any i€ {1,...,k}}.

Definition 2.8 [EK86), Section 9.4]
Let n,m € N with n large enough according Definition [2.5. We define the martingale
problem for (LY, .., D(L3, ,,,)) by:

DL} ) ={ exp({log(g), ))lg € Dom(GR), = < 1, inf_g > 0},

where on this set the generator is given by

Grg + Prm(g) —
g

Lt exp({log(g). D) () = 2 ) exp((og(9). ). pe E.
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2.2 Moment Bounds and Explicit Expressions for our Individual Based Model

Remark 2.9

In [EK86l Section 9.4] it is further imposed that ||g||;~ < 1. This is because they treat
more general probability generating functions defined in terms of infinite power series.
Nevertheless, their assertions carry over to our setting with this less restrictive definition,
see also Remark 2.5

A solution to this martingale problem exists and is unique:

Theorem 2.10 [EK86), Theorem 9.4.2]
The martingale problem for (L3, ., D(L3, ,,)) with starting point being any v € E has a
unique solution.

Remark 2.11

Following [EK86, pp. 400-402], the martingale problem describes a branching stopped
variance-2 /n-Brownian Motion with death rate 1 and offspring distribution given by the
probability generating function. The probability of two offsprings is given by Cj’ L),
while the probability of no offspring is ¢, L (). See also the proof of Lemma @ for a
different representation.

Note that there are only countably many particles alive at any time ¢ > 0, which implies

that null sets don’t accumulate over all particles.

Definition 2.12

Let n,m € N with n sufficiently large according to Deﬁm’tion. Assume that npiy m € E
for anyn € N. We define X;"™ = 1/nY,;"", where Y™™ is the solution to the martingale
problem for (L}, .., D(L}, ,,)) started in npipm. The generator of X™™ will be denoted
by (Lp,m, D(Lnm))-

With this notation, we can finally define (a posteriori) the probability space we are
working on:

Definition 2.13
Let for n,m € N, n > Ny, (Q,F, (F"")i>0,P) be a complete filtered, right-continuous
probability space that supports Y™™,

2.2 Moment Bounds and Explicit Expressions for our Individual Based
Model

In this section we show that our individual based models have moments of all orders
which are uniform over finite time intervals. This will be crucial for establishing relative
compactness, convergence and alternative martingale problems.

We first show a comparison principle which allows us to compare the Branching Brownian
Motion in an environment with a classical branching process.
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2.2 Moment Bounds and Explicit Expressions for our Individual Based Model

Lemma 2.14

Denote by 1/nA the generator of a two-dimensional variance-2/n-Brownian Motion
on R? with domain Dom(A) C Co(R?). Let Z™™ be the solution to the martingale
problem for (L7, ,,, D(L}, ,,,)), where D(L, ) = {exp((log(g),-))|g € Dom(A?),infga g >
0, |9l oo < 1} and where on this set the generator is given by

1/nA°g+ @y, 0 (9) — g
g

L7, exp(({log(g), ) (1) = < ,u> exp((log(g), 1)),

with p =% 16,,, k€N, 2; €R? i € {1,...,k} and O, (x) defined for x ¢ [0, L]? by
setting & () = . Assume that Zg™ is deterministic.

Let H} for i € N denote the position at time t of the i-th particle to have appeared
in the population. More precisely: If there are k > 1 initial particles, then we assign
HY, ..., H* arbitrarily to those. If the i-th particle branches and this is the j-th branching
event in the population, then we assign to its children arbitrarily the labelling i and j+k,
where k is the number of initial particles. If the i-th particle is dead or not born yet at
time t, we set Hf = §. We also define t; to be the birth time of the i-th particle, i.e.
t; = inf{t > O|H} # §}. Then Z™™ may be represented as

t 1
Zzz,m = Zg,,m +/ / / 5Hi7]l 1/2(14+(Em—cm)/n)(HE ) Nb(deidU)
o JnJo T {vs ; : }

t 1
- O 1 —(em—cmymyri )\ Naldsdidv 15
/0 /N/D H_ {vgl/Q(l (Em—cm)/ )(HS_)} d( ) ( )

1—q

[e.e]
=1 t—t;
where
o p=supr21/2(1+ 5"’%) € [1/2,1) for n sufficiently large,

e ¢ =infr1/2(1+ §m+cm) € (0,1/2] for n sufficiently large,

Ny(dsdidv) is a Poisson random measure with intensity pds > pe 0r(di)dv,

Ngy(dsdidv) is a Poisson random measure with intensity (1 — q)ds Y pe; 0 (di)dv,

e 0, is the Dirac mass for x € R? and 65 = 0,
. Bng, t > t;, is a variance-2/n-Brownian Motion started in Hgl We set BZ’J =94
fort e R.

Note that we can construct the random variables H® apart from the initial k ones
consecutively from the Poisson Random Measures Ny, Ny and the associated indicator
functions.
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2.2 Moment Bounds and Explicit Expressions for our Individual Based Model

Proof

This proof was inspired by [FMO04, Proposition 2.6] and [Cha06l Equation (15)] and
constitutes a partial extension.

Let g € Dom(A%) be such that ||g||; < 1and define f,(k,x1,...,21) = 19(x;). The
process Z™™ may be equivalently characterized by the martingale problem for (A, D(A)),
where D(A) = {f,lg € Dom(A%), ||g||; < 1} and

5
Afg(kyay, .. ap) = (ig(%’) + @pm(g(5)) — 9(%’)) T 9(@:).
j=1 i#]

To see this, it suffices to note that [[%_, g(z;) = exp({log(g), u)) if p = 3, 8,, and to
reintroduce the factor g(z;) in the above as a productive 1, granted that infg2 g > 0.
We define for v € E, v = Zle Ou;s fq(w) = fo(k,21,...,21). Let W™™ be the process
defined in with W™ = v and the associated H', see also [FM04, Theorem 3.1]. Let
(t7)jeq1,...n—1) be the jump times of W™™ with N — 1 the (random) number of jumps
and t5 =0, t3y, =t. We get

-1

N
Fo(W™) = fo(WE™) = Z — fo(We™)

fog (WE™) = foWET) + fo (WD) = fo(Wir™)

-1
_/// (fe(WZ +5Hz) fg(W:_’m))]l{Kw(Hi )}Nb(dsdidv)
- P s—
+/// (Fo W™ = 0z ) = fo(WZ Ny, c1s20em—cmim) 3y )y Naldsdidv)
- —q s—

j—1

+ ng t;— — fo(WE™).
j=1

Consequently,

E(fg(W"™)) = f(W5"™)

J=1 i#]
H! #6
t — 1 Em — Cm
" 0 E(ZZ(l_ n > Hy #Hg HJ_))>ds
Jj=1 7]
H! #6

o6



2.2 Moment Bounds and Explicit Expressions for our Individual Based Model

We decompose the last term as
1

N
E (Z fg(WtziTi) - fg(Wt?m)) = E(fg(wtmm) - fg(Wg’mﬂN =1)P(N =1)
j=1

j—1

N
+E (Z To(WE™) = fy (W)
j=1

However,
P(N>2)=P(N-1>1)<EN-1)=t—0,

as t — 0. Consequently, the second term does not contribute to the generator. For the
first term,

P(N=1)=P(N—-1=0)=exp(—t) = 1

as t — 0. We see that E (fo(W,"™) — fo(Wg"™)|N = 1) /t converges as t — 0 to the
generator of a (1, W;"™)-dimensional variance-2/n-Brownian Motion. Hence all in all
we deduce that the generator A’ of W™™ takes the form

I
™=

A/gl/ .73j2— € g } 1 M Zj xT;
o) = ey~ of Dy (145 ¢ IS
k —m k F)
#3000 = gl (1= 22 ) [Tote) + Y- Sotep) [Tt
J=1 i#] j=1 i#j
k
. I“21 &m — Cm . 1 7§m_cm ) — ol .
—j;<gu>2(1+n )@+ (1) @) g<3>>i1;[jg<z>
k A‘S
£ (e [T ot
=1 i#]
—Afg(k,lﬁl,...,xk).

All in all, we may represent Z™™ as in equation ([L5).

Remark 2.15

The martingale problem for Z™™ goes in fact slightly beyond the theory presented
in [EK86, Chapter 9.4], since the branching probabilities are no longer continuous.
However, we can construct the process as in and show that it is indeed a solution
to the martingale problem for (L7, ,,, D(L}, ,,))-

In the following, when comparing processes on (0, L)2U{d} and R?, 1 denotes the constant
one function in both spaces, including in particular § in the first case, whereas 1 )2 :
(0, L)2U{6} — {0,1} denotes the function which is 1 in (0, L)? and 0 on {§}.
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2.2 Moment Bounds and Explicit Expressions for our Individual Based Model

We can now introduce some stochastic domination results which were already applied
in [Cha06].

Lemma 2.16 Cf. [Cha06, Theorem 2]

Let n,m € N with n sufficiently large according to Definition @ and npipm € E. Let
Y™™ be the solution to the martingale problem for (LY ., D(LY .,)). Extend &, to R* as
in Lemma and let p = supg21/2(1 + &'L%Cm) €[1/2,1), g =infre1/2(1+ 5”’%&") €
(0,1/2] and Z™™ be as in Lemma . Let finally YP be a branching Brownian Motion
as Z™™ but with branching mechanism W¥(s) = ps®> + (1 — p). All processes start from

Nfin,m, suitably extended. Then it holds that

(Lo )2, Y™M™) < (1,2™™) < (1,YP).

Proof

The first inequality is clear, since the only difference between Y™™ and Z™™ is that
Z™™ is defined on the full space. Note that by the definitions of p,q, 1 —p < 1—g¢q. The
second inequality follows by using the explicit representation , bounding

1 <1, 1

1—q

Em—cm i(zT,mM
1/2(1+ H'(Z

m—Cm i on,m Z ]l 5
{vgl/zu—%)w (zm >>} {vgi%’;}
as 1/2(1 — (&m —cem)/n) =1—1/2(1 4 (&5 — ¢m)/n) > 1 — p, and then by subsequently
redefining the random variables H*.

O
We already get a very preliminary moment existence result:

Lemma 2.17

Let n,m € N with n sufficiently large according to Definition and let Y™™ be the
solution to the martingale problem for (L}, ., D(L}, ,,)) started in npnm € E. Then it
holds that for any k € N and t > 0,

E <<]l(07L)2,Y;n’m>k> < o0.

Proof
The process (1(g,1)2, Y™"™) can be controlled by the process (1,Y?). By [ANT2, Corollary
I11.6.1] this process has moments of all orders for all positive fixed times, since for any
keN, 2Fp < o0.

O
We will also need the following more refined bound.
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2.2 Moment Bounds and Explicit Expressions for our Individual Based Model

Lemma 2.18 [EK86, Lemma 9.4.1]
Let n,m € N with n sufficiently large according to Definition [2.5 and let Y™™ be the
solution to the martingale problem for (L}, .., D(LY, ,,)) started in nppm € E. Then

n,m?

E((L,Y,"™)) < (1, nftm) exp(t]®, (1) = 1] o)
and for any K,T > 0,

(1, nptn,m)

P <sup (LY exp(—t[|®], (1) — 1][L=) > K) < e

t<T

Proof

The second inequality differs slightly from the formulation in [EK86, Lemma 9.4.1],
hence we give a full proof.

Let A > 0 and g = exp(—A). Then by the martingale problem for (L} ,,,, D(L} ,,.)),

M(t) =exp(=A (1, Y;"™))

- /ot exp(=A (L Y5™)) ((Pn,m(exp(=A)) — exp(=A)) exp(A), Y4™) ds,

is a martingale started in exp(—A(1, npin,m)) by the martingale problem for (L}, ,,,, D(L3, ,,,))-
Therefore,
E(exp(—A (1, ¥;"™))) = exp(—A (1, nfinsm)
[ B(p(A 1Y) (B xp(~)) — exp(~X)) xp(N), Y7

+ [ Bexp(=A (1Y) (1= explA) B mexp(-), Vi) ds

<1 exp(A L i) + [ Elexp(A (1Y) (®,0(1) — DA+0(0), Y2m)ds
<1 —exp(—A (1, npnm))

+ (@7, (1) = 1) 4+ 0(1)[[ e E(exp(=A (L, Y"™))A (L, YM™) ) ds.

