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We try to construct an EQFT in d=2,3. EQFT: prob. meas. on 𝒮′(ℝd) : Reg+Eucl.inv.+RP.

We simplify by working on 𝕋d (torus, bounded periodi domain). We start from an approximate
measure νε given by

νε(dφ)= 1
Zε

e−∫
𝕋dVε(φε(x))dxμ(dφ)

with μ the GFF (i.e. Gaussian field with cov. (1 − Δ𝕋d)−1). μ is not supported on functions for
d⩾ 2, where φε(x)= (ρε ∗ φ)(x) with ρε → δ so that in the end one has φε → φ in some space of
distributions.
Here

Vε(ξ)=λξ4 −aεξ2

where (aε)ε>0 will be such that aε →+∞ in some precise way fixed to have a nontrivial limit.

Goal: control the ε→0 of the family of measures (νε)ε>0 in the sense of weak convergence of
measures.
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The d=2 case it is quite easy. We take aε =3λ𝔼μ[φε
2(x)] so that

λ⟦φε
4(x)⟧≔λφε

4(x)−aεφε
2(x)

where ⟦φε
4(x)⟧ is the Wick power of the Gaussian field φε(x). A computation showes that as ε→0

the family of r.f. (x↦⟦φε
4(x)⟧)ε>0 converges (in prob. & in Lp(μ) for any p>1)

⟦φε
4⟧→⟦φ4⟧≔lim

ε
⟦φε

4⟧

in 𝒞−κ(𝕋2)=B∞,∞
−κ (𝕋2) for any κ > 0. Here B∞,∞

−κ (𝕋2) is an Hölder–Besov space. A distribution
f ∈𝒮′(𝕋d) belongs to B∞,∞

α (𝕋d) iff for any n⩾0

‖Δnf ‖L∞ ⩽(2n)−α‖ f ‖B∞,∞
α (𝕋d)

where Δnf =ℱ−1(φn(⋅)ℱf) and φn is a function supported on an annulus of size ≈2n. We have
f =∑n⩾0 Δnf . If α>0 B∞,∞

α (𝕋d) is a space of functions otherwise they are only distributions.



Moreover for any p>1 (Nelson '80)

e−∫
𝕋dVε(φε(x))dx= e−∫

𝕋d⟦φε
4⟧→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→ →

Lp(μ)
e−∫

𝕋d⟦φ4⟧

so this gives immediately, convergence in law

dνε = 1
Zε

e−∫
𝕋dVε(φε(x))dxdμε ⟶dν= 1

Ze−∫
𝕋d⟦φ

4⟧dμ

in particular ν≪μ. Note that

aε =3λ𝔼μ[φε
2(x)]=3λ[ρε ∗(1−Δ)−1 ∗ρε](0)≈log 1

ε .

In d=3 one does not have ν≪μ so we need another strategy.

Another problem: in d=3 the r.v. ⟦φε
4⟧ do not have limits (i.e. they do not converge to a random

variable). Even ⟦φε
3⟧ do not coverge and the only ⟦φε

2⟧→⟦φ2⟧∈𝒞−1−κ. E.g.

𝔼���
𝕋d
⟦φε

4⟧�2�→+∞.



To attack the d=3 case we need a new prespective. Consider for a generic nice f :𝒮′(ℝ)→ℝ

e−W1/ε( f )≔� e f (φ)e−∫
𝕋3φε

4−aεφε
2−bεμ(dφ)=𝔼�e f (φ)−∫

𝕋3φε
4−aεφε

2−bε�

where I consider φ a GFF on an abstract prob space ℙ. My goal is to prove that this has a
nontrivial limit as ε→0 for any f and with specific choice of (aε,bε). This implies νε→ν weakly and

� e f (φ)νε(dφ)= e−W1/ε( f )

e−W1/ε(0) → e−W∞( f )

e−W∞(0) =� e f (φ)ν(dφ)

A key tool is the following theorem:

Theorem. (Boué–Dupuis) Let (Bt)t⩾0 be a Brownian motion on ℝn, then for any bounded F:
C(ℝ+;ℝn)→ℝ we have

log 𝔼[eF(B•)]= sup
u∈ℍa

𝔼�F(B• + I(u)•)− 1
2�

0

∞
|us|2ds�

with u:Ω×ℝ+ →ℝn adapted to B and with I(u)t≔∫0
tusds.

1
2�

0

∞
|us|2ds≈H(Law(B• + I(u)•)|Law(B•)).



We need to introduce a BM. The idea is to take

φε ∼WT=�
0

T
JsdBs

where (Bs)s⩾0 is a Brownian motion with values in 𝒮′(𝕋d) such that 𝔼[Bs( f)Bt(g)]= (t∧ s)⟨ f ,
g⟩L2(𝕋d) (i.e. it is a cylindrical BM in L2). Then we take

Js=(1−Δ)−1/2ρ(|−Δ|1/2/s)

with ρ:ℝ→ℝ+ a compaclty supported function and ρ(|−Δ|1/2/s) f =ℱ−1(ρ(|⋅|/s)ℱf). Things are
set up so that WT∼φε with T=1/ε. Time is associate to energy scale.

With this embedding:

𝔼[Wt( f)Ws(g)]=� f ,(1−Δ)−1��
0

t∧s
ρ(|−Δ|1/2/r)2dr� g�

𝔼�e f (φ)−∫
𝕋3φε

4−aεφε
2−bε�=𝔼�e f (W∞)−∫

𝕋3WT
4−aεWT

2−bε�=𝔼[eF(B•)].



WT( f)≔log𝔼�e f (W∞)−∫
𝕋3WT

4−aεWT
2−bε�=log𝔼[eF(B•)]

=sup
u∈ℍa

𝔼�F(B• + I(u)•)− 1
2�

0

∞
|us|2ds�

=sup
u∈ℍa

𝔼� f(W∞ +Z∞)−�
𝕋3
(WT+ZT)4 −aε(WT+ZT)2 −bε − 1

2�
0

∞
‖us‖L2(𝕋d)

2 ds�=WT( f)

with Zt=∫0
tJsusds, the GFF acquires a drift Z. u:Ω×ℝ+→L2(𝕋d) This is the useful representation.

sup
t⩾0

‖Zt‖H1(𝕋d)
2 ≲�

0

∞
‖us‖L2(𝕋d)

2 ds

W∞ ∈𝒞
(2−d)

2 −κ(𝕋d), sup
t⩾0

‖Wt‖
𝒞

(2−d)
2 −κ <∞ (a.s.), 0<κ≪1.



Case d=2.
Uniform bounds as T→∞

WT( f)= sup
u∈ℍa

𝔼� f(W∞ +Z∞)−�
𝕋3
(WT+ZT)4 −aT(WT+ZT)2 −bT− 1

2�
0

∞
‖us‖L2(𝕋d)

2 ds�

Take f =0 and λ=1 for simplicity. Take u=0 then Z=0 and

WT(0)⩾𝔼�−�
𝕋3

WT
4 −aTWT

2 −bT�>−∞

to have finite result we need to take aT =3𝔼[WT
2] and bT suitably. Let's tackle the other bound,

with the choice of aT one has

(WT+ZT)4 −aT(WT+ZT)2 −bT=⟦WT
4⟧+4⟦WT

3⟧ZT+12⟦WT
2⟧ZT

2 +4WTZT
3 +ZT

4.
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