The uniformity of the error term o(1) in x follows by its explicit Lagrange (mean-value)
representation and the boundedness of &,, on [0, L]2. By Gronwall’s inequality,

E(exp(=A (1L, Y;"™) (1Y)
<AL — exp(=A (L, ) exp(E]| (@], 1 (1) = 1) + (1) 222).-

99



2.2 Moment Bounds and Explicit Expressions for our Individual Based Model

Letting A — 0 yields that
E((LY7"™)) < (1, nptnm) exp(t]| @, (1) = 1| zo<).
Further

M) = Jim A7 (1= M) = (L1 = [ (@],0) - 1LY as

The convergence holds in L' by the dominated convergence theorem and hence M is a
martingale. By the discontinuous It6’s product rule, cf. [Pro05, p. 83], we get

(1Y) exp(~4]@), (1) = T12) = (Lt

t
= [ exp(=sl| @, (1) = 1<) (s)

t
+ [ exp(=sl| )0 (1) = 1) (@) (1) = LY ds

0

t
= [ Y ], (1) = Ul exp(=58) (1) = L),

where the covariation vanishes, since ¢ — exp(—t||®}, (1) — 1) is of finite variation.
Using that (®;, ,,,(1) — 1, X™) < [|®], (1) — 1|z (1, XI™), we get that

(1, X{"") exp(—t]| @7, ,, (1) = 1] L)

is a supermartingale. Let K,T > 0. By [EK86, Proposition 2.2.16], for right-continuous
submartingales Z,

2E(ZH(T)) — E(Z(0))

P(supyz(t)\ > K) < P(supZ(t) > K) +P<ti£;2(t) < —K) < e

t<T t<T

Applying this to the non-positive submartingale — (1,Y;"") exp(—t||®}, ,,,(1) — 1||r)
yields the inequality

1
’ (S“p (LY exp(=t]| @) (1) = L1=) > K) < L),
t<T ’ K

In particular for our rescaled process X™™,

1 1 _
E((l,X?vm» =K (<1, nYTZ’m>> < E <1;n,un,m> exp (—nt‘ %Tcm

)

Therefore, if p, ., has bounded mass uniformly in n, for any 7 > 0, it follows that
Sup,> N, SUPg<i<r B((1, X;"™)) < oo. From Lemma we also know that all moments
exist and Lemma [2.18| implies that the first moment is uniformly bounded. We need to
establish the uniform boundedness in time of the second, third and fourth moments as
well. This is the content of the next result.
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2.2 Moment Bounds and Explicit Expressions for our Individual Based Model

Lemma 2.19
Let n,m € N with n sufficiently large according to Definition [2.5. Let Y™™ be the

solution to the martingale problem for (L3} ., D(LY, ,,)) started in v € E such that
(Lo,ry2,v) = 1. Let T > 0. Then it holds that

4
sup E( (1 , Y nm )<oo.
ogng << (O.1)% % >
In particular for n sufficiently large, p = supr21/2(1 + fm%‘:m) € [1/2,1) and Y? as in
Lemma[2.16,

E((1,Y?())) = exp(\t), E((1,YP(£))%) = exp(2/\t)§ + exp(At) (1 = i) ,

2

30 302 30 302 30
P(+)\3) — il _2r 27 °r 27
E((1,YP(t))”) exp(3)\t)2)\2 + exp(2At) < 2 + 3 ) + exp(At) <2)\2 iy + 1) ,

where A = 2p — 1 and ¥ = 2p. Furthermore for the fourth moment,

393 993 992
E ((17 Yp(t)>4) = exp(4)\t)ﬁ + exp(3At) <—/\3 + )\2>

993 1892 T 393 992 T
+ exp(2At) </\3 - A) + exp(\t) (—)\3 +t5z -yt

Proof
It suffices by Lemma to consider the process Y? with p = supp21/2(1 + (&, —
cm)/n) € [1/2,1) for n sufficiently large. Let W(s) = ps® + (1 — p), u(s) = ¥(s) — s and
for s,t > 0, F(s,t) = E(s{HY7(®)) . An application of the Kolmogorov backward equation
yields

O F (s, t) =u(F(s,t)), F(s,0)=s,

see [ANT72, pp. 102ff.] for more details. Then E((1,Y?(t))) = 83’ST1E(3<1’YP(’5)>).
Exchanging differentiation and integration is valid here if 1/2 < s < 1. Indeed YP(t) >
0 and YP(t)s¥"®) < YP(t), which is integrable by the proof of Lemma The
corresponding validity assertions for higher moments are analogous and we will not
consider them explicitly on every occasion.

We define A = +/(1) and 9 = «”(1). By the Kolmogorov backward equation,

0105 F (s,t) = 050 F(s,t) = Osu(F(s,t)) = u/(F(s,1))0sF(s,t), 0sF(s,0)=1.
Letting s 1 1 yields,

80, F(1,1) = N0 F(1,1), 9,F(1,0) = 1.
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2.2 Moment Bounds and Explicit Expressions for our Individual Based Model

So, E((1,YP(t))) = 0sF(1,t) = exp(At). For the second moment, 83‘5T1F(8’t) =
E((1,YP(t))?) — E((1,Y?(t))). We compute

D102 F (s,t) = 020, F (s,t) = Os(u/ (F(5,t))0sF (s,1))
= (F(5,1))(0sF (s,1))* + u/(F(s,t))0%F(s,t)

and
03 F(5,0) = E((1,YP(t)) ((1,YP(t)) — 1)sHY"O=2) =0,
Letting s 1 1 yields
QOPF(1,t) = Yexp(2Mt) + NO2F(1,t), 0°F(1,0) = 0.

Variation of constants gives that

O*F(1,t) = exp(2)\t)§ + exp(At) (—f\) .

Hence

E((1,YP(1))?) = exp(2)\t)§ + exp(M) <1 - ;9) .

For the third moment, 93| F(s, t) = B((1,Y(1))*) — 3E((1, Y?(t))*) 4+ 2E((1, Y?(1))).
Again,

Q1O F (s,t) = Os(u (F(s,1))(0sF(5,1))? + u'(F(s,t))0>F(s,t))
"(F(s,t))30sF (s,t)02F (s,t) 4+ u/(F(s,1))0>F (s, 1)

and
92F (5,0) = E((L, YP(1)) ({1 Y?(1)) — D)({1, Y?(1)) — 2)s-Y" O3] _ — 0.

Letting s 1 1 yields
5 392 392 5 5
OO F(1,1) = exp(3)\t)T + exp(2At) - + A0 F(1,t), O;F(1,0)=0.

Variation of constants gives that
3092 392 392
3 —
O F(1,t) = exp(&\t)w + exp(2Xt) (—)\2> + eXp(}‘t)ﬁ'
Hence,
2

39 392 3¢ 392 3¢
P 3y v A v 2Y
E((1,YP(t))”) exp(3)\t)2)\2 + exp(2\t) ( v + A ) + exp(At) <2A2 5 + 1) )
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2.2 Moment Bounds and Explicit Expressions for our Individual Based Model

This implies in particular that the first three moments are integrable over finite time
horizons. We repeat the computations for the fourth moment. We have

OLF(s,t) = E ((L,YP(8)) (L YP(1)) — D)((LYP (1)) — 2)({L,YP (1)) — 3)s (Y0 ~4)
and

E((LY?(t)") = 9:F(L,t)

1 OB YP(0)%) = LE((LY?(1)%) + GE(L Y*(1))

as well as 05F'(s,0) = 0. By the Kolmogorov backward equation,

DO (s5,t) = 3u"(F(s,1))(0%F (5,1))? + 4u” (F(5,1))0sF (s,t)03F (s, 1)
+ ' (F(s,t)0F (s,t).

Letting s 1 1 yields

993 1893 993

Variation of constants gives that

30° 90° 919 39°

Therefore,

39 993 992
E((1, Yp(t)>4) = exp(4)\t)ﬁ + exp(3At) <—)\3 + )\2>

993 1892 T 393 992 T
exp(2A) (v et A) exp(Al) <_)\3 et 1) ~

Lemma 2.20

Let n,m € N with n sufficiently large according to Definition [2.5. Let X™™ be as
in Definition with starting point fin, where np,n € E. Assume further that
Supy,> Ny (L(0,2)25 finm) < 00. Then for any T' > 0,

4
sup sup E (<]l(07L)2,X§L’m> ) < 0.
0<s<T n>Np

Proof
We recall that X;"™ = 1/nY,;"™, where Y3 = npi, m. We can choose p in Lemma m
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2.2 Moment Bounds and Explicit Expressions for our Individual Based Model

for n > Np as p, = 1/24+O(1/n). Let YP be as in Lemma with Y™ = npy, m. Let
(Yp"’k)ke{l,...,(l,nun,m} be i.i.d. branching processes with one initial particle each such

that YPr £ ypnl + -4 YPollntinm)  Then by Lemma [2.19
1
© (e 327) =2 ((ramr 57) ) <

(1 gt ) B ((1,Y001)

(1, npipn m) exp(Apns),

S|I—= 3=

where u,(s) = pps? +1—p, — s, Ay = /(1) = 2p, — 1 = O(1/n). By the independence
of YPr* and YPr! for k # 1,

E((1, YPr)?) = <1,7§,m>E <<1,Y7f;’ ) ) + S E((1,vRh) (1, vET))
k=1 l#7

= (L) B (L Y21Y) 4+ (1t () = DE ({1,720’
and
E <<]1(0’L)2,Xg’m>2> < LE (<17Y7fsn> )
9

= — (1, nfinm) (exp 2)\nn3 + exp(Anns) (1 — )\"))

n

+ <1 g m) (1, nbtn,m) — )exp(?)\nns),

where ¥, = ul/(1) = 2p, = 1 4+ O(1/n). Only the first summand necessitates some
discussion, since A, — 0 in the denominators. However,

Un  14+0(1/n)
nA,  nO(1/n)

= 0(1) + O(1/n).

With that, uniformity in n and s < T as well as integrability over finite time horizons
follow. For the fourth moment, we apply the multinomial theorem. We write for
ki,..., k(Lnun,m) € Ng such that k1 +--- + k(LnMn,m) =4,

4 B 4!
]{,‘1, ceey k<17nﬂn,m> kl' oo k(l,nﬂn,mﬂ °
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2.2 Moment Bounds and Explicit Expressions for our Individual Based Model

Then it follows that

» 4 4 <17n/‘n,ﬂ1> ond ki
E(<1,Y " (£)) ) — 3 ~ (’fb--whlmun,m)E I1 <1,Y ">

kl+"'+k<1,nun,m =1

= (1, i) E <<1 Ypml(t)>4)

(L, gt ) (1, T0ft ) — 1)4E (<1,Y”"’1(t)>3) E((1,Y7'()))

+1/(20) (1, i) (1, 2t ) — 1)6E (<1,an71>2)2

/() (1) (1 ) = (L i) = 2) (1, i) — 3)24E ({1, ¥721))

where in the last step we used that YP»1, .. YPr(Lnsnm) are ii.d.. Instead of writing
down an explicit bound for the fourth moment of X"™™ = 1/nY, ;" as above, let us give
the main scaling relations which lead to uniformity in n:
The time rescaling is harmless, since nt only appears in exponents together with )\, =
O(1/n). The only dangerous terms are the A,, appearing in the denominators. As above
we have for all summands a prefactor of n=*. For the fourth moment term of Y?»:!, the
denominators are of at most order 3. However the prefactor is of order 3 after cancelling
with the n from the initial distribution in (1, nu,,). Consequently after cancellation
with the remaining prefactor, the denominators do not vanish as n — oo. Similarly,
for the third moment term, the denominators are at most of order 2 with remaining
prefactor of order 2. For the second moment term, the denominators are at most of
order 2, due to taking the square of the second moment, with remaining prefactor also
of order 2. For the first moment term, the prefactor cancels exactly with the initial
condition and the expression for the first moment does not involve A, in a denominator.
O
From here on we will consider a substantial number of different but related martingales.
For the reader’s convenience and ease of reference, we have included as Section [5.2] an
Index of Martingales.

Lemma 2.21 Cf. [Eth00, Lemma 1.10]
Let n,m € N with n sufficiently large according to Definition . Let ¢ € C2%((0,L)?),
¢ > 0. Then

t
Lfnl®) = (6,50 (6, X557) — [ (Ao, X2 d

is a martingale with predictable quadratic variation

W= [ (296T90+ 6 x0m) ds
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2.2 Moment Bounds and Explicit Expressions for our Individual Based Model

Proof

The first part of this proof was inspired by [Eth00, Lemma 1.10]. Our derivation of the
predictable quadratic variation is novel and the result deviates from the one in [Eth00,
Lemma 1.10]. Nevertheless, it is consistent with the results of [PR19].

Let ¢ € C?((0,L)%), ¢ >0,y > 0 and g = exp(—vy#). Then g — 1 € C.((0,L)?) and
g € Dom(G?%). We consider the martingale problem for Y™™ with such ¢g and get for
t,u>0

0 E<exp<— (1, YY) — exp(— (yh, V™)

B /t+u <_:L/A¢ N fv¢Tv¢ n @n,m(exp(—vé)) - eXp(_7¢) ’ Y;n,m>
t

exp(—7¢)
)

f() = exp(— (v, Y},")) — exp(— (v, Y;"™))

_ b _1 f T (bThm (eXp(—’)/gb)) — eXp(_’ng) n,m
/'f < Ot Vever exp(—79) o >

X exp(— (76, Y™))ds

We set

x exp(— (¢, Y{"™))ds

and
I(s) = <—ZA¢ e Pan{opC19)) —wlnd), Y”m> -
We get
C;Eyf('y) = — (6, V1) exp(— (v¢, Y1) + (6, V)" exp(— (¢, Y""™))
-/ N L6+ G676 4 [ (¥ exp(—10)) exp(~29) (—6) + exp(~26)0)

— (@nmlexp(—716)) — exp(—76) ) exp(—16) (=) | /(exp(—276)), Y™ )
x exp(— (v, Y™)) + 1 (s) exp(— (v, YJ™))(— (¢, YI5™))ds.
We denote
B(s) = { = A9+ IVGTV + (9], (exp(~19)) xp(~276)(~9) + exp(~216)9)

— (®nm(exp(—10)) — exp(—76)) exp(—16)(~9)] /(exp(~276)), Y™ ).
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2.2 Moment Bounds and Explicit Expressions for our Individual Based Model

Note that %Il(s) = I»(s). Plugging in v = 0,

d n,m n,m tu 1 / n,m
IO ==Y + @) = [ (A0 (1= 0l ()01 ) s

and we note that ®;, ,,(1) = (1+({m —c¢m)/n). Using Lemma we can find a suitable
majorant by factoring out all deterministic functions via supg<,<i/|-[/ - and bounding

exponentials with non-positive exponents by 1. Hence we can exchange differentiation
and integration, which implies
fn,m>
! .

This is the martingale property for Y"™. The martingale property for X;"" = 1/nY,;"™
follows by considering ¢/n and an application of the substitution formula.
In order to find an expression for (Lﬁ’m)t, we decompose the term (Lﬁm (t))? and identify
martingales and non-decreasing, predictable processes of finite variation. In order to find
another martingale, we repeat the procedure above. We have

2
jygf(’v) = (¢, V) exp(— (v¢, V2T1)) — (6, Y7"™) exp(— (v0, Y;"™))

t+u
0= E( — (&Y ) + {6, V) - /t <‘:L(A +&m — ), Ym> ds

- /t o (6796 + [(¥ (exp(—76)) exp(~3716)6” + ¥, (exp(~76)) exp(~26)26”
+ exp(—270)(—20)(¢) — D), ., (exp(—79)) exp(—27¢)d* — Py (exp(—78)) exp(—7¢) o>

+ exp(~276)20% ) exp(~279) — (@), ., (exp(—78)) exp(~276)(~8) + exp(~270)¢

— (B m(exp(—79)) — exp(—719)) exp(—76)(—6) ) exp(—276)(—20)| / exp(—479), Y™ )
x exp(— (76, Y™)) + Io(s) exp(— (6, Y7"™)) (— (¢, YI™))

+ In(s) exp(— (y¢, Y™ (— (6, Y7"™)) + Lo (s) exp(— (y¢, ™)) (¢, YI™)? ds.

Now
d2 n,m\ 2 n,my 2
dTQf(O) = (6, Y1) — (6, Y")

[T Evervss i)+ (2ot g — o v (017 ds.
As above, this yields that
Mo (1) = (¢, X" = (¢, X¢™)?
= [F(2V6TV6 4 XD 4 2,0, X0 (6, X0 ds

is a martingale. Another martingale is given by

€200 = (0,50 = [ (a0, X2m) ds) (6. X5™).
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2.2 Moment Bounds and Explicit Expressions for our Individual Based Model

We need to find one last local martingale.
Claim: The process

t 2
M0 =2 [ (030 (0. X0 ds + ([ (a0, X0m) ds)
0

206,50 [ (e, X0 ds

is a local martingale.
Proof of the claim: By Fubini’s theorem,

¢ t
/ (A @ XT) / (A §, X)) drds
0 S

t t

= /0 /0 Lo () s (r) (b X3) (e, b, X0™) drrds
t pr

- / / (A, ¢, X)) ds (Hg,, ¢, X;™) dr

0 JO

t S
= [ 0. x0m) [t 0. X0 drds,
0 0

where in the last line we merely renamed some variables. Therefore by adding the first
and the last line of the above,

(/Ot (A, 0, X;"™) d8)2 = 2/0t (A, 0, X™) /: (A, b, XI™) drds.

We now write
2 [ e, x0m) [ (0, X0 drds
=2 /Ot (M s X2™) (0, X™) = (6, XJ™) = L (1) + L () ds
=20, X0") [ 0,6 X0 s =2 [ 05,0067 (0, X5 s
— 2L, (t) /0 t (M, ¢, XP™) ds + 2 /0 t LY () (A, XI™) ds.
This yields
Mo (t) = —2L5 ,(¢) /0 t (M, XP™) ds + 2 /0 t LY o (8) (A, 0, X2™) ds.

By applying the discontinuous It6 product rule, we get
t
LEm(®) [ (a0, X0 ds
_ / / (a6, X drdLS +/ LS (s) (A, &, X1 ds

(L [ (a0, X2 ds)

68



2.3 The Superprocess Limit: Killed Mollified Super Brownian Motion

The covariation vanishes, since the Lebesgue integral term is absolutely continuous.
Therefore,

t s
M) = =2 [ [ (0. X7 drdL (),
0 JO

which is a local martingale. This proves the claim.
We now get

t 2
(L2 (1)% = (6, XP™) 4 (6, X2 ( [ e 0x0m) ds) 2, XY (6, X

t t
+200.X57) [ (0. X0 ds =240, X7 [ (e, 0. X7 ds
t /2
M0+ 20X + [ (296TV6 4 6, X0 ) ds
0
t t 2
b2 [t 0.x0m) (0. x0m ds o+ ([ (0,0 ds)
0 0
t
S 2ME0(0) ~2(0. X)) [ (Hed, X2 ds
0
= Mo, (t) — 2M25 () + M35 () + 2 (¢, X))
t /2
+ / <V¢TV¢ + 2, ngm> ds.
0o \n
This yields that indeed

(LY )t = /0 t <iV¢Tv¢ + ¢, Xg7m> ds.

O

2.3 The Superprocess Limit: Killed Mollified Super Brownian Motion

We show in this section that X™™ converges for fixed m as n — oo to an intermediate
process which can be seen as a killed Super Brownian Motion in a mollified white noise
environment (killed mollified SBM). In fact, the techniques in this section are standard
and do not require any knowledge of Paracontrolled Calculus.

The following theorem asserts that for the construction of limiting processes it is sufficient
to prove convergence of the generators, relative compactness of the prelimiting processes
and uniqueness of the limit.

Theorem 2.22 Cf. [EK86, Theorem 4.8.10]

Let (E,r) be a complete and separable metric space and M(E) be the set of Borel
measurable functions. Let A C M(E), p € E and L : A — M(E) be a linear operator.
Suppose that the D([0,00), E)-martingale problem for (L, A) with starting point p has
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2.3 The Superprocess Limit: Killed Mollified Super Brownian Motion

at most one solution. Let (2, F,P) be a complete probability space. Let (Fi')i>0 be
a complete filtration for any n € N. Suppose (Z}')i>0 is an (F{*)i>0-adapted process
with sample paths in D([0,00), E). Assume further that lim,_,o Po (Z§)~! = §,, weakly.
Assume that every subsequence of (Z™)nen has a subsubsequence (Z))ien which converges
weakly to some limit point Z' such that for any f € A and t,s > 0,

t+s
1 +) =10 - [ LIZ ), 1€N,

t+s

f(Z'(t+9) = f(Z'(1) - Lf(Z'(u))du, (16)

t

are L'(P)-integrable. For the sake of notation we denote the underlying probability
measure associated to Z' again by P. Assume further, that

t+s k
s (s o - sz - [ Lozion) o)

~E <(f(Z’(t s = 70 - [ L@ @) T m(Z’(u))) .o
t i=1

foranyk>0,0<t; <to<--- <t <t<t+sandhy,...,h € Cy(E), and that

t+s

lim E ((f(Zl’(t +5)) — f(Z[(t)) —

l—00

Lf(Z/(u du)Hh (Z](t ))) =0. (18)
=1

Then there exists a cadldg process Z, adapted to the natural filtration, which solves

the martingale problem for (L, A) with initial distribution p. Moreover, Z"™ — Z in

distribution in D([0,00), E).

Remark 2.23

Note that the existence of a converging subsubsequence for any subsequence is given if
(Law(Z"™))nen is relatively compact in M;(D([0,00), E)). The point is that we have to
find one, which also satisfies , and .

Proof of Theorem
Take by the relative compactness of (Z™),en, Z’ to be a weak limit point of a converging
subsubsequence (Z]);en as in the claim. It follows by and , that

t+s k
E ((f(Z’(t +s) = HZ0) - [ A2 w)dn) [T m-<Z'<tz->>> =0 (19)
i=1

This implies by a Dynkin class argument, that Z’ indeed solves the martingale problem
for (L, A) starting in p. The uniqueness of limit points then also implies the weak
convergence of (Z™),en itself.

U
Let us fix a state space: The space M((0, L)?) of Radon measures on (0, L)? equipped
with the vague topology in duality with C.((0, L)?)-functions:
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2.3 The Superprocess Limit: Killed Mollified Super Brownian Motion

Definition 2.24
We denote the set of Radon measures on (0,L)% by M((0,L)?) and the subset of finite
Radon measures on (0, L)? by Mg((0, L)?).

Since (0,L)? is Polish, we may define M((0,L)?) as the space of locally finite Borel
measures, see [Bog07, Theorem 7.1.7].

Theorem 2.25 [Kal83,, 15.7.7]

The set of Radon measures on (0,L)?, M((0,L)?), equipped with the vague topology in
duality with C.((0, L)?)-functions, is Polish. In fact, one metrization of the C.-vague
topology is given by

pp, ') = i 27 (1 — exp(—|(fi, 1) — (i, 1)]))
k=1

with (fi)ren some particular sequence of functions such that f, € C°((0,L)?) and
0 < fr <1 for any k € N. One such sequence of functions may be constructed as
approzimations of the indicator functions 1p with B a finite union of balls B(p,q),p €

(O7L)2 N (Q+ X Q+)aq € Q+,B(p, Q) C (OvL)Q; DiSt(B(pa Q)76(07L)2) > 0.

Proof
The basic claim has been proved in [Kal83|, 15.7.7], we merely point out some adjustments.
Denote by f* € C.((0,L)%), 0 < f* < 1, n € N, the functions considered in [Kal83)
15.7.7]. Note that f™ 1 1p as n — oo for some finite union of balls B. Let ¢ €
C((0,L)%), v > 0, Jio,0)2 ¥(x)dz = 1 and define ¢, = k*p(kx). We have for some
fixed n and k € N sufficiently large, Supp(¢ * ™) C Supp(f™) + 1/kSupp(v) C (0, L)?
and [|Yg * 1o < [[Ukll gl f" e < 1. It follows that iy * f* — f™ uniformly as
k — oo. Consequently we can find some sequence ¢y, * f", n € N, which converges
pointwise and uniformly bounded to 1. The rest of claim follows as in [Kal83, 15.7.7].
O
The reason why we need to use the vague topology is that individuals are killed at the
boundary. Next, we note that the space of cadlag functions taking values in M ((0, L)?)
is Polish as well.

Lemma 2.26
The space D([0,00), M((0,L)?)) equipped with the Skorokhod topology is Polish.

Proof
The assertion is a consequence of Theorem and [EK86, Theorem 3.5.6].
O

We will need to quantify the convergence of such objects. For this, the following will be
helpful:
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2.3 The Superprocess Limit: Killed Mollified Super Brownian Motion

Lemma 2.27 [EK86, Proposition 3.5.3, Remark 3.5.4]
Let (E,r) be a metric space. Let (zp)nen and x be such that z, € D([0,00), E) and
x € D([0,00), E). Then the following are equivalent:

1. It holds that x,, — x in D([0,00), F).

2. For any T > 0 there exists some (An)nen with each Ay : [0,00) — [0,00) strictly
increasing and surjective such that

lim  sup |A'(t)—t|=0 and lim sup r(z,(A\,1(t)),z(t)) = 0.
=00 o<t <A (T) =00 o<t <A (T)

3. For any T > 0 there exists some (An)nen with each Ay : [0,00) — [0,00) strictly
increasing and surjective such that

lim sup [\, (t) —t| =0 and lim sup r(z,(t),x(A(t))) =0.
n0 0<y<T e 0<t<T

Theorem 2.28

Let (E,r) be a separable metric space. Let (X™)nen and X be processes in D(]0,00), E).
Assume X™ — X weakly and that X is a.s. continuous. Let (Z")nen, Z be their
counterparts from the Skorokhod representation theorem, cf. [EK86, Theorem 3.1.8].
Then a.s. Z™(t) — Z(t) for any t > 0.

Proof
The important fact is that we need to make sure that the exceptional null set does not
depend on the choice of ¢.
By choosing T' = ¢ in Lemma [2.27] it follows a.s.: For any ¢ > 0, there exist some
A [0,00) — [0, 00) strictly increasing and surjective, such that r( "(t), Z(An(t))) =0
and A, (t) — t. By the a.s. continuity of Z it follows that, r(Z(\,(t)), Z(t)) — 0 for any
t > 0.

O
Prokhorov’s theorem subsequently also implies that the notions of relative compactness
and tightness are equivalent for distributions on D([0, 00), M ((0, L)?)), hence we will use
them interchangeably.
Our first goal is to prove tightness. For this we need a number of preliminary results.

Theorem 2.29 (Jakubowski’s criterion)[DMS93, Theorem 3.6.4]

Let (E,r) be a Polish space and (Z™)nen be a family of processes in the Skorokhod space
D(]0,00), E). Assume that the compact containment condition holds, i.e. for any n >0
and T > 0 there exists a compact set I'y 7 C E such that :

inlf\]]P’(ZZL el foranyt€[0,T])>1—n
ne

Let H C C(FE) be separating points in E and assume it is closed under addition. Then
(Z™)nen s relatively compact if and only if (f o Z™)nen is relatively compact for any
feH.
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2.3 The Superprocess Limit: Killed Mollified Super Brownian Motion

The following result answers some further relevant questions regarding the topology of
the state space:

Lemma 2.30 [Kal83, 15.7.5]
We equip M((0,L)?) with the C.-vague topology. Let K > 0, then it holds that the set
B = {pe M((0,L)*)[(L,)2, 1) <K} is Ce-vaguely relatively compact.

The following will be useful for verifying relative compactness of the evaluated processes:

Theorem 2.31 [EK86), Theorem 3.8.6, Theorem 3.8.8]

Let (E,r) be a complete and separable metric space and ¢ = r AN1. Let (Z™)nen be a
family of processes in D(]0,00), E). Assume that for every n > 0 and t > 0 rational
there exists some F% C E compact such that

inf P(Z" € Tt) > 1 —n. 2
inf P(Z; €Iy) 21 -1 (20)

Assume also that for any T > 0 there exists some 3> 1, C >0, 8 > 1 such that

lim sup B(¢® (2, Z)) = 0
6—0 neN

and foranyn e N, 0 <t <T+1,0<u<tAl,

(" (2 20)d° (20, 21 ) < Cul.
Then (Z™)pen s relatively compact.
Remark 2.32
Note that the compact containment condition implies . The strength of this result
lies in the fact that it does not rely on uniform in time estimates. This fact will play an
important role in Lemma [3.6]

The restriction v < 1 is not present in the formulation of [EK86, Theorem 3.8.8] but
may be assumed as the proof makes no use of u > 1.

We can now show the tightness of the processes (X™™),en.

Lemma 2.33
Assume that npinm € E, such that sup,>n,(1(0,)2, tn,m) < 00. Then it follows that the
processes (X™™) >N, started in (fnm)n>N, are tight in D([0,00), M((0, L)?)).

Proof
Let n,T > 0. For K > 0 we define the set 'y = {u € M((0, L)2)|<1(0,L)27N> < K},
which is vaguely relatively compact by Lemma It is

P(X;"" € Tk for any t € [0,T]) = P({1g,y2, X;"") < K for any t € [0,T]).
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2.3 The Superprocess Limit: Killed Mollified Super Brownian Motion

For the complementary event, as a consequence of Lemma [2.18

P < sup <]l(07L)2,Xf’m> > K> <P ( sup (1, X;"™) > K>
0<t<T 0<t<T

<P < sup (1, X{"") exp(—nt[|®}, (1) = 1|L) = K inf exp(—ns|®;, (1) - 1!L°o)>
0<t<T ’ 0<s<T ’

(1, npin,m)
~ nKinfocs<r exp(—ns||®], ., (1) — 1))

As @, . (1) =1 = (&n — cm)/n, this yields an estimate which is uniform in n > Np.
Choosing K large enough depending on 1 and T yields uniformly in n,

P(X;"™ € Tk for any ¢t € [0,T]) > 1 —1,

which implies that the compact containment condition is satisfied. By Jakubowski’s
criterion, Theorem [2.29] it is sufficient to establish tightness of the evaluated processes

({6, X™ ™))z, for ¢ € C2((0,L)?), ¢ > 0.
We apply the tightness criterion of Theorem [2.31] We compute for 0 < § < 1, using the
martingales Mé’f;l and Lﬁ,m of the proof of Lemma

E(((¢, X3"™) — (¢, X§™)?)
= E((6.X;"™)" = 2(6. X;™) (0. X5} + (6. Xp™)%)

_ 2 o 2 T 2 yn,m n,m n,m

= Gttt + [ B (296790 + 62 X0™) 42 (He,,0.X27) (9, X0) ) ds
o

+ <¢>Mn,m>2 -2 <¢>Mn,m> <<¢7ﬂn,m> +/O E(<%m¢’ X?m»d‘g) .

Note that in Theorem we can control higher exponents of ¢ by lower ones since
g < 1. Using that the first two moments are bounded uniformly in n and s < 1, we get
that this term is of order .

More generally, we get for ¢,u > 0,

E(((, X;70) — (o, X;"™) [ F™)

t+u /9
—E( [T (2VOTV6H XD 4 2 (0,0, X2 (6, X2 ds| F)
t

_9E < / T a8, XY ds (6, X ’]—"t”’m> . (21)
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2.3 The Superprocess Limit: Killed Mollified Super Brownian Motion

With this we can compute with Holder’s inequality,
E ({0 XI5 — (0, X7™) AL (16, XP™) = (6, X7 A1)
<E (E (6, X55) — (& XP™)? |F1m) [, X7 = (6, X220 )

n

t+u /9 o 2\ 1/2
§E<E ( /t < v¢Tv¢+¢2,X;"m>+2<=%%m¢,X;“m> (6, Xm) ds| F" ))

E (((6.X7™) — (6. x77)%) " (22)

X
~
&

. 2 1/2
+E <IE ([ toxemas o0 |7) )

< E (((0.X7™) — (0. X7m)%) 2.

For the first term by Jensen’s inequality,

1/2

. (E (/tt+u <ZV¢TV¢ + ¢2,X§’m> +2( A, 0, XM (¢, XM ds’}“t"’m>2>

< (u [ ((<ZV¢TV¢ FRLXIT) 42 (6, X7) (9, X;”">)2> ds) "

The functions in the integral can be bounded uniformly in n by Lemma [2.20] So, this
term is of order v uniformly in n. Similar considerations apply to the term

t+u 2\ 1/2
E (E ([ eonxm dsto. x| 7m) ) ,
t
which is also of order u. By taking the expectation of , we establish that

E (6, X0™) — (6, X)) S w2

and that both summands in are of a sufficiently high order. This yields the tightness
of (Xn’m>n2NO.

]
The martingale problem for the killed mollified Super Brownian Motion is given by:

Definition 2.34
We define the martingale problem for (Ly,, D(Ly,)) by:

D(Lp) = {exp(— (¢, )¢ € Dom(H,,), ¢ = 0},
where for ¢ € Dom(J#4,,), ¢ > 0, the generator is given by

Linexp(— (6, ))(1n) = (=4, 6+ 3%, 1) exp(— (6,10
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2.3 The Superprocess Limit: Killed Mollified Super Brownian Motion

We call any solution to this martingale problem a killed mollified Super Brownian Motion.

The following is a technical result which will be applied in the next theorem.

Lemma 2.35
Let ¢ € Co((0,L)?) and extend any such function by 0 to [0, L]2. Then it holds that for
n sufficiently large, nlog(1 — ¢/n) — —é uniformly in [0, L]?.

Proof

Dini’s theorem states that it suffices to show that n +— nlog(l — ¢/n) is non-decreasing
and converges pointwise to —¢. Let Ny € N be such that for any n > Ny, ¢(x)/n < 1 for
any = € [0, L]?. Pointwise convergence is clear, since nlog(1 — ¢/n) = log((1 — ¢/n)")
and it suffices to show monotonicity. If we interpret [Ny, 00) > n +— nlog(l — ¢/n) as a
function with continuous domain, then we get

%nlog <1 — Qﬁgj)) = log (1— (bf)) + ¢E;U) 1_1(75(5).

It suffices to show that this derivative stays non-negative if n is large enough. We write
for 0 <y <1, f(y) =log(l —y)+y/(1 —y). For y =0, f(0) =0. Next for y € (0,1),

Noting that y = ¢(z)/n yields the claim.

O
We also need to extend the space of admissible functions in the definition of C.-vague
convergence.

Lemma 2.36

Assume that p, € M((0,L)?), n € N, such that p, — p, Ce-vaguely. Then, if
K = sup,en(l(o,1)2; fin) < 00, it follows that un — p, Co-vaguely, i.e. in duality
with Co((0, L)?)-functions.

Proof

We first show that (1 r)2, ) < oo. To see this, let ¢ T L )2, ¥ € Cc((0, L)?),
0 <y <1, k € N. Then for k and € > 0 fixed, [(¥, un — p)| < € for n sufficiently
large by the definition of Cc-vague convergence. Also, [(¥g, fin)| < |90kl poo (L0, 0)25 fin) <
K < oo, uniformly in n and k. Consequently uniformly in k € N, |[(¢g, pn)| < e + K.
The monotone convergence theorem then yields the claim. Let ¢ € Co((0, L)?). By the
Stone-Weierstrass theorem for locally compact spaces, it follows that there exist some
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2.3 The Superprocess Limit: Killed Mollified Super Brownian Motion

(¢ )ren such that ¢y, € C.((0, L)?) for any k € N and ¢, — ¢ uniformly. We write

(D, i) — (s )|
< [, tin) = (ks ttn)| + [ Pry i) — (Dres )| 4 [{Prs 1) — (&5 1)
fgsg§<1aLLﬁyﬂn>H¢“¢k”Lm'+|<¢kﬁhﬁ‘_<¢kaﬂ>’+'“MQLPaN>H¢“¢kHLW'

Let € > 0 be arbitrary. For the first and the third term we can choose k large enough
independently of n such that those are bounded by €/3. For the third term we can then
choose n large enough by the definition of C.-vague convergence to also bound this term
by €/3. This yields the claim.

O
Following the approach from [Eth00) Section 1.5], we can now deduce convergence of the
generators:

Theorem 2.37 Cf. [Eth00, Section 1.5]

Let m € N, nipm € E, n € N, and p, € Mp((0,L)?) such that pinm — pm
in M((0,L)?) and also sup,,>n, (L0,2)2s Hnym) < 00. Then conditions (16), and
of Theorem hold for the martingale problems for (Lym, D(Lpm))n>N, and
(L, D(Ly,)) started in i m and pim, € Mp((0,L)?) respectively.

Proof

It is important to note that the martingale problem for (L,,, D(L,,)) treats functions
vanishing at the boundary, while we equipped the state space with the topology of C.-
vague convergence. Hence, we first have to do some surgery.

Let (X™™),cy be some subsequence of (X™™),cn. Assume that XEL_Z’F_LLH)Q is a
solution to the martingale problem for (Lpm, D(Lnm)) on (=L — 1, L + 1)? which is

coupled to Xa’gQ := X™™ on (0, L)? such that X(”O’:Z;Q < X(n_”ZL_LLH)Q in the sense of

measures. This can be achieved by first defining the process on (—L — 1,L + 1)? and
then killing all particles that leave (0, L)2. Both processes start in tn,m after extending
the measure by 0.

By using the relative compactness, we can find a subsubsequence (n]);en such that

both processes converge weakly. Let Zé(’fz)z, Zé’_mL_LLH)Q, Zi pyz and Z" )y be
their almost surely converging counterparts from the Skorokhod representation theorem.
We claim that for any ¢ € Ce((—L—1, L+1)?) such that 1 1)2 < ¢, (1 (g 12, Z 1y () <
D2 1 (D).

Proo§ of the claim: We will see in Theorem [2.42] below an argument which shows that
Z(T&L)Q is a.s. continuous. Hence it follows from Theorem that a.s. for any

l . I .
0<t<T, Z(OTL)Q(t) — ZE&L)Q(t), C.-vaguely. Since Law((X X(niL"iLLH)Q)) is

< X

n;,m
(0,L)2’
ny,

nym " and the laws coincide, the same
(—L—1,L+1)2 ,

concentrated on sets, where X(o,L)2
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follows for the counterparts. By [Klel4, Lemma 13.15],

(L0,0y2 Z(5, (1)) < lmint(L o ry2, Z(T (1))
o . l,m m
S hlrg(l)gf<@7 Z(—L—17L+1)2 (t)> = <907 Z(7L717L+1)2 (t)>

This yields the claim.
Let 0 < ¢t < T and let \; be is as in Lemma [2.27} Then, for ¢ € Co((—L — 1,L + 1)?),
¢ >0, such that 1 )2 < ¢,

lym l,m —1
<]l(O,L)27 Z(07L)2(t)> < ogssgu/\F;(T)“l(o’L)Q’Z(O’L)Q()\l (s)))

< sup (p, 2" A~1(g))Y.
OSSS)\l(T)< Cr-t+12 A (8))

We claim that as [ — oo,

sup (@, 2% e O ) — (00 20y g aye(s))] = 0.
0<s<N(T)

Proof of the claim: Assume not, then there exists some ¢ > 0 and a sequence (s;)en,
0 < s; < N(T), such that for any [ € N,

(0. 28 e AT ) = (0, 2 1y paye )| = .

We may choose ¢ = fi~, k* € N, for some f« as in Theorem However, then

e}

sup 327K = exp(—[{fis 22 oy s O D) = i 2y s (D)
0<s<N(T) j.—1

> 275 (1 — exp(—¢)),

in contradiction to Lemma [2.27] This yields the claim.
We get

(o 2 ) S s 160 20" 141 O 6D) = (0. 201y )

+ sup (@, Z(%y py1y2())]-
0<s<\(T)

Since we may assume that for [ sufficiently large, \(T) < T + 1, it follows that
(Lio,1)2> Zéme)z(t)} is uniformly bounded in [ and 0 < ¢t < T by the claim above and
the fact that [0,7 + 1] > ¢t — Z(TLA’LH)Q(t) maps into the space of locally finite
measures.

Consequently, by Theorem [2.28] and Lemma [2.36] we may assume that a.s. for any

0<t<T, Zébf’z)g(t) — Z 112(t), Co-vaguely.
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Let ¢ € Dom(4%,,), ¢ > 0. We first show condition . We get that with the notation
of Theorem [2.22] pointwise by the dominated convergence theorem,

/t+s< e, b+ ¢2 200 (u )>exp(—<¢ A duHh Z4

t
t+s 1

— / <—<%”§m¢ + §¢2’ Z$7L)2(u)> exp(—(o, Z(g 2 (w)))du H hi(Z{ 1y2(t:))
t =1

where we used the convergence and a.s. uniform boundedness of (1 1,2, Zéme)2 (u)) in
[l and 0 < u <t+s. What is more, pointwise

k k

exp(— (0, 2L o (0) TL (2 2 (1)) — exp(— (. 205 1o (0) T] il 25 1o (1),

i=1 i=1

Since from here on, all arguments shall involve (probabilistic) distributions, we switch
back to the original processes, using that they have the same law as their Skorokhod
counterparts. It suffices to establish uniform integrability to show . However,

E((/tt+s< S, O+ ¢2 nl’m>exp( n“m duHh >2)

¢+ ¢> sup  sup E((Lg 2, X;"™)?).

Lo 0<u<t+s n>Ng

In order to establish . let us note: The integrability of the limit Z( 0.1)2 follows by
an application of Fatou’s lemma and the comparison argument above, see Lemma [2.38
for the details.

For condition , let f, :=1— ¢/n. We can choose n large enough such that f, > 0
and exp((log(fn),-)) € D(L}, ,,). We get by the martingale problem for (L} ,,,, D(L3, ,,,))
that

Ey 80 (¢) : = exp((log(fn), nX["™)) — exp({log(fa): n X5 ™))

- /Ont <G%fn —+ (ﬁ?}:(fn) — /n nX;L/ZI> exp <<10g(fn) nXg/nm» ds

is a martingale. We have @ (fn) = @ (1) —on 1@, . (1)+1/2¢*n 2@,  (1). Hence
we get

Ey 28U (1) = exp((nlog(fa), X{"™)) — exp((nlog(fa), X))

B /t <nAfn +n(1 — @, (1) +1/2¢°®] (1) + 10 (P (1) — 1) X"’m>
0 fn T

x exp((nlog(fn), X1°™))ds.
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By the specific form of the probability generating function, we have ®,, ,,,(1) =1, n(1 —
@), (1) = n(l = 2¢17,) = —(&m — ¢m) and @ (1) = 21, So

Ep 28U () = exp((nlog(fa), Xi"™)) — exp((nlog(fn), X5™™))

2
-/ < R st X”m>eXP(<n10g(fn)aX§L’m>)d5-
0 n

Let h(-) = exp(— (@, )) for ¢ € Dom(H#,,), ¢ > 0. Let k € N, (h;)icq1,.. 1) be such that
hi € Cy(M((0,L)%) and 0 <t < --- < t), <t < t+s. We compute

t+s

k
E ((h(xgi’j) — h(X™) — t Lmh(X{}’m)du) 11 hz-(XZ’m))

=1
_ E((exp<— (6, XT™Y) — exp((nlog(fu), X))
(= (5, XP™)-+explln o ), 17

5 2
+/t+ < %m¢+f1/2¢ %, nm Xnm>exp(<n10g(fn)a‘x37m>) (23)

k
(A +1/26° X7 exp(— (6, X:zvm>>du> 1T m-(x;:’m)).

i=1

We get by Lemma that nlog(f,) = log((1—¢/n)") — —¢ uniformly in [0, L]?. Also,
¢ > 0 and X™™ is a positive measure. We get for K > 0,

k
E ((exp(— (6, X)) — exp((nlog(fn), X)) T ] hi(XZ’m)>

i=1

k

=E ((exp(— (¢, X{"™)) — exp((nlog(fn), X;"™)) H < (0.0)2> X¢" > > K)
k

+E ((exp(— (¢, X{"™)) — exp((nlog(fn), H <11(0 02, X{" > < K) :

Note that nlog(fn(z)) = nlog(l — ¢(z)/n) < 0 as we have chosen n large enough such
that 0 < 1 — ¢(x)/n < 1 by the non-negativity of ¢. By the non-positivity of the
exponents for n large enough and the boundedness of the h;,

k
E (<exp<— (6, X7™)) = exp((nlog(fa), X)) [T ha(X1™); (.02 Xi™) > K)

i=1

SP((L,ny2, X;"") > K) < 1/K sup E((Lo,0y2, X{"™)),
n>No
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which vanishes as K — oo uniformly in n by Lemma Inside the second expectation,
where <]]'(O,L)2’ Xf7m> S K,

(I=¢ = nlog(fu)l, X;"™) < (L(o,ry2, X;"")I=¢ — nlog(fu)ll oo < K[—¢ —nlog(fu)ll o
(24)

By using Taylor’s theorem

exp(— (¢, X;"™)) — exp((nlog(fn), X;"™))
= exp((nlog(fn), X;"™)) (= (¢, X;"™) — (nlog(fn), X;"™)) (25)
+o(— (¢, Xi"™) — (nlog(fn), X;"™)).

We conclude that the term

k
E ((exp(— (&, X{"™)) — exp((nlog(fn), X¢"™))) T T ha(Xe™); (10,02, X{™) < K)
i=1

vanishes as well. This implies that the first differences in vanish.
Furthermore, 2(,1“7 L —1and f, — 1 as n — oo uniformly in [0, L]2. For the integral in

we get

ths (| =z, &+ 1/26%2(,F7, nam Lo ynm
/ << fa s >—<_%@m¢+2¢,xu >

x exp((nlog(fn), X;'™))

= (=4 50% XY (exp(— (6.X]™) — expl(nlog( ). X)) do

For the first term by the non-positivity of the exponent for n large enough,

t+s —,y“i”gm(;ﬁ + 1/2¢22<7—£71n nm 1 2 yn,m
()

k
x exp((n log(fn),XZ’m>)du> 11 hi(XZ’m)>

=1

— A, 0+ 1/26°2C 1,
fn
where we used that f, — 1 uniformly, along with the other terms, and that the first

moment of th "™ is integrable over finite time horizons uniformly in n > Ny. To be more
precise, we note that

wp |7 0@) 126202680 @) (— 2, 0(x) + 1/2¢2<l‘>)|
2€[0,L]? fn(l')

< SUP,eo, 2] 1/(2n) 8% (2) (m (@) — cm) — (A + &m(2) — cm)d(@))d(@) /1 +1/(2n)¢° (2))|

~

(sl

t+s
/t E ((1(0,0)2, X3™)) du — 0,
LOO

- inf,epo,2|1 — ¢(z)/n
— 0,
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as n — oo. For the second term by Fubini’s theorem and Hoélder’s inequality,

E</tt+s <_‘%ﬂﬁm¢ + %¢2, Xﬁ’m> (exp(— (¢, X;™)) — exp({nlog(fn), X;;"™)))du
X ﬁ hz‘(XZ’m)>

i=1
t+s 1 2\ 1/2
s [E((~ A0+ petx0m)
t
1/2

X E ((exp(— (¢, X)) — exp((nlog(fa), Xi™))?) " du

. </tt+sE <<_%%m¢+ ;¢2,X37m>2> du> 1/2

X (/tt+s E ((exp(— (@, X)) — exp((nlog(fn), Xz?’m>))2) du)

1/2

We get similarly to the above,

E ((exp(— (6, X)) = exp((nlog(fn), Xi™)))?)

<E ((exp(— (6, X;™)) — exp((nlog(fn), X)) (1o, py2, X2™) > K

+E ((exp(— (¢, X5™)) — exp((nlog(fa), X0 ™))% (L 2, Xp™) < K) .
So,

E ((exp(— (¢ X7™)) = exp((nlog(fu), X0 ™))% (Lo 12, X07) > K)

< AP((Lo e, X™) > K) 4/K sup B((1 g pye, X)),
n=MNo

and the RHS is integrable over finite time horizons uniformly over n > Ny and vanishes
as K — o0o. Next,

E ((exp(— (¢, Xi™)) = exp((nlog(fu), X17"1)% (Lo 1y, X0 < K) =0,

as n — oo using and . Finally,

iOOE <<]1(0,L)2,X3’m>2) s

and by Lemma[2.20] this term is integrable over finite time horizons uniformly in n > Np.

O
Having established tightness and the convergence of generators, we now turn towards
uniqueness of the limiting martingale problem. Note that we already have the weak

(o) <o b
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convergence of a subsequence X™" — X" as n — o0, see the proof of Theorem [2.22

Assumption: In the following, if we denote the starting point of X™ by pu,, € Mp((0, L)?),
we implicitly assume that there is some sequence npy, ., € E such that p,, — fn, in
M((0,L)?) and sup,,>n, (10,025 Hnm) < 00. Also, we denote by (F{");>o the natural
filtration of X™.

Uniqueness can be achieved via the injectivity of Laplace transforms. In order to
establish an exponential martingale for X™, a solution to the martingale problem for
(L, D(Lyy,)), we first derive some preliminary moment bounds.

Lemma 2.38
Let X™ be a solution to the martingale problem for (L., D(Ly,)) started in some i, €
Mp((0, L)?). It holds for T > 0, m € N, that

4
sup E <<]I(O7L)2,Xtm> ) < 0.
0<t<T

In particular by Holder’s inequality the same holds true for lower order moments as well.
Also, X™ is actually a finite measure a.s..

Proof
By the Skorokhod representation theorem, we may assume that X™™ — X™ a.s., at
least for a subsequence. Hence we can apply Lemma Fatou’s lemma and Lemma

Mto get for ¢ € C.((0,L)?),

E ({6, Xi"*) <liminfE ({6, X)) < sup B (¢6, X7,

which is uniformly bounded over finite time horizons for Ny sufficiently large.

We cannot choose ¢ = 1o )2 in the above, since we equipped M((0,L)?) with the
vague topology in duality with C.((0, L)?)- functions. In order to show that our killed
mollified Super Brownian Motion does not explode towards the boundary, we use again
a comparison argument.

Let XFO’TZ)Q,XEZ’?A’LH)Q be solutions to the martingale problem for (L 1, D(Ly, m)) on
(0,L)? and (=L — 1, L + 1)? respectively, both started in the same g m, npinm € E,
such that finm — pim € M((0,L)?) and sup,s n, (L(0,1)2, tinm) < 00. We assume as in
the proof of Theorem that we can define both processes on the same underlying

probability space and that X?O’TZ)Q (t) < X("fZiLLH)Z (t) T(0,1)> holds for any t > 0. We
get (X("O’jZ)Q,X?_’“Z_LLH)Q) — (XF&L)Q,X(”EL_LLH)Q) weakly with X0y X1 p41y2

being killed mollified Super Brownian Motions on (0, L)? and (—L—1, L+1)? respectively.
By the Skorokhod representation theorem, there are some (Z(nO’TZ)Q, Z?_’TZ’_l I +1)2) —

for any n > Ny and Law((ZEg’L)Q, Z(@L_LLH)Q)) = LaW((X(n&L)%X(W—LL—LL+1)2))‘
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2.3 The Superprocess Limit: Killed Mollified Super Brownian Motion

It follows as in the proof of Theorem that for any ¢ € Co((—L — 1,L + 1)2),
]1(0,L)2 < d)v (l(O,L)27ZE87L)2(t)> < <¢7 Z(ﬂiL_l’L+1)2(t)>‘
Let ¢ € Co((—L —1,L +1)?), ¢ > 0, be such that 1 1)2 < ¢. Then,

I S
<E <<¢a Z(niL—17L+1)2(t)>4> =E (<¢’ X(TL—17L+1)2(t)>4>

and the claim follows by the above. Finally, the finiteness of Z(%l L)? follows by the local
finiteness of Z(@Lil,LJrl)Q.

O
Since [|€m || — 00 as m — oo, such pointwise considerations do not yield a bound
which is uniform in m, hence the terminology 'preliminary’. However, the above can still

be used to extract some information about X™.

Lemma 2.39

Let X™ be a solution to the martingale problem for (Ly,, D(Ly,)). Assume that ¢ €
C1([0,00), Co((0,L)?)), ¢(t) € Dom(#,,) for any t > 0 and ¢ > 0. Also assume that
H, ¢ € C([0,00),Co((0,L)?)). Then fort >0,

E7(8) = exp(— (6(t), X[")) — exp(— (6(0), X{"))

t 1 m m
— /0 <—<%”§mqb(s) + §¢2(8) — 0s¢(s), X, >exp(— (p(s), X"))ds
is a martingale.

Proof

We define for ¢ € Dom(#4, ), ¢ > 0, ES to be the martingale associated to the
martingale problem for (Ly,, D(Ly,)). Let (m)reny be a sequence of partitions of [0, ]
such that m, = (t&, ... t), th < - < ¢, th =0, tf = ¢ and limg_0 SUDje(1,. k} th —
tf_l = 0. We compute now for ¢ as in the claim,

xp (— (6(t), X;")) — exp (— (6(0), X))
k
= > exp (= (60, X)) —exp (= (e, X))

i—1

e (= {6t X)) — e (= (ot Xt )

@

@
Il
R
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2.3 The Superprocess Limit: Killed Mollified Super Brownian Motion

Consequently, it follows that

xp (— (6(0), X)) — exp (~ (6(0), X§")
_ Zk:EW ) — Btk
=1
+/ < M, St + %¢(tf)2, X;"> exp (— <¢(tf)a X;n>) ds
exp (— <¢(tf), XZ,Z’_1>> — exp (- <¢(tf 1) XZZ} 1>> ¢tk )

k k 7
ti - ti—l

k
i

+

By the mean-value theorem there exists some tf € (tF 1, tF) such that

oo -{strng)) o (ot 33

k k
ti - ti—l

=~ (ak).xp Yew (- (o6t X3 ).

We define
Z¢ ]l[tk 1tF) )7 ¢kz,*(t) = ;qb(tk )ﬂ[tf l,tk)(t)a
k
'(t) == Zat¢(t§*)]1[t§71’tf)(t), X () =) X5 Ly (D)
i=1 i=1
and write

Z/ < H 0 t’“)+§¢(tf)2,X;”>exp (= (otth), x7)) ds
:/0 < A, i(s )+;¢k(s)2,X;">exp(<¢k(s),Xy>)ds.

Since ¢, — ¢ and Jz,, ¢ — F,, ¢ pointwise and uniformly bounded, we get by the
dominated convergence theorem that for each realization of X™,

> ! <%%m o)+ Lot ) exp (- (68, 7))
%/< Hnd(s) ¢<> >exp(—<¢<s>,X;">)ds.
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2.3 The Superprocess Limit: Killed Mollified Super Brownian Motion

Similarly,

k eXp< <¢(t"“) X >> —exp (— <¢( ), XE >>
Z 1—1 - 1—1 (tk
i=1 ‘
¢
= [ = (k). X (5)) 03D (= {6 (5), X7 () s
It holds that ¢}, — 0:¢, ¢r .« — ¢ pointwise and uniformly bounded. Also X;* — X™,

Co-vaguely as k — oo pointwise in time and uniformly bounded, see also Lemma
below. It follows by the dominated convergence theorem, that realization-wise,

Zk: exp (_ <¢(tf), Xt?1>> — exp (_ <¢<t§—1)a XZ’31>> (tf _ tf—l)
i=1

th—tk
= " (00(5). X1 exp (— (6(s). XJ")) ds.
0

In order to establish L!-convergence, we verify uniform integrability. We compute

2

((Z [, (~anotit) + gotes? x >exp(—<¢<t§>,xy>)ds))

2

= ]E((/Ot <_%m¢k(8) + ;¢k(8)27Xgl> exp (— (dr(s), X™)) ds) )

2

Loot/otE (<]l(07L)2,X;”>2> ds < oo.

The RHS is bounded by Lemma [2.38 For the second term,

(e oz ) o (fotang) Y

ik
by — i

< sup
0<s<t

iy (5) + 56°(5)

i=1

! 2
=FE ((/0 - <¢Z(S),X1T(S)>exp (— <¢k,*(5),X;€n(8)>)ds) )

< sup [|08]|7t® sup E((Lg 2z, XIM?) < oc.
0<s<t 0<s<t

~ k k
Let E? (t) = limyoo sk Efl(t")(tf) - ﬁ(ti)(tf_l). In order to prove the martingale
property for E? (t), note that for s < t,

B (Er017r) = B (35 -

1
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2.3 The Superprocess Limit: Killed Mollified Super Brownian Motion

and on the RHS we can choose a subsequence of partitions containing s as an element.

Then the martingale property of the limit follows by the martingale property of the
o)
m

O

We can now choose a convenient time dependent function to derive an exponential

martingale. This function is precisely the solution to the Evolution Equation for the

killed mollified Super Brownian Motion discussed in Section [I.9]

Lemma 2.40
Let +y € Dom(Hz,,) N Céa+2)+, Y >0,9 #£0,t>0, and v > 0 be sufficiently small.
Then it holds that the process for s <t given by

E}Y (s,1) = exp(— (U2 (v9), X{")) — exp(— (U™ (v9), X))

is a bounded martingale.

Proof
The assertion is a consequence of Lemma [2.39] and Lemma [1.63] The non-negativity
follows from Conjecture

O
We can now finally prove the uniqueness of the killed mollified Super Brownian Motion
using the (non-linear) semigroup ¢ — U;™.

Lemma 2.41
Any solution to the martingale problem for (L, D(Ly,)) started in pi, € Mp((0,L)?) is
UNIQUE.

Proof

Let k € N, 0 <t < -+ <t < tand (¢)ie(1,.. k) be such that ¢; € Dom(%m)ﬁca(a+2)+a
¢; >0,¢; #0forany i € {1,...,k}. Let v, > 0,7 € {1,...,k}. Let X" be any solution
to the martingale problem (L,,, D(Ly,)) started in p,,. We compute with Lemma

E(exp(— (7161, X§)) -+ exp(—(Vkdr, X1))))
= E(exp(— (7101, X37)) - - - - - exp(—{(ve—10k—1, X3, ) exp(—(U_,  (wdr), Xi )
= E(exp(— (7101, Xi7)) - -+ - exp(—{ve—10r—1 + Uy, (mr), X{ 1))

We assumed that 7y is sufficiently small. Using that 0 < Uj"_, ¢ € Dom(H,,) N

Ca(a+2)+, we can proceed inductively. Let us point out an important technical step:

When iterating the Evolution Equation as above, one arrives at the expression v;_1¢r_1+
Uity (dk) with yg—1,7 > 0. The constant v, = Yi(¢x,tx — tx—1) was chosen
sufficiently small for the construction of the Evolution Equation carried out in Lemma
to be valid until time ¢ — tx_1. Next one needs to choose ;1 sufficiently small
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2.4 Continuity of the Killed Mollified Super Brownian Motion

such that one can run the Evolution Equation again until time t;_1 — t;_o started from

any function v, _ju € C§+2+6/8 such that ||U||C§+2+5/8 < ||(l3k_1||cgz+2+5/s + 1. Now,

Using , we can now refine our choice for 74 such that the second term is bounded by
1. In a similar fashion, we can carry on the iteration by subsequently refining already
established coefficients. Using the injectivity of the Laplace transform, [Kal83, 15.5.1], we
get that the distributions of ((¢1, X{?),..., (dx, X{)) are uniquely determined. Using
that M = {(¢,-) |¢ € C>((0,L)?),¢ > 0} is a separating set of functions, we get that
the distribution of (X{7,..., X?) is unique after an application of [EKS86, Proposition
3.4.6).

Let D be the set containing the Borel measurable subsets A of D([0,00), M((0, L)?)) on
which Law(X™)(A) is uniquely determined. It follows by the continuity from below of
Law(X™), that D is a Dynkin class.

Every finite dimensional cylinder set can be written as the intersection of sets {X/" €
A}, where A C M((0,L)?) is a Borel set and ¢ > 0. By [EKS86, Proposition 3.7.1] it
follows that each such set is a Borel subset of D([0,00), M((0,L)?)), hence each finite
dimensional cylinder set is a Borel set as well.

On the other hand, the set of finite-dimensional cylinders C' is intersection stable and we
have shown that C' C D. Consequently by the Dynkin Class theorem, [EK86 Appendix,
Theorem 4.2}, 0(X}",0 <t < 00) =0(C) C D.

1

Ut —ty_1 (V6Pk)

1
Ph—1 + o < ||¢k—1HC§c+2+6/8 + o1 HUtk_tk—l(7k¢k)”c§‘+2+5/8'

a+2+5/8
(N

O

2.4 Continuity of the Killed Mollified Super Brownian Motion

In this section we prove the continuity of the killed mollified SBM. For this we need
another result:

Theorem 2.42 [EK86, Theorem 3.10.2]
Let (E,r) be a metric space. For x € D([0,00), E), we define

J(z) = / exp(—u) (T (2, u) A D)du,
0
where J(x,u) 1= supg<;<, 7(x(t), z(t—)). Let (Zn)nen and Z be processes in D([0,00), )

such that Z,, — Z weakly. Then Z is a.s. continuous if and only if J(Z,) — 0 weakly
as n — 0o.

We can now apply Theorem
Lemma 2.43 Cf. [PR19, Lemma 4.4]

The killed mollified Super Brownian Motion X™ started in pm, € Mp((0,L)?) is almost
surely continuous.
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3 Construction of the Killed Rough Super Brownian Motion

Proof
Let (fx)ren be as in Theorem Since for any = > 0, 1 — x < exp(—z) < 1, we get
that almost surely,

J(X™™) :/ exp(— )<Os<1;<pu];2 P = exp(=|(fi, X)) = (fr, Xi2 >|))A1> du
S exp ( sup 2~ (fk,Xfm> <fk,Xf_7m>]/\1> du
ke 10<t<u
< [ exni- (22 ’fufknmm) du

1
S—/ exp(—u)du.
0

n

Therefore J(X™™) — 0 almost surely as n — oo, which yields the claim.
O

3 Construction of the Killed Rough Super Brownian Motion

In this section we construct the killed rough Super Brownian Motion as the limit of the
killed mollified Super Brownian Motion as m — oo. This tells us that the kmSBM is
close to the krSBM for large m, a fact which we will again encounter in Section [ By
doing so, we also establish that the kmSBM falls in the universality class of the krSBM,
establishing it as the first non-discrete process to do so.

3.1 The White Noise Limit: Killed Rough Super Brownian Motion

Before we proceed, we need to fix a suitable domain for our limiting martingale problem.
The fact that we work with paracontrolled distributions now forces us to be careful, since
pointwise arguments rarely carry over.

Definition 3.1 [PR19), p. 12]
Let Dy be as in Definition . We define the martingale problem for (L, D(L)) by
D(L) == {exp(—(9,-))|¢ € Dy}, where for ¢ € Dy, the generator is given by

Lexp(— (¢, ))(p) = <—<%%¢> - ;¢2,u> exp(— (¢, 1))

We call any solution to the this martingale problem a killed rough Super Brownian
Motion.

Remark 3.2

As established in Section the crucial observation is that for ug € Ca(a+2)+, ug' € Ipan,
e Agug = Tyug — ug € C§2 and g, APul = T/ ul — ul € C§2. Therefore, the
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3.1 The White Noise Limit: Killed Rough Super Brownian Motion

convergence of %, ATul' — #Awug can be achieved not just in L?, cf. Section
but also in C;”z, if ug® — o in C§‘+2. By Lemma it holds that Tiug > 0 if ug > 0,

ug # 0, and consequently As;ug > 0. What is more for any ug € Céa+2)+, ug > 0, ug # 0,
1/tAug — up as t L 0 in C§‘+2 by Lemma m

We will once more apply Theorem To do so, we need to establish first some
uniform bounds. This can be done by applying our preliminary bounds and Lemma [2.39]
to achieve explicit moment expressions.

Lemma 3.3
Let m € N and ¢ € C'([0,00),Co((0,L)?)), ¢(t) € Dom(#,,) for any t >0 and ¢ > 0.
Assume that 4, ¢ € C([0,00), Co((0,L)?). Then it holds that

£0) = (00, X) — (000 X5) — [ (7,605) + 0.0(5), X7 s

18 a continuous, square-integrable martingale with quadratic variation

(L= [ (@), X0ds.
What is more, we have the martingales
M2 (t) = (o(t), X;™)? — (8(0), X§")?
—/O (0(s), X" + 2 (A, () + Osd(s), XI) (p(s), X1 ds,
3120 = (o). X7 - | (A 0(5) + 0,0(5), X s ) (6(0). X).

and the local martingale
. t
W00 =2 [ (e, 6(0) + 0.0(), KT (8(0), K1) ds

t 2 t
([ e, 005) + 0.005). X7 ds ) = 2000, X7 [ (e, 005) + D.6(s), X2 .

Proof
The claim follows as in Lemma[2.2T] using Lemma[2.39|and Lemma[2.38] the computations
are however simpler, due to the absence of non-trivial fractions in the generator.

O
We can argue as before to remove the Anderson Hamiltonian:

Lemma 3.4
It holds that for s <t and ¢ € Dom(HE,,), ¢ >0,

Ly (s, 1) = (T}" ¢, X{") — (T]", X{")
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3.1 The White Noise Limit: Killed Rough Super Brownian Motion

s a continuous, square-integrable martingale with quadratic variation given by

(LO(-, 1)), = /0 (T, 6)%, XM dr.

What is more,
M3, 8) o= (T30, X2 = (70, X502 = [ (@002 X7

is a martingale.

Proof
The proof is a direct consequence of Lemma and Theorem [1.41| using the martingales
L¢ (t) and ML®(t).

O
One way of establishing moment bounds that are uniform in m is to use preliminary
bounds to show explicit moment expressions. Here, the evolution equation for the killed
mollified SBM and the Wild sum representation of its solution comes into play.

Lemma 3.5
Assume that sup,,en(L(o,1)2, #m) < 00. Then it holds that for any T > 0,

4
sup sup E (<]l(0 L)Q,XZ”> ) < 00.
0<t<T meN ’

Proof
Let ¢ € Dom(%m) ﬂC(a+2)+ >0, ¢ 75 0 and v > 0 be sufficiently small. We have by
Lemma [2.:40| and the results of Section [I.9] and [I.10] the representation

E (exp (=7 (9, X{"))) —eXp< <Za )" um>> = f(v),

for certain functions a;' which also depend on ¢. By Lemma we are allowed to
exchange differentiation and integration and subsequently let v | 0 in the above. We
can now compute:



3.1 The White Noise Limit: Killed Rough Super Brownian Motion

and

a4 x ?

——f(y) =3 <Z an(t, 7" *n(n — 1),um> f)

d’)/ n=2

+4<Z ar(t, 7" 'n um> <Za “n(n — 1)(n_2)7ﬂm> f()
n=1

—6<§:an’"(t,~) "l um> <Za (n—l),um>f(v)

4 0o
<Z a™(t, )" ,Um> flv) = <Z an(t, )7 *n(n —1)(n — 2)(n — 3),um> F)-
n=4

Letting v = 0 yields

4
dd%f(o) = 12(ag'(t, ), pm)” + 24 (" (¢, ), pm) (@5 (L, ). fom)
—12(af" (¢, ), ) (@B (¢, ), pon) + (@' (8, ), pi)* = 24 (@ (E, ), m)

Since E({¢, X]")*) = aéf(()), we only need to identify the functions af?, ..., a}" and show
that they are bounded uniformly in m. It turns out that

t
P (ta) == TP0), o) = == [ TR w)ds
t t—s
o(ta) =2 x = [ Té"((‘i e, epar) e ) @)ds
s 2
@t ) =0+ ax &= -2 0 " <_; Ot Tﬂ"(]}"ﬁs_rqﬁ)er) (z)ds

o[ (g [ (5 T ) T 0) ) ()ds

We get by the maximum principle T (17" ;¢)? < |17 || ;o T7"0 < | T7" 50| oo 1T 0| o0
and similar bounds for the other terms. It follows by Lemma [I.53] that the RHSs are
bounded uniformly in m and ¢ < T, which yields the first claim.

For the second claim, let as in Lemma X(’g’ L2 < XM o141y be coupled killed
mollified SBMs on (0, L)? and (=L —1, L+1)? respectively. Let ¢ € C2((—L—1,L+1)?),
¢ > 0, be such that 1 )2 < ¢. Then, <1(0,L)2’XZ701,L) (1)) < (o, X1 41)2 »(t)) and
the fourth moment of the RHS is bounded uniformly in m and ¢t < T by the above. This

yields the claim.
O

We now show the tightness of the killed mollified SBMs (X™)nen.
Lemma 3.6

Let for m € N, X™ be a solution to the martingale problem for (Ly,, D(Ly,)) started in
i such that sup,,en(L(o,0)2, pm) < 00. Then (X™)men is tight.
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3.1 The White Noise Limit: Killed Rough Super Brownian Motion

Proof

We first establish tightness of the evaluated processes by an application of Theorem
and then deduce the compact containment condition. Tightness of the measure-valued
processes then follows by Jakubowski’s criterion, Theorem [2.29]

Let ¢ € C2((0,L)?), ¢ > 0. For any t > 0 and K > 0 it holds that

P((0.X") > K) < 2E(6.X]") < & sup E((6. X[").

Condition now follows by Lemma We compute for § > 0,
2
B ({0, X5" — X5)2) = B (|£4.(6.0) — L5.(0.0) + (10 — 6. )
1
s [ E((@m,0nxm)) dr+ (@6~ b.m)*.
0
We have for § < 1,

g
sup [ B ({(132,0)2% X)) dr < 8 sup sup|[T776]F sup sup. B(Lo,02, X))

P
meN meN r<1 meN 0<r<1

and by Lemma [1.53
(T3") — &, pim)® < 6°P2(CT" exp(C) |0l ga2) (L 0,12, h1m) .
It follows that

lim sup E ((¢, Xj" — X§")*) = 0. (26)

Next we get
E((¢, X{%, — X7")° |77
=E (‘L%(t +u,t+u) — L (tt 4+ u) + (T — o, Xtm>‘2‘ftm) (27)
S [ BT 0P XPE A+ (T — 6, XY

Therefore,

E (6, X7ty = X"y A1) (6. X7 = X2,) A 1)%)
1/2

174N

. << tt+uE(((TﬁzuT¢)2,X;n>!f2m)dr)2> E ((ng,Xtm —Xt@u>2>1/2

vE(@ro—o.x70Y) B (0. x0 - xp)%)
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3.1 The White Noise Limit: Killed Rough Super Brownian Motion

By taking the expectation of , uniformly in m,

1/2 1/2
E((o. X7 = X)) 7 S (utuet?)
As above this yields that uniformly in m,

E (¢ XTh, — X7y A 1)° (6, X7 = X[2,) A 1)%)
<u (u - u°‘+2) V2 4y 2 (u + u°‘+2) vz

The decay in u is of order greater than 1, which yields by Theorem [2.31] the tightness of
(¢, X™), ¢ € C2((0,L)?), ¢ > 0.

In order to establish the compact containment condition, we argue as follows. By the
tightness for (¢, X™) established above, there exists for any ¢ > 0 some C(¢,e) C
D(]0,00),R) compact such that for any m € N, P({(¢, X™) € C(¢,e)) > 1 —e. By
[EK86, p. 152, Problem 16], there exists for any 7' > 0 some K (T, ¢,e) > 0 such that
for any m € N,

P( sup (¢, X{") < K(T7¢75)> > P((¢, X™) € C(g,e)) = 1 —e.
0<t<T

Let XF&,LP < X(”ELA’LH)Q be coupled, killed mollified SBMs on (0, L)%, (=L —1, L+1)?
respectively. Let ¢ € CZ((—L —1,L+1)?), ¢ > 0, such that 1 7)2 < ¢. Then for any
m €N,

P ( sup (L(g,1y2, Xfg (1)) < K(T, w))
0<t<T

=P ( sup <¢>X(771L_1,L+1)2(t)> < K(T, ¢75)> >1-e
0<t<T

Therefore we can choose for any T,e > 0, K(T,e) := K(T,¢,e) > 0 such that the
compact containment condition holds, using the C.-vaguely relatively compact set of
Lemma given by B = {u € M((0, L)2)|<]l(07L)z,u> < K(T,e)}. Tightness of
(X™)men now follows by Jakubowski’s criterion, Theorem using that the functions
w— (¢, ) with ¢ € C2((0, L)?), ¢ > 0, are continuous by the definition of the C.-vague
topology, closed under addition, and also separating points.

O
We can now show the convergence of the generators on subsubsequences.

Theorem 3.7

Conditions , and of Theorem hold for the martingale problems for
((Lins D(Lim)))men and (L, D(L)) started in pim, p € Mp((0,L)?) respectively such that

supm€N<]l(07L)2, ) < 00 and pim — p in M((0, L)?).
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3.2 Moment Bounds for the Killed Rough Super Brownian Motion

Proof
The proof is similar to, but easier than, the proof of Theorem now using Lemma

Lemma and .
O

To complete the construction, we need to show uniqueness of the limiting martingale
problem. Before we do so, we again need to establish some moment bounds in order to
find more martingales. Also, we impose the same assumption as before:

Assumption: Whenever we write u € Mp((0, L)?) as the starting point of a killed rough
SBM, we implicitly assume that there exist some i, € Mp((0,L)?), m € N, such that
it holds that sup,,en(1(0,1)2, pm) < 00 and piy, — p, Ce-vaguely as m — oo.

3.2 Moment Bounds for the Killed Rough Super Brownian Motion

We recall that convergence of the generators and relative compactness is already enough
to assert that for some subsequence X™ — X as m — oo, where X is a solution to the
martingale problem for (L, D(L)). A moment bound for X is given by the following:

Lemma 3.8
Let X be a solution to the martingale problem for (L, D(L)) started in p € Mp((0,L)?).
Then it holds that for T > 0,

sup E (<1(07L)2,Xt>4) < 00.

0<t<T

Also, X is actually a finite measure a.s..

Proof
The proof follows exactly as in Lemma [2.38
O

3.3 Continuity and Uniqueness of the Killed Rough Super Brownian
Motion

In this section we show the continuity and uniqueness of solutions to the martingale
problem for the killed rough Super Brownian Motion.
Continuity follows immediately from the continuity of the killed mollified SBM.

Lemma 3.9
Let X be a killed rough Super Brownian Motion. Then X is almost surely continuous.

Proof

Let (X™)men be a sequence of killed mollified Super Brownian Motions such that X™ —
X weakly. By Theorem it suffices to show that J(X™) — 0 weakly as m — oo.
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3.3 Continuity and Uniqueness of the Killed Rough Super Brownian Motion

However, X™ is almost surely continuous, therefore the LHS is 0 and the claim follows.

O
Next we show the uniqueness of the killed rough SBM by extending the methods presented
in [PR19] to our setting. Due to the singularity of the white noise and the Dirichlet

boundary condition, the argument is more involved than the one for the killed mollified
SBM.

Lemma 3.10
Our killed rough Super Brownian Motion coincides with the one from [Ros19, Theorem
8.8]. In particular for any ¢ € C*([0,00), D) such that ¢ € C([0, 00),C§2),

E() = (610), X0) — (6(0), Xo) — [ (#a0(s) +D.p(s), Xo) ds

s a continuous, square-integrable martingale with quadratic variation

Proof
Using the bounds established in Lemma (3.8 we arrive at the claim exactly as in Lemma
2.0l

O
Next we extend this martingale problem to solutions to the backwards PAM with forcing;:

Lemma 3.11
Lett >0, up € CT ug >0, ug £ 0, and f € C([0,4,C8T%), >0, f #£0. Let ut
be a mild solution to

(0s + HA)u' = f in (0,1) x (0,L)?,
ul(t) = ug in [0, L)%, u* =0 on [0,t] x 9]0, L)?,

as constructed in Section[I.8 Then it holds that for s <t,

L (5,8) = (u'(s), %) = (u!(0), Xo) = [ (£(0). X,

s a continuous, square-integrable martingale with quadratic variation

(L5 (-, 1)), = /0 (it ()2, X, )dr
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3.3 Continuity and Uniqueness of the Killed Rough Super Brownian Motion

Proof
First let uf, f* and u{ be as in Section Then u}, is a pointwise solution to the
backwards PAM with forcing, hence by Lemma [3.10

S
LU (5,) = (0 (5), X,) = (0 (0), Xo) = [ (). X,
0
is a continuous, square-integrable martingale with quadratic variation

@ 0) = [k X )dr

We have shown that uf, — u’ in C([0,],C5"2). Therefore the claim follows by [EK86]
p. 174, Equation (3.4)], the dominated convergence theorem and the bounds of Lemma

B3

O
With the martingale problem above we can find exponential martingales by an application
of Itd’s formula:

Lemma 3.12
Let ¢ € C§a+2)+, Y >0,19Y#0,t>0, and v > 0 be sufficiently small. Then it holds
that the process for s <t given by

E"(s,t) i= exp(—(Up—s(7¥), X)) — exp(—(Uz(7¢), Xo))

s a continuous, bounded martingale.

Proof
Let u!, ug and f be as in Lemma We apply Itd’s formula to exp(—x) to get

exp(—(u'(s), X)) — exp(—(u'(0), Xo))
= - /OS exp(—(u'(r), X,))dL" (r, t) — /05 exp(—(u'(r), X;))(f(r), X;)dr
g [ el a0, X)) ()2, X,
By plugging in f(r) = 1/2(Us—r(v))?, u'(r) = Up—r(74)), we get that
E(s,t) = exp(—(Ut—s(19), Xs)) — exp(—(Uz(y¥), Xo))

= _/08 eXP(_<Ut_r(’yw),XT>)dLu0,f(r’ 0

is a local martingale and a proper martingale by the conjectured non-negativity of U ().
O
The uniqueness of the killed rough Super Brownian Motion now follows as before:

97



4 Persistence of the Killed Mollified Super Brownian Motion

Lemma 3.13
Any solution to the martingale problem for (L, D(L)) started in p € Mp((0,L)?) is
unique.

Proof
The proof follows as in Lemma [2.41] using Lemma [3.12
0

4 Persistence of the Killed Mollified Super Brownian Motion

In this section we prove the persistence of the killed mollified Super Brownian Motion
for sufficiently large m and L. This is based on a spectral decomposition using the
Eigenfunctions of %, , the fact that the principal Eigenvalue is positive for m and
L large enough and the Krein-Rutman theorem. Those ideas were inspired by [PR19,
Corollary 5.6].

Lemma4.1
The operator 4, : HS — L? admits the Eigenfunctions (ug(&m))ken and Eigenvalues
(Ak(&m))ken. The Eigenfunctions furthermore lie in Dom(#z,,).

Proof
The first claim follows from Theorem using that ’DZTZ = Hj. Assume u € HZ, then

U € B%Q and it follows from the Besov embedding theorem, [GIP15, Lemma A.2], that
@ € C'. Consequently, u € Cy((0, L)?). Next, we have for any k € N, at least a.e.,

{ffzmmsm) = Mo(€m)ur(€m) in (0,L)2,
up(&n) =0 on 9[0, L]?.

It follows by [Eval(, Theorem 6.3.1.3], that uy (&) € C?((0,L)?). One may characterise
Co((0,L)?) = {f € C((0,L)?)|Ve > 0 3K C (0, L)? compact f [0,0)2\ k< €}

This yields that 5%, ug (&) € Co((0, L)?) as well.

O
Next we show that the Eigenfunction wi(&,,) to the principal Eigenvalue Ai(&,,) is
positive in the interior.

Lemma 4.2
It holds that uy(€,) > 0 in (0, L)%

Proof

We can choose by [CvZ19, Lemma 5.12], A > max{sup,cp z2[&m(®) — cml, A1(&m)}
sufficiently large such that (A — 5%, )~' : L* — HZ exists, is self-adjoint and compact.
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4 Persistence of the Killed Mollified Super Brownian Motion

Let K = {f € L*((0,L)?)|f > 0 a.e.}. This set is a total cone by [Dei85], Example 19.2].
In order to apply the Krein-Rutman theorem, [Dei85, Theorem 19.2], we first show that
(4, —A)'K C K.

Proof of the claim: Let f € K and (A—5%,,)"'f = g. Theng € HZ and (A—5%,,)g = f.
Let ¢ € C°((0,L)?). By the definition of weak derivatives,

(Vg, V) 12+ (= (Em — cm) + A)g, ) 12 = (f, D)2 -

By approximation, the identity carries over to ¢ € H{. Let ¢ > 0, then

(Vg. V@) 2 + (= (&m — cm) + A)g,8) 2 = 0.

By [GTO01, Theorem 8.1], it follows that g < 0 everywhere. Consequently, (%, —
A)~lf = —g > 0, which proves the claim.
The principal Eigenfunction of (%, — A)~! is u1(&m), hence by the Krein-Rutman
theorem, ui(&,) > 0 a.e. and by regularity, ui(&,) > 0 everywhere. We get (J%, —
Aui(&m) = (M (&m) — A)ur(&m) <0, since (A1 (&) — A) < 0. By [GT01, Theorem 9.6],
—u1 (&) cannot achieve a non-negative maximum in (0, L)2. Consequently, u;(&,,) > 0
in (0,L)%

O
We now establish that the principal Eigenvalue A1 (&,,) is positive for m and L sufficiently
large.

Lemma4.3
Let A > 0. Then there exist m, L € N sufficiently large, L = 2" for some n € N, such
that \q (fm) > .

Proof
Let A1(&, L) be the principal Eigenvalue of the Continuous Anderson Hamiltonian .7
on [0, L]?. By Theorem it holds that a.s. im0 p=2n nen A1(€, L)/ log(L) = 2/p1,
with some p; > 0. We assume w.l.o.g. that we consider a realization &(w), where this
holds.
Note that by [CvZ19, 5.9], it follows that J#, , = A + &, — ¢ can indeed be expressed
as in Definition [.26] By Theorem there exists some N > 0 such that for A;(€) :=
A& L) A (E) =M (En)| S 1€ = Enllzs (1 + [€]lxg + [€nllz)™. As &m — & in X3,
[€mllxe < [[€llxo + 1 for m sufficiently large. Therefore we can choose L = 2", n € N,
and m € N such that A (&) > A

O
Our main result, which states that killed mollified SBM is persistent if m and L are
sufficiently large, is the following;:

Theorem 4.4 Cf. [PR19, Corollary 5.6]

Let A > 0 and let L' < L, m be sufficiently large depending on . Assume 0 # pi, €
Mp((0,L)?). It holds that the killed mollified Super Brownian Motion X™ started in i,
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4 Persistence of the Killed Mollified Super Brownian Motion

is persistent: For any ¢ € C°((0, L)?) such that ¢ >0, ¢ #0, a + [0, L']> CC Supp(¢)
for some a € [0, L)%, it holds that P(lim;_,o e~ (¢, XJ™) = o) > 0.

Proof
We denote A\; := A\i(&) and uy := u1(&y). We have for s < ¢t by Lemma Lemma
and Lemma E((u1, XY | F) = (T u1, XY = (elt=9A1yq, X™). Therefore,

Ey(s) := (e7M5%uy, X™) is a martingale. By considering ILEPAIN e oot that

E((E\(t) — E1(0))?) = /OtE(<(€AISU1)27X§”>)dS-

By an application of the Stone-Weierstrass theorem for locally compact spaces, there
exist some 1y, € C2°((0,L)?), k € N, such that 1 — (e *1%u1)? in Cy((0, L)?). Naturally
Y1, € Dom(7%,,) and by Lemma

E(((e7M*u1)?, X3")) = E((r, XJ) = (T n, X§) = (T8 (7" w)?), X").
This yields that

t t
B((B: (1)~ Bi(0)) = [ (T e, X)ds < [ e (ur, Xg') ds S 1
0 0
It follows that Ej(t) is an L?-bounded martingale and hence converges in L?(P) and
almost surely to some random variable Ej(c0). Specifically, Fj(co) > 0 a.s. and since
E(E(0)) = E(E1(0)) = E((u1, X§")) > 0, it follows that P(E;(c0) > 0) > 0. Let
® € C°((0,L)?) be non-negative and not identically zero. Assume that the support of
¢ is large enough, i.e. the compact embedding a + [0, L']?> CC Supp(¢) holds for some
a € [0, L]? and L' large enough such that A\1(&,,, L") > A, with A\;(&,,, L) the principal
Eigenvalue of %, on a + [0, L']2. Let u(&n, L') denote the associated Eigenfunction.
The translation is harmless by [CvZ19, Lemma 7.4].
Let C = Supa+(07L/)2 Ul(éma L/)/infa+(0’L/)2 qf) Then ]laJr(O,L/)? < ¢/ infa+(07L/)2 ¢ and
ur(€m, L')/C < Lot(0,y2 infyy (0,212 ¢. Let ngr(o L2 and X(Tg L)? be two coupled, killed
mollified SBMs on a + (0, L')? and (0, L)? respectively.
We get 1/C(u1(&m, L), ;’_‘F(O,L,)Q(t» < (¢, XFg,L)Q(t». Therefore,

P(Jim (6, XG5 2 (0) = 00) = Pl ¢ (ua (6 £), X1 .(0)) = o)
> P(ELL/(OO) > 0) > 0,

where FEy 1/ is defined as the E; above, now for the killed mollified SBM ngr(o )2 On
a+ (0, L")2. This yields the claim for X{0.y2 on (0, L)2.
O

Remark 4.5

In a more recent version of [PR19], Perkowski and Rosati were able to establish the same
claim for the killed rough SBM but without the support assumption on ¢. The version
above was suggested by T. Rosati.
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5 Index of Notation and Martingales

5.1

Index of Notation
N={1,2,...},Ng={0,1,2,... }.
T4, , where L > 0, d € N: The torus (R/(2LZ))%.

CrX, C$X, where X is some normed space, T' > 0, a € (0,1]: The space of
(Hélder-) continuous functions [0,7] > t = v(t) € X, equipped with [[v|o x =

supi<r|[v(t)|lx and |[vllcax = lvllc,x +suPo<scicrllo(t) —vls)llx/(t — )% TEX
is merely a topological space, then we still define Cr X but drop the norm.

CY(I,X), for some interval I C R and X some Banach space: The space of
differentiable functions such that the derivative lies in C'(I, X) with continuous
extension where the boundary of the interval is closed.

C12((0,T)xU), where U C R? is some open set: The space of real-valued functions
whose first temporal and second spatial derivatives exist in U and are continuous.

S(R%): The space of tempered distributions.

C: The complex numbers with imaginary unit i. ©: Complex conjugation.

——C
(.9 12(p,c) = Ip f(@)g(x) dx, where D C R9, d € N.
A, where A is some subset of a topological space: The closure.
C.(A): The continuous functions with compact support in the interior of A.

Co(A): The continuous functions vanishing at JA.

a < b: The inequality a < Cb, where C' > 0 does not depend on a,b. We may
include subscripts to emphasize dependencies of C'.

&, Sp: The spectrum and the point spectrum.

ngL: The Fourier transform on the torus.

P; for t > 0: The heat semigroup on [0, L] with Dirichlet boundary conditions.

Ty, T{™ for t > 0: The semigroup for the continuous (mollified) Parabolic Anderson
Model on [0, L]? with Dirichlet boundary conditions.

B(A): The Borel sigma algebra of some topological space A.

M(A): The space of Radon measures on the Polish space A, equipped with the
C.-vague topology. Integration of a function f with a measure p is denoted by

(fs ).
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e Mp(A): The space of finite Radon measures on the Polish space A, equipped with
the C.-vague topology.

e M;(A): The space of Borel probability measures on the Polish space A, equipped
with the topology of weak convergence.
5.2 Index of Martingales

Let n,m € N with n sufficiently large.
eLet Y™™ be a solution to the martingale problem for (L}, ,,, D(L}, ,,)), where

. a :
DL} ) = exp((log(g), )lg € Dom(G), lgll = <1, inf_ g >0}

where on this set the generator is given by

GhLg + (I’n,m(g) -
g

Lt exp((loe(9), ) 1) = %) exp((og(9). ). ne E.

Reference: Definition 2.8

eLet X" := 1/nY,;"™ be associated to the martingale problem for (L, D(Lynm))-
Reference: Definition 2.12

eLet X™ be a killed mollified Super Brownian Motion, i.e. a solution to the martingale
problem for (L, D(L,)), where

D(Lm) := {exp(= (¢, -))|¢ € Dom(A,, ), ¢ > 0}

where for ¢ € Dom(5%,,), ¢ > 0, the generator is given by

Lonexp(— (6, ))(1) = ( ~ a6+ 56 ) exp(— (6. 1)

Reference: Definition 2.341
elLet X be a killed rough Super Brownian Motion, i.e. a solution to the martingale
problem for (L, D(L)), where

D(L) := {exp(—(,"))|¢ € D}

where for ¢ € D, the generator is given by

Lexp(— (6,) () i= (- a6 + 56 1) exp(~ (6. 1).

Reference: Definition B.11

For martingales derived from those fundamental processes, we use the following naming
convention: L stands for linear martingales, E stands for exponential martingales, indices
appear according to the superscript of X, the superscript ¢ represent the function the
martingale is associated to, ~ represents time-dependent martingales, two time variables
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(s,t) represents that we used semigroups to remove generators. The superscripts 1,2,3
refer to the (local) martingales M derived in the proofs of Lemma and Lemma
The martingales below are ordered by first appearance.

eLet ¢ € C2((0,L)?), ¢ > 0. Then

t
Efnl®) = (6,50 (6,557 — [ (Ao, X2

is a martingale with predictable quadratic variation

(LY )t = /O t <2V¢Tv¢ + ¢7, X;L’m> ds.

Reference: Lemma [2.21]
elburther,

My () = (0, X7)° = (9, X5
= [(2V6TV6 XD 4 2,0, X0 (6, X0 ds
0 \n

is a martingale. Reference: Proof of Lemma [2.21]
ekburther,

M) = (0. X0 = [ (o0, X207 d5) (6, X3™)

is a martingale. Reference: Proof of Lemma [2.21
eFurther,

M) =2 [ 0, X0 (6, X0 ds + ([t 0.x0) ds)2

t
—2(g, XM /0 (b XY ds

is a local martingale. Reference: Proof of Lemma [2.21
eFurther for ¢ € Dom(7%,,), ¢ >0, f, :==1—¢/n,

Ey 28U (1) : = exp({log(fn), nX;"™)) — exp((log(fu):n X5 ™))

- /Ont <G%fn + (I’r};n(fn) —JIn ’ nX:/’nm> exp <<10g(fn)> nX:/TTLrL>> ds

is a martingale. Reference: Proof of Lemma [2.3
eAssume that ¢ € C([0,00), Co((0, L)?)), ¢(t) € Dom(#%,,) for any t > 0 and ¢ > 0.
Also assume that %, ¢ € C([0,00), Co((0, L)?)). Then

E3 (1) = exp(— ((t), X[")) — exp(— (¢(0), X§"))

t 1 m m
— [ {-,006) + 366) - 0100, X2 ) expl— (61). XT")ds
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is a martingale. Reference: Lemma [2.39
eLet ¢ € Dom(J%,,) N Ca(a+2)+, ¥ >0,1% #0,t >0, and v > 0 be sufficiently small.
Then it holds that the process for s <t given by

E}Y (s, 1) := exp(— (U2 (y¢), X)) — exp(— (U™ (7)), X))

is a bounded martingale. Reference: Lemma [2.40)
eAssume that ¢ € C'([0,00), Co((0,L)?)), ¢(t) € Dom(s#,,) for any ¢t > 0 and ¢ > 0.
Also assume that J%,,¢ € C([0,00), Co((0, L)?). Then

Li, () = (6(1), X[") — (#(0), X§") — /Ot (A, 9(s) + 0s¢(s), X{") ds

is a continuous, square-integrable martingale with quadratic variation

(Lo)e = /0 t<¢2(s),X;”>ds.

Reference: Lemma [3.3
eFurther,

My (8) == (9(1), X[")? = (6(0), X§")*
t
— [ (63, X2 42 (e, 6(5) + 0.6(), X1) (6(3), X2} s
is a martingale. Reference: Lemma |3.3
elFurther,

W20 = (000, X1 = [ (,05) + 0.0(s), X2 ds ) (6(0), X5

is a martingale. Reference: Lemma [3.3
eFurther,

NESP(0) =2 [ (e, 005) + 0.6(5), XT') (65), X1 ds

([ a0 + 0,001, X0 ds ) =200, X7 [ (82,,605) + Duo(s). XP) ds

is a local martingale. Reference: Lemma |3.3
elet t >0, ¢ € Dom(s%,,), » > 0. The process for s <t given by

Ly (s,) = (T2, X) — (T}, X§)

is a continuous, square-integrable martingale with quadratic variation given by

(L9, (-, 1)) = /OS<(T[ET¢)2,X7?"”>dr.
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Reference: Lemma [3.4]
elburther,

M, 1) o= (T 6, X7) = (70, X0 = [ (@002 X))

is a martingale. Reference: Lemma |3.4]
elet ¢ € C1([0,00), D ) be such that J¢¢ € C([0, 00),C52). Then,

E() = (610), X0) — (6(0), Xo) — [ (Aa0(s) + 00(5), Xo) ds

is a continuous, square-integrable martingale with quadratic variation

(1= [ (007 X)is.

Reference: Lemma [3.100
oLet t >0, up € CF wg >0, up #0, and f € C([0,4],CTT), £ >0, f #0. Let
u! be a mild solution to

Os + H)ul = f in (0,t) x (0,L)?,
ul(t) = ug in [0, L]?, u® =0 on [0,] x 9]0, L]?,

as constructed in Section Then it holds that for s < ¢,

L (5,8) 1= (u'(5), X,) = (u!(0), Xo) = [ (£(0), X,

is a continuous, square-integrable martingale with quadratic variation

uo.f (. [ ut(r r.
Lol = [ ()2 X

Reference: Lemma [3.11]
oLet 1p € CSTT 4 >0, #£0,¢> 0, and v > 0 be small enough. Then it holds that
the process for s <t given by

E(s,t) = exp(—({U—s(79), Xs)) — exp(—(Ut(74), Xo))

is a continuous, bounded martingale. Reference: Lemma [3.12
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